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Abstract. We adapt a previously introduced continuous in time data assimilation (downscaling) algorithm for
the two-dimensional Navier—Stokes equations to the more realistic case when the measurements are
obtained discretely in time and may be contaminated by systematic errors. Our algorithm is designed
to work with a general class of observables, such as low Fourier modes and local spatial averages over
finite volume elements. Under suitable conditions on the relaxation (nudging) parameter, the spa-
tial mesh resolution, and the time step between successive measurements, we obtain an asymptotic
in time estimate of the difference between the approximating solution and the unknown reference
solution corresponding to the measurements, in an appropriate norm, which shows exponential con-
vergence up to a term which depends on the size of the errors. A stationary statistical analysis of
our discrete data assimilation algorithm is also provided.
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1. Introduction. The idea of data assimilation is to obtain a good approximation of the
state of a certain physical system by combining observational data with dynamical principles
pertaining to the underlying mathematical model, which allows for a downscaling process. It
is widely used in many fields of geophysical and biological sciences, such as atmospheric and
oceanic forecasting [5, 31], oil reservoir simulation [38], and neuroscience [42].

One of the approaches to this question consists in the use of feedback control (nudging)
algorithms, which have been considered by many researchers in the past few decades. Among
the earlier related works, see, e.g., [35] and references therein for a study regarding linear
time-invariant systems and also [37, 47|, concerning nonlinear systems.

Within this context, the classical method of continuous in time data assimilation (i.e., by
employing observational measurements obtained continuously in time) consists in inserting
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the measurements directly into the model as it is integrated in time [10, 13]. For example, in
the case of measurements given by projections onto low Fourier modes, one may explore this
idea by introducing the low Fourier mode observables into the equation for the evolution of
the high Fourier modes [9, 26, 27, 32, 39, 40]. However, in the case when the measurements are
collected from a discrete set of nodal points, such an approach may present some difficulties,
since it is not possible to compute the exact values of the spatial derivatives present in the
model.

In [3], a new algorithm of continuous in time data assimilation was introduced inspired
by ideas from control theory [4]. This algorithm was given for the two-dimensional (2D)
Navier—Stokes equations, but it is in fact applicable to a large class of dissipative evolu-
tion equations. In this new approach, instead of inserting the measurements directly into
the model, a feedback control term is introduced into the original evolution equation of the
system, which forces the coarse spatial scales of the solution of the new model, i.e., the ap-
proximating solution, toward the coarse spatial scales of the solution of the original system,
i.e., the reference solution. This type of technique was previously called Newtonian nudging
or dynamic relaxation method (see, e.g., [28] and references therein) and usually considered
in much simpler scenarios. The advantage in this new algorithm is that no derivatives are re-
quired of the observational measurements, and thus it works for a general class of interpolant
operators.

More specifically, consider the 2D incompressible Navier—-Stokes equations, which are
given by

ou
(1.1) a—yAu+(u‘V)u+Vp:f, V-u=0,
where u = (uj,u2) and p are the unknowns and represent the velocity vector field and the
pressure, respectively, while f and v are given and represent the mass density of volume forces
applied to the fluid and the kinematic viscosity parameter, respectively.

In this case, the reference solution is given by a solution u of (1.1), for which the initial data
is missing. In [3], the measurements corresponding to this reference solution are assumed to be
free of errors, obtained continuously in time and discretely in space, from a mesh in the physical
domain with resolution of size h. In order to deal with these spatial discrete measurements in
the data assimilation algorithm, an interpolation operator in space is considered and denoted
by I,. This operator is assumed to satisfy a suitable condition of approximation of identity.
Then, the continuous in time data assimilation algorithm introduced in [3] consists in finding
a solution v = v(x,t) of the following problem for (x,t) € Q x [tg,0) C R? x R:

(1.2) 88:—VAV—i—(V‘V)V—FVﬁ:f—ﬁ(Ih(v)—Ih(u)),
(1.3) V.-v=0,
v(to) = vo,

where u = u(x,t) is the reference solution, satisfying (1.1); p is a modified pressure; f is
the relaxation (nudging) parameter; and v is an arbitrary initial condition. Notice that the
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measurements are incorporated into the algorithm through the second term on the right-hand
side of (1.2), the feedback control term, where the coarse spatial scales of v are forced toward
the coarse spatial scales of u with the help of the relaxation parameter j3.

The idea behind the introduction of this feedback term comes from the fact that certain
dissipative evolution equations are determined by only a finite number of degrees of freedom, a
result that was first rigorously proved by Foias and Prodi [20] in the case of low Fourier modes
for the 2D Navier—Stokes equations. More specifically, they prove that if the first N Fourier
modes of any two solutions tend to zero asymptotically in time, for a sufficiently large N,
then the difference between the whole two solutions also tends to zero asymptotically in time.
Later, similar results were proved for other types of degrees of freedom, such as nodes and
local averages over volume elements [21, 22, 29, 30], and also for a larger class of dissipative
evolution equations [11].

This suggests that, under suitable conditions on the associated parameters, forcing the
coarse spatial scales of the approximating solution toward those of the reference solution
should be enough to make them converge to each other asymptotically in time. Indeed, in
[3] the authors show that, given an arbitrary initial data vo for the approximate model and
under suitable conditions on the spatial resolution h and on the coefficient £ of the feedback
term (the relaxation parameter), the approximate solution v converges exponentially to the
reference solution u as time goes to infinity, in an appropriate norm.

Notably, in [2, 23], numerical studies of the continuous data assimilation algorithm from
[3] were done, indicating that the algorithm actually performs remarkably well for significantly
less restrictive values of the parameters 5 and h than the ones suggested by the analytical
estimates in [3].

Several other works followed by using the approach from [3] applied to different systems of
equations and also different contexts such as missing some state variables in the observations
[1, 6, 15, 16, 17, 36] (see also [24, 25] for previous approaches in this subject). However,
most of these previous works assumed that the measurements were free of errors and obtained
continuously in time. We remark that continuous in time data assimilation with stochastically
noisy data was considered in [6] by using the framework from [3], and error-free spatio-temporal
discrete data assimilation was studied in [26] by using a previous algorithm. Moreover, noisy
observations were also considered in [7, 34] in the context of the 3DVAR filtering method.

The purpose of this present work is to adapt the continuous in time data assimilation
algorithm introduced in [3] for the 2D Navier—Stokes equations to the more realistic case when
the measurements are obtained discretely in time and may be contaminated by systematic
errors.

In this context, we consider an increasing sequence of instants of time {t,},eny C R
at which measurements are taken, such that ¢, — oo. The maximum step size between
successive measurements is denoted by a positive constant x, so that |t,+1 — t,| < &, for all
n € N. We denote as before by h the resolution of the mesh in the physical domain and
consider an interpolation operator in space given by I,. Here, we assume that I, besides
satisfying the condition of approximation of identity, is also a bounded operator with respect
to an appropriate norm. Moreover, for each n € N, we denote by 7, the error associated
to the measurement at time t,, obtained after interpolation in space. Our discrete data
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assimilation algorithm consists in finding a solution v = v(x,t) of the following problem for
(x,t) € Q x [tg,00) C R? x R:

(1.5) %‘t’ —VAV+ (v-V)v+ Vg = =B {In(v(tn)) = Tn(u(tn)) + 1]} xn,
n=0
(1.6) V-v=0,
V(to) = Vp,

where u = u(x, t) is the reference solution, satisfying (1.1), ¢ is a modified pressure, 3 is the
relaxation parameter, X, is the characteristic function of the interval [t,,¢,+1), and vq is an
arbitrary initial data.

Notice that the difference between (1.2) and (1.5) relies on the interpolation in time that
is done in the feedback term through the characteristic functions y, and also on the term
representing the observations, which, for each time t,,, is given in the error-contaminated form
In(u(ty)) + nyn. In one of our main results (Theorem 4.2), we show that, under suitable condi-
tions on (3, k, and h, the asymptotic in time limit of the difference between the approximate
solution v satisfying (1.5) and the reference solution u satisfying (1.1) (corresponding to the
error-contaminated measurements Ij(u(t,)) + 7,, n € N) is bounded above by the maximum
size of the errors multiplied by an absolute constant. In particular, our result shows that there
is no accumulation of errors in time. Also, in the particular case of error-free measurements,
we have exponential convergence of v toward u, a result analogous to the one obtained in [3].
However, the key difference to the proof of the analogous result in [3] is that here, due to the
different form of the feedback control term corresponding to discrete in time measurements,
we must deal with the time derivative of the difference, v —u, which in turn must be estimated
by using higher norms (in our case, the norm of the dual space of H'), adding extra difficulty
to the proof.

Moreover, we also study the stationary statistical behavior of our algorithm. This is moti-
vated by the fact that most applications of data assimilation involve fully developed turbulent
flows, which display a regular statistical behavior as opposed to the highly unpredictable be-
havior of instantaneous values. Thus, it is common for experimentalists to consider averages
(with respect to time, space, or an ensemble of experiments) of the characteristic physical
quantities associated to the flow, such as energy, enstrophy, energy dissipation rate, etc., and
also their correlations in space or time.

For this statistics part, assuming again the same hypotheses of the result for individual
solutions, we obtain in Theorem 5.1 an asymptotic in time estimate of the difference between
time averages of characteristic physical quantities associated to the approximating solution
and the reference solution, given by a superior bound which depends again on the size of the
errors. Also, again under the same hypotheses, but considering the particular case in which
the measurements are error-free, we show in Theorem 5.3 that the limit of time averages
associated to the approximating solution coincide with the ensemble averages, with respect to
a certain invariant measure, associated to the reference solution.

Therefore, these results allow one to obtain information on averages of physical quan-
tities associated to the unknown reference solution through averages of the same quantities
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associated to the approximating solution, which can be effectively computed through our
discrete data assimilation algorithm.

We remark that although we consider here a discrete in time data assimilation algorithm
for the 2D Navier—Stokes equations, similar ideas can also be applied to other dissipative
systems, in the same way that the continuous in time data assimilation algorithm from [3]
was extended to other equations, such as the Bénard convection model [15, 17], the Navier—
Stokes-a equations [1], and the Brinkman-Forchheimer—extended Darcy model [36]. Moreover,
similar results for this discrete data assimilation algorithm could also be obtained assuming
stochastically noisy observations, instead of data with systematic errors, by combining our
results with the ideas from [6].

This paper is organized as follows. In section 2, we review some of the mathematical setting
related to the 2D incompressible Navier—Stokes equations. In section 3, we give further details
about our discrete data assimilation algorithm and prove existence and uniqueness of weak
and strong solutions. In section 4, we analyze the asymptotic behavior in time of individual
solutions of our algorithm and divide it into two subsections: first, we consider the particular
case of an interpolant operator given by the projection onto low Fourier modes; later, we
consider the case of a general interpolant operator. The reason for considering the particular
case of Fourier modes separately is that it provides more freedom in the calculations and
yields slightly less strict conditions on the parameters. In section 5, we analyze the stationary
statistical behavior of our algorithm. Finally, in the appendix, we consider the particular
example of interpolant operator given by the sum of averages over finite volume elements and
show explicit uniform bounds of the sequence of errors {n,}nen in the L?(Q)? and H'(Q)?
norms, with respect to given parameters.

2. Mathematical setting of the 2D Navier—Stokes equations. In this section we provide
a brief overview of the background material on the 2D incompressible Navier—Stokes equations,
given in (1.1). For a more detailed discussion, the reader is referred to, e.g., [12, 18, 45].

We denote the space variable by x = (21, 73), which varies in a domain  C R2. Also, the
time variable is denoted by t and varies in the interval [tg, c0), with ¢y representing the initial
time. For simplicity, we assume that the forcing term f is time-independent and satisfies
f € L2(Q)2. Notably, similar relevant results are also valid if f € L (tg, co; L?(2)2).

We endow system (1.1) with either periodic or no-slip boundary conditions. In the periodic
case, we consider 2 = (0,L) x (0, L) and assume that the flow is periodic with period L in
each spatial direction x;, ¢ = 1,2. Moreover, we assume that

/Q £(x)dx = 0.

In the no-slip case, we consider © as a bounded subset of R? with sufficiently smooth
boundary 02 and assume that u = 0 on 0f2.

With respect to each type of boundary condition, we have a different space of test func-
tions, denoted by V. In the periodic case, we consider V as the set of all L-periodic trigonomet-
ric polynomials from R? to R? that are divergence-free and have zero average. In the no-slip
case, we consider V as the family of divergence-free and compactly supported C* vector fields
defined on Q with values in R2.
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We denote by H the closure of V with respect to the norm in L2(£2)? and by V the closure
of V under the H'(2)? norm. Also, we denote by H’ and V' the dual spaces of H and V,
respectively. We identify H with its dual, so that we obtain V' C H C V', with the injections
being continuous and compact and each space dense in the following one. The duality product
between V and V' is denoted by (-, )y v.

We consider the same notation from [18] and denote the inner products in H and V by
(-,-)r2 and ((+,-)) g1, respectively. They are defined as

(u,v)p2 = /Qu(x) -v(x)dx VYu,v € H,

2 9u Ov
wv) gy = . dx VYu,vev,
(V) = [ > o
. . 1/2 1/2
and the associated norms are given by |u|z. = (u,u) /5, [[ullg, = (u, ).
The fact that || - |1 defines a norm in V' is justified via the Poincaré inequality, given by
(2.1) Al < Jullgr Yuev,

where \; is the first eigenvalue of the Stokes operator, defined in (2.3) below.

Given any R > 0, we denote by By (R) and By (R) the closed balls centered at 0 with
radius R in H and V, respectively.

Let P, be the Leray—Helmholtz projector, which is defined as the orthogonal projection
from L2(Q)? onto H. Then, applying P, to system (1.1), we obtain the following functional
equation, which is equivalent to (1.1):

du
dt

where g = P,f € H, B : V xV — V' is the bilinear operator defined as the continuous
extension of the operator given by

(2.2) +vAu+ B(u,u) =g inV’,

B(u,v) = P,((u-V)v) VYu,vey,
and A: D(A) CV — V' is the Stokes operator, defined as the continuous extension of
(2.3) Au=—-FP,Au YueV,

with the domain of A, D(A), given by V N H2(Q)2.

The Stokes operator is a positive and self-adjoint operator with compact inverse. There-
fore, it admits an orthonormal basis of eigenvectors {w, },nen associated with a nondecreasing
sequence of positive eigenvalues { A, }rmen with A, — 0o as m — oc.

We also consider, for each m € N, the low modes projector P,,, which is defined as the
orthogonal projector of H onto the subspace H,, = span{wi,..., w,,}. Moreover, we denote
Qm =1— Py

The bilinear operator B satisfies the following property:

(2.4) (B(ui,uz),uz)y v = —(B(ur,u3), uz)y, vy Vug,up,uz € V.
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We recall some well-known inequalities which are valid in two dimensions, namely, the
Ladyzhenskaya inequality,

(2:5) ullzs < crful 2 ulz? v eV,
and the Brézis—Gallouet inequality [8, 19],
Aul 1/2
u
(2.6) e < cpllullg | 1+ log miL Yu € D(A).
[[al g1
Here, ¢y, and cp denote nondimensional (scale invariant) constants, and || - ||z« and || - ||z

denote the usual norms in the Lebesgue spaces L*(Q)? and L>°(Q)?, respectively.
Property (2.4) and the Ladyzhenskaya inequality, (2.5), imply the following inequality for
the bilinear term:

27 (Blur,ug),us)yry| < ¢ w7l sl 2 sl )7 us || Vg, ua, us €V,
from which it follows that
(2.8) 1B (ur, w2 lvr < 3 Jug |5 w5 ol ua |7 Vg, € V-

Also,

1/2 1/2 1/2
(2.9) |(B(ur,ug),ug) 2| < 3w 1 |[wn |17 ol |7 | A | [ 2

Yu; € V,Vuy € D(A),VUg; € H,
which implies that
(2.10) |B(ur, ug)| 2 < 3wV w17 ual| P Aus| 1y Vuy € V,Vuy € D(A).
Moreover, from the Brézis—Gallouet inequality, (2.6), it follows that
Auy| 1/2
u
(2.11) |(B(u,uz),us)rz2| < cpllur|| g (1 + log (Wlﬂ)) |us| g1 us| 2
[ [[ 1
Yu; € D(A),VU_Q € V.,Vus € H,
so that

1/2
Au
(2.12) |B(ui,u2)|r2 < cpllur|| gl|uz| g <1 + log <1|/21‘L2>>

[u || g
Yu; € D(A),Vllg eV
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Moreover, we recall the following logarithmic inequalities for the bilinear term which were
proved in [46]:

1/2
Au
(2.13)  |(B(uy,uz), Aug) 2| < epllui| g l|ug|| g1 |Aus| 2 (1 + log (M))
A lhagl g

Yu; € V,Vus,us € D(A),

1/2
Au
(2.14)  [(B(ui,u2), Aus)r2| < crllur| g ||uz| g1 |Aus| 2 <1 + log <1|/21|L2>>
AL g

Yup,ug € D(A),VUQ eV,

where cr is a nondimensional constant.

It is well-known that given an initial data uy € H there exists a unique weak solution
of (2.2) defined on [tg,00) and satisfying u(tg) = ug. Moreover, if uy € V, then it is also
true that there exists a unique strong solution of (2.2) defined on [tg, c0) satisfying this initial
condition. For completeness, we state these results below, where the notions of weak and
strong solutions are also made more precise.

Theorem 2.1 (existence and uniqueness of weak solutions). Let ug € H. Then, there exists
a unique (weak) solution u of (2.2) satisfying u(ty) = ug and

d
u € C([to, 00); H) N L2, (to, 00; V), CTI: e L2 (to, 00; V).

Moreover, u depends continuously on the initial data ug.

Theorem 2.2 (existence and uniqueness of strong solutions). Let uyg € V.. Then, there exists
a unique (strong) solution u of (2.2) satisfying u(ty) = vy and
du

uc C([t()v OO); V) N L1200(t07 003 D(A))7 E € LIQOC(t()a 3 H)

Moreover, u depends continuously on the initial data ug.

Theorem 2.1 implies that, for each ¢ € I = [tg,00), we have a well-defined operator
S(t) : H— H, given by

(2.15) S(t)ugp = u(t) Vug € H,

where u(t) is the value at time ¢ of the unique (weak) solution of (1.1) satisfying u(ty) = uo.
The family of operators {S(t)}:>¢, is a semigroup for system (1.1).

We say that B C H is a bounded absorbing set if it is a bounded set with the property
that for every bounded subset B C H, there exists a time 7' = T'(B) for which S(¢)B C B
for all ¢ > T. The existence of a bounded absorbing set with respect to {S(t)}+>¢, was first
obtained in [20].

Given a bounded absorbing set B C H, the global attractor A of (2.2) is defined as the
w-limit set of B or, equivalently,

A=) 5®B.

t>to
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The global attractor is a compact and invariant subset of H, which means that S(¢).A C A
for all ¢ > t¢. In other words, given ug € A, the unique solution u of (2.2) defined on [tg, 00)
and satisfying u(tg) = ug remains in the global attractor for all later time, i.e., u(t) € A, for
all t > to. Moreover, A is also a bounded subset of V', which implies, by Theorem 2.2 and the
invariance of A, that any trajectory in A is a strong solution.
We recall the definition of the Grashof number, which is the nondimensional quantity
given by
L
Rz
In the next proposition we recall some uniform bounds of the attractor with respect to the
H and V norms. The bounds are given in terms of the Grashof number G. For the proofs,
we refer to any of the references listed above [12, 18, 45].
In the statement below and in the remainder of this work, we denote by c¢ a generic absolute
constant, whose value may change from line to line.

Proposition 2.1. For every u € A, the following hold:
(i) In the case of periodic boundary conditions,

1/2

(2.16) lul 2 <vG, |u|g <vA G.
(ii) In the case of no-slip boundary conditions,
4
(2.17) lulz2 <vG, |u|lm < cu)\}ﬂGeGT :

In order to simplify the notation, we will represent the uniform bounds from Proposition
2.1 by writing

(2.18) a2 < Mo [ull <M1 Vue A,

where My and M; are dimensional constants depending on the Grashof number G and whose
values vary according to the boundary condition being considered, periodic or no-slip. Note,
however, that My = vG in both cases.

3. Discrete data assimilation algorithm. As pointed out in the introduction, the purpose
of our work is to consider discrete measurements in space and time, which may also be
contaminated by errors, and to construct a data assimilation algorithm in order to recover
asymptotically in time the exact reference solution, satisfying the 2D Navier—Stokes equations,
corresponding to these measurements.

Since our goal here is to analyze the long-time behavior of solutions, in all the statements
below we make the assumption that the reference solution u is a trajectory in A, the global
attractor of the 2D Navier—Stokes equations, recalled in section 2. We remark, however, that
the same results still hold by assuming that u is a solution of the 2D Navier—Stokes equations
starting at a point u(tg) = up € H with ¢y large enough so that the uniform bounds (2.18)
are also valid for u, up to a multiplicative absolute constant.

We now describe the necessary setup for introducing our algorithm.



2118 C. FOIAS, C. F. MONDAINI, AND E. S. TITI

Let us denote by {t,, }nen the sequence of instants of time in [tg, 00) at which measurements
are taken. We assume that
tpy <tphy1 VneN

and
t, - 00 asn — oo.

Moreover, we denote the maximum step size between successive measurements by a positive
constant k, so that
[th41 —tn| <K VneN.

Also, we assume that the data is collected from a spatial coarse mesh with resolution of size h.
In order to be able to use these discrete measurements in our algorithm, we must perform
an interpolation in time and space. For the spatial interpolation, we consider a linear operator
I, : L2(Q)? — L?(Q2)?, which is assumed to satisfy the following properties:
P1. There exists a positive constant ¢y such that

(3.1) o = In(9)|r2 < cohllellm Vo € HY Q)2

P2. I, : L?(2)? — L?(Q)? is a bounded operator, i.e., there exists a positive constant ¢
such that
(3.2) [In(#)|2 < cilglre Vo € L)

An example of an interpolant operator satisfying properties (P1) and (P2) is given by
the low Fourier modes projector P,,, with \ym < 1/ h2, where we recall that \; is the first
eigenvalue of the Stokes operator. Another more physical example is given by the sum of local
spatial averages over finite volume elements (see, e.g., [22, 29, 30]).

Finally, we denote by 7, the error associated to the measurements at time ¢,,, obtained
after interpolation in space (for details on how to obtain 7, in a particular example, see the
appendix). We assume that 7, € L?(Q)2.

The observational measurements at each time ¢,, are thus represented by

(3'3) ﬁ(tn) = Ih(u(tn)) + M,

where u is the unknown reference solution, satisfying (2.2).

Then, inspired by the continuous data assimilation algorithm introduced in [3], we intro-
duce the following discrete data assimilation algorithm for finding an approximate solution v
of the unknown reference solution u of the 2D Navier—Stokes equations. Given an arbitrary
initial data vg, we look for a function v satisfying v(tg) = vp, the same boundary conditions
for u, and the following system:

(3.4) ‘2: S VAV (v VW Vg = = 83 (¥ (tn) — (ta)) X,
n=0

(3.5) V.v=0,
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where v and f are the same kinematic viscosity parameter and forcing term from (1.1), re-
spectively; ¢ is a modified pressure; u(t,) represents the observational measurements at time
tn, given in (3.3); xy is the characteristic function of the interval [t,,t,+1); and 5 > 0 is a
relaxation (nudging) parameter. The purpose of  is to force the coarse spatial scales of v
toward those of the reference solution u.

Notice that, using the definition of a(t,) given in (3.3) and the functional setting from
section 2, we can rewrite system (3.4)—(3.5) in the following equivalent form:

(3.6) % + VAV + B(v,v) =g = B Po(ln(v(tn)) = In(u(tn))xn + B Y PothXn,
n=0 n=0

where g = P,f, as before.

The existence and uniqueness of weak and strong solutions for the initial-value problem
associated to (3.6) can be proved by using the classical corresponding results already known
for the 2D Navier—Stokes equations (Theorems 2.1 and 2.2). These are proved in the following
two theorems. We remark that, as in Theorems 2.1 and 2.2, the result below is also valid in
the more general case when g € L*(tg, 00; H).

Theorem 3.1. Let vo € H and let u be a trajectory in A. Then, there exists a unique
(weak) solution v of (3.6) on [ty,o0), satisfying v(to) = vo and

% € L% (to, 00; V).

Proof. Consider hy = g — B(Ix(vo) — u(tp)). Since vo € H and hy € H, by Theorem
2.1, there exists a unique weak solution v" of the 2D Navier-Stokes equations on [tg, 00)
corresponding to the forcing term hg and such that v(¢y) = vo.

Then, considering hy = g—(I,(v°(t1)—u(t1)) € H and applying Theorem 2.1 once again,
we have a unique weak solution v! of the 2D Navier-Stokes equations on [t1, 00) corresponding
to the forcing term h; and such that vi(t;) = v¥(¢1) € H.

Proceeding inductively, we have that for each n € N there exists a unique weak solution
v of the 2D Navier—Stokes equations on [t,,00) corresponding to the forcing term h,, =
g — B(In(v" (t,) — u(t,)) € H and such that v*(t,) = v 1(t,) € H.

Let v be the function defined on [tg, 00) and given by

(3.7) v € C([tg,00); H) N LE .(tg, 00; V),

v(t) =v"(t) Vtelty, thy1), VneN.

By construction, v is a solution of (3.6) satisfying v(ty9) = vg and the properties in (3.7).
Indeed, the equality v"(t,) = v~ 1(t,), valid for all n € N, guarantees that v is a continuous
function on [tg, o) in H. Moreover, since for every n € N we have

n

d
vn 6 LIQOC(t'nJ OO, V)? % e L%oc(tTH OO, Vl)?

and the sequence {t, },en of concatenating points is a countable set, it follows that

d
v e L2 (to,00; V), d—z € L2 (to, 00; V).
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For the uniqueness, suppose that v is another weak solution of (3.6) on [tg,00) satis-
fying v(to) = vo. Thus, V[y, ) is a weak solution of the 2D Navier-Stokes equations on
[to,t1) corresponding to the forcing term hg satisfying V|, 1,)(t0) = vo = V|1,.,¢,)(f0), so that
Vlito,t1) = Vlto,r)- But since v, v € C([tg,00); H), they must also coincide on the closed in-
terval [tg,t1]. Then, we can apply the same argument to the following interval [t1,¢2) and,
proceeding inductively, to all subsequent intervals [t,,,t,11), n > 2. Therefore, v = v. |

Theorem 3.2. Let vog € V and let u be a trajectory in A. Then, there exists a unique
(strong) solution v of (3.6) satisfying v(to) = vo and

dv
(3.8) v € C([tg, 00); V) N L2 .(to, 00; D(A)), 5 € L2 (to, 00; H).
Proof. The proof follows by arguments analogous to those in the proof of Theorem 3.1,

but using Theorem 2.2 instead. |

4. Asymptotic in time analysis for individual solutions. In this section, we analyze the
asymptotic behavior in time of the difference between the solution v of the discrete data
assimilation algorithm (3.6) for an arbitrary initial data v and the unknown reference solu-
tion u of the 2D Navier—Stokes equations corresponding to the discrete measurements. The
results show that convergence of v to u follows up to a term depending on the errors as-
sociated to the observational measurements, provided g is large enough and « and h are
sufficiently small.

First, in subsection 4.1, we consider the particular case in which the interpolant operator
Iy, is given by the low Fourier modes projector P,,, m € N. In this case, the initial data vq
is allowed to be any element in H, and an asymptotic estimate of the difference between v
and u is obtained with respect to the norm in H. Next, in subsection 4.2, we consider the
more general case of an interpolant operator satisfying properties (P1) and (P2), where we
must consider vg € V and the corresponding asymptotic estimate is obtained with respect to
the norm in V. The reason for this difference between each case will be explained in the next
subsections.

4.1. The case of projection on low Fourier modes. In the particular case when the inter-
polant operator I, is given by the low Fourier modes projector P,,, m € N, the observational
measurements at time ¢, are given by

Uu(t,) = Ppu(ty) + nn,

where we recall that u is the unknown reference solution of (2.2) and n,, € L?(2)? is the error
associated to the measurements at time t,. Notice that P, u(t,) is not known and all that is
given is u(ty,).

The discrete data assimilation algorithm (3.6) is therefore given in this case as

dv

% +vAv+ B(v,v)=g— 0 Z(va(tn) — Pru(tn))xn + B Z PonnXn-

(4.1)
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In the following theorem, we analyze the asymptotic behavior in time of the solution v of
(4.1) corresponding to an initial data vo € H. We assume that the sequence of errors {n, }nen
is bounded in L?(2)2, with a bound given by a positive constant Ey, which represents the
maximum “size” of the errors. In applications, the constant Fy would be given in terms of
the accuracy associated to the experimental devices used for obtaining the measurements (see
the appendix for an explicit estimate of this type in the case of an interpolant operator given
by local averages over finite volume elements).

Moreover, we assume suitable conditions on (3, k, and m, which are expressed in terms of
the uniform bounds of u, given by the constants My and M; from (2.18).

We recall that ¢ denotes a generic absolute constant.

Theorem 4.1. Let u be a trajectory in A. Consider vo € B (M), and let v be the unique
solution of (4.1) on [to, 00) satisfying v(to) = vo. Assume that {n,}tnen is a bounded sequence
in L*(Q)%, namely, there exists a constant Ey > 0 such that

(4.2) Mnlr2 < Ey VneN.

If B and m are large enough such that

M2
(4.3) B >c—L,
1%

(4.4) Am41 = Gé,
v
and k is small enough such that

” 2 V3/231/2 yz)\}/Q (vA)1/3
Moy + E07 (Mg + E0)2’ Mo M, ’ M(]Ml’ ﬁ1/3 ’

(V)\1)1/2 (V)\1)2
51/2 ’ 52 ’

(4.5) Kk < ;min{l,

then
limsup |v(t) — u(t)|r2 < cEp.

t—o00

Moreover, if Ey =0, then v(t) — u(t) in H, exponentially, as t — oo.

Proof. Denote w = v —u. Subtracting (2.2) from (4.1), we obtain the functional equation
for w,

d o
(4.6) ——G—VAW—I—B(W u) + B(u,w) + B(w,w ——BZPmW )Xn—l—ﬁngnnxn,
dt n=0

which holds in L2 (o, 00; V7).
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When applied to w, (4.6) yields
e
2dt

= —(B(w,u),w)yv — 8 Z(Pm(w(tn) = W), W)r2Xn + B Z(nn, W) L2 Xn
n=0

n=0

(4.7) (w72 + vlwliZ:

= _<B(W7 u)v W>V’,V - /8|me’%2 - /6 Z(Pm(w(tn) - W), W)LQXn

n=0
oo
+ /8 Z(nnv W)LQXm
n=0

where we used property (2.4) of the bilinear term.

Now we estimate each term on the right-hand side of (4.7). Since u is a trajectory in A,
we can use the bounds from (2.18).

Using (2.4), (2.7), and Young’s inequality, we obtain that

[(B(w,w), w)vrv| < clluflgiwlre [ wl| g

v C
< Glwl + =~ lullz wizs

v M?
(4.8) < Wl + e=HIwlia.

Notice that
_B‘meﬁ'ﬂ = —5!“'!%2 + QOwﬁz?

B
< —Bwlis + [ Quw
m+1
T
< —Bwl3a + Wl
m+1
14
(49) < —Blwlta + S Iwl,

where in the last inequality we used hypothesis (4.4).
Also, using the bound from hypothesis (4.2), we have

(410) B0, w) 121 < Bl e wlzz < 5 B + D wlZa.
Moreover,
(@11) BIP(w(t) — w0), WD) 2] = Fl(w (1) — w(), Poew(t) o

([ o),

<o ([]5ze] as) wotin
2 t d 2
< Zlw(®) 3 +% </t =) 5 ds> .
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Furthermore, from (4.6), (2.8), and Poincaré inequality (2.1), we obtain that

(4.12) H < ylwls)l + IBOw(s), u) e + 1 Bu(s), w(s) v

+ ||B<w<s>,w<s>>r|w + Blw(tn) — w(s) v + Bllw(s)|[v: + Blmmllv
< vllw(s)|l + clu(s) 157 as) | 3w () [ Iw ()17 + elw(s)] g2 llw(s)]|

B g

dr + ——=|w(s)|r2 + —=Eo
)\}/2 )\1/2

< ullw(s) ||l + e(MoMy) 2 w(s) [ |w(s) |17 + clw(s)] g2 [ w(s)|| g+

8 8
d + W|W( )’L2 + )\1/2E

Integrating with respect to s from ¢,, to ¢ € [ty, tn+1), it follows that

Hldw ! 1/2 1/2
@) [ e as<f (V\W(S)Hm (Mo M) ww(5) 2w (5) 1
tn Il A4S v tn
B ﬁ dw
+ | w(s)|p2llw(s)l[ g + WIW( s)|r2 + )\1/2 ds+ Bk [ |15 ()| ds,
1 v’
where we used that
t s t gt d
(4.14) / / —(7)|| drds §/ / d—w(T) drds <k —W(T) dr.
tn Jtn v tn Jtn dr '

From condition (4.5) on x, with ¢ < 1/2, we have in particular that Sk < 1/2. Thus, we
obtain from (4.13) that

dw

(4.15) = ()

V/

t
ds < ¢ / (un@)HHl + (Mo M) Y2 w(s) [0 [w(s)|| 37
tn

p p
HwW(S) L2 [W(s) e + Tz W)L + 75 Eo ) ds.
)‘1 >\1

Now, from the Hoélder inequality, it follows that

2 t ¢B2K?
ds) < cm/ p(s)ds + N E2,
’ tn

dw
—(s)
ds v

(4.16) < :

where

2
(417)  p(s) = v [w(s)llF + MoMu|w(s)| 2] w(s)llmr + [w(s) 72l w(s)lIF + f [w(s)lz2.
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Thus, using estimates (4.8)—(4.11) and (4.16) in (4.7), we obtain that

418) Sl vl < - (9w + “an 0 [ wls)as

PR o
1 E
5 (145 B3
for all ¢ € [tg, 00).

Moreover, using condition (4.3) on § with a suitable absolute constant ¢, we have

d ) ) B s f%r t
(119)  GIwOl WOl < G+ D xalt) [ ele)ds
n=0 n
B\ o
1 Ej.
+5( ; m) 2
Denote
(4.20) R =2(My + Ep).

Since w € C([tg,00); H), and
[w(to)lr2 < [v(to)lr2 + |u(to)lr2 < 2Mo < R,
there exists 7 € (o, 00) such that

(4.21) |w(t)|2 <2R Vt € [to, 7).

Define

(4.22) t=sup< 7 € [tg,00): sup |w(t)|z2 <2R;.
te[to,’r]

Suppose that £ < t;. Then, integrating (4.18) from #o to ¢t < £ and using an estimate
similar to (4.14), we obtain that

t
(@2) OB~ wito)a v [ ws)[Ends
to
t 2,.2 t 3,2
S—é Iw(S)IizdSJFCﬁR /90(8)d5+ﬁn 1+05H E2.
2 Jto v Ju vAi

Using Young’s inequality to estimate the second term in the definition of ¢ and the fact
that |[w(t)|;2 < R, for all ¢ € [tg, ], we have

(4.24)

w22 — [wlto)[2s + v / Iw(s) s < 2 [ fwis)lZads

to
2 2 Mo M- 9
i /t <V2Mw(s)H%,1 + (oyﬁyw( 2. + R2lw(s)|2 + f [w <s)\§2) ds

cBr2\
1 Ej.
+ /BH < + VAl ) 0
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After some rearrangement,

2 t
(429) [w(Offs = lwleo)fe v (1- e (1435 ) ) [ Iw(o)as

to

< - (ﬁ _ C(ﬁRMoMl)Q _ cﬂ4/<52> t]w(s)\%gds—l—ﬂﬁ (1 " 0/33'%2) E2.

2 7z vht ) i, vA1

Then, using the smallness condition (4.5) on k, with a suitable absolute constant c, it
follows that

v t t
(@20 w0~ o)+ 5 [ Iws)lEnds < =5 [ fwo)Eads + e,
to to

which implies in particular that

t
2 c .
(4.27) [w(s)||%nds < ;\w(to)y’iz + ;Eg Yt € [to, ).
to
Using Poincaré inequality (2.1) to estimate all the terms in the definition of ¢, given in
(4.17), in terms of [|w||%,, it follows from (4.19) that, for all ¢ € [to, ],

d B2 Bk [ 5 Mol 2 ? ! 2
(4.28) — w2, < =S w2, + Ve + + R+ — |w(s)||71ds
g =T Ty A2 ) i
e\ o
1 Ej.
5 (140 B3

Estimating the right-hand side of (4.28) by using the bound from (4.27), and then inte-
grating from tg to t < £, it follows that

8 8
(420)  [w(t)a < [wlto) 2 e 500 4 (yfwlto) 2 + 03 + 2E3)(1 — o~ 3010,
where
MoM, R: @2

4. = it T A T S
(4.30) 7 CBR( + 1/2)\}/2 t v? + (vA1)?
and

cB3K?
4.31 = .
(4.31) o=v+ e

Since |w(to)|r2 < R, we also have

(4.32) w(t)[2, < R2e~50710) 4 (YR2 4+ ¢ B2 + 2E3)(1 — e~ 3(t-10)),

Now, using condition (4.5) on x with a suitable absolute constant ¢, we obtain y+o < 1/2,
so that

R2
YR? + 0E2 +2E3 < -+ 2F} < R%.
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Thus, it follows from (4.32) that
|w(t)|2 <R VtE [to, 1]

In particular, |w(f)|z2 < R, and from the definition of # in (4.22) we conclude that ¢ > #;.
Therefore, we also have |w(t1)|;2 < R and we can apply the same previous arguments to
obtain that ¢ > t5 and |w(t2)|;2 < R. Continuing inductively, we obtain that £ > ¢, for all
n > 0. Then, analogously to (4.29), one obtains that

(433)  |wO)Ba < [w(ta)F2 e 207 4 (w(tn)3 + 0BG + 2E3) (1 — e (71)

for all t € [t,, tnt1] and for all n > 0.
From (4.33), it follows in particular that

|W(tnt1)|r2 < Olw(tn)|r2 +cEy Yn >0,

where 1/2
0= (e_%n +y (1—6_%>> <1
Thus,
n—1 4
(4.34) W(tn)lr2 < 0" |w(to)|z2 + cEo » 67 Vn>1.
j=0
From (4.33) and (4.34), it follows that
n—1 .
(4.35) |w(t)|p2 < 0"|w(to)|r2 +cEo |1+ Z &’ Vt € [tn, tn+1], VR > 1.
j=0

Therefore,
limsup [w(t)|z2 < cEp.
t—00

Moreover, if Ey = 0, we have from (4.35) that
|wW(t)|r2 < 0" |w(to)|r2 YVt € [tn,tnt1],Vn > 1,
and thus w(t) converges exponentially to 0 in H as t — co. [ ]

4.2. The general interpolant case. We consider an interpolant operator I, : L?(Q)% —
L?(2)? satisfying properties (P1) and (P2), given in (3.1) and (3.2), respectively. The following
theorem provides an asymptotic in time estimate of the difference between the unknown
reference solution of (2.2) and the corresponding solution v of (3.6) satisfying an initial data
vp e V.

Here, we assume that the sequence of errors {1, }nen is bounded in H'(2)2. We remark
that this is a natural assumption that can be verified in applications by using the given
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parameters associated to the model. As an example, we obtain in the appendix an explicit
bound in the H!(£2)? norm of the sequence {1, }nen for the particular case of an interpolant
operator given by local averages over finite volume elements.

The main difference between the proof below and the proof of Theorem 4.1 is that the
general interpolant I, does not provide us with enough freedom for being able to work with the
norm in V' of the time derivative dw/dt, and we must use the norm in L? instead (compare
(4.47) with (4.11)). Thus, in order for the calculations to make sense, v has to be a strong
solution of (3.6), which justifies the choice of an initial data vy in V.

Theorem 4.2. Let u be a trajectory in A. Consider vo € By (M) and let v be the unique
solution of (3.6) on [tg, 00) satisfying v(to) = vo. Assume that {n, }nen is a bounded sequence
in H'(Q)2, namely, there exists a constant Ey > 0 such that

(4.36) Iallgr < E1 VneN.

If B is large enough such that

(437) 5 M+ E) (1 o (M))

v 1/)\1/2

and Kk, h are small enough such that

(4.38) N e e S 2 Y R 200
. - B ’ Mo M, ,MOMl’(Ml‘FEl)z’ 61/2 ) 62 ,
1 /v\Y?
4.39 < (Y
. " 20 (5) ’
then

limsup [|[v(t) — u(t)|| g1 < cEq.
t—00

Moreover, if E1 =0, then v(t) — u(t) in V exponentially as t — co.

Proof. Denote w = v — u. Subtracting (3.6) from (2.2), we obtain that

dw
(4.40) ——G—I/AW—I—B(W u) + B(u,w)+ B(w,w) = —f E P, In(w(tn))xn+ 5 E PyninXn,
dt n=0

which holds in L2

loc

(toa (S 0N H)
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Taking the inner product in H of (4.40) with Aw, we have

1d
3ar
— —(B(w u), Aw) 2 — (B(u,w), AW)Lz — (B(w,w), Aw) 2

(4.41) wl[Z + v|Aw|Z,

~B Z In(w(tn)), AW) 12 xn + B Z Ty AW) [2Xn

n=0
= —(B(W,u),AW)L2 — (B(u,w), Aw)r2 — (B(w,w), AW) 2

— Blwlip = BUIn(W) = w, AW) 2 = B (In(W(ta) — W), AW) 2 Xn

n=0

+ 8 (1 AW) 2.
n=0

Next, we estimate each term on the right-hand side of (4.41). We use the bounds for u
given in (2.18).
Using inequalities (2.13) and (2.14), we obtain that

1/2
w12
(4.42) |(B(w,u), AW) 2| < ep M| w|| g1 |AW| 2 (1 + log <1|/2‘L>> ’
w1
A 1/2
(4.43) |(B(u,w), AW) 2| < ep My ||w|| g1 |Aw| 2 <1 + log <1|/2VV|L2)> ’
AW
and
Aw] 1/2
2
(4.44) |(B(w,w), Aw) 2| < CTHW|’%{1|AW|L2 (1 + log (W)) .
MWl

Using property (P1) of I, it follows that
(4.45) Bl(In(w) —w, Aw) 2| < coBh||wl| g1 Aw] 2
B B v
< Diwiit + sesnlawit, < i + ¥ A

where we used hypothesis (4.39).
Also, using hypothesis (4.36), we have that

s
(4.46) Bl(nn, AW) 2] < Bllnall Wl g < BET + ZHWH?@-
Moreover, using property (P2) of I, we obtain that
tldw

A1 Bl W), Aw)] < Sawle [ |50
1% c 2 t w 2
< Sawls 5 ([ |50 o)
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Now, from (4.40) and using property (P2) of I}, and Poincaré inequality (2.1), we obtain
that, for all ¢ € [t,, tni1),

(4.48)

dw

3o 8| s vlAw(s)|pz +[B(w(s), u(s))l2 +[B(uls), w(s))lL2

+[B(w(s), w(s))|r2 + BlUn(W(tn) = w(t))[12 + BIn(W(E))| L2 + Bl 2
< v|Aw(s)[r2 + [B(w(s), u(s))[ 12 + [B(u(s), w(s))|12 + [B(w(s), w(s))[ 12

+01/8/

Integrating with respect to s, between ¢,, and ¢ € [ty, t,41), yields

LQ

dw
(r)

E
dr + c1Blw(s)| 2 + 875
L2 )\1

tdw
E(S)

ds < / (V\AW(S)lm +[B(w(s), u(s))|r2 + [B(u(s), w(s))| 2
L2 tn

t
(4.49) +|B(w(s),w(s))|r2 + c1f|lw(s)|r2 + ﬂ)f/lg) ds + 18k /tn (il—:r(s) ds,

L2

where we used an estimate similar to (4.14).
From the smallness condition (4.38) on k, with ¢ < 1/(2¢1), we have in particular that
Bk < 1/(2¢1). It thus follows from (4.49) that

(4.50) /t t

dw
E(S)

ds<e / <v|Aw<s>rL2 + | B(w(s), u(s))|2 + [Bu(s), w(s))| 2
L2 tn

+B(w(s),w(s))|2 + c18w(s)|p2 + ﬁ;f/lg> ds.
1

Using (2.12), we obtain

1/2
(4.51) [B(w,u)|z2 < cgMi|wlg | 1+ log 1’/?& ’
[[wl| g1
’A | 1/2
(4.52) |B(w, W)l < cpllw|F | 1+1log 1/2# ’
[[wl| 1

And using (2.10), we have
(4.53) |B(u, w)| 2 < &3 (MoMy) 2| w117 Aw] 1)

Now, applying the Holder inequality and using estimates (4.51)—(4.53), it follows from
(4.50) that

tdw

(454) ( e

2 t 2
E
ds> < Cﬁ/ o(s)ds + CM,
dS L2 tn

A1
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where

(4.55) w@)zuﬂAw@n§r+A@HW@mgl<y+bg<5?W>hﬁ))

I[w(s)
+%%W®MMwﬂmwww%G+m<¥?”p>>

[[w ()| o
+ 3w (s) 7.
Hence, using estimates (4.42)—(4.47) and (4.54) into (4.41), it follows that

d
(4.56) 3wl + v AW @)L < =Blw®)[7n

1/2
+ My ||[w(t)|| g [AW(E)[ L2 (1 + log (W))
W (@)l 2

1/2
Aw ()| 2
+ (OBl Aw (O (1 -+ 1og <l/w<>|>)
A1

W (@] 1
Cﬁz > ,83162
for all ¢ € [tg, 00).

Consider R > 0 given by

R =2M; 4+ 3E;.
Since w € C([tg, 00); V) and

[w(to)llar < [[v(to)llmr + lu(to) s < 2M1 < R,
there exists 7 € (o, 00) such that

(4.57) W)z <2R Vt € [to, 7).

Define

(4.58) t=147¢€tg,00): sup ||w(t)|g <2R ;.
t€(to,T]

Assume that < t;.
Using the definitions of R and £, we have that, for all t € [to, ],

||W||H1

Aw
— c||wl|3 | Aw| 2 (1 + log <1|/2|L2>>
A lw g

1/2
1/)\1 |Aw|2, iy R |Aw|p2 <1+10g< |Aw|7, >> / +£
Atlwll7 V)\1/2 1/2”W||H1 AlwlF VA1

v Aw
(4.59) §\Aw!%2 — cM||w| g |Aw| 2 <1+log< 1|/2 L ))
LB
2

w71

> = wlin
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Define
(4.60) o(r) =12 — pr(1 +log(r2NY2 + B, r>1,
where
(4.61) p=c ;3}{/27 B Vﬁ)\l
Note that
(4.62) o(r) = r(¢(r?) + B) + p(1 + log(r2))1/2’
r 4 p(1 + log(r2))1/2
where
(469) (r) =1 — p*(1 + logr).

It is not difficult to verify that
(4.64) min (r) > —p” log(p?).

Thus, from (4.62) and (4.64), it follows that if

(4.65) B > p*log(p?),
then
(4.66) o(r)>0 Vr>1

Notice that by the definition of p and B in (4.61), (4.65) is valid due to hypothesis (4.37)

on .
Hence, using (4.66) with

o ’AW|L2

(4.67) r=
AL/

> 1,
[Nalize

we conclude that the expression on the right-hand side of (4.59) is nonnegative for all ¢ € [to, ].

Using this fact in (4.56), we obtain that, for all ¢ € [¢o, ],

d v I3 Bk [t
(468) IO + FlAwo < ~JIwB + T8 [ elo)as
to
cBK2\
(2 )

Integrating in time from to to t € (to,?] and using the definition of ¢ given in (4.55), we
obtain that
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t
1%
(4.69) HW(t)!ip—HW(to)H%HrQ/t |[Aw(s)72ds
0

t 2.2 t 3,.2
<P [ ws)2nds + L5 / o(s)ds + 6 2+ P10 B2
2 Ji, v Ji VA1

t 2,2 t
COD™KR

5 | Iw()lFnds + i /

to v to

+ MZ||w(s)|%n (1 + log (W
[w(s)|

+||w(s)||31{1 (1 + log (M)) +52\W(s)|i2] ds

3,2
+B/<;<2+CB i )Ef
I/)\l

IN

V2 Aw(s)[72

)) + Mo My ||w(s)|| g1 | Aw(s)| 2

Using that Sk < ¢, due to (4.38), we observe that

y o[t cB2k2 [t Aw
(4.70) 1 |Aw|2,ds — b / ME||wl[F [ 1+ log 1’/27&
to v Ji Wl £

Aw I3
+|wl3 {1+ log J/zi‘L +7 ||wquds
HW||H1 to
i o (s () * o)
— 1+1o + — | ds.
” iz [Aluwuip A\l )) Ton

Now using (4.63)7(4.66), we conclude that, due to condition (4.37) on f, the right-hand
side of (4.70) is nonnegative for all ¢ € [tg,?]. From (4.69), we then obtain

v t B t
@) ol — i)l + 5 [ [Aw(o)fiads < =5 [ Iws)lds
0 0

2,2 t
+ [ 2w () e+ Modr [w(s) s Aw ()] + 82 w()32) d

v to

3.2
+ Bk <2 + m) B2,
I/)\l

Using Young’s inequality and Poincaré inequality (2.1), we obtain, after some rearrange-
ment of terms, that

(@72) (WOl — w03 + (01— e2?) tt|Aw<s>r%2ds

s (1 _Cﬁf*iz(MoMl)2 53 §

<P - HW(S)HQ as+ g (24 D5 g2
- 4 V3 V)\ H VA1 Lt



DISCRETE DATA ASSIMILATION SCHEME FOR 2D NSE 2133

Now, from hypothesis (4.38), it follows that

v t t
@13 I~ o)+ § [ LAw(e)fads < =5 [ (o) Bads + e,
0 0
which implies in particular

t C C
(4.74) [ Aw(s)Fads < liwito) [ + B}
0

Using Poincaré inequality (2.1) and the fact that 1 + logr < r, for all » > 0, in order to
estimate the terms in the definition of ¢ given in (4.55), it follows from (4.68) that

d B cB%k R?>  MyM; [? t
4.75) = |wt)in < —Sllw)|5n + V= St /AWs2d5
(@) SIW B < -SIw3 + ( N ) ), A
cBr?\ o
2 E
+5(2+ 20 ) B
g 2 2 MyM, = R? 5 2 2
< —= 1 E
<~ GIwiOl + e (14 200+ Sk T ) (ol + )
cB3K? 9
24+ —— | E

+6< + V>\1 ) 1

where in the second inequality we used the bound from (4.74).
Integrating in time from ¢ to t € [to, ], we have
] 8
(4.76)  [lw(B)lF < lw(to)lF o™ 2“7 +(y[[w(to) |7 + 0 EF +4E)(1 — e 271)),
where
MoM,  R? (2
4.77 = 1
(4.77) Y cﬁn< + IV + A2
and
cB3K>
4. = .
(4.78) o=v+ Y
Since ||w(to)|| g1 < R, we also have

(4.79) [w(t)|2 < B2e™ 30710 4 (yR? 4 01?4 4B})(1 — o~ 3(-0)),

Using condition (4.38) on k, with a suitable absolute constant ¢, we obtain v+ o < 1/2,
which implies

R2
YR + 0E} +4E? < - + 4F? < R?.
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Thus, it follows from (4.79) that
lw®)||gr < RVt € [to, ).

In particular, |[w(f)| g2 < R, and from the definition of # in (4.58) we conclude that, in
fact, # > t;. Therefore, we also have ||[w(t1)||z1 < R and we can apply the same previous
arguments to obtain that £ > to and ||w(#2)|z: < R. Proceeding inductively, we obtain that
t >t, for all n > 0, so that, in fact,

(4.80) |lw(t)||gn <R Vte [tg,o0).
Also, analogously to (4.76), we obtain that
8 i
(481) Wl < Iwltn)lF e 207 + (Wt 3 + 0B +4E7) (1 - e73071))

for all t € [t,, tnt1] and for all n > 0.
From (4.81), it follows in particular that

W (tni)llgr < Ollw(tn)llgr + cEx ¥n >0,

where
K N\ 1/2
(4.82) = (e_% ty(1—eF)) <t
Thus,
n—1 '
(4.83) IW(ta) g < 0™ | W(to) Iz + cBr Y 67 ¥n > 1.
j=0
From (4.81) and (4.83), it follows that
n—1 '
(4.84) W)l < 07 [W(to)llgr +cBr [ 14> 67 |Vt € [t taga],Yn > 1.
j=0

Therefore,
limsup ||w(t)| g1 < cEy.
t—ro0

In particular, if £y = 0, it follows from (4.84) that
[w(E)llr < 0" |w(to)llmr VEE [tn, tnsa], Y 2 1,

so that w(t) converges exponentially to 0 in V as t — oo. [ |

Remark 4.1. With the uniform bound obtained for w = v — u in (4.80), in the proof
of Theorem 4.2, we conclude that, under the hypothesis of this theorem, the solution v of
the discrete data assimilation algorithm (3.6) corresponding to an initial data vo € By (M)
satisfies v € L™ (tp, 00; V') with

(4.85) V)|l < 3(My + Ey) Vi € [to, 00).
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5. Stationary statistical analysis. Most of the usual applications of data assimilation
are given in the context of fully developed turbulent flows, the classical example being the
atmosphere. In such flows, the instantaneous physical quantities display an unpredictable and
erratic behavior in time, while the averages (in space, in time, or with respect to an ensemble
of experiments) of such quantities behave in a more regular way. For this reason, it is common
for experimentalists to obtain measurements of such flows given by averages of the associated
physical quantities.

Therefore, it is useful to obtain a relation between averages of physical quantities asso-
ciated to a reference solution of the underlying evolution system and averages of the same
quantities associated to the corresponding approximating solution, given by the data assimi-
lation algorithm.

In the following result, we obtain an estimate of the difference between time averages of
physical quantities associated to a solution u of (2.2) and the corresponding solution v of (3.6)
with respect to an initial data vo € V. The physical quantity is represented by a function
® : H — R, which is assumed to be a Lipschitz continuous function, with respect to the L?
norm, when restricted to a suitable ball in V. The proof follows from the estimate of the
difference between v and u obtained in Theorem 4.2.

Theorem 5.1. Under the hypotheses of Theorem 4.2, for every function ® : H — R such
that its restriction to the ball By (3(My + E1)) is Lipschitz continuous with respect to the L*
norm, with Lipschitz constant L > 0, it holds that

to+T to+T
1/ B(v(L))dt — 1/ @(u(t))dt‘ <ol
tO T t() )\1

(5.1) lim sup

T—o0

Proof. Denote w = v—u and let T' > . From (2.18) and (4.85), we have that v(t),u(t) €
By (3(M; + En)) for all t € [tg, 00). Therefore, since the restriction of ® to By (3(M; + E1))
is a Lipschitz continuous function with Lipschitz constant Lg, we obtain that

1 to+T 1 to+T
5.2 / Pd(v(t dt—/ P(u(t dt’
(5.2 7 e [T et
‘Lq> to+T LCI> to+T
<5 [T ol < [T )l
0 1 to

where in the last estimate we used Poincaré inequality (2.1).
From inequality (4.81) in the proof of Theorem 4.2, we have in particular that

(5.3) W)l < lw(to)l[m + cEyr V€ [to, 1]
Also, recall inequality (4.84), given by

n—1
(5.4) lw()llgs < 6" W(to) | + By {1+ 67| Wt € [tn,tnst], V0 > 1,
j=0

with # < 1 given in (4.82).
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Define
N =max{n € N:t, =tg+rn <ty+T}.

Then, using (5.2)—(5.4), we obtain that

1 to+T 1 to+T
. = d(v(t))dt — = ®(u(t))dt
65 g [ e [T s

to

L‘:I) to+T tn+1
NG (/ Jwit ||H1dt+2 / Iwi(t) | dt
N

IA

tn 1
= )\1/2 Z/ [w ()|l g2 dt
Lak N
@ .
< S fwlto) s +eBr+ 3 [ 0 wlto)ll ey 1430
Lyk | N N-1 \]
(b .
< N1/2 [[w(to)| 29”+CE1 1+N+NZQ]
NPT | 2 2"
N-1
Lar LovEs .
= e v (to) "leen N KATHT S 67,
=0

where in the last inequality we used that kKN < T'. Inequality (5.1) then follows by taking the
limsup as ' — oo in (5.5). [ |

Next, we show that in the particular case when E; = 0, we can obtain a relation between
ensemble averages associated to the reference solution u of (2.2) and time averages associated
to the corresponding solution v of (3.6), with respect to an initial data vy € V. This is
motivated by the relation between time averages and ensemble averages already known for
the Navier—Stokes equations, which is proved as in the Krylov—Bogolyubov theory [33].

For this purpose, we must recall the notion of Banach generalized limits (see, e.g., [18,
section IV.1.3]). These are linear functionals denoted by LiM7_,o, and defined on the space
of bounded real-valued functions on [tg, 00), B([to, o)), which coincide with the classical limit
whenever the latter exists. Moreover, it satisfies the following property:

(5.6) liminf g(T) < Limg(T') < limsupg(T) Vg € B([to,0)).
T—o0 T—o0 T—00

Let us denote by C(H) the space of continuous real-valued functions on H. Recall that
{S(t)}+>t,, given in (2.15), denotes the semigroup associated to the 2D Navier-Stokes equa-
tions on [tg, 00). We then have the following known result.

Theorem 5.2. Let ug € A. Then, there exists an invariant probability measure fy, with
respect to {S(t)}i>t, such that, for all ® € C(H),
1 to+T

Loz [ et = [ B e).

T—ooT
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The proof of Theorem 5.2 can be found in [18, Chapter 4].

We now have the result showing the equality between ensemble averages of physical quan-
tities associated to the reference solution and time averages of the same quantities associated
to the corresponding approximating solution. Notice that here the function ® representing
the physical quantity belongs to C(H).

Theorem 5.3. Under the hypotheses of Theorem 4.2, denote uy = u(ty) and assume that
E1 =0. Then, given a generalized limit LIMp_, o, there exists an invariant probability measure
tay with respect to {S(t)}i>t, such that

to+T
Tiv = B(v(t))dt = / B(€)djiag (€) VD € C(H).
T—>OOT to H
Proof. Since v(t),u(t) € By(3(M; + Ep)) for all t € [tg,00), and E; = 0, from Theorem
5.1 it follows that for every function ® : H — R such that its restriction to By (3(M7 + E1))
is a Lipschitz continuous function, we have

1 to+T 1 to+T
(5.7) lim sup ’/ O(v(t))dt — / @(u(t))dt‘ — 0.
T—o0 to T to

But since By (3(M; + E1)) is compact in H, by the Stone—Weierstrass theorem, the set of
Lipschitz continuous functions on By (3(M; + E1)), with respect to the norm topology in H,

is dense in the space of continuous functions on By (3(M; + E1)). Therefore, (5.7) is also valid
for every ® € C(H). Using (5.6), this implies that

Liv G /t to+T<I>(v(t))dt—; /t t0+T<D(u(t))dt) —0 Vb eC(H).

T—o0 0 0

Thus, from Theorem 5.2, we obtain that

to+1T to+1T
(58) L / Bv(t)at = fou 7 [ B(u(t)at = RGN

Vo eC(H). |

The result of Theorem 5.3 above provides us with a way of obtaining information on the
averages of physical quantities associated to the unknown reference solution through time
averages of the same quantities associated to the approximating solution, which is computed
by using our discrete data assimilation algorithm.

Appendix. In this appendix, we consider a concrete and physically relevant example
of an interpolant operator I, given by local averages over finite volume elements (see, e.g.,
[22, 29, 30]). Our purpose is to show explicit uniform estimates of the L?(2)? and H'()?
norms for the sequence of errors {n, }nen, which was introduced in section 3. With this we
intend to show, in particular, that the inequality (4.36) considered in Theorem 4.2 is a natural
condition on such errors, which can be effectively verified in applications.
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Let © C R? be an open and bounded set. Let us consider a spatial mesh with resolution
of size h > 0, given by a family {U;}i1<j<n, of disjoint sets in R? with strictly positive
measure ||, such that Q = Ujvzhl U; and such that the diameter diam(Uf;) of each U; satisfies

Now, for each Uj, j = 1,..., Ny, let ij be an open set with U; C Z/~{j and such that
diam(U;) < 2h. Then, let {¥;},<j<n, be a partition of unity subordinated to {;}1<j<n,,
with each ¥; being a smooth and compactly supported real-valued function on R? such that
supp¥; C ﬁj,

(A1) 0<¥(z) <1 VaoeR?
Np,
(A.2) Y Tix)=1 Vzeq,
j=1
and
CO 2
(A.3) IV;(x)] < - Vo € R?,

where (Y is a constant. B N B
Note that for all j = 1,..., Nj,, we have that the measure ;| of U; satisfies |U;| < 4h?,

so that
Np,

> U] < ANyh2.
j=1

We assume that A is small enough so that
(A.4) 4ANyh? < 2/9),

where |Q| denotes the measure of (2. N
For each k € N, let Uj,, ... ,U;, be all the sets from the family {¢/;}1<;j<n, which have a

nonempty intersection with LN{k, ie.,

(A.5) U NU;, #0 Yi=1,...,n4
and

We assume that there exists a constant C7, which is independent of h, such that
(A.7) n, <Cp VkeN.

Remark A.1. In the case Q = (0,L) x (0,L), L > 0, one can think of the spatial mesh
for 2 as, for example, a square mesh grid, with each U; being a square with diameter h, ¥;
being the mollification of the characteristic function of ¢/;, and U; being an open square with
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diameter h + ¢, with 6 < h depending on the mollification parameter (see, e.g., [3, Appendix
A] for more details).

The reason why we consider smooth functions instead of the characteristic functions of
the sets U; is that we want to obtain, in particular, an estimate of 7,, given explicitly below
in (A.14), with respect to the norm in H'(Q)2, which involves the gradient of 7,,.

For each j = 1,..., N}, we denote by v; the restriction of the function ¥; to the set .
Note that, in particular, relations (A.1)-(A.3) are also satisfied by v; for all z € Q.
Now, consider the interpolant operator I, : L?(2)? — L?(Q)? given by

Np
(A.8) In(p) =) P0; Ve € LX(Q)?,
7j=1
where
(A.9) %= | el
. P, =— p(x)dz
Ul
is the local average of ¢ over the volume element U;.
We consider the measurement over each volume element Uf;, j = 1,..., Ny, at time 2,
given by
(A.10) U;(tn) +eny,
where
_ 1
(A.11) u;(t,) = / u(ty, x)dx
Ul Ju,

is the local average over U; of the exact value of the reference solution u at time ¢,, and €, ;
is the corresponding error vector in the measurement. Note that the values u;(¢,) and ¢, ;
are not known separately, but only their sum. However, an estimate of the maximum size of
the errors €, 5, n € N, j = 1,..., N}, is usually given in terms of the accuracy associated to
the devices used in an experiment. We denote the maximum error size by € > 0, so that

(A.12) lenjl <e YneNVj=1,...,Np.

Then, using the interpolant operator I, based on these values, we obtain, for each n € N,
a vector field u(t,) defined on €, given by

Nj, Nj,
u(t,) = Zﬁj(tn)¢j + Zgn,ﬂbj'
j=1 3=1
Comparing with the definition of u(¢,) given in (3.3), we then have

Np
(A.13) Ifultn) = 3w (t) e
j=1
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and
Np,

(A14) Mn = Zgn,jwj'
=1

In the following proposition, we obtain estimates for the error term 7, given in (A.14).

Proposition A.1. For all n € N, the following inequalities hold:

@) ial2 < €02,

(i) |17l < c%|Q|1/2, where ¢ = Co(201)Y2, with Cy and Cy being the constants from
(A.3) and (A.7), respectively.

Proof. Using (A.2) and (A.12), we obtain that

|T]n’%ﬂ: / (Zenkd}k ) an,]d}] dx
N N
<62/ (Zw(@) S wi(e) | dz = €20,
€ \k=1 j=1

which proves (i).
Now, for the proof of (ii), note that

19all7 = (Zankvwk ) Zen,]wj

Sy /u 2o VT @

k=1 j=1

Then, using (A.5), (A.6), and the Holder inequality, we obtain

Np ng 1/2 1/2
Il <€) </ Vi ()] dw) </~ \iji(x)\2d$>
k=1i=1 “/Uk0 Uj; N2
From (A.3), (A.4), and (A.7), it follows that
02 S & 3 3
702 < €2 ZZ 0|V 2 U, | VP < €2 ho C14N,h? < &2 ho C12/9),
k=1 i=1
which proves (ii). [ ]

Comparing inequality (ii) of Proposition A.1 with the condition (4.36) on the sequence
{Mn}nen given in Theorem 4.2, we see that E; in this particular case of I, defined by (A.8) is
given by

(A.15) B = 00(201)1/2%|Q|1/2,

where Cp and C are the constants from (A.3) and (A.7), respectively.



DISCRETE DATA ASSIMILATION SCHEME FOR 2D NSE 2141

(10]
(11]
(12]
(13]
(14]
(15]

(16]

(17]
(18]
(19]
(20]
(21]

(22]

REFERENCES

D. ALBaANEZ, H. NUSSENZVEIG-LOPES, AND E. S. Titi, Continuous data assimilation for the three-

=

S -~~~

[23] M

[24] M

dimensional Navier-Stokes-a model, Asymptot. Anal., 97 (2016), pp. 139-164.

. U. Artar, E. S. TrT1, O. Knio, L. Zuao, M. F. McCABE, AND I. HOTEIT, Downscaling the 2D

Bénard Convection Equations Using Continuous Data Assimilation, arXiv:1512.04671 [math.OC],
2015.

. Azouanr, E. OLsoN, AND E. S. Trt1, Continuous data assimilation using general interpolant observ-

ables, J. Nonlinear Sci., 24 (2014), pp. 277-304.

. Azouant AND E. S. TriTi, Feedback control of nonlinear dissipative systems by finite determining

parameters—a reaction-diffusion paradigm, Evol. Equations Control Theory, 3 (2014), pp. 579-594.

. BENNETT, Inverse Modeling of the Ocean and Atmosphere, Cambridge University Press, Cambridge,

UK, 2002.

. BEssaiH, E. OLsoN, AND E. S. Titi, Continuous data assimilation with stochastically noisy data,

Nonlinearity, 28 (2015), pp. 729-753.

. BLOMKER, K. LAw, A. M. STUART, AND K. C. ZYGALAKIS, Accuracy and stability of the continuous-

time 3DVAR filter for the Navier—Stokes equation, Nonlinearity, 26 (2013), pp. 2193-2219.

. BREZIS AND T. GALLOUET, Nonlinear Schrédinger evolution equations, Nonlinear Anal., 4 (1980), pp.

677-681.

. L. BRownNING, W. D. HENSHAW, AND H. O. KREIss, A Numerical Investigation of the Interaction

Between the Large Scales and Small Scales of the Two-Dimensional Incompressible Navier-Stokes
Equations, Research Report LA-UR-98-1712, Los Alamos National Laboratory, 1998.

. CHARNEY, J. HALEM, AND M. JASTROW, Use of incomplete historical data to infer the present state

of the atmosphere, J. Atmos. Sci., 26 (1969), pp. 1160-1163.

. COCKBURN, D. A. JONEs, AND E. S. TIT1, Estimating the number of degrees of freedom for nonlinear

dissipative systems, Math. Comp., 66 (1997), pp. 1073-1087.

. CONSTANTIN AND C. FoiAs, Nawvier-Stokes FEquations, Chicago Lectures in Math., University of

Chicago Press, Chicago, 1L, 1988.

. DALEY, Atmospheric Data Analysis, Cambridge Atmos. Space Sci. Ser., Cambridge University Press,

Cambridge, UK, 1991.

. DascavLiuc, C. Foias, AND M. JOLLY, Estimates on enstrophy, palinstrophy, and invariant measures

for 2-D turbulence, J. Differential Equations, 248 (2010), pp. 792-819.

. FARHAT, M. S. JoLLY, AND E. S. TiTI, Continuous data assimilation for the 2D Bénard convection

through velocity measurements alone, Phys. D, 303 (2015), pp. 59-66.

. FARHAT, E. LUNASIN, AND E. TIT1, Abridged continuous data assimilation for the 2D Navier-Stokes

equations utilizing measurements of only one component of the velocity field, J. Math. Fluid Mech.,
18 (2016), pp. 1-23.

. FARHAT, E. LUNASIN, AND E. TIT1, Data assimilation algorithm for 3D Bénard convection in porous

media employing only temperature measurements, J. Math. Anal. Appl., 438 (2016), pp. 492-506.

. Foias, O. MANLEY, R. RosA, AND R. TEMAM, Navier-Stokes Equations and Turbulence, Encyclopedia

Math. Appl. 83. Cambridge University Press, Cambridge, UK, 2001.

. Foias, O. MANLEY, R. TEMAM, AND Y. TREVE, Asymptotic analysis of the Navier-Stokes equations,

Phys. D, 9, (1983), pp. 157-188.

. Foias AND G. ProDI, Sur le comportement global des solutions non-stationnaires des équations de

Navier-Stokes en dimension 2, Rend. Sem. Mat. Univ. Padova, 39 (1967), pp. 1-34.

. Foias AND R. TEMAM, Determination of the solutions of the Navier-Stokes equations by a set of nodal

values, Math. Comp., 43 (1984), pp. 117-133.

. Foias AND E. S. Tit1, Determining nodes, finite difference schemes and inertial manifolds, Nonlin-

earity, 4 (1991), pp. 135-153.

. GeEsHO, E. OLsoN, AND E. TIT1, A computational study of a data assimilation algorithm for the two

dimensional Navier-Stokes equations, Commun. Comput. Phys., 19 (2016), pp. 1094-1110.

. GHIL, M. HALEM, AND R. ATLAS, Time-continuous assimilation of remote-sounding data and its

effect on weather forecasting, Mon. Weather Rev., 107 (1978), pp. 140-171.


https://arxiv.org/abs/1512.04671

2142 C. FOIAS, C. F. MONDAINI, AND E. S. TITI

[25] M. GHIL, B. SHKOLLER, AND V. YANGARBER, A balanced diagnostic system compatible with a barotropic
prognostic model, Mon. Weather Rev., 105 (1977), pp. 1223-1238.

[26] K. HAYDEN, E. OLSON, AND E. S. TIT1, Discrete data assimilation in the Lorenz and 2D Navier-Stokes
equations, Phys. D, 240 (2011), pp. 1416-1425.

[27] W. D. HENsHAW, H. O. KREISS, AND J. YSTROM, Numerical experiments on the interaction between the
large- and small-scale motion of the Navier-Stokes equations, STAM J. Multiscale Model. Simul., 1
(2003), pp. 119-149.

[28] J. HOKE AND R. ANTHES, The initialization of numerical models by a dynamic relazation technique, Mon.
Weather Rev., 104 (1976), pp. 1551-1556.

[29] D. A. JoNEs AND E. S. TITI, Determining finite volume elements for the 2D Navier-Stokes equations,
Phys. D, 60 (1992), pp. 165-174.

[30] D. A. JoNES AND E. S. TITI, Upper bounds on the number of determining modes, nodes, and volume
elements for the Navier-Stokes equations, Indiana Math. J., 42 (1993), pp. 875-887.

[31] E. KALNAY, Atmospheric Modeling, Data Assimilation and Predictability, Cambridge University Press,
Cambridge, UK, 2003.

[32] P. KORN, Data assimilation for the Navier-Stokes-a equations, Phys. D, 238 (2009), pp. 1957-1974.

[33] N. KryLov AND N. N. BOGOLYUBOV, La théorie généale de la mesure dans son application a l’étude des
systémes dynamiques de la mécanique non linéaire, Ann. of Math., 38 (1937), pp. 65-113.

K. LAaw, A. SHUKLA, AND A. STUART, Analysis of the 3DVAR filter for the partially observed Lorenz 63
model, Discrete Contin. Dyn. Syst., 34(3) (2014), pp. 1061-1078.

[35] D. LUENBERGER, An introduction to observers, IEEE Trans. Automat. Control, 16 (1971), pp. 596-602.

[36] P. A. MARKOWICH, E. S. T1TI, AND S. TRABELSI, Continuous data assimilation for the three-dimensional
Brinkman-Forchheimer-extended Darcy model, Nonlinearity, 29 (2016), pp. 1292-1328.

[37] H. NUMEUER, A dynamic control view of synchronization, Phys. D, 154 (2001), pp. 219-228.

[38] D. OLIVER, A. REYNOLDS, AND N. Liu, Inverse Theory for Petroleum Reservoir Characterization and
History Matching, Cambridge University Press, Cambridge, UK, 2008.

[39] E. OLsON AND E. S. Ti1T1, Determining modes for continuous data assimilation in 2D turbulence, J. Stat.
Phys., 113 (2003), pp. 799-840.

[40] E. OLsoN AND E. S. Tit1, Determining modes and Grashof number in 2D turbulence: a numerical case
study, Theoret. Comput. Fluid Dyn., 22 (2008), pp. 327-339.

[41] J. C. ROBINSON, Infinite-Dimensional Dynamical Systems. An Introduction to Dissipative Parabolic PDEs
and the Theory of Global Attractors, Cambridge Texts Appl. Math., Cambridge University Press,
Cambridge, UK, 2001.

(34]

[42] S. ScHIFF, Neural Control Engineering, MIT Press, Cambridge, MA, 2012.

[43] R. TEMAM, Infinite-Dimensional Dynamical Systems in Mechanics and Physics, 2nd ed., Appl. Math.
Sci. 68, Springer-Verlag, New York, 1997.

[44] R. TEMAM, Navier-Stokes Equations and Nonlinear Functional Analysis, 2nd ed., CBMS-NSF Reg. Conf.
Ser. Appl. Math. 66, STAM, Philadelphia, 1995.

[45] R. TEMAM, Navier-Stokes Equations. Theory and Numerical Analysis, AMS Chelsea Ser., AMS, Provi-

dence, RI, 2001.

[46] E. S. TITI, On a criterion for locating stable stationary solutions to the Navier-Stokes equations, Nonlinear
Anal., 11 (1987), pp. 1085-1102.

[47] F. E. THAuU, Observing the state of non-linear dynamic systems, Internat. J. Control, 17 (1973),
pp. 471-479.



	Introduction
	Mathematical setting of the 2D Navier–Stokes equations
	Discrete data assimilation algorithm
	Asymptotic in time analysis for individual solutions
	The case of projection on low Fourier modes
	The general interpolant case

	Stationary statistical analysis
	Appendix

