Abridged Continuous Data Assimilation
for the 2D Navier—Stokes Equations
Utilizing Measurements of Only One
Component of the Velocity Field

Aseel Farhat, Evelyn Lunasin & Edriss
S. Titi

Journal of Mathematical Fluid
Mechanics

ISSN 1422-6928

J. Math. Fluid Mech.
DOI 10.1007/s00021-015-0225-6 Journal of

Mathematical
Fluid Mechanics

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer
Basel. This e-offprint is for personal use only
and shall not be self-archived in electronic
repositories. If you wish to self-archive your
article, please use the accepted manuscript
version for posting on your own website. You
may further deposit the accepted manuscript
version in any repository, provided it is only
made publicly available 12 months after
official publication or later and provided
acknowledgement is given to the original
source of publication and a link is inserted
to the published article on Springer's
website. The link must be accompanied by
the following text: "The final publication is
available at link.springer.com”.

@ Springer



Journal of Mathematical
Fluid Mechanics

@ CrossMark

Abridged Continuous Data Assimilation for the 2D Navier—Stokes Equations
Utilizing Measurements of Only One Component of the Velocity Field

(© 2015 Springer Basel

J. Math. Fluid Mech. I
DOI 10.1007/s00021-015-0225-6

Aseel Farhat, Evelyn Lunasin, and Edriss S. Titi

Communicated by A. V. Fursikov

Abstract. We introduce a continuous data assimilation (downscaling) algorithm for the two-dimensional Navier—Stokes equa-
tions employing coarse mesh measurements of only one component of the velocity field. This algorithm can be implemented
with a variety of finitely many observables: low Fourier modes, nodal values, finite volume averages, or finite elements. We
provide conditions on the spatial resolution of the observed data, under the assumption that the observed data is free of
noise, which are sufficient to show that the solution of the algorithm approaches, at an exponential rate asymptotically
in time, to the unique exact unknown reference solution, of the 2D Navier—Stokes equations, associated with the observed
(finite dimensional projection of) velocity.
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1. Introduction

Data assimilation is a downscaling process for estimating the state of a system by synchronizing informa-
tion from collected coarse mesh measured data and prediction derived from a numerical forecast model.
The classical method of continuous data assimilation, see, e.g., [11], is to insert observational measure-
ments directly into a model as the latter is being integrated in time. One way to exploit this is to insert
Fourier low mode observables from a time series into the equation for the evolution of the high modes.
After a relatively short time ¢ = ¢, the solution to the equation for the high modes is close to the high
modes of the exact reference solution associated with the observables. At that point the low modes and
high modes can be combined to form a complete good approximation of the state of the system at time
t = t, which can then be used as an initial condition for a high resolution simulation. This was the
approach taken for the 2D Navier—Stokes in [6,7,23,24,28,31,32]. Except for the work in [6] (for the
3DVAR Gaussian filter), and [5] (which is using the determining parameters nudging approach of this
paper for data assimilation), the previously mentioned theoretical work assumed that the observational
measurements are error free. Notably, the authors of [23] present an algorithm for data assimilation that
uses discrete in space and time measurements.

In [3], the authors introduced a simple finite-dimensional feedback control algorithm for stabilizing
solutions of infinite-dimensional dissipative evolution equations, such as reaction-diffusion systems, the
Navier—Stokes equations and the Kuramoto-Sivashinsky equation. A computational study of this simple
finite-dimensional feedback control algorithm was presented in [29]. Based on this control algorithm, a
new continuous data assimilations algorithm was developed in [4]. In this new algorithm the coarse mesh
observational measurements are incorporated into the equations in the form of a linear feedback control
term. In effect, the main role of this feedback term is to force (nudge) the large spatial scales of the
solution of the algorithm model toward those of the reference solution, which are represented through
the observational measurements. This is motivated by the fact that instabilities in dissipative evolution
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equations occur at the large spatial scales, hence the need to control, stabilize, or nudge these coarse
scales in downscaling algorithms.

The downscaling algorithm for the general setting can be formally described as follows: suppose that
u(t) represents a solution of some dissipative dynamical system governed by an evolution equation of the
type

du

— = F(u), 1.1

= F(u) (1)
where the initial data u(0) = uo is missing. Let I5(u(t)) represent an interpolant operator based on the
observational measurements of this system at a coarse spatial resolution of size h, for ¢t € [0,T]. The
algorithm proposed in [4] is to construct an approximate solution v(t) that satisfies the equations

W = F(0) — p(5 () — In(w), (1.20)

v(0) = vy, (1.2b)

where p > 0 is a relaxation (nudging) parameter and v is taken to be an arbitrary initial data. If system
(1.2) is globally well-posed and Ij(v) converge to Ij(u) in time, then one recovers the reference u(x,t)
from the approximate solution v(z,t). The goal is to find estimates on > 0 and A > 0, in terms of
physical parameters of the evolution equation (1.1), such that the approximate solution v(t) approaches
the reference solution u(t), with increasing accuracy, as more continuous data in time is supplied. After
some large enough time 7' > 0, the solution v(7T') can then be used as an initial condition in system (1.1)
to make future predictions of the reference solution wu(t) for ¢ > T, or one can continue with (1.2) itself,
for as long more measurements are provided.

This algorithm was designed to work for general dissipative dynamical systems of the form (1.1).
Such systems are known to have global, in time, solutions and typically have a finite-dimensional global
attractor (for this very reason we are still unable to establish any results concerning this algorithm for the
3D Navier—Stokes equations; nevertheless, the algorithm can still be implemented and tested in practice).
Moreover, these systems are also known to have a finite set of determining parameters. A projection (onto
say a finite number of low Fourier modes, or other types of interpolant projections based on nodal values
and volume elements) is said to be determining if, whenever the projection of two trajectories of (1.1)
on the global attractor approach each other, as ¢t — oo, the full trajectories approach each other, see,
for example, [9,17-21,25-27] and references therein. The estimates provided on g > 0 and h > 0 use the
estimates for the global existing solution in the global attractor of the system, in terms of the physical
parameters, such as Reynolds number, in the context of the Navier—Stokes equations, for example.

In the context of the incompressible 2D NSE, the authors in [4] studied the conditions under which
the approximate solution v(t), obtained by this algorithm of data assimilation, converges to the reference
solution u(t) over time. An extension of this approach to the case when the observational data contains
stochastic noise was analyzed in [5]. Under these assumptions, the data assimilation algorithm consists of a
system of stochastically forced Navier—Stokes equations. The main result established in [5] gives resolution
conditions which guarantee that the limit supremum, as the time tends to infinity, of the expected value
of the L?-norm of the difference between the approximating solution and the actual reference solution;
i.e. the error, is bounded by an estimate involving the variance of the noise in the measurements and the
spatial resolution of the collected data, h.

In addition to understanding how the noise in the data affects the accuracy of the prediction, another
major problem in data assimilation is that typically the dimension of the observation vector is less than
the dimension of the model’s state vector. For example, in order to improve hurricane prediction and
typhoon forecasts it is important to get the water vapor observations into the system model. Water vapor
is an important factor in the genesis of tropical cyclones [2], but accurate and timely measurements of
this component still remain a challenge with our current observing technology (some recent technological
advances in the design of atmospheric water vapor observing technology like the GPS Radio Occultation
are currently underway [38]). In the meantime, it is important to analyze the validity and success of a
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data assimilation algorithm when some state variable observations are not available as an input in the
numerical forecast model.

Our main idea in this work stems from the work in [13] which proposes a continuous data assimilation
scheme to the two-dimensional incompressible Bénard convection problem. The 2D Bénard convection
problem is given by

% —vAu+ (u-V)u+ Vp = fes, (1.3a)
%—/{A0+(U~V)9—u'e2:0, (1.3b)
V-u=0, (1.3¢)
u(O,x,y) = Uo(.’E, y)v a(oaxa y) = QO(xay)v (13d)

with appropriate boundary conditions. Here v > 0 is the fluid viscosity, £ > 0 is the diffusion coefficient,
ez = (0,1) is the second standard basis vector in R?. The unknowns are the fluid velocity u(t,z,y) =
(uy (t, x,y), uz(t, z,y)), the fluid pressure p(t,z,y), and the scalar function 6(¢,z,y), which may be the
fluctuation of the density of the fluid or the temperature of the fluid. The authors in [13] proposed an
algorithm for the construction of U(t) and n(t), that approximates the velocity u and the temperature
fluctuations 6, respectively, from the observational measurements Iy (u(t)) of the two components of
the velocity field (but without needing the measurements I, (6(¢)) for the temperature fluctuations), for
t € [0, T] whose evolution is given by

ou

o —VvAU + (U -V)U + VP =ney — u(In(U) — I,(u)), (1.4a)
%—mAn+(U~V)n—U-e2:O, (1.4b)
V-U=0, (1.4¢)
U(07$U,y) = UO(xay)v 77(07‘737y) = nO(may)a (14d)

with the corresponding appropriate boundary conditions; where p is a positive relaxation (nudging)
parameter, which relaxes the coarse spatial scales of U toward the observed data, P is the approximate
pressure, and Uy, ny are taken to be arbitrary. Notice that this algorithm is different from the general
algorithm presented in [4]. The algorithm in (1.4) construct the approximate solutions for the velocity
u and temperature fluctuations @ using only the observational data, Ij(u), of the velocity and without
any measurements for the temperature (or density) fluctuations. Ideally, one would like to design an
algorithm, for the Bénard convection model, based on temperature measurements only, but the analysis
to support or dispute the existence of such an algorithm is a subject of ongoing research. In fact, the
authors believe that knowing the temperature trajectory does not, in general, determine the velocity
vector field in the Bénard convection model.

In this work, we introduce an abridged dynamic continuous data assimilation for the 2D NSE inspired
by the recent algorithms introduced in [4,13]. We establish convergence results for the improved algorithm
where the observational data needed to be measured and inserted into the model equation is reduced
or subsampled. Here we handle the idealized case where the measured observational data is assumed to
be free of noise and that the model parameters are exact. To be more precise, to review some relevant
literature and to set some notation, we start by recalling the 2D NSE which can be written as

1o}

% — vAuy + u10,u1 + u20yur + Ozp = fi, (1.5a)

3u2

T VAU + u10zus + u20yuz + Oyp = fo, (1.5b)
Ozu1 + Oyug = 0, (1.5¢)

ur (0,2, y) = ud(x,y), u2(0,2,y) = ud(z,y), (1.5d)
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where (u1(t, z,y), ua(t, x,y)) is the velocity of the fluid at time ¢ and position (z,y) € Q, v > 0 represents
the kinematic viscosity, p(t, x,y) is the pressure and (fi(z,y), f2(x,y)) is the body force applied to the
fluid, which we assume to be time independent. We will consider system (1.5) in a physical domain £,
with either no-slip boundary conditions or periodic boundary conditions. In the case of no-slip Dirichlet
boundary conditions we take u = 0 on 9. The domain €2 is open, bounded and connected in R? with C?
boundary. In the case of periodic boundary conditions we require u, p and f to be L-periodic, in both x
and y directions, with zero spatial averages over the fundamental periodic domain 2 = [0, L]?.

Inspired by [13], our proposed downscaling algorithm for the construction of approximate solution,
U(t,x,y) from the observational coarse measurements of the one component of the velocity, e.g., the
second component, Ij,(ua(t)), for the reference solution wu(t,z,y), for t € [0,T] is given by

% 7I/AU1+U133¢U1 +U28yU1+8xP:f1, (16&)
U

aTQ — VAU, + U10,Us + Up8,Us + 8,P = fo — pu(I1(Us) — I (uz)), (1.6b)

0,U + 8yU2 =0, (1.6C)

Ur(0,2,y) = Ul (z,y), Ua(0,2,y) = U3 (z,y). (1.6d)

Here, p is a positive nudging parameter, which relaxes (nudges) the coarse spatial scales of Us toward
those of the observed data Ij,(us), P is the approximate pressure. A choice for UY and UY is arbitrary,
and can be simply taken to be UY = 0 and UY = 0. If we knew u{ and u9, then we could take U = u
and U = u9 and the solution (Uy,Us;) will be identically (u1,us), by the uniqueness of solutions of
system (1.6). But, v and u$ are not available, which is the main reason for introducing data assimilation
algorithms. We note that this algorithm requires observational measurements of only one component of
the velocity vector field, horizontal Iy (uy(t)) or vertical Ip(ua(t)). Here, the observational measurements
I, (ua(t)) were chosen as an example.

We will consider observables given by linear interpolant operators Ij, : H(Q) — L?({), that approx-
imate identity and satisfy the approximation property

||90_Ih(<P)||L2(Q) < 70h||<ﬂ||H1(Q)7 (L.7)

for some positive constant vo and for every ¢ in the Sobolev space H!(€). We also consider a second
type of interpolant observables given by linear interpolant operators I, : H?(Q) — L?(Q), that satisfy
the approximation property

le = (@l 20y < ik el + 1252 19l a2 - (L8)

for some positive constants 41, 2 and for every ¢ in the Sobolev space H?()). One example of an
interpolant observable that satisfies (1.7) is the orthogonal projection onto the low Fourier modes with
wave numbers k such that |k| < 1/h. More physical are the volume elements that were studied in [26].
An example of an interpolant observable that satisfies (1.8) is given by the measurements at a discrete
set of nodal points in 2 (see Appendix A in [4]). We will call the interpolants that satisfy (1.7) and (1.8)
of type I and type II, respectively.

We provide explicit estimates on the spatial resolution h of the observational measurements and the
relaxation (nudging) parameter u, in terms of physical parameters, that are needed in order for the
proposed downscaling algorithm to recover the reference resolution. While the typical scenario in data
assimilation is to choose p depending on h, in our convergence analysis we choose our parameters pu and h
to depend on physical parameters. More explicitly, we choose 1 to depend on the bounds of the solution
on the global attractor of the system and then choose h to depend on p and the physical parameters.
The philosophy here is that in order to prove the convergence theorems, we need to have a complete
resolution of the flow, so h has to depend on the physical parameters a.k.a the Grashof (Reynolds)
number. Numerical simulations in [22] (see also [23]) have shown that, in the absence of measurements
errors, the continuous data assimilation algorithm (1.2) for the 2D Navier—Stokes equations performs
much better than analytical estimates in [4] would suggest. This was also noted in a different context
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in [31,32]. It is likely that the data assimilation algorithm studied in this paper will also perform much
better than suggested by the analytical results, i.e. under more relaxed conditions than those assumed in
the rigorous estimates. This is a subject of future work.

The continuous data assimilation algorithm (1.2) can be applied to several three-dimensional subgrid
scale turbulence models and other fluid models. In [1], it was shown that approximate solutions con-
structed using observations on all three components of the unfiltered velocity field converge in time to
the reference solution of the 3D NS-a model. In a forthcoming paper ([15]), we will give a progression
to this scheme and propose that the approximate solutions constructed using observations in only any
two components and without any measurements on the third component of the velocity field converge in
time to the reference solution for this model. Also, an algorithm for continuous data assimilation for 3D
Brinkman—Forchheimer-extended Darcy (3D BFeD) model of porous medium was analyzed in [30]. In a
recent paper ([14]), we analyzed a continuous data assimilation algorithm for the 3D Bénard problem
in porous media that employs measurements of the temperature only. Notably, a similar algorithm for
stochastically noisy data is at hand combining ideas from the present work and [5]. The analysis for the
stochastic version of the above mentioned algorithms is work in progress.

In the Sect. 2, we lay out the functional setting commonly used in the mathematical study of the
Navier—Stokes equations. The main results are in Sects. 3 and 4. We find estimates on the adequate
resolution in the observational data h and the relaxation parameter p for observational measurements
that satisfy (1.7) and (1.8), separately, in the cases of Dirichlet and periodic boundary conditions. We
prove the well-posedness of system (1.6) as well as the convergence (at an exponential rate) of the
approximate solution v(t) of (1.6) to the reference solution u(t) to the 2D Navier—Stokes equations (1.5).

2. Preliminaries

For the sake of completeness, this section presents some preliminary material and notation commonly
used in the mathematical study of hydrodynamics models, in particular in the study of the Navier—Stokes
equations (NSE) and the Euler equations. For more detailed discussion on these topics, we refer the reader
to, e.g., [10,33,35,36].

In the two-dimensional case with no-slip Dirichlet boundary conditions, let 2 be an open, bounded
and connected domain with C? boundary. We define V to be the set of divergence free and compactly
supported O vector fields from  C R? — R2. In the case of periodic boundary conditions, let = [0, L]?
for some fixed L > 0, we define V to be the set of all L-periodic trigonometric polynomials from R? to R?
that are divergence free and have zero averages. We denote by LP(Q), W*P?(2), and H*(Q) = W*2(Q) the
usual Sobolev spaces in two-dimensions. We will denote by H and V the closure of V in L?*(2) and H* (),
respectively. We also denote by H{(2) the set of H'(£2) functions with zero traces at the boundary 9.
In the periodic case we denote by H'(£2) the subspace of H'(Q) functions that are periodic with zero
average.

We define the inner products on L?(Q2) and H by

2
(u,w) = Z/ ww; daedy,
i=179

and the associated norm [[u([;2(q) = (u,u)/2. Notice that V, H}(€2) and H'() are Hilbert spaces with
the inner product

2
((u,w)) = Z / 0ju;05w; dedy,
Q

ij=1

with the associated ||ul| ;1 (q) = ((u,u))/? = [Vul[12(q)- Note that ((-,-)) defines a norm due to the
Poincaré inequality (2.1), below.
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Remark 2.1. We will use these notations indiscriminately for both scalars and vectors, which should not
be a source of confusion.

We denote the dual of V' by V'. Define the Leray projector P, as the orthogonal projection from
L?(Q) onto H, and define the Stokes operator A : V — V' as given by

Au = —P,Au,

with domain D(A) = V N H?(2). The linear operator A is self-adjoint and positive definite with compact
inverse A=! : H — H. Thus, there exists a complete orthonormal set of eigenfunctions w; in H such that
A’lUZ:)\Z'wZ where 0 < A < Ay < -+ <\ S)\i+1 < ... forieN.

We also recall the Poincaré inequalities:

(1) ForallpeV:

Iy < ATV - (2.12)
(2) for all ¢ € D(A):

IS INE (2.1b)

where A; is the smallest eigenvalue of the operator A in two-dimensions, subject to the relevant boundary
conditions.

Let Y be a Banach space. We denote by LP([0,T];Y) the space of (Bochner) measurable functions
t — w(t), where w(t) € Y, for a.e. t € [0,7T], such that the integral fOT lw(t)||%- dt is finite.

Hereafter, ¢, ¢z, and c¢p will denote universal dimensionless positive constants. Our estimates for the
nonlinear terms will involve the Ladyzhenskaya’s inequality in two-dimensions for an integrable function
pel:

lel 70y < cLllellizo) Vel ) (2.2)
Remark 2.2. We note that the Poincaré inequality (2.1a) and the Ladyzenskaya inequality (2.2) hold
for p € HE(Q) or ¢ € HY(Q). Similarly the Poincaré inequality (2.1b) holds for ¢ € H?(2) N H}(Q)

or o € H?(Q) N H' (). We will use these versions of the Poincaré inequality and the Ladyzenskaya
inequality for the components of the velocity vector field.

Also, we will use the following logarithmic estimates for the nonlinear term in two-dimensions. These
estimates are the analogue of the logarithmic estimates proved in [37], for the nonlinear advection term
of the Navier—Stokes equations; they can be proved following the same steps of the proof in [37].

(1) For every u,v,w € HA(Q) (or H*(2)), with w # 0, we have

/Qu@ivwdxdy’ < or [[Vul| 2o [[VOll 12(q) 1wl 20

IV 2
2
A2 o]l 2

(2)  For every u € H}(Q) and v,w € H>(Q) N H(Q) (or u € H'(Q) and v,w € H*(Q) N H'(R)), with
v # 0, we have

/Quaiv 0j;w dxdy‘ < er [Vullpzio) [Vl 2 () |Aw] 12 (q)

1/2
Av
X (1 + log (W)) . (2.3b)
A ||VU||L2(Q)
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(3)  For every v € H} () and u,w € H2(Q) N H(Q) (or u € H () and v,w € H>(Q) N H(Q)), with
u # 0, we have

‘/Quai” 3jjU’dxdy‘ scr ||VU||L2(Q) HVUHL2(Q) ||Aw||L2(Q)

1/2
Au
(v )" 20
Al ||VU||L2(Q)

where 0; is interchangeable with 0, or 9y, and 0j; is interchangeable with 0., or d,,. We note that the
logarithmic estimate (2.3c) can follow by an argument using the Brezis—Gallouet logarithmic inequality
[8]. In [37], it was proven using a different approach. On the other hand, the logarithmic estimate (2.3b)
does not follow as a consequence of the Brezis—Gallouet inequality (see [37] for the proof).

We recall that in two dimensions and in the case of periodic boundary conditions the nonlinearity also
satisfies

((u-V)u,Au) =0, (2.4a)
for each u € D(A) and consequently
((u-V)w, Aw) + (w - V)u, Aw) + ((w - V)w, Au) = 0, (2.4b)

for each u and w € D(A).
Furthermore, inequality (1.7) implies that

2 2
lw = In(w)72 () < coh® [Vwllz2q) . (2.5)
for every w € V, H}(Q2), or Hl(Q), where ¢y = 79, and respectively, (1.8) implies that
1 1
lw — Ih(w)||2L?(Q) < icghQ vaHi%Q) + Zcéh4 HAU}H%?(Q) ) (2.6)

for every w € D(A), HA(Q) N H2(Q), or H'(Q) N H2(Q), for some ¢y > 0 that depends only on 7o, 71
and 2. We note that in the case of periodic boundary conditions, we demand that the spatial average
of I',(w) be zero, for every w in the relevant domain of Ij, (c.f. [4]). This is to guarantee that the spatial
average of the solution U of (1.6) is preserved, and hence can be chosen to be zero.

We will use the following elementary inequality proved in [4].

Lemma 2.3. Let ¢p(r) = r — (1 + log(r)), where v > 0. Then
min{@(r) : v = 1} > —ylog(7).
We will also apply the following uniform Gronwall’s inequality proved in [26].

Lemma 2.4. (Uniform Gronwall’s inequality) Let 7 > 0 be arbitrary but fized. Suppose that Y (t) is an
absolutely continuous function which is locally integrable and that it satisfies the following:

dY

v +B(t)Y <0, a.e. on (0,00),
and
t+71 t+1
litm inf/ B(s)ds > 7, lim sup/ B7(s)ds < oo, (2.7)
—00 t t—o00 t

for some v > 0, where f~ = max{fﬁ, 0}. Then, Y(t) — 0 at an exponential rate, as t — oo.

Here we denote by G the Grashof number in two-dimensions

1
G= W 1220 - (2.8)

We recall that the 2D NSE (1.5) are well-posed and posses a finite-dimensional global attractor when
f is time-independent, see e.g., [10,33,34]. Next, we give bounds on solutions u of (1.5) that we will use
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later in our analysis. These bounds are proved in the references listed above. The estimate (2.10b) is
proved in [12] and estimate (2.9d) will be proved in Appendix A.

Proposition 2.5. Let 7 > 0 be arbitrary, and let G be the Grashof number given in (2.8). Suppose that u
is a solution of (1.5) subject to no-slip Drichlet boundary conditions, then there exists a time to > 0 such
that for all t >ty we have

t+1
lu(t)|? < 202G?, / IVu(s)|[72q) ds < 2(1 + TvA)vG?, (2.9a)
t
IVu(t)]F20) < @M G2, (2.9b)
t+1
/ | Au(s) 220 ds < (" + ToA)rA G, (2.9¢)
t

and

1Au(t)][22 g < E°AIG? (1 14+ G281+ S 1 G4eG4)) : (2.94)
or some pOSZtZUe non-dimensional constant c. In the case o perioarc bounaary con itions we have
f it dimensional é. In th f periodic bound diti h
t+1

IVu(®)|72(q) < 220 G2, /t |Au(s) 720y ds < 2(1 + TvA)rA G, (2.10a)

and
1Au() |72y < @°AT(1+G) (2.10D)

Remark 2.6. In this work, we will assume that the reference solution of the Navier—Stokes equations, that
we are trying to approximate, has evolved enough in time to satisfy the estimates provided in the above
proposition. That is, we will assume that the solution satisfies these estimates at t = 0. For that reason,
we will take, without loss of generality, ty = 0.

3. Convergence Analysis with Observable Data of Type I

Following similar techniques introduced for the two-dimensional Navier—Stokes equations (see, e.g., [10,
33,36]), we can prove the global well-posedness of system (1.6) as stated below, when the observable data
satisfy (1.7). For more details, see [4].

Theorem 3.1. (Well-posedness of solutions) Suppose I, satisfies (1.7) with p > 0 and h > 0 are chosen
such that uc%h2 < v, where ¢q is the constant in (1.7). If the initial data Uy € V, then the continuous data
assimilation system (1.6), subject to Dirichlet or periodic boundary conditions, possess a unique global
strong solution U(t,xz,y) = (Ur(t, z,y), U2(t,x,y)) that satisfies

UeC(0,T);V)NL*([0,T]; D(A)), and %ELQ([O,T];H).

Moreover, the solution U(t,x,y) depends continuously on the initial data Uy.

We will now state and prove that under certain conditions on g and h, the solution (Uy,Us) of the
data assimilation system (1.6) converges to the solution (ui,uz) of the two-dimensional Navier—Stokes
equations (1.5), subject to periodic or Dirichlet boundary conditions, respectively, as ¢ — oo, when the
observable operators satisfy (1.7).

Theorem 3.2. Suppose that Iy, satisfies the approzimation property (1.7) and u(t,z,y) = (u1 (¢, z,y), u2(t,
x,y)) is a strong solution in the global attractor of (1.5) subject to Dirichlet boundary conditions. Let
Ult,z,y) = (Ur(t,z,y),Us(t, z,y)) be a strong solution of (1.6), subject to Dirichlet boundary conditions.
If > 0 is chosen large enough such that

p > 2ev (1 +log(G) + G*)G?, (3.1)
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and h > 0 is chosen small enough such that uc3h® < v, then ||u(t) — U(t)”i?(sz) — 0 at an exponential
rate, as t — 00.

Proof. Define & =u— U and p = p — P. Then u; and us satisfy the equations

% —vAuy + U 0,01 + U26 U1 + U1 0puq + U26 uy + &;p =0, (3.2&)
ou

% — VAU + U100 + Us0ylig + U1 0pug + U20yus + Oyp = —plp(tg), (3.2b)
OplUq + ayag =0. (3.20)

Since equations (3.2a) and (3.2b) hold in L?([0,T]; H) and since @; and iz are in L?([0,T]; H), we can
take the L?(Q) inner product of (3.2a) and (3.2b) with @; and s, respectively. We obtain, using the
divergence free condition (1.6¢), integration by parts and using the relevant boundary conditions, that

1 d -
il 2y + v IV |22y < [ral + 110l = (92, ),

1d

1% lial|72 () + ¥ V2l 720y < |2al + [Job| = (B, tiz) — pu(In(it), tin),

where
Jia = (U10u1, 1), Jip := (G20yuy, 1),
Jaq = (U10,us, Us), Jop = (U20yus, Us2).
To estimate the nonlinear terms we proceed as follows: using integration by parts twice, we have
Jia = (Opur, (11)?) = =2 (w1 0,051 )

2 (ulﬂl, 8yﬂ2)

= -2 (ﬁlayul, 7.~L2) -2 (ulﬁyﬂl, ’l~1,2)
= _Q(Jlal) - 2(J1a2)7

where we used above the divergence free condition (3.2c) and the relevant boundary conditions. By the
logarithmic estimate (2.3a) and Young’s inequality, we have

| J1a1] = | (@1 Oyua, U2) |
- 1/2
) ) IVl 2 q
< or | Vi || 12 [Vl 12 2]l 120 (1 + log (”
() ) ( /
M Nz 2oy
v IV 2o -
< g7 IVanllza@ + - Va2 (ng(w lalzo@ . (33)
AL Hu2||L2(Q)
and
|J1a2] := | (w10yT1, U2) |
v ||Vﬂ2HL2Q -
< 2 IVitllza i) + = IVl | 1+ 1o | 77— ) | l15al22o) - (3.4)
64 / ()
AL Hu2||L2(Q)
Thus,
H 2||L ~
10l < 55 IVatll72) + = IVl 720 <1+log ( 272 - (3.5)
1 HU2HL2(Q)
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A similar argument as in (3.3) and (3.4) yields

| J1p| = [(G20yun, tia)|

v Vil 2 (o) 2
3* HVU1||L2(Q) + - HV’MHL?(Q) (1 + log (1/2 [t2]72 (o) -

||u2||L2(Q

and

|J2a| = |(U10,uz, Uz)|

v HV@”L? Q -
< = I Viulf20) + = Va2 <1 +log (w() 272 g -
1

l[az] L2(Q)
By Hoélder’s inequality, Ladyzhenskaya’s inequality (2.2), we have

~ - ~ 2
[ Jao| = [(@20yus, t2)| < [[G2]|74q) |0yuzll L2 (q)

<cp Hﬁﬂlmg IIVﬂzllmg 10y uzll 2 (q)

I /\

Va0 20y + = 10yl N2l P2 g -
Thanks to (2.5), the assumption pc3h? < v and Young’s inequality,

~ ~ ~ ~ 12
—p(In(G2), t2) = —p(Ip(2) — G2, U2) — pllt2l|72(q)
~ ~ ~ ~ 112
< pl[In(t2) — UZ”]}(Q) a2l z2q) — 1 HU2HL2(Q)
~ ~ ~ 12
< pcoh ([uzl 2 (q) [Vl g2 ) = 1 lltzlz2 )

27,2
ncgh <2 o2
; Va2 720y — ) %2(l72(q)

IN

IN

v ~ 12 Ko~ 2
5 [Vtig||72q) — 5 a2(l72(q) -
Also, note that

(azﬁa ﬂl) + (ayﬁ7 ﬂQ) = 07

JMFM

(3.9)

(3.10)

thanks to the divergence free condition (3.2¢), integration by parts and using the relevant boundary

conditions. It follows from the estimates (3.5)—(3.10) that

Hu||L2(Q) +5 ||VUHL 2(Q)
c 2 HVﬂQHLQ Q ~ 02
S <y ||VU||L2(Q) (1 + log <1/2~() — M ||u2HL2(Q) )
Al HquLQ(Q)

HUHLZ(Q)+ ||VU||L2(Q)Jr HVU2||L2(Q)

c 2 HVU2||L2 Q <2
< S IVulfzq (1 +10g [ ) | = p | laalle oy -
v At [[ti2]|72

or

(3.11)

Next, we will use a similar argument as in [4,16] to prove that [|@(t)]| 2y — 0, exponentially, as

t — oo.
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Using the Poincaré inequality (2.1), we may rewrite (3.11) as

~ 12
L a2 + 20 lagy + R g,
d ) POT N Naala
c V2|72 q -
< < IVul72 0 <1+1og <~2() — | MMzl 2 g - (3.12)
v A1 ||u2||L2(Q)
or
l/>\1 )\1 4/1, -
gy + 22 Nl gy + 22 (¢<r<t>>+ml liizll32(q) <O, (3.13)

where we denoted by

o(r(t)) == rt) —y(@)(1 +log(r(t)),

Vi 22
r(t) = ——= () =

IVull}2 o)
A [z VQA @

Now, Lemma 2.3 implies that
c 2 C 2
P(r(t)) = —vlog(v) = W V]2 log W [Vull72q) | -
Setting
c 2 c 2
B(t) = p— > [Vul[2(q) log (Vg)\l ||VU|L2(Q)) ;
we have
v\ -2 <
Dl gy + 2 (Nl ) + 192]32 0y ) + B0) 2]y < 0. (3.14)
We may conclude that

d ~n2 . l/)\l ~n2

7 I8l () + min {47 ﬂ(t)} @]l z2(q) < 0.
Taking 7 = (vA;)~! in Proposition 2.5, using (2.9a) and (2.9¢), and due to Remark 2.6, we conclude that

c

t+7
2 c 2
L Iy 08 (5 1V )

t+1
c 4 2
;(1 +log(G) + G )/t [Vu(s)ll2) ds

< c(1+1log(G) + G*)G?, (3.15)
for all ¢ > 0. Therefore, the assumption (3.1) implies that

litrninf/ O(s — >0, (3.16)
and
t+7 3[1/
i < . .
h?isololp t B(s)ds < N < o0 (3.17)

Define 3(t) := min{%‘l, B(t)}, then ((t) satisfies the condition (2.7). By the uniform Gronwall’s lemma
(2.4), we obtain

]2y = llult) = U®)|220) — 0,

at an exponential rate as t — oo. ([l
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Remark 3.3. Theorem (3.2) holds in the case of periodic boundary conditions. Using (2.10a) in Proposi-
tion 2.5, the estimate (4.31) can be improved to

c [T c
;/t [Vu(s) 172 log <V2A1 ||vu(s)||i2(m> ds < ¢(1 4 log(@))G?, (3.18)

thus the lower bound on p (3.1) can be improved to

1> 2cv (1 + log(G))G?. (3.19)

4. Convergence Analysis with Observable Data of Type II

Next, we will prove that under certain conditions on pu, the approximate solution (Uy,Us) of the data
assimilation system (1.6) exists globally in time and converges to the solution (uy,us) of the 2D Navier—
Stokes equations (1.5), subject to periodic or Dirichlet boundary conditions, respectively, as ¢t — oo, when
the observable operators satisfy (1.8).

4.1. The Dirichlet Boundary Conditions

The existence and uniqueness of strong solutions of the data assimilation system (1.6) with observables
that satisfy (1.8), subject to Dirichlet boundary conditions, does not follow immediately as in the case
of the 2D Navier—Stokes equations. Extra conditions on the nudging constant p > 0 are required. Next,
we will prove the global existence of the strong solution U(t) of (1.6) and simultancously show that it
converges, in time, to the reference solution u(t) of the 2D Navier—Stokes equations (1.5).

Theorem 4.1. Let I}, satisfy the approzimation property (1.8) and u(t,z,y) = (u1(t, z,y),u2(t,x,y)) be a
strong solution in the global attractor of (1.5) subject to Dirichlet boundary conditions. If U° € V with

|vu° < @PN G2, (4.1)

2
||L2(Q)
where ¢ is the constant in (2.9b), and p > 0 is large enough such that

> 2cvi Klog(K), (4.2)

where K is defined in (4.18), and h > 0 is chosen small enough such that ucih® < v. Then, there exists
a unique strong solution (Uy(t,x,y),Us(t,z,y)) of (1.6) that satisfies

U e C(0,T); V)N L*([0,T]; D(A)), and %ELQ([O,T];H),

such that
4
IVU@®)[I72(0) < TE02 MG,

for all t > 0. Moreover, ||Vu(t) — VU(t)||2L2(Q) — 0, at an exponential rate, as t — oo.

Proof. We will prove some formal apriori estimates that are essential in proving the global existence of
solutions of system (1.6). These estimates can be justified rigorously by using the Galerkin method and
the Aubin compactness theorem (see e.g. [10]).

Define @ = w — U and p = p — P. Then @; and w9 satisfy the Eq. (3.2). By assumption, (u1,us) is a
solution which is contained in the global attractor of (1.5), in particular, it satisfies the global estimates
in Proposition 2.5. Thus, showing the global existence, in time, of the solution (a1, us) is equivalent
to showing the global existence, in time, of the solution (Uy,Us) of system (1.6). To be concise here,
we will show the global existence of the solution @(¢) and show that ||’L~L(t)Hi2 (q) decays exponentially,
in time, which will prove the convergence of the approximate solution U(t) to the exact solution u(t),
exponentially in time.
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Since ||VUOHiz(Q) < @)\ G2eC, by the continuity of || VU (t) ||iz(9), there exists a short time interval
[0,T) such that

IVU (1)1 gy < 720 G2eS, (4.3)

for all ¢ € [0,7). Assume [0,7) is the maximal finite time interval such that (4.3) holds. We will show,
by contradiction, that T = co. Assume that 7' < oo, then it is clear that

lim sup ||VU(t)||iz(Q) = 75V2)\1G26G4,
t—T—

otherwise, (4.3) holds beyond T. Taking the L?(f) inner product of (3.2a) and (3.2b) with —Ad; and
—Adiy, respectively, we obtain, on the time interval [0,T"), that

1d
L i 22y + 2 1A ) < il + Jiol + 1l + Jral + (0.5 M),
1d
>d [Vita| 720 + v 1A 72 () < [J2al + |J2b| + |Jac| + |J2al + (9, Adiz)
_M(Ih(u2)7_Au2)7
where
Jia = (U10271, — AU1), Jip := (U201, — Aul),
ch = (W1 0pu1, —ATy), Jld = (U20yuy, —Aty),
= (U102, —Aty), = (U20y1z, —Atiy),
= (U10,uz, —Ady), J2d = (l0yuz, —Ady).

Thanks to the assumption pucgh? < v, Young’s inequality and inequality (1.8), we have

—pu(In(fiz), = Afip) = —p(In(fig) — iig, —Aiin) — 1 || Viiz |72 g

~ ~ ~ ~ 12
< plln(uz) = 2l 12 (q) ||Au2HL2(Q — Va2 q)

2
i - -2
< = Hn(az) ~ iis |72 @7t7 TN 20y — HIIVi2|72(q)
2.212
wocgh 2 puleiht
< 22 [Viiz||72(q) +70||AU2||L @1t ||AU2||L
~ 112
*H||VU2||L2(Q)
S N - A (4.4)
=5 2llz2() 9 2172 (q) - .

To estimate the nonlinear terms we proceed as follows: using the divergence free condition (3.2¢) and
the logarithmic inequality (2.3b):

J1a = (U101, —Atiy) = (U10y 02, Atiy)

Ay | v
- - 2llL2(Q
< er [[VUL| 20 [Vl 2oy [| At || 12 g (1 + log <A1/2||v~||())>

1 U212 ()

< 75 182 + = VUG 20y IV 20y (ng(')m”“’)» (4.5)
Al ||VU2||L2(Q)
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By a similar argument, we can show

Jaa = (U105 12, —Atiz)

| Adig| 2 (q
< 100 ||Au2||L2(Q) + - ||VU1HL2(Q) ||VU2HL2(Q) (1 + log < . = ’

1/2
M2 Va2 2 )
and

Jop = (U20ytia, —Atia)

At 12
<100 HAUQ||L2(Q) + - HVU2||L2(Q) ||VU2||L2(Q) <1 + log <)\1/2~() :
1

[Viia] 2 (q)
By the logarithmic inequality (2.3c), we have
Jld = (ﬂgayul, 7A7:‘L1)

| Ay | v
. ~ 21lL2(Q
< er Vgl 2o VUil 12y 1A 12(q) <1 + log <M>>

1 U212 ()

N - o R L
_100 | Ay |72 @t °) a2 20 |l U2||L @ (1 +log 1/2— :

[Viia| 20
Similarly, we have

Jgd = (1?626“12, —Afbg)

| Adia] 2
< 305 1872l + = [ Vuallfq) V|2 0 <1+log (w() ~
1

[Vaia| 2o
Integration by parts and the boundary conditions yield
Jip = (Ugayﬂl, —Aﬂl) = (Uzayftl, — zmﬂl) =+ (Ugayﬂl, —6yy’111)

= (a@Uzayﬂl, 83,121) + (Uzayacftl, (936@1) — (Ugayﬁl, 8yya1)

=: Jip1 + Ji2 — Jes-
Using the divergence free condition (3.2c) and the logarithmic inequality (2.3a), we get
Jipt = (0,U20y1i1, 0411) = —(0y110, Uz, Oytiz)

A | v
- ~ 21lL2 (@
<cr HAulHL?(Q) ||VU2||L2(Q) HVUZHL"‘(Q) (1 + log (1/2~()>>

AL HVU2||L2(Q)

c 2 42 HA’&’?HLQQ
< Jo5 1Al + - VU222 0y [ Vi 720y <1+10g<w ) ).
1

VUQ ||L2(Q)
Similarly, the divergence free condition (3.2¢) and the logarithmic inequality (2.3b) imply
J1b2 = (U2aya:a1a aa:al) = (UQayyﬁ%ayﬂ’Q) = (UQayﬂQ’ 87!917’2)

| A | v
- - 212 (Q
< or |[VUall 20y IVE2| 120 A2 2 (q) (1 + log (M))

1 U212 (@)

A
< 155 18] 22 g + ||VU2||L29>|WQ||L2(Q><1+1g(w )
1

Vo] 2 o

JMFM

(4.10)

(4.11)
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By integration by parts and the divergence free condition (1.6¢), we also have

- - 1 -
Jipz = (U28yulvayyul) = §(U2ay(ayul)2)

1 5 1 s
L O Ua0,10)?) = 20,010,107
(V10 in, Bnyin) = (U18,010,,1i2)
—(0yU10y 11, Oylia) — (U10yyt10ylia) =: Jipz1 + Jisse.

Following similar argument as above, using the logarithmic inequalities (2.3a) and (2.3b), we can show
that

Jipz1 = — (0, U101, Oylia) = —(0y110,U1, OyUis)

B ) o [ Atig]| 20
< A0y + < VUL 20 Va2l 20 (1 +log ( : (4.12)
100 v M2 Vsl 20,

and

Jivz2 = —(U10yytin, Oytin) = —(U10y 2, Oyyti1)

c 2 2 ||Aﬂ2||L2(Q)
< s ||AU1||L2(Q - ||VU1||L2(Q) ||VU2HL2(Q) (1 + log (12~ ‘ (4.13)
i v N Vit 2

Integration by parts, the divergence free condition (3.2¢) and the boundary conditions imply

Jie = (11 0pu1, —AU1) = (U10u1, —O0pgUr) + (U101, —Oyyti)
= _(aacala:cula 3@,@2) - (ﬂlaxacuhayf@) - (alaxula ayyﬂl)
= Jie1 + J1e2 + Jicy-

By the logarithmic inequality (2.3a), we have

Jic1 = —(0,110,u1, 0ytia)

1/2
_ _ [[Adig |
< cl|Aty|l 2 q) IVurll g2y IVE2] 12 (q) (1 + log (/\1/2 Vi |||
1 2|12 (@)

_ Al
< 1% ||AU1||L @t ||VU1||2L2(Q) Vit 720 <1 + log <1/2 : (4.14)
||VU2||L2(Q)

Applying the logarithmic inequality (2.3b) and the Poincaré inequality yield

Jica = —(U1045u1, Oylip) = — (11 0y Tz, Opzti1)

1/
_ ; | A ||
< cllAu|l 2y IVl 12y Va2l 12 (q) (1 + log <)‘1/2HVU‘~2”LQ(Q)

C)‘l (| Adg||
< 100 ||AU1HL2(Q + HAW“L"‘ ) HVUZHL"‘ ) (1 +log <>\1/2|VU~2||L2(Q) ' (4.15)
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The term Ji., can be estimated by a similar argument as above. Also, using integration by parts and the
divergence free condition (1.5¢), we get

Joe = (U1 0pug, —Alg) = (U1 05Uz, —O0pyU2) + (U1 05Uz, —OyyU2)
= (0p1i1 Opuz, Opliz) + (U1 Ozpuz, Opliz)
+ (Oy 10y u2, Oyln) + (U1 0pyusa, Oyls)
= (0201 Opuz, Oz lia) + (U1 Ozg Uz, Orliz)
+ (OyU105uz, Oylia) — (U1 0ppuir, Oylia)
=: Jac1 + Jac2 + Jacz + Joca.

The above four terms can be also estimated using the logarithmic inequality (2.3a) as shown previously.
We note that

due to the divergence free condition (3.2¢) and integration by parts. It follows from the above estimates

that on the time interval [0,7"), we have
d 12 v ~ 2
T IValz2q) + 3 1A 72(q)
~ 2
c 2 2 1 9 ||AU2HL2(Q) -2
< (HVUHLZ(Q) + VU 12(0) + A1 ||Au||)L2(Q)) <1 + log <>\1 ||Vﬂ2|‘%2(9) V2|72

~ 12
*MHVUZHL?(Q)-

Using the Poincaré inequality, we conclude that

VA -
IVl 0y + 22 V32 ) + B0) Va3 < 0, (417)
with
VA
B(t) = =5~ [r = (B)(1 +log(r)] + p,

where we denoted by
Al
M Vi)

and

1(0) = a5 (196l 20y + IVU@ a0y + A7 [1Au(0)D]ae))

On the time interval [0,7), we have HVUHiz(Q < 5a2)\G2eC" . Thus, by (2.9b) and (2.9d), we have
< 2 2 G* 2 2_G G* 4,G*
7(7&)_1/2)\1 (801/ MG + v )\1(1+(1+G )(1+e + Ge )))

< G2 (1 + (1 n G26G4) (1 18y G4eG4)) — K, (4.18)

for all ¢t € [0,7). By Lemma 2.3, we may conclude that

Bt) 2 —vAi (v(t) log (7(1)))) + p
> p—cvA Klog(K). (4.19)

_ Therefore, the assumption (3.1) implies that 3(f) > cvA1Klog(K) > 0 for all ¢ € [0, 7). Define
B(t) == min{%*, 3(t)} > 0, then we can write (4.17) as

d N > -
T IVallZz ) + B | Vil 72 q) < 0.
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Using Gronwall’s Lemma, we have
IVa(t) 720 < IV@(0) 72 q) (=5 e lostioe, (4.20)

for all t € [0,T). Since ||V’EL(O)||%2(Q) <2 HVu(O)Hiz(Q) +2 ||VU(0)H%z(Q), then by (2.10b) and (4.1), and
due to Remark 2.6, we have

IVa(®)[72) < IVAO)] 52 < 4e° ]G, (4.21)

for all ¢ € [0, 7). This implies that ||VU(t)Hiz(Q) < 6620\ G2eC for all t € [0, 7). This in turn will yield
a contradiction since

7e° 0 G2 = lim sup ||VU(t)Hiz(Q) < 62N G5
t—T-

This proves that T = co. Thus, the solution @(t) exists globally in time and it satisfies
IVa(t)]720) < 402X G2, (4.22)

for all ¢ > 0. Following the techniques that were introduced to prove the existence and uniqueness of
solutions for the Navier—Stokes equations (see for example, [10,34,36]), we can show the existence of
the solution @(t) of system (3.2), that will inherit the estimate (4.21). Moreover, ||ﬂ(t)||iz(m decays
exponentially in time and it inherits the inequality (4.20). The uniqueness and the well-posedness will
follow by a similar argument as above. Since, by assumption, u(t) is a strong solution in the global
attractor of the 2D Navier—Stokes equations, then this proves the global existence and the uniqueness of
the solution U (t) of system (1.6), that satisfies ||VU(t)Hiz(Q) < 7a2M\ G2eC” | for all t > 0. Moreover, we
have

IVu(t) = VU120 — 0,

at an exponential rate as t — oo. ([l

4.2. The Periodic Boundary Conditions

The existence and uniqueness of strong solutions of the data assimilation algorithm (1.6) with observables
that satisfy (1.8), subject to periodic conditions, as stated below, follows by a similar argument as for
the two-dimensional Navier—Stokes equations. See [4,10,33,34] for more details.

Theorem 4.2. Suppose I}, satisfy (1.8) and > 0 and h > 0 are chosen such that pc3h? < v, where cq is the
constant in (1.7). If the initial data Uy € V', then the continuous data assimilation system (1.6), subject to
periodic boundary conditions, possess a unique global strong solution U (t,x,y) = (U1 (t,z,y), Ua(t, z,y))
that satisfies

au
U e ([0, ThV) N LA([0, T D(A)),  and —- € L*([0,T}; H).
Moreover, the solution U(t,x,y) depends continuously on the initial data Uy.
Theorem 4.3. Suppose that Iy, satisfy the approximation property (1.8) and u(t,z,y) = (u1(t,x,y), usa(t,
x,y)) is a strong solution in the global attractor of (1.5) subject to periodic boundary conditions. Let

Ut,z,y) = (U1(t,x,y), Us(t, x,y)) be a strong solution of (1.6), subject to periodic boundary conditions.
If u > 0 is chosen large enough such that

p > 2cv (G2 + G?), (4.23)

and h > 0 is chosen small enough such that ucih?® < v, then, ||Vu(t) — VU(t)||2Lz(Q) — 0, at an exponen-
tial rate, as t — oo.



A. Farhat et al. JMFM

Proof. The proof follows by similar means as in [4]. Taking the inner product of (3.2a) and (3.2b) with
—Ad; and —Aus, respectively, adding the two equations and then using the orthogonality property
(2.4b), we get

1d

Va2 gy + v 1A g < [((@ - V)i, Aw)| — (I (i), —Ad),
2 dt

where u is the reference solution of the 2D Navier—Stokes equations (1.5).
Notice that, thanks to the divergence free condition (3.2¢) and the boundary conditions, we have

((a-V)u, Au) = (41050, Au) + (420,04, Au)

(010,01, Aur) + (0103 U2, Ausg) + (U20, 0, Au)
= — (@10, Auy) + (@182, Aug) + (@20, Au)
=: Jiq + J1p + Jo.

Using the logarithmic inequality (2.3b) and the Poincaré inequality (2.1), it follows that
|J1a| = |(ﬂlayﬂ2,AU1)|

| Ads] v

- - 21l L2 ()

< er [Vl g2 [Vl 2 ) 1A ]| 120 (1 + log (1/2~>> :
A Va2 2 q)

- 1/2
—1/2 ~ . ||AUQHL2 Q
< er g A g2 gy (V2 2 gy |1 Aurll 2oy | 1+ 108 | 75— .
M2 Va2 2

By Young’s inequality we get

~ 12
c 2 ~ 2 HAU2||L2(Q)
[J1a] < = ||AU1HL 2) T T)\l HAU1HL2(Q) ||VU2HL2(Q) <1 + log ()q”Vﬂg”iQ(Q) ) (4.24)

for some positive dimensionless constant c. Similarly, by (2.3b), we can show that

||A712H%2(Q)
|| < - ||AU1||L @t ||AU2HL 20 [Viia|[ 7200 [ 1+ log | ——=5——] |, (4.25)
A [|Viia||72 g

and by (2.3c), we have

~ 2
v _ 9 c 2 ~ 2 ”Au2HL2(Q)
|Jo| < — [[AG]| 72 () + —— 1Aull72 ) Va2l 72(q (Hlog <2 : (4.26)
4 @ “@ @ A [ Vaall} 2 o

for some positive dimensionless constant c. By (4.4), we also have
~n ~ v ~n |2
—p(In(uy), —Aug) < 2 Ay ||L2(Q) ||VU2 ||L2(Q) : (4.27)
Therefore, by the estimates (4.24)—(4.27), we obtain

”VU'HL @t3 a7 2(Q)

c 2 ||Aa2||L2(Q) ~ 12
< | = |Aull72 l+log| ———"— —p | [|Viz]|7 2
(V b )‘1/2 ”anHLQ(Q) ne
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Using the Poincaré inequality (2.1), we may rewrite the above inequality as

~ 12
d 2 1//\1 V/\l HAU2HL2(Q) 2
77 IVallz2 ) + = IVllia) + =5 o5 Vil
dt “ T N izl "
~ 12
c 2 HAu2||L2(Q) ~ 2
< | —||Au 14+log | ————2— ) | — A7 , 4.28
(wh I |L2(Q)< g<A1 Vi lPeey p ) IVazllzz ) (4.28)
or
VA VA dp .
IVl + 2L A3, + 41(¢><r<t>>+m) Va2 ]2y <0, (4.29)

where we denoted by

o(r(t)) == r(t) —v(t)(1 +log(r(t)),
r(t) = %

C 2
t) = —= [|Au .
Vg, T v 18

()

Now, Lemma 2.3 implies that

& 2 c 2
P(r(t)) > —ylog(v) = TN [ Aul|72 () log (1/2)\% ||Au||L2(Q)> .

Setting

c 2 c 2
B(t) == p— Y [Aul|7z2 g log (VQA% ||Au||L2(Q)> ,

we have

U)\l

d N -
T IVallZ2 ) + = IValz2(q) +B80) Vil z2(q) < 0. (4.30)

We may conclude that
d - 28 -
G IVl +min { 532 500 b IV ) <0

Taking 7 = (vA\;) ! in Proposition 2.5, using (2.10a) and (2.10b), and applying Remark 2.6, we conclude
that
c t+7

2 c 2
[ 18U e o (S 1806 e )

c t+1 5
< 046) [ 1A ds

<c(1+G)G? = ¢(G* 4 G®), (4.31)
for all ¢ > 0. Therefore, the assumption (4.23) implies that
t+71 ,U,T
litminf/ B(s)ds > 5 > 0, and limsup/ B(s < 2« . (4.32)
— 00 t—o00

Define B( t) := min{ ”)‘1, B(t)}, then ﬁ( ) satisfies the condition (2.7). By the uniform Gronwall’s lemma
(2.4), we obtain

IVl 72y = IVu(t) = VU2 () — 0,

at an exponential rate as t — oo. ([l
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5. Appendix A

In this appendix, we will prove estimate (2.9d) following the calculations in [33]. The proof is formal. Tt
can be done rigorously using the Galerkin approximation and then passing to the limit.
It follows from the 2D Navier-Stokes equations (1.5) that

du
ot

Using the Ladyzhenskaya inequality (2.2), we can show that if u € D(A) then

<l Aul gy + i D)l gy + 1 e
L*(22)

1/2 1/2
(- V)l < e [l g, [Vl 2oy 1 Al g, (5.1

Using Young’s inequality, we have

1

The estimates (2.9a), (2.9b) and the definition of the Grashof number (2.8) imply that there exists a time
to > 0 such that for t > tg

for some positive non-dimensional constant c.
Moreover, integrating inequality (5.2) on the time interval [t + 7] for some 7 > 0 and using the
definition of the Grashof number (2.8) yield

/t+7'
t

t+7 1 t+7
<c <V2/ ”AU(S)HiZ(Q) ds + ;/ ||UH22(Q) HVUHiQ(Q) ds + TV4/\fG2> .
t t

ou

3v c 2
ot < 5 ”AUHL2(§2) + ;1 ||u||L2(Q) ||VU||L2(Q) + ||fHL2(Q) : (5.2)

L2 ()

ou||?

2
5 < cv? HAU”iZ(Q) + ¢G? <V2A1G26G4> + NG, (5.3)

L ()

2

ou
E(S) ds

L*(Q)

for all t > tg.
Taking 7 = (vA1) ! in Proposition 2.5 and using the estimates (2.9a), (2.9b) and (2.9¢), we get
ds

t+1
/t L?(Q)

t+7 t+7
<e (ﬁ/ | Au(s)|2a gy ds + VG2/ IVullts g ds +TV4A§G2)
t t

ou 2

o

t+1 t+7
<c (1/2/ HAu(s)H?LQ(Q) ds + 12\ G / ||Vu||ig(9) ds + TV4)\%G2>
¢ t
<c (V3A1G2(6G4 +1vA) + AN (1 + TV/\l)G6€G4 + 7'1/4/\§G2>

<P\ G? ((1 S 4 G4eg4) . (5.4)



Abridged Continuous Data Assimilation

We now differentiate the Eq. (1.5) w.r.t. to t and take the inner product with % to obtain

2
T (OO
o ) ot || 120 ot ot
ou ou
<cL ||VU||L2(Q) ‘ ot || ,» @ ’ at L Q)
ou|? i 2 Ou
< V— + o5 [Vl ’
= Ot 120 iz IVeliza o L*(Q)

where we used the Ladyzhenskaya inequality (2.2) and Young’s inequality in the last two steps. Integrating
the inequality on the time interval [s, ¢ + 7] and using (2.9b) we get
2

ou

(5 ol a

H (t+7)
L*(2)

+ CZ//\1G26G4 /
L%(Q) s

e

for all ¢y <t < s <t+ 7. Integrating once again w.r.t. to s on the time interval [¢,t + 7] and using (5.4)

yield
4 t+
< (1 +cu)\17'G26G )/
t

< e\ G? (1 + cuA17G26G4) (1 + e + G4€G4) .

2

ou

a(s) ds

L*(Q)

ou

L*(Q)

Since 7 = (A1)~ !, then

H (t+7) < a*\2G? (1 + G2€G4) (1 +ef + G4€G4> ,

L*(Q)

for all ¢ > tg. We can redefine ¢y to be large enough such that for all ¢ > ¢

The 2D Navier—Stokes equations (1.5) imply that

ou

Fr)

L)

< e*AG? (1 + G26G4> (1 eS¢ G48G4> . (5.5)

. + [ (u- V)UHL2(52) + Hf||L2(Q)
Q

This, using the estimate (5.5), the nonlinearity estimate (5.1), the estimates (2.9a) and (2.9b) and the
definition of the Grashof number (2.8), we can conclude that for ¢ > ¢

ou
vl < |5

| Au(t)]22 0y < @* NG (1 n (1 + G%G“) (1 +eC' g G4eG“)) , (5.6)
for some positive non-dimensional constant ¢.

Remark 5.1. One can also follow the argument in [10] using the analyticity of the solution u(t), in time,
and the Cauchy integral formula to derive an estimate on ||%|| L) The estimate on [[Auf|;2q) will

then follow by a similar argument as presented above and bounded by a similar estimate as in (5.6).

Acknowledgments. The work of A.F. is supported in part by NSF Grant DMS-1418911. The work of E.L.
is supported by the ONR Grant N001614WX30023. The work of E.S.T. is supported in part by the ONR
grant N00014-15-1-2333 and the NSF grants DMS-1109640 and DMS-1109645.



A. Farhat et al. JMFM
References

[1] Albanez, D., Nussenzveig-Lopes, H., Titi, E.S.: Continuous data assimilation for the three-dimensional Navier—Stokes-a
model (2014) arXiv:1408.5470 [math.AP]

[2] Anthes, R.A., Bernhardt, P.A., Chen, Y., Cucurull, L., Dymond, K.F., Ector, D., Healy, S.B., Ho, S.-P., Hunt, D.C., Kuo,
Y.-H., Liu, H., Manning, K., McCormick, C., Meehan, T.K., Randel, W.J., Rocken, C., Schreiner, W.S., Sokolovskiy,
S.V., Syndergaard, S., Thompson, D.C., Trenberth, K.E., Wee, T.-K., Yen, N.L., Zend, Z.: THE COSMIC/FORMOSAT-
3 mission: early results. Bull. Am. Meterol. Soc. 89(3), 313-333 (2008)

[3] Azouani, A., Titi, E.S.: Feedback control of nonlinear dissipative systems by finite determining parameters—a reaction—
diffusion paradigm. Evol. Equ. Control Theory (EECT) 3(4), 579-594 (2014)

[4] Azouani, A., Olson, E., Titi, E.S.: Continuous data assimilation using general interpolant observables. J. Nonlinear
Sci. 24(2), 277-304 (2014)

[5] Bessaih, H., Olson, E., Titi, E.S.: Continuous assimilation of data with stochastic noise. Nonlinearity 28, 729-753 (2015)

[6] Blomker, D., Law, K.J.H., Stuart, A.M., Zygalakis, K.C.: Accuracy and stability of the continuous-times 3DVAR filter
for the Navier—Stokes equations. Nonlinearity 26, 2193-2219 (2013)

[7] Browning, G.L., Henshaw, W.D., Kreiss, H.O.: A numerical investigation of the interaction between the large scales
and small scales of the two-dimensional incompressible Navier—Stokes equations. Research Report LA-UR-98-1712, Los
Alamos National Laboratory (1998)

[8] Brézis, H., Gallouet, T.: Nonlinear Schrodinger evolution equations. Nonlinear Anal. 4(4), 677-681 (1980)

[9] Cockburn, B., Jones, D.A., Titi, E.S.: Estimating the number of asymptotic degrees of freedom for nonlinear dissipative
systems. Math. Comput. 66, 1073—-1087 (1997)

[10] Constantin, P., Foias, C.: Navier—Stokes Equations. Chicago Lectures in Mathematics. University of Chicago Press,
Chicago (1988)

[11] Daley, R.: Atmospheric data analysis, Cambridge atmospheric and space science series. Cambridge University
Press, Cambridge (1991)

[12] Dascaliuc, R., Foias, C., Jolly, M.: Estimates on enstrophy, palinstrophy, and invariant measures for 2-d turbulence. J.
Differ. Equ. 248, 792-819 (2010)

[13] Farhat, A., Jolly, M.S., Titi, E.S.: Continuous data assimilation for the 2D Bénard convection through velocity mea-
surements alone. Physica D: Nonlinear Phenomena. 303, 59-66 (2015)

[14] Farhat, A., Lunasin, E., Titi, E.S.: Data assimilation algorithm for 3D Bénard convection in porous media employing
only temperature measurements (2015) arXiv:1506.08678 [math.AP]

[15] Farhat, A., Lunasin, E., Titi, E.S.: A note on abridged continuous data assimilation for the 3D subgrid scale a-models
of turbulence, preprint

[16] Foias, C., Jolly, M.S., Kravchenko, R., Titi, E.S.: A unified approach to determining forms for the 2D Navier—Stokes
equations—the general interpolants case. Russ. Math. Surv. 69(2), 359-381 (2014)

[17] Foias, C., Manley, O., Rosa, R., Temam, R.: Navier-Stokes Equations and Turbulence. Encyclopedia of Mathematics
and Its Applications, vol. 83. Cambridge University Press, Cambridge (2001)

[18] Foias, C., Prodi, G.: Sur le comportement global des solutions non-stationnaires des équations de Navier-Stokes en
dimension 2. Rend. Sem. Mat. Univ. Padova 39, 1-34 (1967)

[19] Foias, C., Temam, R.: Asymptotic numerical analysis for the Navier -Stokes equations. In: Barenblatt, G.I., Iooss, G.,
Joseph, D. (eds.) Nonlinear Dynamics and Turbulence, pp. 139-155. Pitman, London (1983)

[20] Foias, C., Temam, R.: Determination of the solutions of the Navier—Stokes equations by a set of nodal values. Math.
Comput. 43, 117-133 (1984)

[21] Foias, C., Titi, E.S.: Determining nodes, finite difference schemes and inertial manifolds. Nonlinearity 4(1), 135-
153 (1991)

[22] Gesho, M.: A Numerical Study of Continuous Data Assimilation Using Nodal Points in Space for the Two-dimensional
Navier—Stokes Equations. Masters Thesis, University of Nevada, Department of Mathematics and Statistics (2013)

[23] Hayden, K., Olson, E., Titi, E.S.: Discrete data assimilation in the Lorenz and 2D Navier—Stokes equations. Physica
D 240, 1416-1425 (2011)

[24] Henshaw, W.D., Kreiss, H.O., Ystrom, J.: Numerical experiments on the interaction between the large- and small-scale
motion of the Navier—Stokes equations. STAM J. Multiscale Model. Simul. 1, 119-149 (2003)

[25] Holst, M.J., Titi, E.S.: Determining projections and functionals for weak solutions of the Navier-Stokes equations. Con-
temp. Math. 204, 125-138 (1997)

[26] Jones, D.A., Titi, E.S.: Determining finite volume elements for the 2D Navier-Stokes equations. Physica D 60, 165—
174 (1992)

[27] Jones, D.A., Titi, E.S.: Upper bounds on the number of determining modes, nodes and volume elements for the Navier—
Stokes equations. Indiana Univ. Math. J. 42(3), 875-887 (1993)

[28] Korn, P.: Data assimilation for the Navier—Stokes-a equations. Physica D 238, 1957-1974 (2009)

[29] Lunasin, E., Titi, E.S.: Finite determining parameters feedback control for distributed nonlinear dissipative systems—a
computational study (2015) arXiv:1506.03709v1 [math.AP]

[30] Markowich, P., Titi, E.S., Trabelsi, S.: Continuous data assimilation for the three-dimensional Brinkman—Forchheimer-
extended Darcy model (2015) arXiv:150.00964v1 [math.AP]


http://arxiv.org/abs/1408.5470
http://arxiv.org/abs/1506.08678
http://arxiv.org/abs/1506.03709v1
http://arxiv.org/abs/150.00964v1

Abridged Continuous Data Assimilation

[31] Olson, E., Titi, E.S.: Determining modes for continuous data assimilation in 2D turbulence. J. Stat. Phys. 113(5-6), 799—
840 (2003)

[32] Olson, E., Titi, E.S.: Determining modes and Grashoff number in 2D turbulence. Theor. Comput. Fluid Dyn. 22(5), 327—
339 (2008)

[33] Robinson, J.C.: Infinite-dimensional Dynamical Systems. An Introduction to Dissipative Parabolic PDEs and the Theory
of Global Attractors. Cambridge Texts in Applied Mathematics. Cambridge University Press, Cambridge (2001)

[34] Temam, R.: Infinite Dimensional Dynamical Systems in Mechanics and Physics, 2nd edn. Applied Mathematical Sci-
ences, vol. 68. Springer-Verlag, New York (1997)

[35] Temam, R.: Navier-Stokes Equations and Nonlinear Functional Analysis, 2nd edn. CBMS-NSF Regional Conference
Series in Applied Mathematics, vol. 66. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA
(1995)

[36] Temam, R.: Navier—Stokes Equations: Theory and Numerical Analysis. AMS Chelsea Publishing, Providence (2001).
Reprint of the 1984 edition

[37] Titi, E.S.: On a criterion for locating stable stationary solutions to the Navier—Stokes equations. Nonlinear Anal.
TMA 11, 1085-1102 (1987)

[38] Improving Hurricane Prediction with GPS Occultation. http://www.planetiq.com

Aseel Farhat Edriss S. Titi

Department of Mathematics Department of Mathematics

University of Virginia Texas A&M University, 3368 TAMU

Charlottesville, VA 22904-4137, USA College Station, TX 77843-3368, USA

e-mail: af7py@virginia.edu e-mail: titi@math.tamu.edu

and and

Department of Mathematics Department of Computer Science and Applied Mathematics
Indiana University, Bloomington Weizmann Institute of Science

Bloomington, IN 47405, USA 76100 Rehovot, Israel

e-mail: edriss.titiQ@weizmann.ac.il
Evelyn Lunasin
Department of Mathematics
United States Naval Academy
Annapolis, MD 21401, USA
e-mail: lunasin@usna.edu

(accepted: July 17, 2015)


http://www.planetiq.com

	Abridged Continuous Data Assimilation for the 2D Navier--Stokes Equations Utilizing Measurements of Only One Component of the Velocity Field
	Abstract
	1. Introduction
	2. Preliminaries
	3. Convergence Analysis with Observable Data of Type I
	4. Convergence Analysis with Observable Data of Type II
	4.1. The Dirichlet Boundary Conditions
	4.2. The Periodic Boundary Conditions

	5. Appendix A
	Acknowledgments
	References




