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Random Matrices in Nuclear Physics
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: replace complex H by random matrix

S.N. Majumdar Top eigenvalue of a random matrix: A tale of tails



Applications of Random Matrices

Physics: nuclear physics, quantum chaos, disorder and localization,
mesoscopic transport, optics/lasers, quantum entanglement, neural
networks, gauge theory, QCD, matrix models, cosmology, string theory,
statistical physics (growth models, interface, directed polymers...), ....

Mathematics: Riemann zeta function (number theory), Voiculescu’s free
probability theory, combinatorics and knot theory, determinantal points
processes, integrable systems, ...

Statistics: multivariate statistis, principal component analysis (PCA),
image processing, data compression, Bayesian model selection, ...

Information Theory: signal processing, wireless communications, ..

Biology: sequence matching, RNA folding, gene expression network ...

Economics and Finance: time series analysis,....

Recent Ref: The Oxford Handbook of Random Matrix Theory

ed. by G. Akemann, J. Baik and P. Di Francesco (2011)
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Plan

• Top eigenvalue λmax of a Gaussian random matrix ⇒ origin

• Prob. distr. of λmax ⇐⇒ Coulomb gas with a wall

Limiting distribution: Tracy-Widom

physics of large deviation tails: left tail (pushed Coulomb gas)
right tail (unpushed Coulomb gas)

⇒ 3-rd order phase transition: Pushed ⇐⇒Unpushed

• Similar 3-rd order phase transition in 2− d large N gauge theory

Gross-Witten-Wadia transition (U(N) lattice)
Durhuss-Olesen/Douglas-Kazakov transition (continuum Yang-Mills)

−→ ubiquitous

• Extension to Wishart matrices
⇒ Recent experiments in coupled fiber lasers system

Weizmann Institute (group of N. Davidson)

• Summary and Conclusions
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A Trivial Problem
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• PN = Prob[λ1 ≤ 0, λ2 ≤ 0, . . . , λN ≤ 0]= 2−N= exp[−(ln 2)N]
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A Nontrivial Problem
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]

• PN = Prob[λ1 ≤ 0, λ2 ≤ 0, . . . , λN ≤ 0]= Prob[λmax ≤ 0] = ?

[R.M. May, Nature, 238, 413 (1972)—–Ecosystems]

[Cavagna et. al. 2000, Fyodorov & Williams 2007,——Glassy systems]

[Susskind 2003, Douglas et. al. 2004, Aazami & Easther 2006, Marsh et. al. 2011,—String theory]

[Beltrani 2007, Dedieu & Malajovich, 2007, Houdre 2011—-Random Polynomials, Random Words
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Results for PN:

• PN = Prob[λ1 ≤ 0, λ2 ≤ 0, . . . , λN ≤ 0] = ?

• N = 1: P1 = 1/2 = 0.5 (trivially)

• N = 2: P2 = 2−
√

2
4 = 0.146447..

• N = 3: P3 = π−2
√

2
4π = 0.0249209..

(Beltrani 2007, Dedieu & Malajovich, 2007)

Question: How does PN decay for large N, i.e., PN →? as N →∞

• Based on numerics, Aazami & Easther (2006) predicted for large N:

PN ∼ exp[−θN2] with θnum ≈ 0.27

→ very small probability → RARE EVENT

• Exact result: θ =
1

4
ln(3) = 0.274653.. (Dean and S.M., 2006)

More generally, for β = 1 (GOE), β = 2 (GUE) and β = 4 (GSE)

PN ∼ exp[−βθN2] for large N
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Complex Landscapes

A particle moving in a N-dimensional landscape: V (y1, y2, . . . , yN)

dyi
dt = −∇yiV

Spin glasses, Structural glasses, Supercooled liquids, String landscapes

• Stationary point (fixed pt.) y∗: ∇V = 0 at y = y∗

• Near a stationary point: V ({yi}) ≈
∑
i,j

Hi,j(yi − y∗i )(yj − y∗j )

Hessian matrix: Hi,j ≡
[
∂2V
∂yi∂yj

]
• Eigenvalues of the Hessian (stability) matrix determines the nature

of the stationary point:

=⇒ Local Minimum, Local Maximum & Saddles
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Eigenvalues of the Hessian Matrix

Examples:

• N = 1-dimensional surface: Hessian matrix H = ∂2V
∂y2

If ∂2V
∂y2 < 0 → Local Maximum; if ∂2V

∂y2 > 0 → Local Minimum

• N = 2-dimensional surface: Hessian matrix H ≡

(
∂2V
∂y2

1

∂2V
∂y1∂y2

∂2V
∂y2∂y1

∂2V
∂y2

2

)

Two real eigenvalues: (λ1, λ2)

If λ1 < 0 and λ2 < 0 → Local Maximum

If λ1 > 0 and λ2 > 0 → Local Minimum

λ1 < 0, λ2 > 0

λ1 > 0, λ2 < 0

}
→ Saddle
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Fraction of Local Maximum/Minimum in Random
Hessian Model

• Random (N × N) Hessian Model: H ≡
[
∂2V
∂yi∂yj

]
H → (N × N) real symmetric random matrix

• If the entries are Gaussian: H → (GOE)

[Cavagna et. al. (2000), ...., Aazami & Easther (2006)]

• In the random Hessian model

PN= Fraction of Local Maxima/Minima

=Prob[λ1 < 0, λ2 < 0, . . . , λN < 0]

=Prob[λmax < 0]

−−−−→
N→∞

exp[−θN2] → very small

• −→ Most of the stationary points → Saddles
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Gaussian Random Matrices

• (N × N) Gaussian random matrix: X ≡ [xi,j ]

• Ensembles: Orthogonal (GOE), Unitary (GUE) or Symplectic (GSE)

• Prob[xi,j ] ∝ exp
[
−β2 N Tr(X ,X )

]
where β = 1 (GOE), β = 2 (GUE) or β = 4 (GSE)

• N real eigenvalues {λ1, λ2, . . . , λN} → correlated random variables

• Joint distribution of eigenvalues (Wigner, 1951)

P(λ1, λ2, . . . , λN) =
1

ZN
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2
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λ2
i

] ∏
j<k

|λj − λk |β

• where ZN = Partition Function
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. . .

∫ ∞
−∞
{
∏
i
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Coulomb Gas Interpretation

• ZN=∫ ∞
−∞

. . .

∫ ∞
−∞
{
∏
i

dλi} exp

−β
2


N∑
i=1

N λ2
i −

∑
j 6=k

log |λj − λk |




• 2-d Coulomb gas confined to a line (Dyson) with β → inverse temp.

λ1
λ2 λ3 λ

Ν

λ

confining

parabolic

potential

• Balance of energy ⇒ N2 λ2 ∼ N2

• Typical eigenvalue: λtyp ∼ O(1) for large N
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Spectral Density: Wigner’s Semicircle Law

• Av. density of states: ρ(λ,N) = 〈 1

N

N∑
i=1

δ(λ− λi )〉

• Wigner’s Semi-circle: ρ(λ,N) −−−−→
N→∞

ρ(λ) =
1

π

√
2− λ2

WIGNER  SEMI−CIRCLE

0

SEA

ρ( λ)

− 2 2

λ

• 〈λmax〉 =
√

2 for large N.

• λmax fluctuates from one sample to another. Prob[λmax,N] = ?
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Distribution for λmax

λ
0

TRACY−WIDOM

WIGNER SEMI−CIRCLE

SEA

− 2 2

N
−2/3

ρ(λ ),Ν
P(

2

1

0

)N,w

width of O (N
−2/3)

finite but large N

= Prob.[ λ
max

< w ]

cumulative distribution of λ max

Tracy−Widom

w

• 〈λmax〉 =
√

2 ; typical fluctuation: |λmax −
√

2| ∼ N−2/3 (small)

• typical fluctuations are distributed via Tracy-Widom (1994):

• cumulative distribution: Prob[λmax ≤ w ,N]→ Fβ
(√

2N2/3 (w −
√

2)
)

• Prob. density (pdf): fβ(x) = dFβ(x)/dx

• Fβ(x)→ obtained from solution of Painlevé-II equation
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Tracy-Widom distribution (1994)

The scaling function Fβ(x) has the expression:

• β = 1: F1(x) = exp
[
− 1

2

∫∞
x

[
(y − x)q2(y) + q(y)

]
dy
]

• β = 2: F2(x) = exp
[
−
∫∞
x

(y − x)q2(y) dy
]

• β = 4: F4(x) = exp
[
− 1

2

∫∞
x

(y − x)q2(y) dy
]

cosh
[

1
2

∫∞
x

q(y) dy
]

d2q
dy2 = 2 q3(y) + y q(y) with q(y)→ Ai(y) as y →∞ → Painlevé-II

• Probability density: fβ(x) = dFβ(x)/dx
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Tracy-Widom Distribution for λmax

-4 -2 0 2
x

0.1

0.2

0.3

0.4

0.5

Probability densities f(x)

β = 1

β = 2

β = 4

• Tracy-Widom density fβ(x) depends explicitly on β.

• Asymptotics: fβ(x) ∼ exp
[
− β

24 |x |
3
]

as x → −∞

∼ exp
[
− 2β

3 x3/2
]

as x →∞

Applications: Growth models, Directed polymer, Sequence Matching .....
(Amir, Baik, Borodin, Borot, Calabrese, Comtet, Corwin, Deift, Dotsenko, Dumitriu, Edelman,

Ferrari, Forrester, Johansson, Johnstone, Le doussal, Nadal, Nechaev, O’Connell, Péché, Prähofer,

Quastel, Rains, Rambeau, Rosso, Sano, Sasamoto, Schehr, Spohn, Takeuchi, Virag, Vivo,..)
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Probability of Large Deviations of λmax:

ρ (λ, Ν)

λ
0

TRACY−WIDOM

WIGNER SEMI−CIRCLE

N

LARGE DEVIATION

LEFT

RIGHT

LARGE DEVIATION

−2/3

− 2 2

P(

2

1

0

)N,w

width of O (N
−2/3)

finite but large N

= Prob.[ λ
max

< w ]

cumulative distribution of λ max

Tracy−Widom

w

• Tracy-Widom law Prob[λmax ≤ w ,N]→ Fβ
(√

2N2/3 (w −
√

2)
)

describes the prob. of typical (small) fluctuations of ∼ O(N−2/3)
around the mean

√
2, i.e., when |λmax −

√
2| ∼ N−2/3

• Q: How to describe the prob. of large (atypical) fluctuations?

• Ex: PN = Prob[λmax ≤ 0, N] = Prob[λ1 ≤ 0, λ2 ≤ 0, . . . , λN ≤ 0]

⇒ w = 0, i.e., fluctuation=w −
√

2 = −
√

2
large compared to typical O(N−2/3)
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A simple example of large deviation tails

• Let M → no. of heads in N tosses of an unbiased coin

• Clearly P(M,N) =
(
N
M

)
2−N (M = 0, 1, . . . ,N) → binomial distribution

with mean= 〈M〉 = N
2 and variance=σ2 = 〈

(
M − N

2

)2〉 = N
4

• typical fluctuations M − N
2 ∼ O(

√
N) are well described

by the Gaussian form: P(M,N) ∼ exp
[
− 2

N

(
M − N

2

)2
]

• Atypical large fluctuations M − N
2 ∼ O(N) are not described by

Gaussian form

• Setting M/N = x and using Stirling’s formula N! ∼ NN+1/2e−N gives

P(M = Nx ,N) ∼ exp [−NΦ(x)] where

Φ(x) = x log(x) + (1− x) log(1− x) + log 2 → large deviation function

• Φ(x) → symmetric with a minimum at x = 1/2 and
for small arguments |x − 1/2| << 1, Φ(x) ≈ 2(x − 1/2)2

→ recovers the Gaussian form near the peak
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Large Deviation Tails of λmax: Summary of Results

ρ (λ, Ν)

λ
0

TRACY−WIDOM

WIGNER SEMI−CIRCLE

N

LARGE DEVIATION

LEFT

RIGHT

LARGE DEVIATION

−2/3

− 2 2

Prob. density of the top eigenvalue: Prob. [λmax = w ,N] behaves as:

∼ exp
[
−βN2Φ−(w)

]
for

√
2− w ∼ O(1)

∼ N2/3fβ
[√

2N2/3
(
w −

√
2
)]

for |w −
√

2| ∼ O(N−2/3)

∼ exp [−βNΦ+(w)] for w −
√

2 ∼ O(1)
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Exact Left and Right Large Deviation Functions

Using Coulomb gas + Saddle point method for large N:

• Left large deviation function:

Φ−(w) =
1

108

[
36w2 − w4 − (15w + w3)

√
w2 + 6

+ 27
(

ln(18)− 2 ln(w +
√

6 + w2)
)]

where w <
√

2

Dean & S.M., PRL, 97, 160201 (2006)

In particular, as w →
√

2 (from left), φ−(w)→ 1
6
√

2
(
√

2− w)3

• Right large deviation function:

Φ+(w) =
1

2
w
√
w2 − 2 + ln

[
w −

√
w2 − 2√
2

]
where w >

√
2

S.M. & Vergassola, PRL, 102, 060601 (2009)

Ben Arous, Dembo & Guionnet, Prob. Th. Rel. Fields, 120, 1 (2001)
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Distribution of λmax: Coulomb Gas Method

Prob[λmax ≤ w , N] = Prob[λ1 ≤ w , λ2 ≤ w , . . . , λN ≤ w ] =
ZN(w)

ZN(∞)

ZN(w) =

∫ w

−∞
. . .

∫ w

−∞
{
∏
i

dλi} exp

−β
2

N
N∑
i=1

λ2
i −

∑
j 6=k

log |λj − λk |




λ

denominator

WALL

numerator

λ
w
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Setting up the Saddle Point Method

• ZN(w) ∝
∫ w

−∞

∏
i

dλi exp
[
−βN2E ({λi})

]
E ({λi}) =

1

2N

∑
i

λ2
i −

1

2N2

∑
j 6=k

log |λj − λk |

• Introduce counting function (density): f (x) = 1
N

∑
i δ(x − λi )

• as N →∞ → discrete sum → continuous integral:

E [f (x)] =

∫ w

−∞
x2 f (x) dx −

∫ w

−∞

∫ w

−∞
ln |x − x ′| f (x) f (x ′) dx dx ′

ZN(w) ∝
∫
Df (x) exp

[
−β N2

{
E [f (x)] + C

(∫
f (x)dx − 1

)}
+ O(N)

]
• for large N, minimize the action S [f (x)] = E [f (x)] + C [

∫
f (x)dx − 1]

Saddle Point Method: δS
δf = 0→ fw (x) ⇒

ZN(w) ∼ exp
[
−βN2S [fw (x)]

]
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Saddle Point Solution

• saddle point δS
δf = 0⇒

x2 − 2

∫ w

−∞
f (x ′) ln |x − x ′| dx ′ + C = 0

• Taking a derivative w.r.t. x gives a singular integral Eq.

• x = P
∫ w

−∞

fw (y) dy

x − y
for x ∈ [−∞,w ] → Semi-Hilbert transform

→ Inverse electrostatic problem → Given the potential x find the charge
density fw (x) (though not quite!)

• General method for solving such singular integral equations:

• Resolvent Method → (Brezin, Itzykson, Parisi, Zuber, 1978)

• Explicit solution (single support case) → (Tricomi , 1957)
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Tricomi Solution

Assuming finite support of f (x) over [a, b]

• U(x) = P
∫ b

a

f (y) dy

x − y
for x ∈ [a, b]

• General solution (Tricomi, ’57):

f (x) = − 1

π2
√

(b − x)(x − a)

[
P
∫ b

a

√
(b − x ′)(x ′ − a)

x − x ′
U(x ′) dx ′ + B

]

for x ∈ [a, b] where B → arbitrary constant

• In our problem, U(x) = x and b = w (wall position) and we assume
a = −L1(w)
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Exact Saddle Point Solution

• Exact solution (Dean and S.M., 2006, 2008):

fw (x) =

√
x + L1(w)

2π
√
w − x

[w + L1(w)− 2x ]

where −L1(w) ≤ x ≤ w and L1(w) = [2
√
w2 + 6− w ]/3

• When w →∞, L1(w)→
√

2 and f∞(x) =
√

2− x2/π → semicircle

0

f  (x)
w

WALL

0

f  (x) SEMICIRCLE

(w)
1−L

w

λ

− 2 2w
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Left Large Deviation Function

Prob[λmax ≤ w ,N] =
ZN(w)

ZN(∞)
∼ exp

[
−βN2 {S [fw (x)]− S [f∞(x)]}

]
∼ exp

[
−β N2 Φ−(w)

]

lim
N→∞

− 1

N2
ln [P(w ,N)] = Φ−(w) → left large deviation function

physically Φ−(w) = energy cost in pushing the Coulomb gas

Φ−(w) =
1

108

[
36w2 − w4 − (15w + w3)

√
w2 + 6

+ 27
(

ln(18)− 2 ln(w +
√

6 + w2)
)]

for w <
√

2

= 0 for w ≥
√

2

(Dean & S.M., 2006,2008)

Note also that Φ−(w) ≈ 1
6
√

2
(
√

2− w)3 as w →
√

2 from below
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Matching the Left Tail of Tracy-Widom Distribution

ρ (λ, Ν)

λ
0

TRACY−WIDOM

WIGNER SEMI−CIRCLE

N

LARGE DEVIATION

LEFT

RIGHT

LARGE DEVIATION

−2/3

− 2 2

P(

2

1

0

)N,w

width of O (N
−2/3)

finite but large N

= Prob.[ λ
max

< w ]

cumulative distribution of λ max

Tracy−Widom

w

• Prob[λmax ≤ w ,N] ∼ exp
[
−βN2 Φ−(w)

]
• When w →

√
2 from below, → left tail of Tracy-Widom

• As w →
√

2 from below, Φ−(w)→ (
√

2−w)3

6
√

2
⇒

Prob[λmax ≤ w ,N] ≈ exp
[
− β

24

∣∣√2N2/3 (w −
√

2)
∣∣3]

• recovers the correct left tail of TW: Fβ(x) ∼ exp[− β
24 |x |

3] as x → −∞
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Right Large Deviation Function: w >
√
2

• For w ≥
√

2, saddle point solution of the charge density fw (x) sticks to
the semi-circle form: fw (x) = 1

π

√
2− x2 for all w ≥

√
2

⇒ Prob[λmax ≤ w ,N] = ZN (w)
ZN (∞) ≈ 1 as N →∞

• For the leading finite N correction for w >
√

2, need a different
method: useful to probe directly the pdf (derivative of the cumulative
distribution): Prob[λmax = w ,N] for w >

√
2

• For w >
√

2 the configuration of charges that dominate this pdf is one
where the top eigenvalue λmax >> all other eigenvalues
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Right Large Deviation Function: w >
√
2

• For w ≥
√

2, saddle point solution of the charge density fw (x) sticks to
the semi-circle form: fw (x) = 1

π

√
2− x2 for all w ≥

√
2

⇒ Prob[λmax ≤ w ,N] = ZN (w)
ZN (∞) ≈ 1 as N →∞

• For the leading finite N correction for w >
√

2, need a different
method: useful to probe directly the pdf (derivative of the cumulative
distribution): Prob[λmax = w ,N] for w >

√
2

• For w >
√

2 the configuration of charges that dominate this pdf is one
where the top eigenvalue λmax >> all other eigenvalues
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Pulled Coulomb Gas

⇒ P(λmax = w ,N) ∝ exp[−βN ∆E (w)/2] = exp[−β N Φ+(w)]

∆E (w) = w2 − 2

∫ √2

−
√

2

ln(w − λ) ρsc(λ) dλ

⇒ energy cost in pulling a charge out of the Wigner sea

ρsc(λ) = 1
π

√
2− λ2 → Wigner density

⇒ Φ+(w) =
1

2
w
√

w2 − 2 + ln

[
w −

√
w2 − 2√
2

]
(w >

√
2)

(S.M. & Vergassola, PRL, 2009, see also Ben Arous et. al. 2001)

• As w →
√

2 from above, Φ+(w)→ 27/4

3 (w −
√

2)3/2

→ matches with the right tail of the Tracy-Widom distribution:

Prob.[λmax = w ,N] ≈ exp
[
− 2β

3

∣∣√2N2/3 (w −
√

2)
∣∣3/2
]

recovers the right tail of TW: fβ(x) ∼ exp[− 2β
3 |x |

3/2] as x →∞
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Comparison with Simulations:

−2 −1 0 1 2 3
y=N

−1/2
[t−(2N)

1/2
]

0

20

40

60

80

−
ln

(P
(t

))

N × N real Gaussian matrix (β = 1): N = 10

circles → simulation points

red line → Tracy-Widom

blue line → left large deviation function (×N2)

green line → right large deviation function (×N).
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Summary and Generalizations

ρ (λ, Ν)

λ
0

TRACY−WIDOM

WIGNER SEMI−CIRCLE

N

LARGE DEVIATION

LEFT

RIGHT

LARGE DEVIATION

−2/3

− 2 2

Prob. density of the top eigenvalue: Prob. [λmax = w ,N] behaves as:

∼ exp
[
−βN2Φ−(w)

]
for

√
2− w ∼ O(1)

∼ N2/3fβ
[√

2N2/3
(
w −

√
2
)]

for |w −
√

2| ∼ O(N−2/3)

∼ exp [−βNΦ+(w)] for w −
√

2 ∼ O(1)
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3-rd Order Phase Transition

Cumulative prob. of λmax:

P(w ,N) =
ZN(w)

ZN(∞)
≈

 exp
{
−βN2Φ−(w)

}
for w <

√
2 pushed

1− A exp {−βNΦ+(w)} for w >
√

2 unpushed

lim
N→∞

− 1

βN2
lnP(w ,N) =


Φ−(w) ∼

(√
2− w

)3
as w →

√
2
−

0 as w →
√

2
+

3-rd derivative → discontinuous

• Crossover: N →∞, w →
√

2 keeping (w −
√

2)N2/3 fixed

P(w ,N)→ Fβ
[√

2N2/3
(
w −

√
2
)]
→ Tracy-Widom

Analogue of the double-scaling limit in large N gauge theory
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Phase Diagram

��
��
��
��

����������������������������������������������
w2

N limit

[−ln P]/N
2

Tracy−Widom

~ ( 2
_w)

3

finite N (large)
PUSHED

UNPUSHED

��
��
��
��

1
N

0
w2

PUSHED UNPUSHED

crossover
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3-rd Order Phase Transition: 2-d YM

��
��
��
��

1
N

0
w2

PUSHED UNPUSHED

crossover

�
�
�
�

1/N

0

2−d Yang−Mills 

STRONG WEAK

double scaling

g
c

1/

inverse coupling strength 1/g

Similar 3-rd order phase transition in 2-d Yang-Mills theory for large N

• Lattice (Wilson action with U(N)): Gross & Witten, Wadia, ’80

• Continuum (Heat-Kernel action): Darhuus & Olesen/Douglas & Kazakov

Left large deviation tail of λmax (pushed) ≡ Strong phase of YM2

Right large deviation tail of λmax (unpushed) ≡ Weak phase of YM2

Tracy-Widom ≡ crossover function in the double scaling regime where
(w −

√
2)N2/3 → fixed

Periwal-Shevitz ’90 (Wilson/Unitary), Gross-Matytsin ’94 (heat kernel)
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Generalization to Wishart Matrices

• W = X †X → (N × N) square covariance matrix (Wishart, 1928)

• Entries of X Gaussian: Pr[X ] ∝ exp
[
−β2 N Tr(X †X )

]
β = 1 → Real entries, β = 2 → Complex

• All eigenvalues of W = X †X are non-negative

• Average density of states for large N: Marcenko-Pastur (1967)

ρ(λ,N) = 〈 1

N

N∑
i=1

δ(λ− λi )〉 −−−−→
N→∞

ρ(λ) =
1

2π

√
4− λ
λ

λ

ρ(λ) MARCENKO−PASTUR

0 4
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Distribution of λmax

λ

ρ(λ)

0 4

N
−2/3

TRACY−WIDOM

MARCENKO−PASTUR

LEFT

RIGHT

• 〈λmax〉 = 4 (as N →∞)

• typical fluctuations:
λmax − 4 ∼ O(N2/3)

distributed via → Tracy-Widom
(Johansson 2000, Johnstone 2001)

• For large deviations: λmax − 4 ∼ O(1)

P (λmax = w ,N) ≈

 exp
{
−βN2Ψ−(w)

}
for w < 4

exp {−βNΨ+(w)} for w > 4

• Ψ−(w) and Ψ+(w) → computed exactly

(Vivo, S.M. & Bohigas 2007, S.M. & Vergassola 2009)
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• For large deviations: λmax − 4 ∼ O(1)

P (λmax = w ,N) ≈

 exp
{
−βN2Ψ−(w)

}
for w < 4

exp {−βNΨ+(w)} for w > 4

• Ψ−(w) and Ψ+(w) → computed exactly

(Vivo, S.M. & Bohigas 2007, S.M. & Vergassola 2009)
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Exact Left and Right Large Deviation Functions

Using Coulomb gas + Saddle point method for large N:

• Left large deviation function:

Ψ−(w) = ln

[
2

w

]
− w − 4

8
− (w − 4)2

64
w ≤ 4

(Vivo, S.M. and Bohigas, 2007)

• Right large deviation function:

Ψ+(w) =

√
w(w − 4)

4
+ ln

[
w − 2−

√
w(w − 4)

2

]
w ≥ 4

(S.M. and Vergassola, 2009)
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Other Problems with 3-rd Order Phase Transitions

• Bipartite Entanglement of a Random Pure State

Probability distribution of entanglement entropy

Nadal, S.M. & Vergassola, PRL, 110501 (2010); J. Stat. Phys. 142, 403 (2011)

• Conductance and Shot Noise in Mesoscopic Cavities

Random S-matrix: Distribution of Conductance and Shot Noise

Vivo, S.M. & Bohigas, PRL, 101, 216809 (2008), PRB, 81, 104202 (2010)

Damle, S.M., Tripathy, & Vivo, PRL, 107, 177206 (2011)

• Non-Intersecting Brownian Motions and Random Matrices

→ relation to 2-d Yang-Mills gauge theory

Schehr, S.M., Comtet, Randon-Furling, PRL, 101, 150601 (2008)

Forrester, S.M. & Schehr, Nucl. Phys. B 844, 500 (2011)
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Conclusions

• 3-rd order phase transition ⇒ ubiquitous

charge droplet with square-root edge hits a hard wall

• Close to the critical point (double-scaling) ⇒ Painlevé-II
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Left Large Deviation: Beyond the Leading Order

• On the left side: λmax <
√

2

Adapting ‘loop (Pastur) equations’ approach developed by Chekov,
Eynard and collaborators:

−ln[Prob(λmax = w ,N)] = β Φ−(w)N2 + (β − 2)Φ1(w)N +

+ φβ lnN + Φ2(β,w) + O(1/N)

where explicit expressions for Φ1(w), φβ and Φ2(β,w) were obtained
recently (Borot, Eynard, S.M., & Nadal, JSTAT, P11024 (2011))

• Setting w =
√

2 + 2−1/2 N−2/3 x (with x < 0) gives the left tail
(x → −∞) estimate of the TW density for all β

Prob.
[
λmax <

√
2 + 2−1/2 N−2/3 x

]
→ τβ |x |(β

2+4−6β)/2β exp
[
−β |x|

3

24 +
√

2(β−2)
6 |x |3/2

]
where the constant τβ is →
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The constant τβ

ln τβ =

(
17

8
− 25

24

(
β2 + 4

2β

))
ln(2)− 1

4
ln

(
πβ2

2

)
+

+
β

2

(
1

12
− ζ ′(−1)

)
+
γE
6β

+

+

∫ ∞
0

dx

[
6 x coth(x/2)− 12− x2

12x2(eβ x/2 − 1)

]
(Borot, Eynard, S.M., & Nadal, 2011)

For β = 1, 2 and 4

→ agrees with Baik, Buckingham and DiFranco (2008)
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Right Large Deviation: Beyond the Leading Order

• On the right side: λmax >
√

2

Using an ‘orthogonal polynomial’ (with an upper cut-off) method (for
β = 2) and adapting the techniques used by Gross and Matytsin, ’94 in
the context of two-dimensional Yang-Mills theory

Prob(λmax = w ,N) ≈ 1

2π
√

2

e−2 N Φ+(w)

(w2 − 2)

where Φ+(w) = 1
2w
√
w2 − 2 + ln

[
w−
√
w2−2√
2

]
(C. Nadal and S.M., JSTAT, P04001, 2011)

Close to w →
√

2
+

, this gives

Prob.
[
λmax <

√
2 + 2−1/2 N−2/3 x

]
→ − 1

16π x3/2 e
−(4/3) x3/2

→ precise asymptotics of the right tail of TW for β = 2 (Baik, 2006)

• For general β, precise right tail of TW → obtained recently
(Dumaz and Virag, 2011)

• As a bonus, our method also provides a ‘simpler’ derivation of TW
distribution for β = 2 (Nadal and S.M., 2011)
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