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Basic problem:
- t-

Num - IT
.

C any category .

M E Ob ( H

. that object of C can be built out
of M ?

-

• given A E ok (et
,
can we

find
"

best
"

approximations of A by M ?
"

M- Cellular approximations
"

.



③
⑤ R ring ( I c- R ) Fixed .

M an R- Complex :

- -

→ no. Ex Mo. Is Mi
. .

-i - - -

EM EM! = Me - ,
I

"

Suspension yn, as? -
an

• These are bake objects of ICR )

Maps : M : - → Moat, no. → Mii . - - -
ft
,

t.fi . . C, 1. tic, 1. ti - i

N : → Hit
,
-s Nit Nie

,

-s - - .

2

HIM) : = {Him! Him:-. Kathy
India

,)



④

given morphism f: M -x N one gets

H¥H : H
#
IM) ti tf CN)

f- is a quasi - iso . if H*fH is an iso.

Interested : ECHL =:

"

DCR)

Derived

category
"

Homotopy equivalence of maps :

f.g : m - N f- =
,
g

Mean homctopic .
- i.e

. 7 h : Mt E'N

hi : Mi → Hit ,

1. f. 2"h + 2h27 f- g .



⑤
Hom#m

, Nl i. = Homer.NL/=

Then f: M → N is a homotopy
equivalence , if a g : H-a M t

- t .

got = id
"
and fog = id "

Homotopy equiv. ⇒ quasi - is. .
- ← -

Semi
- projective complexes : P. c- CCR)

is Semi-projective if it has a fiftieth

103 = Plo) E ND E - - EPla) E - - E P

ft . ① Pcn) Tubcomplexes g P

② U Pln) = P

③ Plath
%,

is graded projective
R- Module will



2=0 ⑥
it . Pph = to siQi Chae

Qi projective

2 Plates E P (n )

ie
.
Plan, is obtained from Pla) by

" gluing
"

projective modules
.

Facts ① P semi- prog . has lifting

property :
⇒
M

-
.

.
-
-

i ¥=
P-a

N

ie
.

M Ea N induces

Hom,fP, M) Hom,{ P, N1
←

abelian gaps



② l? Q Kai - projective and

①

PI Q ⇒ P Q

f quasi - iso ⇒ f a htpy equiv .

③ Any M E CCR) has

P # M ← Can make thi
T fan cfrrid -

km .
- projective .

- x -

(Semi - Prg
'

)/= ¥ ekyn-i.DK,

I Gain
Model for the denied

category of R .

-←
-

HomDLM, Nl : = Morphisms in D CRI



= Hom# Pm
,
N)

⑧

Pm -a M is a Kini- pry
'

. resin
.

Hoit,gM, N) : = ⑤ HomCM
,

EW
i C- G D

-
a -

DCR) is a triangulated category .

fi. M-a N Morphin

KA-a N-a caseCf)-s EM-is EN
T

Mopping Cme g t

These diagrams are the Db in DCR, :

M-s N-a Correct) -a Erm

For any W E DIN Ahi induces :



⑨
- -
- i Hom

,}
hi
,
Ml-i Hom,gW,NH Honpcw, Canetti)

→
Home w

,
EMI -, - -

D

l- es . of abelian grapes .
- x -

Fix M E DCR) an R- ampler .

Thick (M) := Thick subcategory gen - by M

= Aj (DCM) that can be built out

of M using :

• Finite Tums
•
E

• Mapping cones

.

.
Retracts :

S

Y X c- Thicken,
t

Sf - id 't in DCR )

Then Y c- ThickCA)



④
( ie . direct kemmcnds of object in
Thick CM) are in it,

Lach) :-. Allow also arbitrary hems

Thick CM) E Lach)

" finite dealt from M
"

"
"

builttry
.

Example : M :-. R

Thick CRI one completes iso .

hi

o -a Pg -s - - - → Pa -so Chae

eat Pi is f-s. projective .

(
"

perfect
"

completes )
- These are precisely the knell objecti-
D (R) :

C compacts



④
For any M E DIN and {Xilie ,

fo Hom,§M, Xi)-is HongM, ⑤ xi )

M 1h11 if this is a bijection 0 Exit.

Recaps .. ThickCRI ze Small object i. Dies .

La (R, = D CRI

T
Equivalent to each compla having a
few- pry

'

. replacement.
- x -

what about a general M ?



④

Fast:( Dror- Fay.am/Neemc.) : Mt DCR)

(RCM) a-a DLR)

This has a right adjoint :

cella C- ) : D CR,-a Lorin)

"

M- Tekla approximation
"

ie
.

t X E DCR)
,

7 morphism

Gllmcx, → X tf .

① Cella (x, E (or Cml

② t W E Lor CMI
,
the induced

"l'

Hoggw, allman Hon,gw,x,



④
Equivalently : Hom M

, Ellman HEIM,x)
- X -

complete Gama,→ x to a ski

Cellmlx,-x x-o Lmcxl
,

→ { Cdlnlx,

Theni Hom M
. lmk" = dm

- trivial
or M- lora .

EI
.

R= Z M-- Mp p prime

Lmcxh. xctp )
- x-

In general, cell
,
Cx, is

"

complicated
"

.

Except when M is trick
;
Ee

, finitely
built out of R .



classical Morita Theory
④

( H.
Bars : Oregon lecture notes)

R ring, M module .

E :-. End,{ M) = Hon,{ on, M)
J
Viewed as a ring .

Mod R€
,
Mod EP

x -s Hom,{M. He
right E- module

Yxo M ← y
E

- This is an adjoint pan
.

. It

induces an equivalence :



④
←

add M=
,
add EP

T t

Direct 7ammad q
f

- S . projective

knife drecteumsy
E - modules .

M

Hom,{ M, X1 M -x X

Y -a Hompln, Yxoen)

then M is finitely presented, we also

set :
Adam H3jE9
-x -

M.
.
R
"

End,{RY -
- MAIR)

Mod R Ets Mok Mn (RIP


