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Abstract We consider a recently introduced continuous
data assimilation (CDA) approach for downscaling a coarse
resolution configuration of the 2D Bénard convection equa-
tions into a finer grid. In this CDA, a nudging term, esti-
mated as the misfit between some interpolants of the assim-
ilated coarse-grid measurements and the fine-grid model
solution, is added to the model equations to constrain the
model. The main contribution of this study is a perfor-
mance analysis of CDA for downscaling measurements of
temperature and velocity. These measurements are assimi-
lated either separately or simultaneously, and the results are
compared against those resulting from the standard point-
to-point nudging approach (NA). Our numerical results
suggest that the CDA solution outperforms that of NA,
always converging to the true solution when the velocity is
assimilated as has been theoretically proven. Assimilation
of temperature measurements only may not always recover
the true state as demonstrated in the case study. Various runs
are conducted to evaluate the sensitivity of CDA to noise in
the measurements, the size, and the time frequency of the
measured grid, suggesting a more robust behavior of CDA
compared to that of NA.

< 1. Hoteit
ibrahim.hoteit @kaust.edu.sa

King Abdullah University of Science and Technology,
Thuwal, Saudi Arabia

Department of Mathematics, Texas A&M University, College
Station, TX 77843, USA

American University of Beirut, Beirut, Lebanon

4 Georgia Institute of Technology, Atlanta, GA, USA

Published online: 27 February 2017

Keywords Continuous data assimilation - Bénard
convection equations - Dynamical downscaling

1 Introduction

An important use of present-day numerical models is to
provide accurate predictions of physical phenomena from a
known present state and some prior information. In some
cases, the output from these numerical models is often
too spatially coarse to be used directly to assess partic-
ular local phenomena (e.g., climate models). In order to
improve the representation of local-scale processes, down-
scaling techniques can be applied. Downscaling methods
are needed to obtain local-scale weather and climate, based
on regional-scale atmospheric (and oceanic) variables that
are provided by global circulation models (GCMs). Two
basic approaches are followed in downscaling: (i) statistical
downscaling and (ii) dynamical downscaling.

In the statistical downscaling (SD), an empirical relation-
ship is established from observations between large-scale
variables and a local variable at a particular station. The
relationship is then used to estimate the local variables from
the coarse global fields [1-4]. A review of SD methods
can be found in [5]. The dynamical downscaling (DD) on
the other hand fits regional circulation models (RCMs) into
outputs from GCMs [6]. The nudging algorithm is one of
the standard methods in DD, which basically forces RCM
simulations toward large-scale driving data point-to-point.
A number of studies have examined the performance of
nudging in reanalysis-driven RCM simulations (e.g., [7, 8]).
These RCM simulations for instance show better temporal
variations of precipitation relative to those without nudging
[9]. Various studies demonstrated that the overall perfor-
mance of SD and DD was comparable in reproducing the
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present-day climate for the respective regions [10, 11]. It is
generally more straightforward and physically consistent to
use the dynamical information when available, rather than a
statistical model, to downscale global fields.

The study of different geophysical processes is based on
both modeling and observations of the dynamical model
state. None of the two disciplines has proved to be more use-
ful. Instead both disciplines take advantage of each other.
Observational data usually serve to validate numerical mod-
els, and observations are interpolated in space and time
using the models. Data assimilation (DA) is the technique
that merges these two sources into a single product. The
basic idea of DA is to regularly update a numerical model
with observational data [12—-14]. Given a sufficiently real-
istic numerical model and reliable observations, the joint
product provides an estimate of the state of the ocean or
atmosphere that should be better than the respective single
sources. Apart from the quality of the model or the obser-
vations, the success of DA depends on how well the two
sources are combined.

Continuous data assimilation (CDA) methods incorpo-
rate observational data directly into the model equations as
the model is being integrated in time [15, 16]. One way
to achieve this is by introducing low-Fourier-mode observ-
ables into the model equations for the evolution of high
Fourier modes [17-21]. Recently, a new approach to CDA
was introduced in [22] based on ideas from control the-
ory. Instead of inserting the measurements directly into the
model, in this CDA approach, a nudging term, estimated
as the misfit between some interpolants of the assimilated
coarse-grid measurements and the fine-grid model solution,
is added to the model equations to constrain the model large-
scale variability by available measurements. This new CDA
approach was designed for general dissipative dynamical
systems, and has been theoretically analyzed in different
scenarios [23-25] and recently tested numerically on the
two-dimensional incompressible Navier-Stokes equations in
[26].

In this paper, CDA is examined for downscaling a coarse-
scale solution of the non-linear 2D Bénard convection
problem (a Boussinesq system between two solid plates,
heated from the bottom and cooled from the top). The
Bénard convection equations solve the reduced form of
Navier-Stokes equations coupled with temperature and are
one of the classical problems in the heat transfer literature
[31]. This is the first application of CDA in a stratified
flow. The coarse mesh data is generated for temperature
and velocity. The CDA algorithm is then applied to down-
scale these variables, assimilating temperature observations,
velocity observations, or both. The CDA results are then
compared with the standard nudging approach (NA), show-
ing that CDA is more performant and more robust than NA
[30]. We also study the performance of CDA with respect
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to noise in the assimilated observations, time frequency of
observations, the number of observation points, and dif-
ferent choices of interpolants. Our results suggest that the
CDA method is a fast and accurate approach with favorable
robustness properties for the dynamical downscaling of the
2D Bénard convection equations.

The CDA algorithm in [22] has been theoretically investi-
gated in [27] for the 2D Bénard convection through velocity
measurements alone, with a finding that velocity mea-
surements alone are enough to construct the approximate
solutions for both velocity and temperature. An earlier study
by Charney et al. [15] claimed that the temperature mea-
surements are enough to determine all other variables in the
atmosphere. Ghil et al. [28, 29] showed that this was only
true for some simple models, but gave other numerical tests
showing that this is not always true. We present and analyze
the case where temperature does not necessarily recover the
velocity field. This is demonstrated based on an example
where assimilation starts from an initial shear flow.

In the next section, a description of the 2D Bénard con-
vection numerical model is given; after which, we briefly
describe the CDA technique in Section 3. The numerical
results obtained with the 2D Bénard convection model are
presented in Section 4 while conclusions are provided in
Section 5.

2 Bénard convection problem

Known as the Bénard convection problem, the thermally
driven rectangular cavity with adiabatic top and bottom
walls is one of the classical problems in the heat transfer lit-
erature [31]. It is also one of the most popular test-problems
for comparing numerical algorithms. The model equations
are cast in dimensionless form using an appropriate scaling
of dynamical variables. Using tildes to denote dimensional
quantities, we use the cavity height, H as reference length-
scale, V., = (k/ H )Rao'5 as reference velocity, and the
background temperature difference T — T; as characteristic
temperature. Ra denotes the Rayleigh number, whereas « is
the thermal conductivity. With the current choice of scaling
parameters, the normalized momentum, energy, and mass
conservation equations are as follows:

u Pr

+ W -VYu+Vp= V2u + Pr@es, 1)

ot VRa

90 1,

—_— -V)® = vV<e - e, 2
5 +@-V) T +u-e (2)
V-u=0, 3)

where u = (u, v) denotes the velocity vector, p is pressure,
tistime, ® = (T —0.5(T1 + T2))/(T» — T1) is the tempera-
ture anomaly, e; the standard basis vector in the y direction,
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and Pr is the Prandtl number. The system is completed by
specifying the initial conditions:

u(0; (x, y)) = uo(x, y), “4)
and
O(0; (x, y)) = Op(x, y), Q)]

the boundary conditions and the top and bottom boundaries,
u=0at y=0and y =1,

and

®=0at y=0and y=1,

and periodicity conditions in x for velocity, temperature,
and pressure.

2.1 Numerical solution

The governing equations are simulated using a finite dif-
ference methodology. We use a staggered, marker-and-cell
(MAC) grid to discretize field variables. Specifically, a
Cartesian grid is used, with n, and n, cells in the x and
y directions, respectively. The corresponding cell sizes are
Ax = 1/ny and Ay = 1/n,. Temperature and pressure
are discretized on cell centers, whereas the velocity com-
ponents u and v are discretized on vertical and horizontal
cell faces, respectively. Gradients are approximated using
conservative, second-order, centered differences.

The system of discretized equations is integrated in
time using a pressure projection scheme. The pressure-
free momentum and energy equations are first integrated
in time using a mixed integration approach. The second-
order Adams-Bashforth scheme is used for the convective
terms, diffusion terms are treated using the Euler backward
scheme, whereas the remaining (linear) terms are handled
using a first-order explicit Euler scheme. A pressure projec-
tion step is then applied in order to satisfy the continuity
equation.

3 Downscaling approaches
3.1 Grid nudging method

Suppose the time evolution of U = (u, ®) is governed by a
given system of the form (1)—(5), mentioned above, where
the initial data is not known. We construct an increasingly
accurate solution based on coarse-grid data from which pre-
dictions of (u(z), ®(¢)) can be made. In the standard NA,
the interior solution of the model, denoted as (u(¢), ® (1)),
is brought closer to, or “nudged” towards the observations,

{u‘]’., @;.’},j =1,..., N, where N is the number of obser-

vation points located at x ;, namely by adding an adjustment

or restoring term. The velocity nudging term is expressed
as follows: Z?’:lau(u;’. — u(x;))8(x — x;), where the
“nudging coefficient” ¢, is tuned to minimize discrepancy;
a similar nudging is used for temperature. The updated
equations will then be of the form as follows:

u _ Pr oy w Vv
9t /Ra P
N
= PrOe;+ ) oW} —ux;)dx —x;), (6
j=1
0 1 _, ,
— ——VO+w-V)® —u-e
a7 = ( ) 2
N
= ap(0) - O(x;)s(x —x;), (7
j=1
V.u=0, (8)
with initial conditions:
u(0; (x, y)) =0, ©
O0; (x,y)) =0. (10)

We call the solution (1)—(5) the reference solution, and the
solution of (6)—(10) the (NA) estimated solution.

3.2 Continuous data assimilation

In the CDA approach, interpolants are applied on both
model outputs and coarse data before nudging, allowing to
only constrain the large-scale flow of the model as shown by
[22]. Let I,(¢ (x)) be an interpolation operator of a function
¢ (x). For instance, one can take

Np
I($)(x) =Y )Xo, (x), (11)
k=1
where Q; are disjoint subsets such that diam(Q;) <
h, Uivil Qj = 2, xj € Qj, xg is the characteristic
function of the set E, and ¢ is a suitable interpolant.
Consider the new system of equations as follows:

T G w Vyu Vp=Proes — (@) — I )
Y m pP= 2 — Mullp h ,

12)
0 1 20+u-V)® (I () —1;(©))
R — ® u- N —u-eH =— ) — H)),
5 = 2 o (Ip [

(13)
V-u=0, (14)
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with initial conditions:

u(0; (x,y)) =0, 5)

@ (0; (x, y)) =0. (16)

Let us denote the estimated solution of (12)-(16) as
V() = (u(t), ®(t)). To accurately predict U () on the
interval [¢;, 11 + T, it is sufficient to have coarse observa-
tional data I, (U°(¢)) accumulated over an interval of time
[0, #1]linearly proportional to T in the immediate past [22].

In particular, suppose it is desired to predict U (¢) with
accuracy € > 0 on the interval [t;, #; 4+ T'], where # is the
present time and 7 > 0 determines how far into the future
one wants to predict. Let 4 be small enough and p,, be large
enough, then there exist constants C and § such that

IU@) = VOl @) < Ce™P, 1 >0. (17)

One then uses V(z;) as the initial condition to make
future predictions. Let W be a solution of (1)—(5) with
initial condition W (¢;) = V (¢1). Known results on continu-
ous dependence on initial conditions imply the existence of
y > 0 such that

IW @O =U Ol ) < IW @) =U @) | Lyc2ye” ™, 1211
(18)

Therefore,

W) —U@®)llL2) < Ce Pt ey, 6 +T1, (19)

Fig. 1 Initial conditions for the 1
background solution (left panel),
reference solution (middle
panel), and initial shear flow
(right panel). Top: temperature,
middle: u-velocity, and bottom:
v-velocity
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0 1
X coordinate —

0 1
X coordinate —

provided Bt; > yT + In(C/¢€). Thus, W (¢) predicts U (¢)
with accuracy € on the interval [#, t; + T'].

The traditional nudging algorithm as described above
uses a combination of delta “functions” as a feedback term
which may have serious issues at the PDE level. In the
CDA algorithm, we implement an interpolant operator, I,
and not a collection of delta “functions.” At the level of
numerical/computational implementation of the CDA PDE,
one can discretize this PDE using a favorite numerical
scheme and discretization (spectral, finite-elements, finite-
differences, etc.) regardless of the nature of the mesh at
which the observed data has been collected. The only nat-
ural condition should be, and is, that the mesh size of the
downscaling numerical scheme for computing the algorith-
mic PDE should be finer than the size of the mesh of
the collected data. In particular, there is no relationship
between the computational mesh and the mesh on which the
measurements are collected.

4 Numerical experiments

We implemented the 2D Bénard convection model in Mat-
lab, as described in Section 2. We consider the box domain
[0, 2] x [0, 1] uniformly discretized into 200 x 100 compu-
tational cells. The time step in our simulations is equal to
0.01 and a total of 3000 integration steps are performed. Our
goal is to reconstruct, as accurately as possible, the solu-
tion (u(t); ©@(t)) of the Bénard convection problem on a
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g g
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Table 1 Relaxation and nudging parameters for CDA and NA,
respectively

Interpolant Relaxation parameter (CDA) Nudging parameter (NA)
Large ne = 1.0, u, = 1.0 g =3.5,a, =3.5
Medium o = 0.50, py, = 0.50 ag =250, =25
Small ne = 0.10, u, = 0.10 ag =15a,=15

high-resolution grid, using observations available on a much
coarser grid using CDA. The results obtained using CDA are
then compared with predictions of standard NA. We study
the sensitivity of CDA to different choices of the interpo-
lation operator I, and investigate the CDA robustness to
observational noise and the spatial distribution of observa-
tions. We also provide an example in which temperature
data alone are not enough to estimate the state of the Bénard
equations (i.e., both temperature and velocities).

20 points resolution

10 points resolution

A reference model run was conducted with the initial
conditions for temperature set as sin(rx)[y(y — 1)], and the
velocity initialized from rest (see Fig. 1) over the defined
computational grid (i.e., 200 x 100 computational cells). The
(downscaled) observations are extracted from the outputs
of this reference run. The comparison of the two schemes
(CDA and NA) is evaluated in terms of relative root mean
square errors (RRMSE), computed as the ratio between
the Ly-norm of the difference between the reference and
downscaled solutions and the L,-norm of the reference
solution after every assimilation step. The experiments are
performed with perfect and noisy observations to assess the
robustness of both schemes to observational errors.

4.1 Sensitivity with respect to data grid resolution
Table 1 outlines the three values of relaxation parameters
(e and p,) and nudging operators (ap and ;) tested in the

assimilation experiments with CDA and NA, respectively,

5 points resolution
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Fig. 2 CDA vs NA RRMSE results (CDA—pug = 0.10, uy

resolution on the right panel. The blue curve (CDA T) is overlapped

0.10, NA—ap = 1.50, 0y = 1.50). The left panel shows 20-point
resolution, the middle panel shows 10-point resolution, and 5-point

by the red line (CDA T and V)
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referred to as large, medium, and small. We conducted three
experiments assimilating (i) velocity, (ii) temperature, and
(iii) both velocity and temperature. Three observational
scenarios are studied as follows: 1 out of 20 grid points
in each direction of the high-resolution grid is assumed
observed, for a total of 10 x 5 observed points; 1 out of 10
grid points in each direction, for a total of 20 x 10 observed
points; and 1 out of 5 grid points in each direction, for a
total of 40 x 20 observed points. Data were assimilated at
every time step. We started the simulation from zero initial
conditions for both temperature and velocity.

Figures 2, 3 and 4 plot the time evolution of the RRMSE
with respect to the norm of the reference solution as they
result from CDA and NA assimilating temperature, veloci-
ties, and both temperature and velocities. The results from
three different scenarios and using different nudging coef-
ficients suggest that CDA performs very well, showing
significant improvements over NA estimates. The conver-
gence of CDA is clearly faster than NA as depicted in Fig. 2.

20 points resolution

10 points resolution

When assimilating either temperature (i.e., u, = 0) or
both velocity and temperature, an exponential convergence
is obtained for both velocity and temperature for all the three
choices of grid resolution. This is not true for NA, which
achieves an exponential convergence only for the case when
a dense observation network is used (i.e., 1 out of 5 point
grid resolution).

When assimilating only velocity (i.e., ug = 0), both
temperature and velocity converge, but velocity converges
faster. In the case of velocity, the choice of relaxation
parameter u, plays an important role as can be seen from
Figs. 2, 3 and 4. Using larger values of pu,, the velocity
converges to the reference solution exponentially. This sug-
gests that for the given set of initial conditions, velocity
and temperature measurements alone are enough to deter-
mine all the fields in the 2D Bénard convection model using
CDA as demonstrated in [27]. The results further demon-
strate that CDA is robust and not very sensitive to the choice
of relaxation parameters (ug and u,). The snapshots of
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19 1 1
| ‘\
CDAT ‘ CDAT | CDAT
S 08} CDAV S 08 CDAV S 08 CDAV
5 \ CDATandV ) “ CDATandV ) CDATandV
I NAT I 1 NAT < NAT
2 06 NAV 2 06§ NAV 2 06 NAV
[9) NATand V ) | NAT and V ) NA T and V
g g g
§ o4 § § o4 “
g g g
T 02 T T o2
|
0f 0
0 5 10 15 20 25 30 0
Time
1 1 1
e | CDAT e CDAT e “ CDAT
“; 0.8 CDAV “;\ 0.8 CDAV ﬂ; 0.8 | CDAV
5 CDATandV 5 CDATandV 5 ‘ CDATandV
kel NAT kel NAT S NAT
g 06} NAV g 06 NAV g o6 NAV
5 NATandV 5 NATandV 5 NATandV
3 04 3 04 8 04
S S S
x x x
» 02 » 02 » 02
= = =
o o o
ot o = 0 = t
0 0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time Time
1 1 1
E I CDAT § CDAT § | CDAT
S 08 CDAV S 08 CDAV @ 08} CDAV
& CDATandV Z CDATandV £ \ CDATandV
kel NAT kel NAT S NAT
g 06 " NAV g 06 NAV g NAV
5 NATandV 5 ‘ NATandV 5 NATandV
3 04 3 04 3
9 9 °
> > >
» 02 %] %]
= = =
o o o
ot . " . — .
0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30

Time

Fig. 3 CDA vs NA RRMSE results (CDA—uy = 0.50, uy =
0.50, NA—ap = 2.50,ay = 2.50). The left panel shows 20-point
resolution, the middle panel shows 10-point resolution, and 5-point
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20 points resolution

10 points resolution

5 points resolution
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Fig. 4 CDA vs NA RRMSE results (CDA—puy = 1.0, uy = 1.0, NA—ay = 3.50, ay = 3.50). The left panel shows 20-point resolution, the
middle panel shows 10-point resolution, and 5-point resolution on the right panel. The blue curve (CDA T) is overlapped by the red line (CDA T

and V)

the assimilated temperature and velocity data at the end
of assimilation window are presented in Figs. 5, 6, and 7.
These figures show that both CDA and NA converge to the
reference solutions at the end of the assimilation window.

4.2 Sensitivity with respect to time frequency of the data

We also investigated the sensitivity of CDA and NA to the
frequency of available data in time. Here, we assume that
the data are available every 10 and 20 time steps and assim-
ilated both temperature and velocity. We implemented four
different strategies as follows:

— NA-Time: NA with relaxation of the model solution
only at the time when the observations are available
every 10 and 20 time steps.

— CDA-Time: CDA with relaxation of the model solution
only at the time when the observations are available
every 10 and 20 time steps.

Figures 8 and 9 present the results of these experiments
compared to the cases where observations are available at
every time step. The left and right panels of Figs. 8 and 9
show the RRMSE with 1 out of 20-point and 1 out of 10-
point grid resolutions, respectively. Even when the data are
assimilated every 10 and 20 time steps, CDA and CDA-time
converge exponentially in time, and there are no obvious
differences in their RRMSEs. In contrast, the results of NA
and NA-time significantly differ in terms of time and grid
nudging. This indicates that CDA is much more robust than
NA in the case when the observations are coarse in time,
and that it achieves fast convergence for both velocity and
temperature.

4.3 Sensitivity of CDA to the interpolation operator

We also study the sensitivity of CDA to the choice of the
interpolation operator, examining the impact of smoother
interpolants. To do that, we set up an experiment in
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Reference Solution
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Fig. 5 Temperature field at time (+ = 30) and assimilation of data
every 10-point grid resolution as it results from CDA and NA with
assimilation of different variables (CDA—up = 0.10, uy = 0.10,

which the data are available using 10 time steps and
every 1 out of 10 grid points. Four different interpola-
tion operators are tested (see Table 2 for details). The
RRMSE results presented in Fig. 10 suggest that the
CDA method is equally efficient for all the interpolation
operators.

In terms of computational cost, we examined the CDA
method with respect to each interpolation operator. For this,
we have assumed that the data is available every 10/ grid
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Free-run Solution
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NA—ay = 1.50, ay = 1.50). The simulation starts from rest (Fig. | —
left panel). The free-run solution is the result of simulation with zero
initial conditions without data assimilation

point for (1) each time step and (2) every 10/ time step
and assimilated both temperature and velocity. The costs of
these runs are then compared to those of NA. Figure 11
plots the CPU usage of CDA interpolation schemes vs NA.
It is evident that CDA converges exponentially, and there
is no significant difference in terms of computational costs
of CDA with the different interpolation schemes compared
to NA, especially when data are assimilated every 10 time
steps.
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Fig. 6 x-direction of velocity field at time (+ = 30) and assimila-
tion of data every 10-point grid resolution as it results from CDA and
NA with assimilation of different variables (CDA—puy = 0.10, uy =

4.4 Sensitivity to observational errors

The above experiments assimilated perfect observations,
meaning that they were exactly the values as extracted from
the reference model run. In practical applications, however,
observations are collected by measurements and those are
prone to noise. Therefore, it is important to investigate the
sensitivity of CDA to data noise.
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0.10, NA—ay = 1.50, oy = 1.50). The simulation starts from rest,
i.e., u = 0 (Fig. 1—left panel). The free-run solution is the result of
simulation with zero initial conditions without data assimilation

To simulate the situation of noisy observations, perturba-
tions were induced in the process of obtaining the reference
solution. Each entry in the observations set was multiplied
by a random number (uniformly distributed) between 1 + ¢
and 1 — ¢, corresponding to measuring with a relative error
of ¢. The experiments were performed with ¢ values of 0.05.
We have used two values of relaxation parameters (g and
Wy and nudging operators (g and o), referred to as large

@ Springer



Comput Geosci

Reference Solution

0 0.2
i)
«© 0.1
<05
S 0
[}
6]
> 0 -0.1

0 1 2

X coordinate —

CDA relaxed Temperature
T 0.2
i)
© 0.1
505
S 0
o]
(&)
> 0 -0.1

0 1 2

X coordinate —
CDA relaxed Velocity

T 0.2
i)
«© 0.1
<05
o 0
Q
o
> 0 -0.1

0 1 2
X coordinate —

CPA %'elaxed Temperature and Veloc|t¥).2

0.1
0
0.1

Fig. 7 y-direction of velocity field at the end of the assimilation win-
dow (¢t = 30) and assimilation of data every 10-point grid resolution
as it results from CDA and NA with assimilation of different variables
(CDA—pp = 0.10, py = 0.10, NA—ap = 1.50, oy = 1.50). The

Y coordinate

0 1 2
X coordinate —

and small in Table 1. The data are assimilated every time
step using the 20-, 10-, and 5-grid point resolution. The
results are presented in Figs. 12 and 13. The RRMSE results
are not impacted by the observational noise for small relax-
ation parameters (ug = 0.10 and u,, = 0.10), in contrast
to the CDA runs with large values of relaxation parameters
(ug = 1.0 and p, = 1.0) which reveal a slight impact
on the RRMSE values, especially for the case of coarse
data assimilating temperature and velocity every 20" grind
point. This is expected since larger values of relaxation

@ Springer

Free-run Solution

1 ’
O.S-I .
0
0 1 2

X coordinate —
1 NA relaxed Temperature

Y coordinate —

Y coordinate —
o
[6)]

0.2
‘ 0.1

0
2

0 -0.1
0 1
X coordinate —
" NA relaxed Velocity
2
@
C
5
o
Q
o
>.
1
X coordinate —
h}A r$laxed Temperature and Velocity
0.2
2
= 0.1
505 q
S . 0
o
> 0 -0.1
0 1 2

X coordinate —

simulation starts from rest, i.e., v = 0 (Fig. 1—left panel). The free-run
solution is the result of simulation with zero initial conditions without
data assimilation

parameters more strongly nudge the model toward the per-
turbed observations. Also note that although NA exhibits a
slow convergence rate, its results are also sensitive to noise
in the observations.

4.5 Assimilation using temperature only: a counter
example

For the present setting, the possibility of assimilating
all field variables based on observations of the velocity
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Fig. 8 Sensitivity of CDA and NA to the availability of data every 10" time steps (CDA—pug = 0.50, uy = 0.50, NA—ap = 2.50, ay = 2.50).
The simulation starts from zero initial conditions (Fig. 1—left panel). The blue curve (CDA) is overlapped by the green line (CDA Time)

alone was established rigorously. The numerical experi-
ments above exhibited results that are consistent with the
theory. The simulations also showed that in many cases,
coarse temperature observations can be sufficient for pre-
dicting both the temperature and velocity fields. However,
we do not expect coarse temperature observations to be suf-
ficient in general. Intuitively, two scenarios immediately
come to mind that signal potential deficiencies. One con-
cern is the situation where the Prandtl number is small. In
this case, temperature gradients tend to equilibrate at a much
higher rate than regions of high shear, leading to insuffi-
cient information about the structure of the velocity field.
Another situation concerns the existence of purely horizon-
tal shear, which can exist in the absence of a temperature
gradient.

In this section, we conduct a numerical experiment,
inspired by the latter observation, demonstrating that
assimilation of only temperature measurements may not
lead to the recovery of the true state. In the present experi-
ment, the initial condition for the x-direction velocity is as
follows:

| 5sin(107y)[1 + 0.1sin(rrx)], for 0.4 <y < 0.6,
u(x,y,0)= { 0. otherwise,

representing a strong velocity shear in the center of the
domain. A mode 1 perturbation is imposed in order to trig-
ger the development of the Kelvin-Helmholtz (KH) insta-
bility. The initial temperature field is set to zero (see Fig. 1,
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Fig. 9 Sensitivity of CDA and NA to the availability of data every 20" time steps (CDA—ug = 0.50, uy = 0.50, NA—ap = 2.50, ary = 2.50).
The simulation starts from zero initial conditions (Fig. 1—left panel). The blue curve (CDA) is overlapped by the green line (CDA Time)

Fig. 10 Sensitivity of CDA to
the choice of the interpolation
operator with 10-point grid
resolution every 10" time step
(CDA—pup = 0.50, uy = 0.50,
NA—oap = 2.50, ay = 2.50).
The simulation starts from zero
initial conditions (Fig. 2—left
panel). All curves overlap and
show similar convergence for all
the interpolation operators
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Table 2 2D interpolation operators —  When assimilating velocity (i.e., g = 0) or both tem-

Interpolant Details perature and velocity with CDA, both temperature and
velocity converge exponentially.

NéareSt Discontinuous Instantaneous distributions of the assimilated tempera-

Linear (0. 11> 0. 1D ture and velocity components are presented in Figs. 15,

Cubic (10, 11 x [0, 1) 16, and 17, based on results obtained with u, = 1 and

Spline C2([0, 11 x [0, 1])

o = 10. The figures show that in the initial stages of
the simulation, concentrated vortices appear due to the evo-
lution of the KH instability. The growth of the instability
saturates quickly (around ¢t = 5), and the strength of

right panel). We performed an experiment assimilating (i)

VClOflty, namelly USTE Hu f (} an;l Ho _: 1(())’ (”()1 tem; the eddies starts to diminish due to the action of viscous
perature, namely Usiig fu = 1 anc te = 14, afl @i forces. As the KH eddies start to decay, the Rayleigh-Bénard
both velocity and temperature, namely with p, = 1 and

instability starts to amplify, eventually leading to a sim-
ilar flow pattern as observed when a quiescent flow ini-
tial condition is used. The observed behavior thus indi-
cates that for the present case, the flow is shear domi-
nated in the initial stages of the simulation, whereas it
is buoyancy-dominated at later stages. This illustrates the
fact that in the presence of strong shear, assimilation of
temperature data alone may not recover the true solu-
—  When assimilating only temperature with CDA (i.e.,  tion. This is consistent with the results in Fig. 14, which

iy, = 0), the temperature converges exponentially, but ~ show for u, = 0 the RRMSE curve is essentially flat

the velocity starts to converge only when the shear is  for an extended time period following the start of the

e = 10. The experiment relied on a 4-point grid resolution,
with a time step At = 0.001. The rest of the experimental
setup is the same as in Section 4.1.

Figure 14 compares curves of RRMSE with respect to
the norm of the reference solution as they result from
CDA assimilating different types of data. The following
conclusions can be drawn from this experiment:

dissipated. simulation.
Fig. 11 Efficiency of CDA vs 10 points grid resolution
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Fig. 12 CDA vs NA RRMSE results with perturbed data (5%)
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resolution, and 5-point resolution on the right panel. The simulation
starts from zero initial conditions (Fig. 1—left panel). The blue curve
(CDA T) is overlapped by the red line (CDA T and V)
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Fig. 13 CDA vs NA RRMSE results with perturbed data (5%)
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Fig. 16 x-direction of velocity
field at the assimilation
windows ¢t = 0, 5, 10, 15, and
30 (top to bottom). The data is
assimilated every 4-point grid
resolution as it results from
CDA with relaxation parameters
(g = 10, uy = 1.0). The
simulation starts from a
perturbed shear flow

(Fig. 1—right panel)

Fig. 17 y-direction of velocity
field at the assimilation
windows ¢t = 0, 5, 10, 15, and
30 (top to bottom). The data is
assimilated every 4-point grid
resolution as it results from
CDA with relaxation parameters
(ng =10, uy = 1.0). The
simulation starts from a
perturbed shear flow

(Fig. 1—right panel)
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5 Conclusions

Dynamical downscaling (DD) methods are needed to com-
pute local-scale weather and climate from the outputs of
global circulation models (GCMs). Nudging-based methods
are often used for DD to force regional circulation model
(RCM) simulations towards large-scale driving data. In this
paper, the continuous data assimilation (CDA) algorithm is
implemented and tested in the context of DD for the 2D
Bénard convection model using coarse mesh measurements
of the temperature and velocity.

Various numerical experiments are performed with CDA
assimilating velocity, temperature, and both velocity and
temperature. The results obtained from these experiments
are compared with the standard point-to-point grid nudging
method and demonstrate that CDA is more robust than NA
and is not sensitive to the choice of control parameters. It
is also shown that assimilating only velocity, both tempera-
ture and velocity converge, though velocity converges faster.
On the other hand, assimilating only temperature does not
necessarily recover the velocity field. This is demonstrated
using an example where assimilation starts from an initial
shear flow. In particular, the results indicate that in this case,
the estimated velocity field suffers from large errors.

In addition, we have examined the sensitivity of CDA
and grid nudging methods with respect to the level of noise
in the assimilated observations and the spatial and tempo-
ral frequencies of observation points. In both cases, CDA
was found to be more performant and robust than the stan-
dard grid nudging, although slightly sensitive to the choice
of the relaxation parameter when observations are noisy. In
this work, we have followed the common practice and the
current CDA theoretical framework and assumed the obser-
vational errors to be uncorrelated, in space and time. While
measurement errors could be always made uncorrelated in
space via a judicious transformation of the data (with the
inverse of the square-root of the observational error covari-
ance), it is still not clear how to deal with time-correlated
measurement errors, and their impact on CDA. This could
be important in some situations when the data are collected
with the same instrumentation, and will be considered in our
future research.

Our overall results suggest that CDA is easy to imple-
ment and provides an efficient and robust approach for
dynamical downscaling of the 2D Bénard convection model.
It was further found more performant that the standard
grid nudging at equivalent computational requirements. Our
next step will be to test CDA for downscaling ocean and
atmospheric global fields using general circulation models.
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