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First Appearence of Random Matrices

BLomer'Lka, 20 , 32-%2 @929)

THE GENERALISED PRODUCT MOMENT DISTRIBUTION
IN SAMPLES FROM A NORMAL MULTIVARIATE POPU-
LATION.

By JOHN WISHART, M.A,, BSc. Statistical Department, Rothamsted
Experimental Station.

1. Introduction.

For some years prior to 1815, various writers struggled with the problems that
arise when samples are taken from uni-variate and bi-variste populations, assumed
in most cases for simplicity to be normal. Thus “Student,” in 1808%,by considering
the first four moments, was led by K. Pearson’s methods to infer the distribution
of standard deviations, in samples from & normal population. His results, for com-
parison with others to be deduced later, will be stated in the form

1 y-1

N-3
dp = _N-:I_A T .e~40.a7F da .oiviiiiiiiniiiannns (1),
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SESSION 1IB
INTERPRETATION OF LOW ENERGY
NEUTRON SPECTROSCOPY

CHAIRMAN—W. ¥. Havens, Jr. PX)
[iB1. DISTRIBUTION OF NEUTRON
RESONANCE LEVEL SPACING.

E. P. WIGNER, Princeton University
Presented by E. P. Wigner

The problem of the spacing of levels is neither a
terribly important one nor have I solved it. That is
really the point which I want to make very definitely. X
As we go up in the energy scale it is evident that Fig, IIB1-1. Probability of a level spacing X.

. the detailed analyses which we have seen for low
energy levels is not possible, and we can only make

2 puch more serious deviation and much  bility that two successive roots have a distance X,
S.N. Majumdar
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the root shall be A. All I have to do is to integrate
over one less variable than I have integrated over,
but this I have not been able to do so far.

DISCUSSION

W. HAVENS: Where does one find out about a
Wishart distribution? :

E. WIGNER: A Wishart distribution is given in
S. S. Wilks book about statistics and I found it just
by accident.
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Random Matrices in Nuclear Physics
spectra of heavy nuclei

238 NN
U

E—>

B L L e P
E—»

WIGNER (°50) :replace complex H by random matrix
DYSON, GAUDIN, MEHTA, .....
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Applications of Random Matrices

Physics: nuclear physics, quantum chaos, disorder and localization,
mesoscopic transport, optics/lasers, quantum entanglement, neural
networks, gauge theory, QCD, matrix models, cosmology, string theory,
statistical physics (growth models, interface, directed polymers...), ....

Mathematics: Riemann zeta function (number theory), Voiculescu's free
probability theory, combinatorics and knot theory, determinantal points
processes, integrable systems, ...

Statistics: multivariate statistis, principal component analysis (PCA),
image processing, data compression, Bayesian model selection, ...

Information Theory: signal processing, wireless communications, ..
Biology: sequence matching, RNA folding, gene expression network ...

Economics and Finance: time series analysis,....

Recent Ref: The Oxford Handbook of Random Matrix Theory
ed. by G. Akemann, J. Baik and P. Di Francesco (2011)
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e Top eigenvalue \.x of a Gaussian random matrix = origin
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e Top eigenvalue \.x of a Gaussian random matrix = origin

e Prob. distr. of \,,.x <= Coulomb gas with a wall
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e Top eigenvalue \.x of a Gaussian random matrix = origin
e Prob. distr. of \,,.x <= Coulomb gas with a wall
Limiting distribution: Tracy-Widom

physics of large deviation tails: left tail (pushed Coulomb gas)
right tail (unpushed Coulomb gas)
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e Top eigenvalue \.x of a Gaussian random matrix = origin
e Prob. distr. of \,,.x <= Coulomb gas with a wall
Limiting distribution: Tracy-Widom

physics of large deviation tails: left tail (pushed Coulomb gas)
right tail (unpushed Coulomb gas)

= 3-rd order phase transition: Pushed <—=-Unpushed
e Similar 3-rd order phase transition in 2 — d large N gauge theory

Gross-Witten-Wadia transition (U(N) lattice)
Durhuss-Olesen/Douglas-Kazakov transition (continuum Yang-Mills)

— ubiquitous
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— ubiquitous

e Extension to Wishart matrices
= Recent experiments in coupled fiber lasers system
Weizmann Institute (group of N. Davidson)
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e Top eigenvalue \.x of a Gaussian random matrix = origin
e Prob. distr. of \,,.x <= Coulomb gas with a wall
Limiting distribution: Tracy-Widom

physics of large deviation tails: left tail (pushed Coulomb gas)
right tail (unpushed Coulomb gas)

= 3-rd order phase transition: Pushed <—=-Unpushed
e Similar 3-rd order phase transition in 2 — d large N gauge theory

Gross-Witten-Wadia transition (U(N) lattice)
Durhuss-Olesen/Douglas-Kazakov transition (continuum Yang-Mills)

— ubiquitous

e Extension to Wishart matrices
= Recent experiments in coupled fiber lasers system
Weizmann Institute (group of N. Davidson)

e Summary and Conclusions
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A Trivial Problem

DIAGONAL MATRIX

. ,
11X22 O

X35

0

Xy

Pr[X,;=x]
= (2n)_1/2exp[—x2/2]

i

GAUSSIAN

N Eigenvalues: }‘i = X;;— Independent
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A Trivial Problem

DIAGONAL MATRIX

X11
X9

0

X35

0

Xy

N Eigenvalues:

Pr[X,;=x]
= (2n)_1/2exp[—x2/2]

i

GAUSSIAN

}‘i = X;;— Independent

e Py = Prob[\; <0, A <0, ..., Ay < 0]=2""=exp[—(In2) N]

S.N. Majumdar Top eigenvalue of a random matrix: A tale of tails



A Nontrivial Problem

REAL SYMMETRIC

X

X

MATRIX  (NxN)

M2t IN GAUSSIAN
Xor Xgg- - - - XoN Pr(X]
X: exp [-(1/2) inzj ]
' ' exp[—1nTr(x*)]
XN -~ X\N
N eigenvalues : A, . Ay Ay
i L~ strongly correlated
e Py = Prob[A; <0, A2 <0, ..., Ay <0]= Prob[Ap.x <0]=7
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A Nontrivial Problem

REAL SYMMETRIC MATRIX (NxN)

T Xypooo o XN|  GAUSSIAN
Xor Xgg- - - - XoN PriX]

X= . . . exp [_(1/2) inzj ]
i ’ ) exp[—1nTr(x*)]
XN1 P XNN

N eigenvalues : A, . Ay Ay
i L~ strongly correlated

e Py = Prob[A; <0, A2 <0, ..., Ay <0]= Prob[Ap.x <0]=7

[R.M. May, Nature, 238, 413 (1972)—Ecosystems]

[Cavagna et. al. 2000, Fyodorov & Williams 2007, Glassy systems]

[Susskind 2003, Douglas et. al. 2004, Aazami & Easther 2006, Marsh et. al. 2011,—String theory]

[Beltrani 2007, Dedieu & Malajovich, 2007, Houdre 2011—Random Polynomials, Random Words
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Results for F):

OID/\/:PI'Ob[/\lgo7 )\2§07 ey /\NSO]:?
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Results for F):

OID/\/:PI'Ob[/\lgo7 )\2§07 ey /\NSO]:?
o N=1: P, =1/2=0.5 (trivially)
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Results for F):

° PN :PI'Ob[/\l SO, )\2§07 ey /\NSO]:?
o N=1: P, =1/2=0.5 (trivially)
o N=2: P, = 22 = 0.146447..
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Results for F):

° PN :PI'Ob[/\l SO, )\2§07 ey /\NSO]:?
o N=1: P, =1/2=0.5 (trivially)
o N=2: P, = 22 — 0.146447..

o N=3: Py = T-2Y2 — 0.0249209..
(Beltrani 2007, Dedieu & Malajovich, 2007)
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Results for F):

° PN :PI'Ob[/\l SO, )\2§07 ey /\NSO]:?
o N=1: P, =1/2=0.5 (trivially)
o N=2: P, = 22 — 0.146447..

QN:3Z P3

1-2v2 _ 0,0249209..
(Beltrani 2007, Dedieu & Malajovich, 2007)

Question: How does Py decay for large N, i.e., Py —7 as N — oo
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Results for F):

° PN :PI'Ob[/\l SO, )\2§07 ey /\NSO]:?
o N=1: P, =1/2=0.5 (trivially)
o N=2: P, = 22 — 0.146447..

o N=3: Py = T-2Y2 — 0.0249209..
(Beltrani 2007, Dedieu & Malajovich, 2007)

Question: How does Py decay for large N, i.e., Py —7 as N — oo

e Based on numerics, Aazami & Easther (2006) predicted for large N:

| Py ~ exp[—6N?] | with 6,0, = 0.27

— very small probability — RARE EVENT
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Results for F):

° PN :PI'Ob[/\l SO, )\2§07 ey /\NSO]:?
o N=1: P, =1/2=0.5 (trivially)
o N=2: P, = 22 — 0.146447..

o N=3: Py = T-2Y2 — 0.0249209..
(Beltrani 2007, Dedieu & Malajovich, 2007)

Question: How does Py decay for large N, i.e., Py —7 as N — oo

e Based on numerics, Aazami & Easther (2006) predicted for large N:

| Py ~ exp[—6N?] | with 6,0, = 0.27

— very small probability — RARE EVENT

1
e Exact result: |0 = 2 In(3) = 0.274653.. | (Dean and S.M., 2006)
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Results for F):

° PN :PI'Ob[/\l SO, )\2§07 ey /\NSO]:?
o N=1: P, =1/2=0.5 (trivially)
o N=2: P, = 22 — 0.146447..

o N=3: Py = T-2Y2 — 0.0249209..
(Beltrani 2007, Dedieu & Malajovich, 2007)

Question: How does Py decay for large N, i.e., Py —7 as N — oo

e Based on numerics, Aazami & Easther (2006) predicted for large N:

| Py ~ exp[—6N?] | with 6,0, = 0.27

— very small probability — RARE EVENT

1
e Exact result: |0 = 2 In(3) = 0.274653.. | (Dean and S.M., 2006)

More generally, for 5 =1 (GOE), 8 =2 (GUE) and 3 = 4 (GSE)

| Py ~ expl~BON?]

for large N
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Complex Landscapes

A particle moving in a N-dimensional landscape: V/(y1,y2,...,yn)
dyi _
dii - 7vy:' v

Spin glasses, Structural glasses, Supercooled liquids, String landscapes
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dyi _
dii - 7vy:' v

Spin glasses, Structural glasses, Supercooled liquids, String landscapes

e Stationary point (fixed pt.) y*: VV =0aty = y*
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Complex Landscapes

A particle moving in a N-dimensional landscape: V/(y1,y2,...,yn)
dl —
G =-Vyv

Spin glasses, Structural glasses, Supercooled liquids, String landscapes
e Stationary point (fixed pt.) y*: VV =0aty = y*

e Near a stationary point: V({y;}) Z Hij(y, -y

l

. . 52
Hessian matrix: H; ; {%}
: Dy,
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Complex Landscapes

A particle moving in a N-dimensional landscape: V/(y1,y2,...,yn)
dl —
G =-Vyv

Spin glasses, Structural glasses, Supercooled liquids, String landscapes
e Stationary point (fixed pt.) y*: VV =0aty = y*

e Near a stationary point: V({y;}) Z Hij(y, -y

l

. . 52
Hessian matrix: H; ; {%}
: Dy,

e Eigenvalues of the Hessian (stability) matrix determines the nature
of the stationary point:

= Local Minimum, Local Maximum & Saddles
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Eigenvalues of the Hessian Matrix

Examples:

e /V = 1-dimensional surface: Hessian matrix H = 8 V

IfOV fE)V

< 0 — Local Maximum; i > 0 — Local Minimum
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Eigenvalues of the Hessian Matrix

Examples:

. ) . . 2
e /V = 1-dimensional surface: Hessian matrix H = %

If 8 V < 0 — Local Maximum; if a V > 0 — Local Minimum

8V 5V
_ : : . : : — dy? 9y10y»
e N\ = 2-dimensional surface: Hessian matrix H = ety v

3y20y1 dy3
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Eigenvalues of the Hessian Matrix

Examples:
e /V = 1-dimensional surface: Hessian matrix H = 8 V
If 8 V < 0 — Local Maximum; if a V > 0 — Local Minimum

Vv %
3y20y1 dy3

8%V 52
e N = 2-dimensional surface: Hessian matrix H = ( o 8”8}’2>

Two real eigenvalues: (A1, A7)
If Ay < 0and \» <0 — Local Maximum
If A1 >0 and \» > 0 — Local Minimum

A < 07 A >0
— Saddle
/\1 > 07 )\2 <0

"4
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Fraction of Local Maximum/Minimum in Random

Hessian Model

e Random (N x N) Hessian Model: H = {a‘jgyj}

H — (N x N) real symmetric random matrix
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Fraction of Local Maximum/Minimum in Random

Hessian Model

e Random (N x N) Hessian Model: H = [;;fgyj}
H — (N x N) real symmetric random matrix
o If the entries are Gaussian: H — (GOE)

[Cavagna et. al. (2000), ...., Aazami & Easther (2006)]
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Fraction of Local Maximum/Minimum in Random

Hessian Model

e Random (N x N) Hessian Model: H = {a‘jgyj}

H — (N x N) real symmetric random matrix
o If the entries are Gaussian: H — (GOE)
[Cavagna et. al. (2000), ...., Aazami & Easther (2006)]

e In the random Hessian model
Pn= Fraction of Local Maxima/Minima
=Prob[A\; < 0,X, <O0,...,\y < 0]
=Prob[Aax < 0]

—— exp[—0ON?] — very small
N—oo
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Fraction of Local Maximum/Minimum in Random

Hessian Model

e Random (N x N) Hessian Model: H = {a‘jgyj}

H — (N x N) real symmetric random matrix
o If the entries are Gaussian: H — (GOE)
[Cavagna et. al. (2000), ...., Aazami & Easther (2006)]

e In the random Hessian model
Pn= Fraction of Local Maxima/Minima
=Prob[A\; < 0,X, <O0,...,\y < 0]
=Prob[Aax < 0]

—— exp[—0ON?] — very small
N—oo

e — Most of the stationary points — Saddles
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Gaussian Random Matrices

o (N x N) Gaussian random matrix: X = [x; ]
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Gaussian Random Matrices

o (N x N) Gaussian random matrix: X = [x; ]
e Ensembles: Orthogonal (GOE), Unitary (GUE) or Symplectic (GSE)
o Prob[x;] o exp [_g NTr(X,X)}

where 5 =1 (GOE), 8 =2 (GUE) or 3 = 4 (GSE)
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Gaussian Random Matrices

o (N x N) Gaussian random matrix: X = [x; ]
e Ensembles: Orthogonal (GOE), Unitary (GUE) or Symplectic (GSE)
e Prob[x; ;] o< exp [—g NTr(X,X)}

where 3 = 1 (GOE), 8 = 2 (GUE) or 8 = 4 (GSE)
o NV real eigenvalues {\1, \p,..., Ay} — correlated random variables
e Joint distribution of eigenvalues (Wigner, 1951)

—NZ%] TT = Al

Jj<k

1
P(Al,AQ,...,AN):i exp

S.N. Majumdar Top eigenvalue of a random matrix: A tale of tails



Gaussian Random Matrices

o (N x N) Gaussian random matrix: X = [x; ]
e Ensembles: Orthogonal (GOE), Unitary (GUE) or Symplectic (GSE)
e Prob[x; ;] o< exp [—g NTr(X,X)}

where 3 = 1 (GOE), 8 = 2 (GUE) or 8 = 4 (GSE)
o NV real eigenvalues {\1, \p,..., Ay} — correlated random variables
e Joint distribution of eigenvalues (Wigner, 1951)

—NZ%] TT = Al

Jj<k

1
P(Al,AQ,...,AN):i exp

e where Zy = Partition Function

= /Z.../:{Hd/\i} exp

5o
—5 N ;A?] H A= Al

j<k
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Coulomb Gas Interpretation

[ ] ZN:

oo 2] N
/ / {Hd/\,-} exp —g ZN/\,?—Z|0g|/\j—/\k|
— 0 — o0 i i=1

j#k
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Coulomb Gas Interpretation

.ZN:
2
/_oo.../_oo{nd/\;}exp -£ ,;NA,—;mgW—M

e 2-d Coulomb gas confined to a line (Dyson) with 5 — inverse temp.

T T

confining
parabolic
potential
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Coulomb Gas Interpretation

.ZN:
2
/_oo.../_oo{nd/\;}exp -£ ,;NA,—;mgW—M

e 2-d Coulomb gas confined to a line (Dyson) with 5 — inverse temp.

T T

confining
parabolic
potential

o Balance of energy = N2 )\? ~ N?

o Typical eigenvalue: Ay, ~ O(1) for large N
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Spectral Density: Wigner’'s Semicircle Law

e Av. density of states: p(\, N) 26 A—\)
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Spectral Density: Wigner’'s Semicircle Law

e Av. density of states: p(A\, N) = Zé A—\)

1
o Wigner's Semi-circle: p(\, N) = p(A) = =v2— X2
—00 ™

P(X)

WIGNER SEMI-CIRCLE
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Spectral Density: Wigner’'s Semicircle Law

e Av. density of states: p(A\, N) = Zé A—\)

1
o Wigner's Semi-circle: p(\, N) = p(A) = =v2— X2
—0o0 ™

P(X)

WIGNER SEMI-CIRCLE

® (Amax) = /2 for large N.

® \nax fluctuates from one sample to another. Prob[Apax, N] =7

S.N. Majumdar Top eigenvalue of a random matrix: A tale of tails



Distribution for

cumulative distribution of A

TRACY-WIDOM max
PW.N)=Prob[ A < w]

max

P(LN)

WIGNER SEMI-CIRCLE

-k widihof O (N
finite but large N | ~u

i Tracy-Widom
\ | y
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Distribution for

WIGNER SEMI-CIRCLE

L4 <>\max> = \/i '

0N TRACY-WIDOM

typical fluctuation:

S.N. Majumdar

cumulative distribution

P(W.N)= Prob.[ A

max

~-

finite but large N

Of 9\' max
< wl

widthof O (N2%)

I Tracy-Widom

‘/\max - \ﬁ| ~

N=2/3 (small)
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Distribution for

TRACY-WIDOM cumulative distribution
p(LN) )

WIGNER SEMI-CIRCLE P(W,N)= Prob.[ A

max

~-

finite but large N

of A

max

<wl

N

widthof O (N2%)

I Tracy-Widom

o (Amax) = V2 ;  typical fluctuation: |Ayax — V2| ~
o typical fluctuations are distributed via Tracy-Widom (

N=2/3 (small)
1994):

e cumulative distribution: Prob[Amax < w, N] = Fg (V2N?3 (w — v/2))
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Distribution for

cumulative distribution of A

TRACY-WIDOM max
PW.N)=Prob[ A < w]

max

P(LN)

WIGNER SEMI-CIRCLE

-k widihof O (N
finite but large N i ~

! Tracy-Widom
\ ’1 Y

\2 [ T—

o (Amax) = V2 ;  typical fluctuation: |Ayax — V2| ~ N—2/3 (small)

o typical fluctuations are distributed via Tracy-Widom (1994):

e cumulative distribution: Prob[Amax < w, N] = Fg (V2N?3 (w — v/2))
o Prob. density (pdf): fz(x) = dFa(x)/dx
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Distribution for

cumulative distribution of A

TRACY-WIDOM max
PW.N)=Prob[ A < w]

max

P(LN)

WIGNER SEMI-CIRCLE

- widthof O (N)
finite but large N | ~u

i Tracy-Widom
\ ’1 y

\2 [ T—

o (Amax) = V2 ;  typical fluctuation: |Ayax — V2| ~ N—2/3 (small)

o typical fluctuations are distributed via Tracy-Widom (1994):

e cumulative distribution: Prob[Amax < w, N] = Fg (V2N?3 (w — v/2))
o Prob. density (pdf): fz(x) = dFa(x)/dx

e F3(x) — obtained from solution of Painlevé-ll equation
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Tracy-Widom distribution (1994)

The scaling function Fz(x) has the expression:

e B=1 F(x)=exp[~5 [ [(¥ = x)a°(y) +a(y)] dy]
o 3=2: R(x)=exp [~ [“(y — x)q*(y) dy]
o B=4 Fy(x)=exp[—3 [ (y — x)q*(y) dy] cosh [5 [ q(y) dy]

jiyg' =24%(y) +yq(y) with g(y) — Ai(y) as y — oo — Painlevé-Il

S.N. Majumdar Top eigenvalue of a random matrix: A tale of tails



Tracy-Widom distribution (1994)

The scaling function Fz(x) has the expression:

o f=1 F(x)=exp[~3 [ [(y = x)a*(y) + a(y)] dy]

o 3=2: R(x)=exp [~ [“(y — x)q*(y) dy]

o B=4 Fy(x)=exp[—3 [ (y — x)q*(y) dy] cosh [5 [ q(y) dy]
d’q

o = 2¢%(y) + y q(y) with g(y) — Ai(y) as y — oo — Painlevé-lI

o Probability density: fz(x) = dFg(x)/dx
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Tracy-Widom Distribution for )\, .

Probability densities f(x)
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Tracy-Widom Distribution for )\, .

Probability densities f(x)

e Tracy-Widom density f3(x) depends explicitly on £.
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Tracy-Widom Distribution for )\, .

Probability densities f(x)

e Tracy-Widom density f3(x) depends explicitly on £.

e Asymptotics: fg(x) ~ exp {—2%|X‘3} as x — —oo

~ exp [——x3/2} as X — 00
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Tracy-Widom Distribution for ), ..

Probability densities f(x)

e Tracy-Widom density f3(x) depends explicitly on £.
e Asymptotics: fg(x) ~ exp {—%M?’} as x — —oo

~ exp [—%xyﬂ as X — 00

Applications: Growth models, Directed polymer, Sequence Matching

(Amir, Baik, Borodin, Borot, Calabrese, Comtet, Corwin, Deift, Dotsenko, Dumitriu, Edelman,

Ferrari, Forrester, Johansson, Johnstone, Le doussal, Nadal, Nechaev, O'Connell, Péché, Prahofer,

Quastel, Rains, Rambeau, Rosso, Sano, Sasamoto, Schehr, Spohn, Takeuchi, Virag, Vivo,..)
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Probability of Large Deviations of ;

cumulative distribution of -

p(AN) TRACY-WIDOM
WIGNER SEMI-CIRCLE P(W.N) = Prob.[ }LmM < w]
- widthof O (N

finite but large N 1 ~
: Tracy-Widom

RIGHT o
LARGE DEVIATION s
\2 W

Top eigenvalue of a random matrix: A tale of tails
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Probability of Large Deviations of ;

cumulative distribution of A

max
p(LN) TRACY-WIDOM

PW.N)=Prob.[ A < W]

WIGNER SEMI-CIRCLE
max

- widthof O (N)

finite but large N |
~_ \Tracy—Widom

'

LARGE DEVIATION eemesiaia B
0 NG w_
e Tracy-Widom law Prob[Amax < w, N] = Fs (V2 N?/3 (w — v/2))
describes the prob. of typical (small) fluctuations of ~ O(N~=%/3)
around the mean /2, i.e., when |\ — /2| ~ N72/3
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Probability of Large Deviations of ;

cumulative distribution of A

max
p(LN) TRACY-WIDOM

PW.N)=Prob.[ A < W]

WIGNER SEMI-CIRCLE
max

- widthof O (N)

finite but large N |
~_ \Tracy—Widom

'

RIGH'
LARGE DEVIATION 0—””"**——»*/"
\/72 W

e Tracy-Widom law Prob[Amax < w, N] = Fs (V2 N?/3 (w — v/2))
describes the prob. of typical (small) fluctuations of ~ O(N~=%/3)
around the mean /2, i.e., when |\ — /2| ~ N72/3

e Q: How to describe the prob. of large (atypical) fluctuations?
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Probability of Large Deviations of ;

cumulative distribution of A

max
p(LN) TRACY-WIDOM

PW.N)=Prob.[ A < W]

WIGNER SEMI-CIRCLE
max

- widthof O (N)
finite but large N | ~u
i Tracy-Widom

LARGE DEVIATION 0—””"**——»*/"
\/72 W

e Tracy-Widom law Prob[Amax < w, N] = Fs (V2 N?/3 (w — v/2))
describes the prob. of typical (small) fluctuations of ~ O(N~=%/3)
around the mean /2, i.e., when |\ — /2| ~ N72/3

e Q: How to describe the prob. of large (atypical) fluctuations?
e Ex: Py = Prob[Amax <0, N] = Prob[A; < 0,2, <0,..., Ay <0]

S.N. Majumdar Top eigenvalue of a random matrix: A tale of tails



Probability of Large Deviations of ;

cumulative distribution of A

max
p(LN) TRACY-WIDOM

PW.N)=Prob.[ A < W]

WIGNER SEMI-CIRCLE
max

- widthof O (N)
finite but large N | ~u
i Tracy-Widom

LARGE DEVIATION 0—””"**——»*/"
\/72 W

e Tracy-Widom law Prob[Amax < w, N] = Fs (V2 N?/3 (w — v/2))
describes the prob. of typical (small) fluctuations of ~ O(N~=%/3)
around the mean /2, i.e., when |\ — /2| ~ N72/3

e Q: How to describe the prob. of large (atypical) fluctuations?

e Ex: Py = Prob[Amax <0, N] = Prob[A; < 0,2, <0,..., Ay <0]

= w =0, i.e., fluctuation=w — V2 = —/2
large compared to typical O(N—2/3
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A simple example of large deviation tails

o Let M — no. of heads in N tosses of an unbiased coin
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A simple example of large deviation tails

o Let M — no. of heads in N tosses of an unbiased coin

e Clearly P(M,N) = (I\A/II) 2N (M =0,1,...,N) — binomial distribution

with mean= (M) = % and variance=0? = ((M — %)2> =4
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A simple example of large deviation tails

e Let M — no. of heads in N tosses of an unbiased coin
e Clearly P(M,N) = (I\A/II) 2N (M =0,1,...,N) — binomial distribution

with mean= (M) = % and variance=0? = <(M - %)2> =2

o typical fluctuations M — & ~ O(/N) are well described
by the Gaussian form: P(M, N) ~ exp {_% (M — %)2}
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A simple example of large deviation tails

o Let M — no. of heads in N tosses of an unbiased coin

e Clearly P(M,N) = (I\A/II) 2N (M =0,1,...,N) — binomial distribution

with mean= (M) = % and variance=0? = ((M — %)2> =4

o typical fluctuations M — & ~ O(/N) are well described
by the Gaussian form: P(M, N) ~ exp {_% (M — %)2}

e Atypical large fluctuations M — % ~ O(N) are not described by
Gaussian form
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A simple example of large deviation tails

o Let M — no. of heads in N tosses of an unbiased coin

e Clearly P(M,N) = (I\A/II) 2N (M =0,1,...,N) — binomial distribution

with mean= (M) = % and variance=0? = ((M — %)2> =4

o typical fluctuations M — & ~ O(/N) are well described
by the Gaussian form: P(M, N) ~ exp {—% (M- %)2}

e Atypical large fluctuations M — % ~ O(N) are not described by
Gaussian form

e Setting M/N = x and using Stirling’s formula N! ~ NN+1/2e=N giyes
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A simple example of large deviation tails

o Let M — no. of heads in N tosses of an unbiased coin

e Clearly P(M,N) = (I\A/II) 2N (M =0,1,...,N) — binomial distribution

with mean= (M) = % and variance=0? = ((M — %)2> =4

o typical fluctuations M — & ~ O(/N) are well described
by the Gaussian form: P(M, N) ~ exp {—% (M- %)2}
e Atypical large fluctuations M — % ~ O(N) are not described by
Gaussian form
e Setting M/N = x and using Stirling’s formula N! ~ NN+1/2e=N giyes
P(M = Nx, N) ~ exp[-N®(x)]  where
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A simple example of large deviation tails

o Let M — no. of heads in N tosses of an unbiased coin

e Clearly P(M,N) = (I\A/II) 2N (M =0,1,...,N) — binomial distribution

with mean= (M) = % and variance=0? = ((M — %)2> =4

o typical fluctuations M — & ~ O(/N) are well described
by the Gaussian form: P(M, N) ~ exp {—% (M- %)2}
e Atypical large fluctuations M — % ~ O(N) are not described by
Gaussian form
e Setting M/N = x and using Stirling’s formula N! ~ NN+1/2e=N giyes
P(M = Nx, N) ~ exp[-N®(x)]  where

’ d(x) = xlog(x) + (1 — x) log(1 — x) + log 2 ‘ — large deviation function
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A simple example of large deviation tails

o Let M — no. of heads in N tosses of an unbiased coin

e Clearly P(M,N) = (I\A/II) 2N (M =0,1,...,N) — binomial distribution

with mean= (M) = % and variance=0? = ((M — %)2> =4

o typical fluctuations M — & ~ O(/N) are well described
by the Gaussian form: P(M, N) ~ exp {—% (M- %)2}
e Atypical large fluctuations M — % ~ O(N) are not described by
Gaussian form
e Setting M/N = x and using Stirling’s formula N! ~ NN+1/2e=N giyes
P(M = Nx, N) ~ exp[-N®(x)]  where

’ d(x) = xlog(x) + (1 — x) log(1 — x) + log 2 ‘ — large deviation function

e ®(x) — symmetric with a minimum at x = 1/2 and
for small arguments |x — 1/2| << 1, ®(x) ~ 2(x — 1/2)?
— recovers the Gaussian form near the peak
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Large Deviation Tails of : Summary of Results

p(.N)  TRACY-WIDOM

WIGNER SEMI-CIRCLE

N3

RIGHT
LARGE DEVIATION
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Large Deviation Tails of : Summary of Results

p(.N)  TRACY-WIDOM
WIGNER SEMI-CIRCLE

N3

RIGHT
LARGE DEVIATION

Prob. density of the top eigenvalue: Prob. [Ay,.x = w, N] behaves as:
~ exp [-BN*®_(w)] for V2 —w~ O(1)
~ NP VRN (w=v2)|  for w2~ O(NTP)

~ exp[-BNd L (w)] for w—+v2~ O(1)

S.N. Majumdar Top eigenvalue of a random matrix: A tale of tails



Exact Left and Right Large Deviation Functions

Using Coulomb gas + Saddle point method for large N:
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Exact Left and Right Large Deviation Functions

Using Coulomb gas + Saddle point method for large N:
e Left large deviation function:

1
d_(w) = 108 [36W —w* — (15w + w?) Vw2 + 6

+ 27 (In(18) —2In(w+v6+ WZ))} where w < /2

Dean & S.M., PRL, 97, 160201 (2006)
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Exact Left and Right Large Deviation Functions

Using Coulomb gas + Saddle point method for large N:

e Left large deviation function:

1
d_(w) = 108 [36W —w* — (15w + w?) Vw2 + 6

+ 27 (In(18) —2In(w+v6+ WZ))} where w < /2

Dean & S.M., PRL, 97, 160201 (2006)

In particular, as w — V2 (from left), ¢ (w) = 75 (V2 —w)?
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Exact Left and Right Large Deviation Functions

Using Coulomb gas + Saddle point method for large N:
e Left large deviation function:

1
d_(w) = 108 [36W —w* — (15w + w?) Vw2 + 6

+ 27 (In(18) —2In(w+v6+ Wz))} where w < /2

Dean & S.M., PRL, 97, 160201 (2006)

In particular, as w — V2 (from left), ¢ (w) = 75 (V2 —w)?
e Right large deviation function:
1

w) = §W\/W2—2+|n

S.M. & Vergassola, PRL, 102, 060601 (2009)
Ben Arous, Dembo & Guionnet, Prob. Th. Rel. Fields, 120, 1 (2001)

w—vw2 -2
_ = where w > /2
V2 ]
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Distribution of )\ ..: Coulomb Gas Method

ZN(W)
ZN(OO)

Prob[Amax < w, N] =Prob[A; <w, Ao <w,.... Ay < w] =

i=1 Jj#k

w w N
ZN(W):/_ /_ {Hd)\,-}exp —g NZ)\,?—Zlog|)\j—)\k|}
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Distribution of )\ ..: Coulomb Gas Method

Z
Prob[Amax < w, N] = Prob[\ < w, Ao < w,..., Ay < w] = Z;IV((OVZ))
Zn(w / / {Hd)\}exp -= NZ)@ > log |\ — Al
i=1 i#k
denominator numerator

WALL——=
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Distribution of )\ ..: Coulomb Gas Method

Z
Prob[Amax < w, N] = Prob[\ < w, Ao < w,..., Ay < w] = Z;IV((OVZ))
Zn(w / / {Hd)\}exp -= NZ)@ > log |\ — Al
i=1 i#k
denominator numerator

WALL——=
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Setting up the Saddle Point Method

. ZN(W)O(/;W HdA;eXP [—BN?E ({\i})]
E((M) = NZ N - s Slog |y — A
ik
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Setting up the Saddle Point Method

. Zn(w) / HdA,- exp [~BN?E ({\})]
1
E({\}) = ZNZ N2 WZIog\/\j—)\H
J#k
e Introduce counting function (density): f(x) = 4 >, d(x — A;)
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Setting up the Saddle Point Method

. Zn(w) / HdA,- exp [~BN?E ({\})]
1
E({\}) = ZNZ N2 WZIog\/\j—)\H
J#k
e Introduce counting function (density): f(x) = 4 >, d(x — A;)

e as N — 0o — discrete sum — continuous integral:

E[f(x )]—/ dxf/ / In|x — x| f(x) f(x") dx dx’
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Setting up the Saddle Point Method

. Z,V(W)fx/;w Hd)\,-exp [-BN?E ({\i])]
E((M) = NZ N - s Slog |y — A
J#k
e Introduce counting function (density): f(x) = 4 >, d(x — A;)

e as N — 0o — discrete sum — continuous integral:

E [f(x )]—/ dx—/ / In|x — x| £(x) £(x") dx dx’
Zn(w) o /Df(x) exp {—B N2 {E[f(x)] +C (/ f(x)dx — 1)} + O(N)]
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Setting up the Saddle Point Method

. Zn(w) / HdA,- exp [~BN?E ({\})]
1
E({\}) = ZNZ N2 WZIog\/\j—)\H
J#k
e Introduce counting function (density): f(x) = 4 >, d(x — A;)

e as N — 0o — discrete sum — continuous integral:

E [f(x )]—/ dx—/ / In|x — x| £(x) £(x") dx dx’
Zn(w) o /Df(x) exp {—B N2 {E[f(x)] +C (/ f(x)dx — 1)} + O(N)]

o for large V, minimize the action S[f(x)] = E[f(x)] + C [[ f(x)dx — 1]
Saddle Point Method: 22 = 0 — f,,(x)
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Setting up the Saddle Point Method

. Z,V(W)fx/;w Hd)\,-exp [-BN?E ({\i])]
E((M) = NZ N - s Slog |y — A
J#k
e Introduce counting function (density): f(x) = 4 >, d(x — A;)

e as N — 0o — discrete sum — continuous integral:

E [f(x )]—/ dx—/ / In|x — x| £(x) £(x") dx dx’
Zn(w) o /Df(x) exp {—B N2 {E[f(x)] +C (/ f(x)dx — 1)} + O(N)]

o for large V, minimize the action S[f(x)] = E[f(x)] + C [[ f(x)dx — 1]
Saddle Point Method: 22 =0 — f,(x) =

Zn(w) ~ exp [-BN?S [f,(x)]]

Top eigenvalue of a random matrix: A tale of tails



As we bring the wall from

charge density f (x)vs. x for different W

W< 2 W=2 W>\2
\% W W
N2 -2 2 -2 \2
pushed critical unpushed
(UNSTABLE) (STABLE)
w=\2 CRITICAL POINT
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As we bring the wall from

charge density f (x)vs. x for different W

W< 2 W=2 W>\2
\% W W
N2 -2 2 -2 \2
pushed critical unpushed
(UNSTABLE) (STABLE)
w=\2 CRITICAL POINT
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Saddle Point Solution

e saddle point %—f =0=

X2—2/ f(xX)In|x = x'|dx + C=0

— 00
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Saddle Point Solution

e saddle point %—f =0=

X2—2/ f(xX)In|x = x'|dx + C=0

— 00

e Taking a derivative w.r.t. x gives a singular integral Eq.
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Saddle Point Solution

e saddle point % =0=

X2—2/

f(xX)In|x —x'|dxX"+ C=0

e Taking a derivative w.r.t. x gives a singular integral Eq.

Jooo XY

for x € [—o00, w|] — Semi-Hilbert transform

— Inverse electrostatic problem — Given the potential x find the charge

density £, (x) (though not

quite!)
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Saddle Point Solution

e saddle point % =0=

X2—2/

f(xX)In|x —x'|dxX"+ C=0

e Taking a derivative w.r.t. x gives a singular integral Eq.

Jooo XY

for x € [—o00, w|] — Semi-Hilbert transform

— Inverse electrostatic problem — Given the potential x find the charge

density £, (x) (though not

quite!)

e General method for solving such singular integral equations:

Resolvent Method — (Brezin, ltzykson, Parisi, Zuber, 1978)

Explicit solution (single support case) — (Tricomi , 1957)
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Tricomi Solution

Assuming finite support of f(x) over [a, b]

f(y)dy
-y

X

for x € [a, b]

. U(x) _7?'/:)
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Tricomi Solution

Assuming finite support of f(x) over [a, b]
b
° U(x) = 73/

e General solution (Tricomi, '57):

for x € [a, b]

f(x)=- N )

™

/ A )~ 2) Ydx' + B
X—X

(b (x —a)

for x € [a, b] where B — arbitrary constant
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Tricomi Solution

Assuming finite support of f(x) over [a, b]
b
° U(x) = 73/

e General solution (Tricomi, '57):

for x € [a, b]

Flx) = — / A X_Xx_a "Yax' + B

72/(b—x)(x — a) (b (x —a)

for x € [a, b] where B — arbitrary constant

o In our problem, U(x) = x and b = w (wall position) and we assume
a = —Ll(W)
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Exact Saddle Point Solution

e Exact solution (Dean and S.M., 2006, 2008):

) = 27Xr\+/va1£VxV)

where —L;(w) < x < w and Li(w) = [2vw? +6 — w]/3

[w+ L1(w) — 2x]
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Exact Saddle Point Solution

e Exact solution (Dean and S.M., 2006, 2008):

) = 27Xr\+/va1£VxV)

where —L;(w) < x < w and Li(w) = [2vw? +6 — w]/3

[w+ L1(w) — 2x]

e When w — o0, L1(w) — V2 and fo(x) = V2 — x?/m — semicircle
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Exact Saddle Point Solution

e Exact solution (Dean and S.M., 2006, 2008):

) = 2;\+/WL1(VXV)

where —L;(w) < x < w and Li(w) = [2vw? +6 — w]/3

[w+ L1(w) — 2x]

e When w — o0, L1(w) — V2 and fo(x) = V2 — x?/m — semicircle

WALL —=;
f_(X) — SEMICIRCLE

E——
W— 0 g

0O w -2 0 V2

foX) ——=

-Ly(w)
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Exact Saddle Point Solution

e Exact solution (Dean and S.M., 2006, 2008):

) = 2;\+/WL1(VXV)

where —L;(w) < x < w and Li(w) = [2vw? +6 — w]/3

[w+ L1(w) — 2x]

e When w — o0, L1(w) — V2 and fo(x) = V2 — x?/m — semicircle

WALL —=;
f_(X) — SEMICIRCLE

E——
W— 0 g

0O w -2 0 V2

foX) ——=

-Ly(w)
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Left Large Deviation Function

ZN(W)
Zn(00)

Prob[Amax < w, N] = ~ exp [—ﬁNQ {S[fu(x)] = S[fw(x)]}}

~ exp[-B N O_(w)]
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Left Large Deviation Function

Prob A < ] = Z95 ~ exp [N {S[E, ()] - STE ()]
~ exp[-B N O_(w)]
lim — = In[P(w, N)] = &_(w) — left large deviation function

N— oo N2

physically ®_(w) = energy cost in pushing the Coulomb gas
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Left Large Deviation Function

ZN(W) 5
Zu() P [=BN*{S[£. ()] = Sl (2)]}]

~ exp[-B N O_(w)]

Prob[Amax < w, N] =

1
lim — —In[P(w, N)] = ®_(w) — left large deviation function
N—oo N2

physically ®_(w) = energy cost in pushing the Coulomb gas

d_(w) = % [36W2— w* — (16w + w?)Vw? + 6
+ 27 (In(18) —2In(w + /6 + WZ))} for w <2
= 0 for w > V2

(Dean & S.M., 2006,2008)
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Left Large Deviation Function

Prob A < ] = Z95 ~ exp [N {S[E, ()] - STE ()]

~ exp[-B N O_(w)]

1
lim — —In[P(w, N)] = ®_(w) — left large deviation function
N—oo N2

physically ®_(w) = energy cost in pushing the Coulomb gas

d_(w) = 1 [36W2 —w* — (15w + w?)Vw? + 6

108
+ 27 (In(18) —2In(w + /6 + WZ))} for w <2
= 0 for w > V2

(Dean & S.M., 2006,2008)
Note also that _(w) ~ —1-(v/2 — w)® as w — /2 from below
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Matching the Left Tail of Tracy-Widom Distribution

cumulative distribution of A

max
p(LN) TRACY-WIDOM

PW.N)=Prob.[ A < W]

WIGNER SEMI-CIRCLE
max

- widthof O (N)
finite but large N | ~u

i Tracy-Widom
\ | y

RIGHT S
LARGE DEVIATION s
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Matching the Left Tail of Tracy-Widom Distribution

cumulative distribution of A

max
p(LN) TRACY-WIDOM

PW.N)=Prob.[ A < W]

WIGNER SEMI-CIRCLE
max

- widthof O (N)
finite but large N | ~u

i Tracy-Widom
\ | y

RIGHT S
LARGE DEVIATION s

@ Prob[Amax < w, N] ~ exp [-BN2 & _(w)]

S.N. Majumdar Top eigenvalue of a random matrix: A tale of tails



Matching the Left Tail of Tracy-Widom Distribution

cumulative distribution of A

max
p(LN) TRACY-WIDOM

PW.N)=Prob.[ A < W]

WIGNER SEMI-CIRCLE
max

- widthof O (N)
finite but large N | ~u

i Tracy-Widom
\ | y

RIGHT S
LARGE DEVIATION s

e Prob[Apax < w, N] ~ exp [—BN2 CIL(W)]
e When w — /2 from below, — left tail of Tracy-Widom
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Matching the Left Tail of Tracy-Widom Distribution

cumulative distribution of A

max
P, N) TRACY-WIDOM

PW.N)=Prob.[ A < W]

WIGNER SEMI-CIRCLE
max

- widthof O (N)
finite but large N i ~

/ Tracy-Widom
\ ; Y

LARGE DEVIATION 0—””"**——»*/"
\/72 W

e Prob[Apax < w, N] ~ exp [—BN2 CIL(W)]
e When w — /2 from below, — left tail of Tracy-Widom

e As w — /2 from below, ®_(w) — % =

Prob[Amax < w, N] = exp [—%}ﬁN2/3 (w— ﬁ)ﬂ
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Matching the Left Tail of Tracy-Widom Distribution

cumulative distribution of A

max
p(LN) TRACY-WIDOM

PW.N)=Prob.[ A < W]

WIGNER SEMI-CIRCLE
max

- widthof O (N)
finite but large N i ~

i Tracy-Widom
\ ; Y

LARGE DEVIATION 0—””"**——»*/"
\/72 W

e Prob[Apax < w, N] ~ exp [—BN2 CIL(W)]

e When w — /2 from below, — left tail of Tracy-Widom

e As w — /2 from below, ®_(w) — V2w
Prob[Amax < w, N] & exp [_gm N2/3 (w — ﬁ)ﬂ

e recovers the correct left tail of TW: Fg(x) ~ exp[ff—4 Ix[*] as x = —o0
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Right Large Deviation Function: w >

e For w > /2, saddle point solution of the charge density fw(x) sticks to
the semi-circle form: f,,(x) = 1v/2 —x2 for all w > /2

= Prob[Amax < w, N] = ZZ/:/V((OVZ)) ~lasN—
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Right Large Deviation Function: w >

e For w > /2, saddle point solution of the charge density fw(x) sticks to
the semi-circle form: f,,(x) = 1v/2 —x2 for all w > /2

= Prob[Amax < w, N] = ZZ/:/V((OVZ)) ~lasN—

e For the leading finite N correction for w > /2, need a different
method: useful to probe directly the pdf (derivative of the cumulative
distribution): Prob[Ayax = w, N] for w > /2
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Right Large Deviation Function:

e For w > /2, saddle point solution of the charge density f,,(x) sticks to
the semi-circle form: f,,(x) = 1v/2 —x2 for all w > /2

éProb[Amaxgw,N]:%zlasN%oo

e For the leading finite N correction for w > /2, need a different
method: useful to probe directly the pdf (derivative of the cumulative
distribution): Prob[Apnax = w, N] for w > /2

e For w > /2 the configuration of charges that dominate this pdf is one
where the top eigenvalue A, >> all other eigenvalues

WIGNER SEMI-CIRCLE

A max
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Pulled Coulomb Gas

= P(Amax = w, N) x exp[—SN AE(w)/2] = exp[—8 N ¢ (w)]

V2
AE(w) =w? -2 /ﬂ In(w — X\) psc(N\) dX

= energy cost in pulling a charge out of the Wigner sea

psc(N) = %\/2 — A2 — Wigner density
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Pulled Coulomb Gas

= P(Amax = w, N) x exp[—SN AE(w)/2] = exp[—8 N ¢ (w)]

V2
AE(w) =w? -2 /ﬂ In(w — X\) psc(N\) dX

= energy cost in pulling a charge out of the Wigner sea

psc(N) = %\/2 — A2 — Wigner density

= ¢+(W):%W'\/W2—2+|n W\/L;/zz}

(S.M. & Vergassola, PRL, 2009, see also Ben Arous et. al. 2001)
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Pulled Coulomb Gas

= P(Amax = w, N) x exp[—SN AE(w)/2] = exp[—8 N ¢ (w)]

V2
AE(w) =w? -2 /ﬂ In(w — X\) psc(N\) dX

= energy cost in pulling a charge out of the Wigner sea

psc(N) = %\/2 — A2 — Wigner density

= ¢+(W):%W'\/W2—2+|n W\/L;/zz}

(S.M. & Vergassola, PRL, 2009, see also Ben Arous et. al. 2001)

e As w — /2 from above, ¢ (w) — 273i(w —/2)3/?
— matches with the right tail of the Tracy-Widom distribution:

Prob.[Amax = w, N] ~ exp P%h@/\/z/s (w— ﬂ)|3/2}

(W>\@)
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Pulled Coulomb Gas

= P(Amax = w, N) x exp[—SN AE(w)/2] = exp[—8 N ¢ (w)]

V2
AE(w) =w? -2 /ﬂ In(w — X\) psc(N\) dX

= energy cost in pulling a charge out of the Wigner sea

psc(N) = %\/2 — A2 — Wigner density

= ¢+(W):%W'\/W2—2+|n W\/L;/zz}

(S.M. & Vergassola, PRL, 2009, see also Ben Arous et. al. 2001)

e As w — /2 from above, ¢ (w) — 273i(w —/2)3/?
— matches with the right tail of the Tracy-Widom distribution:

Prob.[Amax = w, N] ~ exp P%h@/\/z/s (w— ﬂ)|3/2}

(W>\@)

recovers the right tail of TW: f3(x) ~ exp[—% |x|*/?] as x — o0
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Comparison with Simulations:

80

=In(P(V)

20

0 L L L
-2 -1 1 2 3

0
YN [-2N)]

N x N real Gaussian matrix (5 =1): N =10
circles — simulation points

red line — Tracy-Widom

blue line — left large deviation function (x N?)
green line — right large deviation function (xN).

S.N. Majumdar Top eigenvalue of a random matrix: A tale of tails



Summary Generalizatio

POLN) TRACY-WIDOM
WIGNER SEMI-CIRCLE

2,
N 2/3
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Summary and Generalizations

POLN) TRACY-WIDOM
WIGNER SEMI-CIRCLE

RIGHT
LARGE DEVIATION

Prob. density of the top eigenvalue: Prob. [An.x = w, N| behaves as:
~ exp [-BN*O_(w)] for V2—w~ 0(1)
~ N2/3f5 [\@N2/3 (W - \6)} for |w— \f2| ~ O(N’2/3)

~ exp[-BNdL(w)] for w—v2~ O(1)
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3-rd Order Phase Transition

Cumulative prob. of A\, .x:

exp {=BN*®_(w)} for w < v/2 pushed

1-Aexp{-BNd, (w)} for w>+/2 unpushed
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3-rd Order Phase Transition

Cumulative prob. of A\, .x:

~ Zn(w) exp {—pN?®_(w)} for w < v2 pushed

1-Aexp{-BNd, (w)} for w>+/2 unpushed

1 ¢_(W)N(\[—W)3 as w— V2
NHOC—WIn P(w,N) =

0 as w— V2
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3-rd Order Phase Transition

Cumulative prob. of A\, .x:

~ Zn(w) exp {—pN?®_(w)} for w < v2 pushed

1-Aexp{-BNd, (w)} for w>+/2 unpushed

1 ¢_(W)N(\[—W)3 as w— V2
NHOC—WIn P(w,N) =

0 as w— V2

3-rd derivative — discontinuous
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3-rd Order Phase Transition

Cumulative prob. of A\, .x:

~ Zn(w) exp { —BN*®_(w)} for w < v/2 pushed

1-Aexp{-BNd, (w)} for w>+/2 unpushed

d_(w) ~ (\[—W)3 as w— V2
lim

1
/\/HOC_WMP(W’N)_

0 as w— V2

3-rd derivative — discontinuous

e Crossover: N — 0o, w — /2 keeping (w— \ﬁ) N2/3 fixed
P(w,N) = Fz [V2N?/3 (w — v/2)] — Tracy-Widom
Analogue of the double-scaling limit in large N gauge theory

S.N. Majumdar
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Phase Diagram

[-n PJN’
A
Tracy-Widom N . Crossover
PUSHED\\ finite N (large) ,_.
. / PUSHED ' / UNPUSHED
... UNPUSHED .
/ 2 W—
N0 limit 0 - —
~ ; L
~(2-wy
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3-rd Order Phase Transition: 2-d YM

PUSHED

. crossover .

UNPUSHED

S.N. Majumdar

2—d Yang—Mills
’ . double scaling -~
I/N e
STRONG [ WEAK
.
0 /g,

inverse coupling strength

Top eigenvalue of a random mat tale of tails
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. crossover .
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2—d Yang—Mills
’ . double scaling -~
I/N e
STRONG [ WEAK
.
0 /g,

inverse coupling strength
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3-rd Order Phase Transition: 2-d YM

PUSHED

. crossover .

UNPUSHED

NP

I/N

2—d Yang—Mills

double scaling

STRONG WEAK

v
[
Vi

‘
/g,

inverse coupling strength /g ——

Similar 3-rd order phase transition in 2-d Yang-Mills theory for large N

Lattice (Wilson action with U(N)): Gross & Witten, Wadia, '80
Continuum (Heat—KerneI action): Darhuus & Olesen/Douglas & Kazakov

S.N. Majumdar
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3-rd Order Phase Transition: 2-d YM

2—d Yang—Mills
. ’ ’ > double scaling
N \‘x\crossover I/N )
PUSHED %/ UNPUSHED |
L STRONG [ WEAK
i .
Y J2 w— 0 /g,
inverse coupling strength /g ——

Similar 3-rd order phase transition in 2-d Yang-Mills theory for large N

Lattice (Wilson action with U(N)): Gross & Witten, Wadia, '80
Continuum (Heat—KerneI action): Darhuus & Olesen/Douglas & Kazakov

Left large deviation tail of A\,.x (pushed) = Strong phase of YM,
Right large deviation tail of A\j,.x (unpushed) = Weak phase of YM,
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3-rd Order Phase Transition: 2-d YM

2—d Yang—Mills
. ’ ’ > double scaling
N \‘x\crossover I/N )
PUSHED %/ UNPUSHED ,
L STRONG [ WEAK
i .
0 J2 W— 0 g,
inverse coupling strength /g ——

Similar 3-rd order phase transition in 2-d Yang-Mills theory for large N

Lattice (Wilson action with U(N)): Gross & Witten, Wadia, '80
Continuum (Heat—KerneI action): Darhuus & Olesen/Douglas & Kazakov

Left large deviation tail of A\,.x (pushed) = Strong phase of YM,
Right large deviation tail of A\j,.x (unpushed) = Weak phase of YM,

Tracy-Widom = crossover function in the double scaling regime where
(w — V/2) N2/3 — fixed
Periwal-Shevitz '90 (Wilson/Unitary), Gross-Matytsin '94 (heat kernel)
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Generalization to Wishart Matrices

e W= XX — (N x N) square covariance matrix (Wishart, 1928)
e Entries of X Gaussian: Pr[X] oc exp [—g NTr(XTX)}

[ =1 — Real entries, =2 — Complex
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Generalization to Wishart Matrices

e W= XX — (N x N) square covariance matrix (Wishart, 1928)
e Entries of X Gaussian: Pr[X] oc exp [—g NTr(XTX)}

[ =1 — Real entries, =2 — Complex

e All eigenvalues of W = XX are non-negative
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Generalization to Wishart Matrices

e W= XX — (N x N) square covariance matrix (Wishart, 1928)
e Entries of X Gaussian: Pr[X] oc exp [—g NTr(XTX)}

[ =1 — Real entries, =2 — Complex
e All eigenvalues of W = XX are non-negative

e Average density of states for large N: Marcenko-Pastur (1967)

1 4 — )\

1 N
pAN) = (& ;m =) o ) = oo
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Generalization to Wishart Matrices

e W= XX — (N x N) square covariance matrix (Wishart, 1928)
e Entries of X Gaussian: Pr[X] oc exp [—g NTr(XTX)}

[ =1 — Real entries, =2 — Complex
e All eigenvalues of W = XX are non-negative

e Average density of states for large N: Marcenko-Pastur (1967)

1 4 — )\

1 N
pAN) = (& ;m =) o ) = oo

p(}t) MARCENKO-PASTUR
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Distribution of )\ ..

MARCENKO-PASTUR

P |,
/ OWIN e (A) = 4 (as N — o0)
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Distribution of )\ ..

P(L)

: / TRACY-WIDOM

MARCENKO-PASTUR

-3
N

RIGHT

e (A\nax) =4 (as N — o0)

e typical fluctuations:
>\max -4~ O(N2/3)

distributed via — Tracy-Widom
(Johansson 2000, Johnstone 2001)

S.N. Majumdar

Top eigenvalue of a random matrix: A tale of tails



Distribution of )\ ..

MARCENKO-PASTUR

P |,
/ OWIN e (A) = 4 (as N — o0)

=213

N e typical fluctuations:
>\max -4~ O(N2/3)

distributed via — Tracy-Widom
(Johansson 2000, Johnstone 2001)

e For large deviations: A\j.x — 4 ~ O(1)

exp {—BN*W_(w)} for w<4
P (Amax = w, N) =
exp{—pNV, (w)} for w>4
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Distribution of )\ ..

MARCENKO-PASTUR

P |,
/ OWIN e (A) = 4 (as N — o0)

=213

N e typical fluctuations:
>\max -4~ O(N2/3)

distributed via — Tracy-Widom
(Johansson 2000, Johnstone 2001)

e For large deviations: A\j.x — 4 ~ O(1)

exp {—BN*W_(w)} for w<4
P (Amax = w, N) =
exp{—pNV, (w)} for w>4

e V_(w) and W (w) — computed exactly
(Vivo, S.M. & Bohigas 2007, S.M. & Vergassola 2009)
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Exact Left and Right Large Deviation Functions

Using Coulomb gas + Saddle point method for large N:

e Left large deviation function:

vow)=in| 2] - 222 W<

w

(Vivo, S.M. and Bohigas, 2007)
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Exact Left and Right Large Deviation Functions

Using Coulomb gas + Saddle point method for large N:

e Left large deviation function:

vow)=in| 2] - 222 W<

w

(Vivo, S.M. and Bohigas, 2007)

e Right large deviation function:

Vi (w) = W(W4_ 4) +In

2

W_Z_ml Ve

(S.M. and Vergassola, 2009)
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Experimental Verification with Coupled Lasers

s with coupled

Measuring maximal eigenvalue distribution of Wishart random matric
lasers

Moti Fridman, Rami Pugatch, Micha Nixon, Asher A. Friesem, and Nir Davidson*
Weizmann Institute of Science, Dept. of Physics of Comples Systems, Rehovot 76100, Israel
(Dated: May 30, 2011)

We determined the probability distribution of the combined output power from twenty five coupled
fiber lasers and show that it agrees well with the Tracy-Widom, Majumdar-Vergassola and Vivo-
Majumdar-Bohigas distributions of the largest eigenvalue of Wishart random matrices with no
fitting parameters. This was achieved with 500,000 measurements of the combined output power
from the fiber lasers, that continuously changes with variations of the fiber lasers lengths. We
show experimentally that for small deviations of the combined output power over its mean value
the Tracy-Widom distribution is correct, while for large deviations the Majumdar-Vergassola and
Vivo-Majumdar-Bohigas distributions are correct.

laser1  EW / reG
FBGH—— (D 3

Laser 2

.
Laser 25
FBG

Probability distribution

Scaled output power
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Experimental Verification with Coupled Lasers

| ®e o
N ®00
10 r olORO

Probability distribution

% -4 =2 0 2 4 6
Scaled output power
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Experimental Verification with Coupled Lasers

Probability distribution

10
w0’
Uk L L n L i L AS)
-6 -4 2 0 2 4 6 8
Scaled output power
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Experimental Verification with Coupled Lasers

Fv‘idman eb.al. GrXiv.i012.1282

Probability density
(=] o S
¢ o 2 o ¢
G - & e B

(=3

-6 -4 -2 0 2 4 6 8
Scaled output power
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Other Problems with -rd Order Phase Transitions
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Other Problems with -rd Order Phase Transitions

e Bipartite Entanglement of a Random Pure State

Probability distribution of entanglement entropy

Nadal, S.M. & Vergassola, PRL, 110501 (2010); J. Stat. Phys. 142, 403 (2011)
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Other Problems with -rd Order Phase Transitions

e Bipartite Entanglement of a Random Pure State

Probability distribution of entanglement entropy

Nadal, S.M. & Vergassola, PRL, 110501 (2010); J. Stat. Phys. 142, 403 (2011)

e Conductance and Shot Noise in Mesoscopic Cavities
Random S-matrix: Distribution of Conductance and Shot Noise

Vivo, S.M. & Bohigas, PRL, 101, 216809 (2008), PRB, 81, 104202 (2010)
Damle, S.M., Tripathy, & Vivo, PRL, 107, 177206 (2011)
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Other Problems with -rd Order Phase Transitio

e Bipartite Entanglement of a Random Pure State

Probability distribution of entanglement entropy

Nadal, S.M. & Vergassola, PRL, 110501 (2010); J. Stat. Phys. 142, 403 (2011)

e Conductance and Shot Noise in Mesoscopic Cavities
Random S-matrix: Distribution of Conductance and Shot Noise

Vivo, S.M. & Bohigas, PRL, 101, 216809 (2008), PRB, 81, 104202 (2010)
Damle, S.M., Tripathy, & Vivo, PRL, 107, 177206 (2011)

e Non-Intersecting Brownian Motions and Random Matrices
— relation to 2-d Yang-Mills gauge theory

Schehr, S.M., Comtet, Randon-Furling, PRL, 101, 150601 (2008)
Forrester, S.M. & Schehr, Nucl. Phys. B 844, 500 (2011)
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Conclusions

e 3-rd order phase transition = ubiquitous

charge droplet with square-root edge hits a hard wall

e Close to the critical point (double-scaling) = Painlevé-I
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Left Large Deviation: Beyond the Leading Order

e On the left side: A\pax < V2

S.N. Majumdar Top eigenvalue of a random matrix: A tale of tails



Left Large Deviation: Beyond the Leading Order

e On the left side: A\pax < V2

Adapting ‘loop (Pastur) equations’ approach developed by Chekov,
Eynard and collaborators:
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Left Large Deviation: Beyond the Leading Order

e On the left side: A\pax < V2

Adapting ‘loop (Pastur) equations’ approach developed by Chekov,
Eynard and collaborators:

—In[Prob(Apax = w, N)] = B&_(w) N> + (8 —2)dy(w) N +
+ ¢pIn N+ &(B,w) + O(L/N)

where explicit expressions for ®1(w), ¢3 and ®2(3, w) were obtained
recently (Borot, Eynard, S.M., & Nadal, JSTAT, P11024 (2011))
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Left Large Deviation: Beyond the Leading Order

e On the left side: A\pax < V2

Adapting ‘loop (Pastur) equations’ approach developed by Chekov,
Eynard and collaborators:

—In[Prob(Apax = w, N)] = B&_(w) N> + (8 —2)dy(w) N +
+ ¢pIn N+ &(B,w) + O(L/N)

where explicit expressions for ®1(w), ¢3 and ®2(3, w) were obtained
recently (Borot, Eynard, S.M., & Nadal, JSTAT, P11024 (2011))

o Setting w = /2 + 27 /2 N=2/3 x (with x < 0) gives the left tail
(x = —o0) estimate of the TW density for all 8
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Left Large Deviation: Beyond the Leading Order

e On the left side: A\pax < V2

Adapting ‘loop (Pastur) equations’ approach developed by Chekov,
Eynard and collaborators:

—In[Prob(Apax = w, N)] = B&_(w) N> + (8 —2)dy(w) N +
+ ¢pIn N+ &(B,w) + O(L/N)

where explicit expressions for ®1(w), ¢3 and ®2(3, w) were obtained
recently (Borot, Eynard, S.M., & Nadal, JSTAT, P11024 (2011))

o Setting w = /2 + 27 /2 N=2/3 x (with x < 0) gives the left tail
(x = —o0) estimate of the TW density for all 8

Prob. [/\me <24 27Y2N-2/3 X}
7y |x|(BH4-68)/28 ey {_5% + YA5=2) |X|3/2}
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Left Large Deviation: Beyond the Leading Order

e On the left side: A\pax < V2

Adapting ‘loop (Pastur) equations’ approach developed by Chekov,
Eynard and collaborators:

—In[Prob(Apax = w, N)] = B&_(w) N> + (8 —2)dy(w) N +
+ ¢pIn N+ &(B,w) + O(L/N)

where explicit expressions for ®1(w), ¢3 and ®2(3, w) were obtained
recently (Borot, Eynard, S.M., & Nadal, JSTAT, P11024 (2011))

o Setting w = /2 + 27 /2 N=2/3 x (with x < 0) gives the left tail
(x = —o0) estimate of the TW density for all 8
Prob. [/\me <24 27Y2N-2/3 X}

7y |x|(BH4-68)/28 ey {_5% + YA5=2) |X|3/2}

where the constant 75 is —
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The constant 7;

1 2 2 1 2
Intg = <_25<B2;4)> In(2)—4|n(7T§>+
i
2

6 x coth(x/2) — 12 — x?
d
* /0 x [ 12x2(ePx/2 1)

(Borot, Eynard, S.M., & Nadal, 2011)
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The constant 7;

1 2 2 1 2
Intg = <_25<B2;4)> In(2)—4|n(7T§>+
i
2

6 x coth(x/2) — 12 — x?
d
* /0 x [ 12x2(ePx/2 1)

(Borot, Eynard, S.M., & Nadal, 2011)

For 0 =1,2and 4

— agrees with Baik, Buckingham and DiFranco (2008)
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Right Large Deviation: Beyond the Leading Order

e On the right side: A\ > V2

Using an ‘orthogonal polynomial’ (with an upper cut-off) method (for
[ = 2) and adapting the techniques used by Gross and Matytsin, '94 in
the context of two-dimensional Yang-Mills theory

1 e—2N¢+(W)

Prob(Apax = w, N) =~
( )% 2 (2= 2)
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Right Large Deviation: Beyond the Leading Order

e On the right side: A\ > V2

Using an ‘orthogonal polynomial’ (with an upper cut-off) method (for
[ = 2) and adapting the techniques used by Gross and Matytsin, '94 in
the context of two-dimensional Yang-Mills theory

1 e—2N¢+(W)
2mv2 (w2 —2)
where &, (w) — Lwy/iZ =2 + In [ =72

(C. Nadal and S.M., JSTAT, P04001, 2011)

Prob(Amax = w, N) =
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Right Large Deviation: Beyond the Leading Order

e On the right side: A\ > V2

Using an ‘orthogonal polynomial’ (with an upper cut-off) method (for
[ = 2) and adapting the techniques used by Gross and Matytsin, '94 in
the context of two-dimensional Yang-Mills theory

1 e—2N¢+(W)
2mv2 (w2 —2)
where &, (w) — Lwy/iZ =2 + In [ =72

(C. Nadal and S.M., JSTAT, P04001, 2011)

Prob(Amax = w, N) =

Close to w — ﬁ+, this gives
Prob. [)\max <V2427V2N2/3 X} — —m e—(4/3)x*?
— precise asymptotics of the right tail of TW for § = 2 (Baik, 2006)
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e On the right side: A\ > V2

Using an ‘orthogonal polynomial’ (with an upper cut-off) method (for
[ = 2) and adapting the techniques used by Gross and Matytsin, '94 in
the context of two-dimensional Yang-Mills theory

1 e—2N¢+(W)
2mv2 (w2 —2)
where &, (w) — Lwy/iZ =2 + In [ =72

(C. Nadal and S.M., JSTAT, P04001, 2011)

Prob(Amax = w, N) =

Close to w — ﬁ+, this gives

Prob. [)\max <V2427V2N2/3 X} — —m e—(4/3)x*?

— precise asymptotics of the right tail of TW for § = 2 (Baik, 2006)

e For general 3, precise right tail of TW — obtained recently
(Dumaz and Virag, 2011)
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Right Large Deviation: Beyond the Leading Order

e On the right side: A\ > V2

Using an ‘orthogonal polynomial’ (with an upper cut-off) method (for
[ = 2) and adapting the techniques used by Gross and Matytsin, '94 in
the context of two-dimensional Yang-Mills theory

1 e—2N¢+(W)
2mv2 (w2 —2)
where &, (w) — Lwy/iZ =2 + In [ =72

(C. Nadal and S.M., JSTAT, P04001, 2011)

Prob(Amax = w, N) =

Close to w — ﬁ+, this gives

Prob. [)\max <V2427V2N2/3 X} — —m e—(4/3)x*?

— precise asymptotics of the right tail of TW for § = 2 (Baik, 2006)

e For general 3, precise right tail of TW — obtained recently
(Dumaz and Virag, 2011)

e As a bonus, our method also provides a ‘simpler’ derivation of TW
distribution for 5 =2  (Nadal and S.M., 2011)
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