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Abstract

We analyse the performance of a data-assimilation algorithm based on a
linear feedback control when used with observational data that contains
measurement errors. Our model problem consists of dynamics governed by
the two-dimensional incompressible Navier—Stokes equations, observational
measurements given by finite volume elements or nodal points of the velocity
field and measurement errors which are represented by stochastic noise. Under
these assumptions, the data-assimilation algorithm consists of a system of
stochastically forced Navier—Stokes equations. The main result of this paper
provides explicit conditions on the observation density (resolution) which
guarantee explicit asymptotic bounds, as the time tends to infinity, on the
error between the approximate solution and the actual solutions which is
corresponding to these measurements, in terms of the variance of the noise in
the measurements. Specifically, such bounds are given for the limit supremum,
as the time tends to infinity, of the expected value of the L?-norm and of the
H' Sobolev norm of the difference between the approximating solution and the
actual solution. Moreover, results on the average time error in mean are stated.

Keywords: determining modes, volume elements and nodes, continuous data
assimilation, Navier—Stokes equations, stochastic PDEs, downscaling, signal
synchronization

Mathematics Subject Classification: 35Q30, 60H15, 60H30, 93C20, 37C50,
76B75, 34D06

* Dedicated to Professor Ciprian Foias on the occasion of his 80" birthday.

0951-7715/15/030729+25$33.00 © 2015 IOP Publishing Ltd & London Mathematical Society Printed in the UK 729


http://dx.doi.org/10.1088/0951-7715/28/3/729
mailto: bessaih@uwyo.edu
mailto: ejolson@unr.edu
mailto: edriss.titi@weizmann.ac.il
mailto: etiti@math.uci.edu
http://crossmark.crossref.org/dialog/?doi=10.1088/0951-7715/28/3/729&domain=pdf&date_stamp=2015-02-11

Nonlinearity 28 (2015) 729 H Bessaih et al

1. Introduction

Data assimilation is a process by which a time series of observational data for a physical system
is used along with the knowledge about the physics which govern the dynamics to obtain an
improved estimate of the current state of the system. Applications of data assimilation arise in
many fields of geosciences, perhaps most importantly in weather forecasting and hydrology.
The classical method of continuous data assimilation, see, e.g. [13], is to insert observational
measurements directly into a computer model as the latter is being integrated in time.

A new approach, inspired by ideas from control theory [1], has been proposed in [2] that
consists in introducing a feedback control term that forces the approximating solution obtained
by data assimilation towards the reference solution that is corresponding to the observations (see
also [16, 17] for other applications). This approach admits a general framework of interpolant
operators which include operators arising from local volume averages and pointwise nodal
measurements. Special attention is given to nodal measurements because they may be likened
to the data collected by an array of weather-vane anemometers placed throughout the physical
domain. This is unlike previous rigorous work [8,25,26,31,33] where the observed data is
assumed to be the lower Fourier modes of the reference unknown full solution. The method
of data assimilation introduced in [2] extends equally to all dissipative dynamical systems and
relies on the fact that such dynamical systems possess finite number of determining parameters,
such as determining modes, nodes and local volume averages, see, for example, [11, 19-23,27—
29] and references therein.

In this paper, we extend the approach of [2] to the case where the observations are
contaminated with random errors. A prototypical analysis of nonlinear filter accuracy using a
feedback observer appears in [36] where conditions for a stochastic stability were found using
Lyapunov functions for very general dissipative systems. There is an extensive literature related
to nonlinear filtering using Kalman filters, see, for example, [30, 32] and references therein.
In these cases the statistics of the approximating solution are assumed to be Gaussian, which
we don’t assume here. Rather, we compute the approximating solution pathwise through
the feedback control problem. Blomker and coauthors [5] have a similar result where the
interpolant is described in terms of Fourier modes. We treat measurement errors for general
interpolant observables and, in particular, when the measurements are nodal values with random
noise. In this way our analysis may also be seen to extend the work of [5] from Fourier mode
measurements to general interpolant observables.

The method of data assimilation studied in this paper can be described mathematically as
follows. Let U (¢) be a solution trajectory lying on the global attractor of a known dissipative
continuous dynamical system and let u(#) be the approximating solution obtained from data
assimilation of noisy observational measurements of U (#). Assume that the dynamics of U
are governed by an evolution equation of the form

dU FU 1

7~ FO) ey
with unknown initial condition Uy € V at time ¢ty. Here F:V — H, where V and H are
suitable function spaces.

Denote by O, (U (t)), for t > 0, the exact observational measurements without error of
the true solution U at time ¢. For two-dimensional physical domains we assume O;,: V — R?
to be linear operator where D is of the order (L/ h)* and L is a typical large length scale of the
physical domain of interest and /4 is the observation density or resolution. Denote by R, (U(¢))
the interpolation of the observational data, namely,

Ry(U()) = Ly o On(U (@),
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where £;,:RP — H is linear operator. Note that R;, need not be a projection nor does its
range need be included in the domain of F. Further assumptions on the general interpolant
observable R;, are given in (6) and (7) below.

In the absence of measurement errors the data-assimilation method proposed in [2] would
construct the approximating solution # from the interpolant observables R, (U (t)) dynamically
as the solution to

du
i F(u) — n(Ry(u) — Ry (U)), 2)

with arbitrary initial condition #(0) = u,. Here u > 0 is a relaxation parameter (nudging),
whose value will be determined later, which forces the coarse spatial scales of u, i.e. Rj(u),
towards those of the observed data, i.e. R,(U).

Suppose the exact measurements O, (U (¢)) are subjected to some random errors. Thus, the
only observations available for data assimilation are the noisy observations Oy (U (¢)) given by

On(U (1)) = On(U (1)) + E0), 3

where £: [0, c0) — RP represents the measurement error, for example, due to instrumental
errors. That is, in reality the actual interpolated measurements of U (¢) contain random errors
and are given by

Ry (U 1)) = Ly(On(U (1))
= L (Op(U 1)) + Li(E(1)) = Ry (U (1)) + (1),

where the random vector £(¢) lies in the range of the interpolant operator Rj,.

We will assume that the components of the random errors £(¢) are independent identically
distributed of Gaussian type. In particular, the random error £(¢) will be expressed in terms
of a finite-dimensional Wiener process W, white noise in time with an appropriate covariance
operator. The precise assumptions will be given in the following sections. We observe that
these results could be generalized to other kinds of processes such as a Levy noise.

In this paper we examine the data-assimilation method given by equation (2) when the
noise-free interpolant observable R;, (U (t)) is replaced by 15;, (U(t)). Inthis case, our algorithm
for constructing u(¢) from the observational measurements o) (U (1)) is given by the stochastic
evolution equation

du = (F(u) — uRy(u) + nRy(U)) dt + pn& dr, “

with arbitrary initial condition #(0) = u,.

While this algorithm makes sense for other dissipative dynamical systems, the two-
dimensional incompressible Navier—Stokes equations, subject to period boundary conditions,
provide a concrete example of a dissipative dynamical system, which we will use as a model
problem for our analysis. Note that a similar analysis of the three-dimensional Navier—Stokes
equations is obstructed by the problem of global regularity, however, it should be possible
to treat three-dimensional turbulence models and other dissipative dynamical systems that
are more regular using an analysis similar to what we present here. In this paper, we find
explicit conditions on the observation density or resolution / and relaxation parameter p for
the two-dimensional Navier—Stokes equations which guarantees that the resulting approximate
solution u(t) converges, as t — 00, in some sense, to the exact reference solution U (¢) within
an error that is determined by the observation density %, the relaxation parameter p and the
variance of the error in the measurements. It is worth mentioning that the application of
algorithm (4) to recover solutions to fluid flow problems provides a concrete and justifiable
reason for investigating stochastically forced equations such as the Navier—Stokes equations.
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In the remainder of this work, the reference solution U will be determined by the two-
dimensional incompressible Navier—Stokes equations

U
— —VAU+ (U -V)U = -Vp+ f,

5 Y ( ) p+f )
V.U=0,

which describe the motion of an incompressible fluid in R?. We assume periodic boundary
conditions with fundamental domain P = [0, L]* and take the initial condition U (0, x) =
Up(x) and the body forcing f = f(x) to be an L-periodic function with zero spatial average.
The kinematic viscosity v > 0 is assumed to be known. The unknowns are the velocity vector
U = U(t, x) and scalar pressure p = p(t, x). We observe that (5) preserves the L-periodicity
and zero spatial average of the initial condition. Thus fD U(t,x)dx = 0, for all r > 0,
provided [, f(x)dx = [, Up(x) dx = 0, which we will assume throughout this paper.

For notational convenience we will denote L}, as simply L', and similarly L7, by L?

and Hl (D) by H'. For ¢ € L' we define the average

per
1
(@) = ﬁfpfp(X)dx,

and for every Z C L' we denote Z = {peZ:{p)=0}.

In the absence of measurement errors the data-assimilation method given by (2) for the
two-dimensional incompressible Navier—Stokes equations allows the use of two kinds of linear
interpolant observables. The firstkind are R,: [H']* — [L?]?, which satisfy the approximating
identity property

lp — Ru(@)lI7> < cih’llelF, (6)

for every ¢ € [H']%; and the second kind of interpolant observables are R),: [H2]* — [L?]%,
which satisfy

lo — Ru(@)l7. < cih®[l@ll3 + cah*lgl3s, (7

forevery ¢ € [H?]?. Inthe presence of measurement errors this same data-assimilation method
becomes the stochastic differential equation (4) and our analysis needs additional regularity
assumptions on Ry, for interpolants that satisfy (7). In particular, we assume the range of R, is
in [H")? for interpolants which satisfy (7). This does not result in loss of generality because
any interpolant operator whose range is in [L?]* can be smoothed so its range is in [H*]?, for
any s > 0.

The orthogonal projection onto the Fourier modes, with wave numbers k such that
k] < 1/h, is an example of an interpolant operator which satisfies both approximation
properties (6) and (7). A physically relevant interpolant which satisfies (6) is given by the
volume elements studied in [28] and [29], see also [23]. Suppose the observations of volume
elements O,: [H 12 5 R2V gre given by

- _ Drn— N
OW(®) = (@1, G2, ..., Gay) where [“’2_” 1] == / @ (x) dx, 8)
Pon L 0O,
forn = 1,2, ..., N, where the domain D = [0, L]? has been divided into N = K?2 disjoint
equal squares Q, with sides h = L/K. Define R, = L, o Oy, where L}, : RN [va(D)]2
with £,,(¢) is the L-periodic function given by

N 2
Ly(§)(x) = Z [Q 1] (XQ” (x) — ﬁ) on D. 9)

CZn
n=1
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As shown in [28] the interpolant R;, satisfies (6), with ¢; = 1/6. Note there are many
other choices for £;, that result in interpolant observables based on volume elements which also
satisfy (6). For example, the appendix of [2], which will be summarized in section 2.2 below,
presents a smoothed choice for £, which results in an Ry: [H 2 [H 212 which also satisfies
(6). In addition, volume elements generalize to any domain D on which the Bramble—Hilbert
inequality holds. An elementary discussion of this inequality in the context of finite element
methods appears in Brenner and Scott [6], see also [10,27,40].

An interpolant observable Rj: [H 22 > [H 212 which satisfies (7) is obtained, following
the ideas of [29], when the observational measurements are given by nodal measurements of the
velocity. This corresponds to the data collected from an array of weather-vane anemometers
placed throughout the physical domain. Suppose the observations of nodes O,: [H?]*> — RV
are given by

On(®) = (@1, ¢2, ..., ¢2y) Where [‘”;’;‘1] = d(x,). (10)
andx, € Q,,forn=1,2,..., N. Here Q, are, as above, N = K? disjoint squares with sides

h =L/K suchthat D = U,’f;l Q,. Setting R, = L}, o Oy, where L, is the smoothed version
of (9) given in section 2.2, results in an interpolant which satisfies (7).

The rest of this paper is organized as follows: section 2 describes the functional setting
for our analysis, gives the stochastic setting for our measurement errors and recalls the a
priori estimates for classical solutions of the two-dimensional incompressible Navier—Stokes
equations that we shall use to obtain our bounds. Section 3 shows the stochastic data-
assimilation algorithm given by (4) is well-posed. Section 4 states and proves our main

results. We end with a few concluding remarks.

2. Preliminaries

The preliminaries have been divided into three subsections. Section 2.1 sets up notation and
the functional setting we will use in our analysis. Section 2.2 gives the stochastic setting for
our measurement errors and summarizes the specific details from [2] on the general interpolant
observables needed for our analysis. Section 2.3 recalls the theory and a priori estimates for
classical solutions of the two-dimensional incompressible Navier—Stokes equations needed for
our work.

2.1. The functional setting

We describe the functional setting which will be used to study the Navier—Stokes equations.
We refer to [12,35,37,39] for the main results. Denote by V all divergence-free R? valued
L-periodic trigonometric polynomials with zero spatial averages. Let H and V be the closures
of Vin [L?]?> and [H']?, respectively. Note that H and V are separable Hilbert spaces with
the inner products and norms inherited from [L%]? and [H']?, respectively. In particular,

lul3, = (u,u), where (u,v)= / (u(x) - v(x)) dx,
D
and, thanks to the Poincaré inequality (11),

||u||%, = (u,u), where ((u,v) = / (Vu(x) : Vv(x)) dx.

D
Denote by H' and V' the dual spaces of H and V, respectively. If we identify H with H’,
then we have the Gelfand triple V. C H C V'’ with continuous, compact and dense injections.
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We denote the dual pairing between ¢ € V' and ¢ € V by (¢, ¥)y.y. When ¢ € H, we have

(. ¥y v = (@, ¥). ,
Let IT be the Leray—Helmholtz projector from [L2]* onto H. The Stokes operator A is

given by

Au=—TIAu forevery u € D(A)=[H*]>*NV.
Note that A is a closed, positive, unbounded self-adjoint operator in H with inverse A~! which
is a self-adjoint compact operator on H. By the spectral theorem there exists a sequence
{A j}‘j?ozl of eigenvalues of the Stokes operator, with 0 < A; < A, < - - -, with corresponding
eigenvectors e; € D(A) such that the set {e; : j € N} forms an orthonormal basis in H.
Moreover, we have A; ~ A(j, as j — oo, where A; = 2m/L)? (see [12]).

For ¢ > 0 we will denote the ath power of the operator A by A“ and its domain by
D(A%). We have ||u||2D(A,1) = Zjil)@ﬂ(u, ej)|2. Moreover, it follows that V = D(A!/?)
with [|¢|ly = |A'2@|y, for every ¢ € V, and D(A) is compactly embedded in D(A%), for
o > op. Finally, let D(A™%) denote the dual of D(A?).

We have the following Poincaré inequalities:

lulZ, < A7 Mulll for ueV (11)
and

lully, < A7 ulph, for u e D(A). (12)
Letb(-,-,-): V x V x V — R be the continuous trilinear form defined as

b(u,v,z) = fD ((u(x) . V)v(x)) - z(x)dx.
It is well known that there exists a continuous bilinear operator B(-, -): V x V — V' such that
(B(u,v), z2)v,y =b(u,v,z), forallz e V.
Lemma 2.1. (see [12,35,37,39]) Letu, v,z € V. Then

(B(u,v), z)y,v = —(B(u,z),v)y,v and (B(u,v),v)y,y =0. (13)
Furthermore,

(B, v), 2)v,v| < llullallvilviizlizs. (14)

Moreover, one can apply the two-dimensional Ladyzhenskaya interpolation inequality
(see [12])

lull?s < Colulullully, (15)
to the right-hand side of (14) to obtain
1/2 1/2 1/2 1/2
(B, v), 2)v.v| < Cululy Nullyvllvizly izl (16)

for functions in V.
We will also make use of the Brézis—Gallouet inequality [7], which may be stated as

|Av?,
[vlloo < Callvllv 1 +log Lt (17)
Allvll?

for functions in D(A).

Lemma 2.2. (see [12,38]) In the case of periodic boundary conditions the bilinear term has
the additional orthogonality property

(B(v,v), Av) =0, (18)
for every v € D(A). In addition, one has
(B(u, v), Av) + (B(v, u), Av) = —(B(v, v), Au), (19)

foreveryu,v € D(A).
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Applying the Leray—Helmbholtz projector IT to (5) one obtains the equivalent functional
evolution equation

du
- FVAU+BWU.U) = . (20)

with initial condition U (0) = Uy, where we assume that f € H and Uy € V. Similarly the
data-assimilation equation (4) becomes

du + VAu + B(u, u))dt = (f—,ul'IRh(u — U))dt+,udW, 21

where dW (¢) = T1&(¢) dz is the noise term.

2.2. The noise term

In this section we describe the error term £:[0, 00) — RZV that gives rise to the noisy
observations @h in equation (3) in terms of a Brownian motion. We then use the definition
R, = L4 0 Oy to obtain dW in (21).

Following Da Prato and Zabczyk [14], fix a filtered probability space (2, F, (), P) on
which is defined a sequence of independent one-dimensional Brownian motions b, (t), for
d=1,2,..., D, relative to the filtration (F;) such that

E(by(t)) =0 and E(by(1)*) =t0?/2 for t>0.

For convenience we shall assume the filtration is complete and right continuous. The
measurement errors may now be described by

E@)dt = (dby (1), dby (1), ...,dbp(1)). (22)

Note that o is a dimensional constant whose units of measurement must be chosen so the
units of measurement for O, (U(¢)) are the same as £. Given a quantity z let [z] represent
the units used to measure z. Then [O,] = [£] implies [0?] = [©,]*[t]. In particular,
if our observations are velocities as in (8) or (10), we then have [O;] = [L]/[¢] so that
[0%] = [L1/[1].

Writing the linear operator Lp,: RP — [H "‘]2, fora > 0, as

D
Li(@)() =) tata(), where ¢eR” and ¢, € [HT, (23)
d=1

it follows that the noise term in (21) is the Wiener process

D

W(t) =Y ba(t)ys. where yy=TlL,. (24)
d=1

We do not assume y, are orthogonal or even linearly independent.
When « > 0 our assumptions dictate that W is a [H @)2.yalued Q-Brownian motion,
where E(W (t)) = 0. Following [14] pp 26-27, we have

D
10 = Cov(W () =E( Y ba()vs ® b,(1)7,)-
d,p=1
Note that Q is a nonnegative and symmetric linear operator with finite trace. In particular, we
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have
Te[Cov(W ()] = Y (Cov(W (t))e;. e;)
j=1
00 D
=Y "B D (ba)ya, e)bp1)yp, e))
j=1 d,p=1
(o] D
=) E(bdmb 1) (var €)(vp- )
j=1 \d.p=
0_2 oo D 02 D
= 722| vaen)? =123 lvaliy-
j=1d=1 d=1
Therefore,
0‘2 b
T Q] = — ; lyal? < oo. (25)

We next turn our attention to the specific interpolant observable based on volume elements
given by (8) and (9). In this case, setting

X0, (x) — h?/L? 0
EZn—l(x) - |: 0 XQ”('X) _ hz/Lz )
yield, forn = 1,2, ..., N, the D = 2N functions needed in (23) and we obtain
Proposition 2.3. Let W(t) be defined as in (24), where €4 are given by (26), for d =

1,2,...,2N. Then W is a [Lz]z-valued Q-Brownian motion with covariance operator Q
that satisfies Tr[ Q] < o2L2.

and {y,_1(x) = (26)

Proof. The calculation
o2 2N 2

N
Tr[Q] = Zwﬂ < —Zlﬁdlu = 022/ [x0,(6) - % o

_022/{ 2h2 XQ"( )+—}d)€\ Z(Lz—h2)<02L2

immediately yields the result. ]

We now recall the construction of the smooth interpolant observables used for nodal
measurements that were constructed in the appendix of [2], and which satisfy (7). Then we
derive the estimates needed in our analysis of (21) for the terms resulting from the 1t6 formula.

Let Q,, forn = 1,2,..., N,bethe N = K? squares with sides & = L/K described

in the introduction such that D = UlN: 1Qn. In particular, we set 7 = {1,..., K }? and for
(i, j) € J define
O, =[G — Dh,ih) x [(j — Dh, jh), (27)
where n =i + (j — 1)K. Further define
Ya(x) = Y xo,(x+kL), for xeR’ (28)
kez?

as the L-periodicized characteristic function of Q,,. Note that ¢, € L?, and moreover, that

(W) = () = /L.
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To obtain a smoother interpolant let

U (X) = (Pnj10 * ¥) (x)

be the mollified version of ¥, where p(x) = € 2p(x /€), and

1
Kjex (—) 7l < 1,
p(o) = | Ko () B

0 lz| =1
with
1
-1 _

(Ko)™ = /|;<1 exp (—1 — Ile)dZ'

Now setting
_ 17/:1 - (&n> _ 0
= [ 0 } and = [1/7,1 - <1Zn>] @)

forn = 1,2,..., N, yields the D = 2N functions needed in (23) for the definition of L.
As shown in the appendix of [2], if the observations are given by volume elements, then
the resulting interpolant satisfies (6); if the observations are given by nodal points, then the
resulting interpolant satisfies (7).

We finish this section with some explicit estimates on the trace of the covariance operator
Q, for the Wiener process W given in (24) for the choice of ¢,, given in (29). Before that, we
state two propositions which we shall make use of in the proof as well as in other parts of this
paper. Detailed proofs of these propositions appear in the appendix of [2], where the functions
¥, have been introduced along with their associated interpolant observables.

Proposition 2.4. Let
U, ={x+y:xeQ, and |y|<e}, for n=1,2,...N.

Then {V, :n =1,2,..., N}is a smooth partition of unity satisfying

(i) 0 < ¥u(x) < 1 and supp(P) € Uy + (LZ)’,

(ii) Yn(x) =1, forall x € (Co+ (LZ)Z) and Z,}IV:I Un(x) =1, forallx € R?
(iii) () = (h/L)2 and %h < ” Vi HL2(D) S gh’

(iv) supp(V) S (U \ Cu) + LZ2,

v) |V1/~/n(x)| < ch ' and |821/~/,1(x)/8xi8x‘,~| < ch™?, forallx € R?,

(vi) [V ”L2(D) se
Proposition 2.5. Let X = {1-K,—1,0, 1, —1+K}2. The functions 1/7,1 are nearly orthogonal

in the following sense: suppose o, € J are such that n = o) + (p — 1)K and
m= B+ (B — K. Then

(i /D P (T (¥) dx = 0, for f—a ¢ K,
(ii) /D(v&,,(x)) (Vi (x))dx =0, for B —a ¢ K.
(i) ‘/ an(x)me(x)dx‘ < (h+26)? = %hz,forﬁ —aek
D

(iv) ‘ /D(w?n(x)) (V) dx‘ <cforf—ack
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Let us emphasize that the constant ¢, appearing in proposition 2.4 parts (v) and (vi), is
independent of 4. We are now ready to prove the following proposition on the trace of the
covariance operator Q for Wiener process W.

Proposition 2.6. Let W (1) be defined as in (24) for the choice of €, given by equations (29).
Then W is a [H"'|*-valued Q-Brownian motion with covariance operator Q that satisfies

Tr[Q] < %asz (30)

and

2

L
Tr[AY2QAY?) < caZﬁ (31)

Proof. Since p € C*(R?) then the range of L, is in [H @12, for every « > 0, and in particular
for o = 1. Therefore, W is an [H']?>-valued Q-Brownian motion. From (25), proposition 2.4
part (iii) and proposition 2.5 part (iii) we estimate

22N 22N

Tr[Q] = Zmu,\ ZuﬂdnLZ—GZann—w 17

36h2 h* 36
= Z %)— ¢n>)\ NL2<E_F)<5

o?L?.

Since in the periodic case we have ||T1g|ly < |[Ve| 2 for every ¢ € H!, then similarly
estimate

N

Tr[A'2 QA2 = Z lyaly <o) IVl
n=1

LZ

< co’N = co’ =,

h2

where proposition 2.4 part (vi) has been used in the final inequality. U

2.3. The deterministic Navier—Stokes equations

The deterministic two-dimensional incompressible Navier—Stokes equations, subject to
periodic boundary conditions, are well-posed and possess a compact finite-dimensional global
attractor. Specifically, the following result can be found in [12, 19, 35,37].

Theorem 2.7. Let Uy € V and f € H. Then (20) has a unique strong solution that satisfies
UeC(0,T]; V)NL*(0,T]; D(A)), forany T > 0.

Moreover, the solution U depends continuously on Uy in the V norm.

Let us denote by G the Grashof number

|f1a
G=——, 32
ry (32)
which is a dimensionless physical parameter. We now give bounds on solutions U of (20) that
will be used in our later analysis. With the exception of inequality (35) these estimates appear

in the references listed above. The improved estimate in (35) is given in [18].
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Theorem 2.8. Let T > 0, and let G be the Grashof number given by (32). There exists a time
to, which depends on Uy, such that for all t > ty we have

t+T
U] <2v2°G*  and / U@} dr < 2(1 + Tvi)vG? (33)
t
Furthermore, we also have
t+T
U@ < 2v*A4G?  and / |AU (7)|3, dt < 2(1 + TvA;)vA G2 (34)
t

Moreover,

AU (1|3, < ev?Ai (1 +G)*. (35)

3. The data-assimilation algorithm

Let U be the strong solution of (20) given by theorem 2.7, and let R; be an interpolation
operator satisfying either (6) or (7). Suppose the only knowledge we have about U is from the
noisy observational measurements R, (U (¢)) + £(¢), that have been continuously recorded for
times ¢ € [0, T]. Our goal in this section is to show that the data-assimilation algorithm given
by equations (21) for computing the approximating solution u are Well-posed.

The proof combines the well-posedness results for the noise-free data-assimilation
equations (2), appearing in [2], with techniques from [15]. Similar results can be found
in [14] for stochastically forced partial differential equations. Namely, we have the following
two theorems.

Theorem 3.1. Suppose U is the strong solution of (20) given by theorem 2.7, where Uy € V
and f € H. Moreover, assume Ry: [I-'Il]2 — [Lz]z satisfies (6) and that 2ucih? < v. Then
forany uy € H and T > O, there exists a unique stochastic process solution u of equation
(21) in the following sense: P-a.s.

ueC(0,T); H)NL*([0,T]; V)

and

<u<r>,¢>>+/0 <u<r>,A¢>dr—fo (Bu(t), ¢), u(®)) dr = (w0, )

+/0 (f(r),p)dt — M/O (Ry(u(t) = U(7)), p)dt + (W (1), @) (36)
forallt € [0, T] and for all ¢ € D(A). Moreover,
T
JE( sup |u(t)|3 + uf ()3 dt) < 0. (37)
0<I<T 0

Theorem 3.2. Suppose U is the strong solution of (20) given by theorem 2.7, where Uy € V and
f € H. Moreover;, assume Ry: [1'-.12]2 — [I'-'Il]2 satisfies (7) and that 2puh® max(ci, Je2) <.
Then for any ug € V and T > 0, the stochastic process solution of equation (21), given in the
previous theorem is such that P-a.s.

u e C([0,T]; V)N L ([0, T]; D(A))

and

T
IE( sup ||u(z)||2V+v/ |Au(t)|% dt) < 0. (38)
0

0<I<T
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Proof of theorem 3.1. The proof of this theorem is based on a pathwise argument. We proceed
along the lines of [15] in which a similar proof appears except without the function U and the
additional linear term. Consider the auxiliary process z which satisfies

dz + vAzdt = udWw, z(0) = 0. 39
It is known, see [14], that

1
(1) = M/ e A qw (1)
0

is a stationary D(A'?)-valued ergodic solution to (39) with continuous trajectories. In
particular, we have

2
E||Z(t)||D(A1/Z) TI‘[Q]

This estimate may be obtained by wr1t1ng

z:szej and W:ZW/eJ_Z(ZVded>eJ’
j=1 j=1

Jj=1 ~d=l

where z;(t) = (z(t), ej) and y4 ; = (va, €;).
Then,

t D t
G0 = [ eI 0 =Y [ €D o)
0 d=1 0

Using the independence of the b,’s and the Itd isometry, it follows that

Elz;(1)]? —MZZVM ‘/ A=) dp, (r)

= R t i
Z / —2vA;(t—7) dr < H’
= 4vr

Therefore, provided 2z < 1 we have

o2

2 D
- i

J d=1

o0
2 2 2
Ellzlpae = ) A Elz]
j=1
2 2 2

D oo
o [
LIV < g el

d=1 j=1"j

>

Now, using the change of variable 1 = u — z, we find that # is solution of the (random)
differential equation

d -
512+1)Aﬁ+B(ﬁ+z,ﬁ+z)+ul'IRh(zZ+z)=f, 40)
where f = f + uII R,(U) and ii(0) = iig = uo.
Theorem 2.7 implies that U € C([0, T']; V). Hence, using (6) and the Poincaré inequality
MRyl < IU = Ryl + UL < (Verh+27 ) 1U Ny

which implies that IT R, (U) € C([0, T]; H). Therefore f e C([0,T]; H).
For every w € €, there exists a unique weak solution # of equation (40) and it depends
continuously, in C([0, T]; H) N L*(0, T; V) norms, for any given 7 > 0, on the initial
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condition i1y = ug in H. A full rigorous proof of this statement is very long, but at the same
time it is very classical. Similar proofs are detailed, for instance in [15] for the stochastically
forced Navier—Stokes equations and in [12] or [39] in the case of the classical Navier—Stokes
equations (i.e. when z = 0). The rigorous proof is based on the Galerkin approximation
procedure and then passing to the limit using the appropriate compactness theorems. We state
the necessary a priori estimates here.

Take the inner product of equation (40) by u

(i—”t‘ )+ V(AR ) = (B + 2.+ 2). i) — w(T1 Ry (@ +2). ) + (. ).

Using lemma 2.2 and Young’s inequality, we get that
(B +z,u+z), u)| = |[(BGu, u), z) +(B(z, i), z)|

-2 ~ 2
< Co(lallgalizllv + lalvlizlizs)
2
vo_oo  Cf oo 2 2 2
<§||u||v+—v (lalzllzl5 + 1215 12115 - 41)

For the other term we apply the Cauchy—Schwarz, Young’s and Poincaré inequalities along
with the approximation property (6) to obtain

—u (T Ry ( + 2), ut) = —p( Rp(2), it) — p( Ry (i), it)

< ulz — Ru@plily + plzlplil g + i — Ry (@), it) — pliil3
Hoen M [ ~ 1. -
<Slaly+5 (2 + 1z — Ri@IF) + i — Ry + =il — wlily
2 2 2 2
W cth’u
< E(A11+clhz) Izl + 5 a3 .

Also,
= - S~ —12, 7 o~ Loz Voo
(fou) <Iflulalg <A 7| flallully < I|f|H+Z”u”V'
1

Hence, since we chose /& and u such that v > 2¢1h? , we get that

ld _, v ., Ko 2 zcﬁ ~2 2 2 2 1~
§E|M|H+§”u”‘/ < 5()»1 +cih )||Z||V+T(|M|H||Z||v+|Z|H||Z||v)+V—M|f|H-

From the above we have

2¢C} |

d -, 12 -1 N2 o 2 Fp2 220 268 5o
—laly +vllially < p(7! +eik®)lzlly + " Lf 17+ |zlly luly + 5 lzl5 lIzlly -
1

dt
Since~ f and z are in C([0, T']; V), then by Gronwall’s lemma and the previous estimates on z
and f to get that

T
sup [a(0) < C, and / la@I dr < C.
tel0,T] 0

Since, u = i + z, we deduce from the properties of z that P-a.s.
we C(0,TY; H)[ | L*(10, T1; V).

The rigorous justification to the fact that the process u is adapted follows from the limiting
procedure of adapted processes (via the Galerkin approximation).

Let us sketch the proof of (37). As usual, these calculations are performed in a first step
on the Galerkin approximation and then in a second step the estimates for the solution u are
obtained by a limiting procedure. But for simplicity, we only sketch them for u. For similar
estimates, see [4,9].
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Using It6 formula to |u(t) |2,, where u(¢) is solution of (21), we get that
dlu()[3; = 2(u(@), du(0) + 2> Tr[Q].
Then, using assumption (13) and integrating over (0, ), we get

T T
sup |u<r)|§,+2v/0 ||u(r>||2vdr=|uo|%,+/0 (fou(r))dr

0<I<T

T
—ZM/O (R (u(r) = U(z)), u(r))dr

+2u sup /(u(r), dW (1)) + u>TTr[ Q). (42)
0

0<I<T

Using the Burkholder—Gundy—Davis inequality (see [14]) on the martingale term in the
right-hand side of (42)

ZM]E< sup /(u(r),dW(r))) < 2u+/Tr[Q]E /lu(r)ﬁidr
0<t<T JO \ Jo

S 2uE sup |u@)|gy TTr[Q]

0<I<T
< l1E sup |u(t)|3; +2u*TTr[Q].
2 o<i<T
On the other hand, using the approximation (6) and the Poincaré inequality, we get that
—2u({Ry(u — U), u)
< 2ulu — Ry ()l 2 lul i — 2pelulfy + 20 Ry (U)] 2 |ul
2plu — Ry ()7 — wlulfy + 20| Ry (U7
2peihllully — pluly, + 2 (IU = Ry(U)[3: +1U 1)
< 2uerh®ull® = pluly, +2u(e2h® + ATHIUI.

/

NN

N

Since 2uc1h2 < v, combining the previous estimates with the Gronwall lemma one obtains
E( sup |u(t)li,> < C(luolg, T, m, v, h, A, Te[Q], [1Uly) .
0<I<T

Using again this estimate in (42) finishes the proof. (|

Proof of theorem 3.2. Similar arguments as used in theorem 3.1 may be used to prove this
theorem. ]

4. Main results

Our goal is to prove that u, the solution of (21), approximates the true solution U of (20), when
t — 00, to within some tolerance depending on the error in the observations. Upon setting
v = U — u this is equivalent to showing that v is small. Note that from (20) and (21) the
evolution of v is governed by the equation

dv+ [vAv+ B(U,v) + B(v, U) — B(v, v)|df = —uI1 R, (v) dt + uITdW, (43)

with vy € V is chosen arbitrary. We now look for conditions on / and p such that the feedback
term, Rj,, on the right-hand side of this equation, which is stabilizing the coarse scales, together
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with the viscous term, which is stabilizing the fine scales, controls the growth of v, which is
due to the unstable nature of this kind of nonlinear dynamical system.

Section 4.1 studies interpolant observables which satisfy (6) and, in particular, those come
from finite volume elements. Section 4.2 studies interpolant observables which satisfy (7) and,
in particular, those which come from nodal observations.

4.1. Observations of volume elements

This section first proves a general theorem on interpolant observables that satisfy (6). This
result is then applied to obtain explicit estimates when the observational measurements arise,
for example, from volume elements. The same result holds for other kinds of observables that
satisfy (6), such as Fourier modes and the interpolants investigated in [27].

Theorem 4.1: Assume that U is a strong solution of (20), that Ry, satisfies assumption (6) and
that W is a [L*]*-valued Q-Brownian motion. Assume that v is large enough, and h is small
enough such that

b > 21k

h2
where ¢y, C are respectively given in (6) and (15). Then the solution u of (21) given by
theorem 3.1 satisfies

lim sup E([u(1) — U(1)[3,) < nTr[Q].

1—>00

> 8¢1Ci A G2,

Moreover,

t+T

. v ) 1
limsup = | E(lu(r) = UMD} dr < (5 +1)uTr{ Q1. (44)

1—00 t

Proof. In this proof we focus on the time interval [y, 0c0), where f; is given in theorem 2.8.
Using the It6 formula on |v(z) |§, we obtain

djv|3, = 2(v, dv) + u*Tr[Q] dt.
Substituting for dv and applying the orthogonality property (13) yields

dv|% +2v|[v]|} dt = — 2(v, B(v, U)) dt — 2 (v, Ryv) dt

+2u(v, dW) + 1>Tr[Q] dt. “45)

Estimate the first two terms of the right-hand side as follows: using inequality (16) and Young’s
inequality
> G 2
= 2(v. Bw. U)) s vivlly + — =l Uy - (46)

Using Young’s inequality, the interpolation inequality (6) and the assumption that 2¢; uh? < v
we obtain

—2u{v, Rpv) = 2u(v, v — Ry(v)) — 2ulv|%
3 (47)

2
) vl

3p
< 2ufv = Ry@)72 — - lvly < vivlly -
Therefore,
3 C?
dlvly + (5 = ENUI ) lelf dr < 2010, dW) + 2 TH{ Q] dr.
v
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Since t > t; then inequality (34) and the hypothesis ZCEvlez < u/2 yield
2

C
“Llwmld <2ctv 6t < B
v

Ea
which implies
dvf; + plvlg dr < 2u(v, dW) + 2 °Tr[ Q] dr, (48)

forallz > fy. Now integrating over (fy, t), then taking the expected value and using Gronwall’s
lemma, we obtain

E(lv®)[3) < E(v(to)3)e ™™ + uTr[Q], forall 1> 1.
Thus, it follows that
lim sup E([v(1)[3) < uTr[Q].
1—>00
To obtain (44), we estimate the terms in (46) and (47) using Young’s inequality in a slightly
different way. In particular,

v 2C?
—2(v. B, U)) < vl + =Ll U

and
~2p1(v. Ryv) < S 01 — wlvfy.
Therefore,
dlv% +vlvl|} df < 2u(v, dW) + 1> Tr[ Q] dt.

Taking expected values and integrating from ¢ to t + T yields

t+T
E(lv(t +T)[3) + v/ E(Jlv(0)l}) dr < E(Ju(®)[3;) + w*TTr[Q].

Therefore
t+T
lim sup v f E([v()Il}) dr < uTr[Q] + > TTr[Q],
1—00 t
from which (44) immediately follows. O

Theorem 4.1 applies to observations of the volume elements given by (8). We now state
and prove a corollary on finite volume elements that gives explicit estimates on the how well
u approximates U over time.

Corollary 4.2. Suppose that the observational measurements are given by finite volume
elements (8) plus a noise term of the form (22), where each b, is an independent one-
dimensional Brownian motion with variance o* /2. Interpolate these noisy observations using
(23) where L4 are given by (26). Let n = 4C}viG?* and choose N = K? large enough such

that
h=L/K </v/Qcip).
Then the solution u to (21) satisfies
limsup E(lu(t) — U 1)) < k1vG2o?

—0o0
and
t+T 2
1 G
fim sup %/ E(lu(r) = U@I}) dr < (5 + =5 JavGPo?,

where iy = 167>C} is an absolute constant.
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Proof. By proposition 2.3 we obtain
uTr[Q] < po’L? < 4CHvia G0’ L? = k1vG?o?,

where k| = 167[2Cf. Similarly

2 2.2 4
u 2) (K G kG ) 2
—+ Tr < +

(5 +1) o< (S + 2

Since the choices of u and & given in the corollary satisfy the hypothesis of theorem 4.1, the

corollary is thus proved. |

We remark that the upper bound on the error in the approximating solution given by
corollary 4.2 is independent of /. In particular, as we take the observation density finer and
finer there is no improvement in the quality of our approximation. This is not surprising, since
increasing the resolution of the observations did not lead to any decrease in the size of the
measurement errors present in the interpolant observables R, given by (23). We remedy this
defect with

Corollary 4.3. Suppose that the observational measurements are given by finite volume
elements (8) plus anoise term of the form (22) where each b, is an independent one-dimensional
Brownian motion with variance o> /2. Let j1 be as in corollary 4.2 and € € (0, 1). Then, there
exists an interpolant observable based on volume elements with observation density h such
that

Ky G? _€ max(e, 16x,G?)

< S (49)

where ky = 327%¢; Cf is an absolute constant and for which

limsup E(lu(t) — U()|3) < no’L%e

—>00

and
t+T

. v 1
lim sup - E(Ju(r) — U@)|)dr < (7 + p,)p,osze. (50)

1—00 t

Proof. If \/v/(2c;it) > L then we may take 7 = L in theorem 4.1. In this case U is a steady
state, and consequently no observational data is needed to accurately recover U. Otherwise,
let M = K3 where K, > 2 is the unique integer such that

h'=L/K></v/Qeip) < L/(K> —1).

Let Q) be squares with sides of length 4’ where m = 1,2, ..., M defined in a similar way as
(27). Choose h = h'/q where ¢ is the unique integer satisfying
¢z > DA (51)

With these choices of K, and g we have

V2eipu/v <1/h =Ky/L <2(Ky — 1)/L < 2\/2c1p0/v

and

e <g=(@q-D+1<e P11 <2712,
Therefore

Vve/(B2e1) < h =1 /g < \/ve/ e
from which (49) follows.
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Let Q, be the squares with sides of length 7 wheren = 1,2,..., Nand N = L?/h? =
g>M. The smaller squares Q, fit inside the larger squares Q’, and each larger square is the
union over ¢? of the smaller squares.

Define the averaging operator A: R*?M — R?M by

«4(</’)2m1:| _ 1 [<P2n1i|
|: A((p)Zm C[2 Q;é;" Pon ’

form =1,2,..., M. We note that O, = A o O,,, where O, are the noise-free observations
of volume elements given in (8), for the O, and O}, are the analogous observations for Q.

Let O, (U(1)) be the noisy observations defined by (3), where £(¢) is given by (22). It
follows that A o @h(U(t)) =Op(U(@)) + F(t), where

F()dt = (dBi (1), dBa(). ... dBam (1))

and B are one-dimensional independent Brownian motions such that
2

o
EBi(1)) =0 and E(Bi(1)») = tﬁ’
fork =1,2,...,2M. Therefore, by taking averages of volume elements, also called spatial

oversampling, we have reduced the variance in the noise term of the measurements. In
particular, from (51) the noise term is now equivalent to a [L?]?-valued Q’-Brownian motion
with Tr[Q'] < 0%2L? /q2 < 02L%. We now define the interpolant observable

Rh/ = Ehf oAo Oh.

Since R satisfies (6) with the same constants as before, then applying theorem 4.1 now
completes the proof. ]

4.2. Observations of nodal values

This section first proves a general theorem on interpolant observables which satisfy (7). This
result is then applied to obtain explicit estimates when the observational measurements arise
from nodal measurements.

Our proof follows the general strategy of the non-stochastic case treated in [33] with
modifications as was done in the proof of theorem 4.1 above to account for the stochastic
terms which arise from the stochastic errors. In particular, we shall make use of the following
inequality which can be found in [33].

Lemma 4.4. Let (r) =r — n(1 +logr) where n > 0. Then
min{g(r) : r > 1} > —nlogn.
We commence with the proof of

Theorem 4.5. Assume that U is a strong solution of (20), that Ry, satisfies assumption (7) and
that W is a [H'1*-valued Q-Brownian motion. Assume that ( is large enough and that h is
small enough such that

n>=2vAGJ, and v > 2C3h2M,
where c3 = max(c, ﬁz) and J =2Cg(2 +log 2Cgc' ) (1 + log(1 + G)). Then
limsup E(|lu — U|13) < 4pexp(vrG2J? /) Tr[AV2 QA2

—>00
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and
t+T

lim sup% E(|Au(t) — AU (7)|%) de

—>00 t
1
< {Sexp(v)\lejz/p,){% +4JZ(F + vxl)vxlaz} + MZ}
x 2Tr[AY2QA'?].
Proof. We focus on the interval [y, 00), where £, is given in theorem 2.8. Using the Itd formula
on ||v(¢)|lv we obtain
dl[v]|3 = 2((v, dv)) + p*Tr[A2 QA1 dt.

For notational convenience we shall write ¥ = Tr[A!'/>?QA!/?] throughout the rest of this
proof. Substituting for dv and applying (18) and (19) yields

d|[v]|3 +2v|Av|3, df = 2(AU, B(v, v)) dt — 2 (Av, R, (v)) dt +2u(Av, dW) + u* = dr.
The Brézis—Gallouet inequality (17) implies
I{AU, B(v, v))| < lvllollvllvIAU L

< ) |Av|%1
< Callvl} {1 +log ——— AU |y
alvly

and the assumption 20 max(cy, /c2)h* < v along with (7) and Young’s inequality implies

—2u(Av, Ry (v)) = 2u(Av, v — Ry (v)) = 2ullv ],
2

" v
< Sl = Ru) [ + 514wl = 2uvlly
< vlAv[g — vl
Therefore
|Av|3, |Avlg, 2
dfv|? +<ux1 —2Cg|AU|g 11 +log +u )|lv)? de
v Aol Mllvll v

< 2u(Av, dW) + u* X dr.
Now setting
n= 2Cg|AU |y and 7 — |Av|3,
Vi Alvly
in lemma 4.4, and noting that » > 1, we obtain that
2CB|AU g
T)

d||v||2v+<u—2cB|AU|Hlog ol dr
< 2u(Av, dW) + u?x dr.

Since t > ty, then by (35) we estimate

2Cg|AU |y

VAl

2Cg log < 2Cglog2Cgc?(1+ G)? < J.

Consequently,
dllvl? + {u _ J|AU|H}||u||2V dr < 2u(Av, dW) + 125 dr.
Applying Young’s inequality we get

2
d|v|? 1 —J—AU2 2 dt < 2u(Av, dW ’yd
||v||v+2 ! u' I5 tlIlvlly df < 2u(Av, dW) + pu~X dr.

747



Nonlinearity 28 (2015) 729 H Bessaih et al

Take 1y as in theorem 2.8 and define

2 t
oz(t):%{u—%lAU(t)ﬁ,] and W(t):/oz(s)ds.

4]

Now, integrating and taking expected value yields

t
E(lv)I3) < E(vto)})e @ + u*x / e VO @ gr,

1y
Since i > 2vA; G J then by the estimate (34) we obtain

2
—W() + W (r) < —%(I O A e
m

A
<P+ e
4 j
Therefore —W (1) — —oo and

t
c c
/ e VOO gr < (1 — ey L 0 ag 1 o0,
fo 128 Hn

where ¢; = 4exp(vA;G2J? /). Tt follows that
limsup E([[v(1)[1}) < capn™ = 4pexp(or G* T2 /) Tr[AV2 QA

—00
which is the first inequality.
To obtain the second inequality, we use

4Cg|AU Avl?
g = 2ClAU g o A
VA Allvlly

in lemma 4.4 to obtain

1 J?
djvl? + gmuﬁ, dr + 5{’“‘ — 7|AU|%1}||U||%/ dr < 2u(Av, dW)dr + 2 Sdr, (52)

where
J =4Cglog4Cgc'?(1+ G)? < 2J.
Let #; > t#( be large enough such that
E(v@I}) < 2cu®  for 121

After integrating inequality (52) and taking expected values, we obtain for times ¢ > ¢#; that

v t+T » t+T
5/ E|Av(r)|3 dr < 204,1LE+C4J22/ |AU (0)|3, dt + /> TS
t t

< 2e4pu® +8¢4J*E(1 4+ Tva)vr G + u*TX.
This finishes the proof. ]

The bounds on /2 are proportional to G (1+log(1+G)) which is similar to the deterministic
case. However, the bounds on the expected value of |[u — U ||%, depend exponentially on G.
Therefore, unless the variance in the stochastic error represented by Tr[A'/2QA!/?] is very
small, this bound will be very large. However, this exponential dependence on G may be
removed by taking i = vA;G?J? and h~2 correspondingly larger. This yields
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Corollary 4.6. Suppose i1 = csvi;G*(1 +1log(1 + G))? and h is small enough such that
v > 263uh2,

where cj is defined as in theorem 4.5 and cs = 4C§ (2 +1log2Cgc'/?)?. Then
limsup E(|lu — U|13) < 4epTr[AV2QA?]

1—>00
and
. v o[t 2 20 H 1724 41/2
lim sup — E(|Au(t) — AU(D)%) dr < [— +16vA; + —}4e,uTr[A A,
t—00 T t T 2e

We apply corollary 4.6 to nodal observations described by (10) to obtain

Corollary 4.7. Suppose that the observational measurements are given by nodal observations
(10) plus a noise term of the form (22), where each b, is an independent one-dimensional
Brownian motion with variance o* /2. Interpolate the noisy observations using (23) where £,
are given by (29). Suppose that \/v]/(2c3i) < L where i = csviG*(1 +log(1 + G))? and
choose N = K? such that

h=L/K <+v/Qcspw) < L/(K —1).
Then the solution U to (21) satisfies
limsup E(Jlu(t) — U()[|3) < k304 GH(1 +1log(1 + G))*o?

=00
and
v t+T
lim sup — E(lAu(t) — AU(7)|3) dt
1—00 T t
20 A
< {? + 16V + 652‘) LG2(1 +log(1 + G))z]fquG“(l +log(1+G))'o?
e

where k3 = 128n2eCC3c§ is an absolute constant.

Proof. By proposition 2.6 equation (31), we obtain

Tr[AY20AY?) < cazL—j < co’K? < 4co*(K — 1)?
< 327%¢ce3e5G2 (1 +1og(1 + G))?o.
Since p and & satisfy the hypothesis of corollary 4.6, then
limsupE(Jlu — U|1}) < 1287%eccsciva GH(1 +log(1 + G))*o?
=00

and the second inequality follows similarly. O

We end by noting that the oversampling argument used to reduce the error in corollary 4.3
can also be used with nodal measurements. Along these lines we obtain

Corollary 4.8. Suppose that the observational measurements are given by nodal observations
(10) plus a noise term of the form (22) where each b, is an independent one-dimensional
Brownian motion with variance o*/2. Let u be as in corollary 4.6 and € € (0, 1). Then,
there exists an interpolant observable based on nodal measurements with observation density
h such that
k3G (1 +1og(1+G))? e _ max(e, 16k,G*(1 +log(1 + G))?)
< 5 <
L? h? L?
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where k4 = 327%¢3 C2 (2 +10g2Cgc'/?)? is an absolute constant and for which

limsup E(Jlu(?) — U(t)||V) 32eccipu’v o’ L%

1—00
and
: v 2 20 M 2 -1 _272
lim sup T ElAu(r) — AU(7)|y dt < {? + 16vA; + 2—}32€CC3M vV o“L%e.
t—00 t e

Proof. Define i, K, M, N, q, Q, and Q/, as in the proof of corollary 4.3 where we have

taken c3 in place of ¢;. Let x, € Q, forn = 1,2,..., N. Since the Q,, are disjoint then the

x,, are distinct. Inside each large square Q' fit ¢> smaller squares Q, and therefore ¢ points
. Denote

m

{Xn:xn € QuY={x,;:j=12...4")
Since x;, ;€ Qnforeachj=1,..., g%, we may view Oy, as a family of g2 observations of
nodes O},: [H?]> — R*™ given by

oﬁ,(cb) = (¢1,j,---+P2m,;) Where [(p;’;’;‘]j'f} = O(x,, ;)

andm = 1,2, ..., M. This leads to a family of ¢> independent noisy observations o, w@).
It follows that the average of the noisy observations

1 & 1 &
Ow (U (1)) = —ZZ U<f>>——zZ O (U 1) + F(0),

where

F@)dr = (dfi(1), dpa(1), ..., dBam)

and the B, are one-dimensional independent Brownian motions such that E(8;(¢)) = 0 and
EB (1)) = toz/(2q2) fork =1,2,...,2M. Therefore, just as in the case with finite volume
elements, we have reduced the variance in the noise term by averaging. In particular, the noise
term is now equivalent to an [H ']*-valued Q’-Brownian motion with

\2 1
THA20' AV < co (h) < 8cespv 1oL,

We now define the interpolant observable

2

S

1

2
A

Ry = Ly 0O U@)).

Since Ry satisfies (7) with the same constants as before, then applying corollary 4.6 now
completes the proof. ]

5. Conclusions

We have shown the continuous data-assimilation algorithm proposed in [2] continues to be
well-posed when the observational measurements contain errors represented by stochastic
noise. Provided the resolution of the observational data is fine enough, we have shown that
the expected value of the difference between the approximate solution, recovered by this
data-assimilation algorithm, and the exact solution is bounded by a factor depending on the
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Grashof number times the variance of the noise, asymptotically in time. This occurs for general
interpolant operator observables satisfying either one of the approximate identity properties
(6) or (7), and, in particular, for interpolant observables based on volume elements and nodal
measurements.

In the case of theorem 4.5 the resolution of the observational data needed for the algorithm
to work for noisy measurements is roughly the same as without noise; however, to remove the
exponential dependency on the Grashof number in the error bounds, corollary 4.6, requires
increasing the resolution by its square. Once the resolution needed to remove the exponential
term is achieved, no further benefits are obtained by increasing the resolution. To benefit from
additional resolution in the observational measurements, we note that oversampling an already
very high resolution observation, and then by locally averaging the oversampled observation,
can produce a observation that still has sufficient resolution but with reduced variance in the
noise. In our case, we assumed the random errors were independent; however, this may not
be the case in practical problems. For example, Budd ef al [3] obtain great benefits by using
adaptive filters based on assumptions about the independence of the measurements errors
in real-world weather forecasting applications. The effect oversampling has on reducing
the errors in our theoretical bounds is consistent with the observed effects of filtering in
applications.

Computer simulations done by Gesho [24] have shown that in the absence of measurements
errors the algorithm studied in this paper performs much better than analytical estimates
would suggest. In the case of nodal measurements, the actual resolution requirements for the
observation density is orders of magnitude less than the upper bounds given by the analysis.
This phenomenon, that the numerics perform much better than the analysis, was also noted
for a different data-assimilation algorithm in [33,34]. It is plausible that in the presence of
stochastic noise the data algorithm studied here will also perform numerically much better
than our analytic bounds. Work is underway to study the numerical performance of this data-
assimilation algorithm when the observation density is much less than our analytic bounds and
to understand how the variance in the stochastic noise numerically affects the convergence of
the approximating solution to the reference solution over time.
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