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Introduction

» QCD phase diagram

K. Kanaya ol 7 NF=2Q(TD SU(3) YM
) Xiv:1012.4247 o) .
- Low temperature Ko lEuldd
<> High temperature [aleje w0 T g
- The order of the phase transition and critical
point are important to understand the transition. °;

- The order of the transition depends on quark mass.
» In this study

- The critical point for Nr=2+1 case in heavy quark region
 Test a method:

probability distribution function
reweighting
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Effective Potential

» Effective potential by histogram

Definition: Veff (P) = — ln W(P) 5.68 5685 569 56925 57

W(P') = / DUDYDYS(P(U) — P e™®

Ex. 1st order transition for pure gauge theory

» Quark mass dependence

2nd order, crossover \/ QGnghase A g small
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Effective Potential ( Quark mass dependence ) 1

» Histogram
W (P") = R(P',k)Wy(P',3)

1
- 2(mga+4)

K

» Effective potential

Wo(P',5) = /DU(S(P(U) — Pe 5s(P)

_ JDUS(P(U) — P)[det M(U, )]V

‘R(P’, K) =

[ DUS(P(U) — P') I

Vveff(Pa KJMB) :‘_ 1IIR(P, /{)‘_l_ VO(P7 /8)

Reweighting in K
Vo(P, B) = —In Wy (P, §)

» Action

) . n pu<v
Wilson Fermion:

Plaquette action: S, = _g Z Z RetrP,, = —63Ngito P

Sq = Z Vnthp — K Z 7;n[('r — V) Un,pntp + (r + 'Yu)U:L,#wn—ﬂ} = Z @ZM(U, k)Y
n n, U
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Effective Potential ( Quark mass dependence ) 2
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» The shape of the V.i discriminates the order of the transition.

1st order ! It is known that for pure gauge the
Vo(P, ) order of the transition is 1st.

P

>
>

VO(P7 6) — _anO(P7 6)

2nd order,
crossover

Veff(P7 Iﬂl,ﬁ)
The transition becomes to be . p

crossover when the effective potential
comes to have only one minimum.

‘/eff(Pa ’{'7/8) — —IHR(P, K’) —|—V()(P,,B)
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Quark mass dependence

* hopping parameter expansion

det M (k)
N In [ o 1 (0)] = Nt [288Ngiteri* P + 12 - 2V N2kMReQ) + . .. |
1 1 f i
P = 6 Noire Z gRe tr I:Un,uUn+ﬂ,VUn+ﬁ,uUn,u} :plaquette
u<v
1 1
Q= N3 gtr [Un,4Un+<1,4Un+241,4 o Un+(Nt—1)21,4:|

: Real part of polyakov loop
- We can choose the x values freely.
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Simulation setup

« HeatBath
det M (x, P) is evaluated by using a hopping
parameter expansion.

« 3 & Number of Configurations

ﬁ Conf. num.
5.68 100,000
5.685 430,000
5.69 500,000 " :
transition point
5.6925 670,000
5.7 100,000

« Lattice size: 243 x 4
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Derivative

} AnaIySiS USing derivative N EEEEEEEEEEEEEEENEEEEEEEENEN,
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» Advantage of derivative

By reweighting method Wess
P P

— 6Nsite (B — B') i - :

Using this relation, we can obtain the derivative in wide

range and S-shape indicating 1st order transition easier.
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Result 1 - k Dependence of the transition point-

e

» Identifying the transition point

1. draw a line which is parallel to horizontal line
and which satisfy Maxwell construction between

the S., and Saiown.

2. ( Shift = Transition point )

Maxwell
construction

Sup:Sdown

dvveff 1500

. 1000

500 L

S up
h

*1
1

[

gt ****
g

down

P

-500 L " 2 " L
0.547 0.548 0.549 0.55 0.551 0.552

dVess l

» The transition point depends on the

quark mass.

As k Increases, Suns vValue decreases.
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dpP

P — P
dVo(P,B) _ dVo(P,B) eni=" oo
’ - - _=6]\irgi e 8 — 3
dP dP ~_;£_(’___/_j_)
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5.688 |-
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Result 2 - Latent Heat -

> Latent heat in pure gauge
e—3p 1 O0lnZ

7 = v g, =0
= —N} Nfa? (k°1152(P) + N; 'k 7112 x 2Vt (Re?))
a

+a—=©6

(P) +O(x%)| — [T = 0]

> |In pure gauge k = 0 - | | | |

OOO3€ o o » =
E:A(S_Sp)w_Gj\ﬂ 85( P) : !
T4 T4 " 0a 0002} . :
0.001} -
L e AP *
s Ol ® X, by d V. /dP’ i
dV. | E » chby Vpeak
eff I . | : ] 5 ] ; ]
N / 002 004 006 008

P 0
2
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Second Derivative

st order v, \/\/

2
[ A2V, ) ~—
dp?
2e+06
1.5e+06 q y
e+ —
1e+06 W
500000
2nd order crossover
0
-500000 U \/ More definite
1e+06 , , . difference
0.544 0.546 0.548 0.55 0.552 0.554.0.556 Monotonca”y
increasing 5
4 t
\\ P > shape ,
0
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Second Derivative

1st order crossover
Minimum
Ve 0 T T T T L
P2 15e+06 \ """"""" ‘ """"""" i H """"" ‘mu """"""" """"""""""""""" ‘ """"""""""""""""""""""""""""""""""""" il
o W‘,“,\,H‘,‘,‘,‘w‘w,» ,,,,,,, »y WHLMJ fffffffffffff ffffffff mu I ”,\“ [”_
S i Wl T Tt T
500000 1= - n {Wi* """"" T ‘1“‘\”HIW‘ """"" S 110 L
O W
500000 HTW‘ O+§=g — T """""" } """ "\”\W‘ K=0 —— ] 7
-1e+06 i i |K= . |5 1 i i | K= 0'0|62 1 1

0.544 0.546 0.548 0.55 0.552 0.554 0.556 0.546 0.548 0.55 0.552 0.554 0.556 0.546 0.548 0.55 0.552 0.554 0.556

P

critical point
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Result 3 - Dependence on the number of flavors -
» Critical point in case of N¢=1,2,3 0.
0.09 | ]
v We can get the kappa critical for another 0.08 | ‘]ifKCP4:0'0814 |
-flavor case since in hopping parameter Kep 007 |
expansion the same value of this term 0.06 |
cause the same phenomena. 0.05
0-04 | 1 1
v As N: increases, k., decreases. = ]\Z,f B
Z(3) Effective model by Alexandrou(1990)
Kcp ~0.08 for Ny =1 e h
o|" crossover .
>| < S .
=k O
» In case of Nr=2+1 case i A B\

Kep ~0.061(6)

/ K54+2Kud4:0. 0814

K, |1 st}gr’dler

s 2 flavors « -0,
K, Kep ~0.068(7)

\ .
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2nd Part (1 =0 )
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Introduction for Finite Density

» Deconfinement phase transition at finite u

* sign problem [det M (u)]™ # det M (p)

v It is important to find out the
feature of the complex phase.

- u dependence of the critical point

» In this study

- The critical point for Nr=2+1 case in
heavy quark mass region at finite u

- To find out the complex phase at
finite 4 in heavy quark region
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Finite chemical potential in heavy quark region
- finite chemical potential
Una — el'1%Uy, 4 UlA — e_“an,,Ll
* N0 — e,uq/TQ 0 - e_ﬂq/TQ*
* hopping parameter expansion
det M (k, p)
Neln [det M(0,0)]
= N¢ [288Nsitem4P + 12 - 2NtNS3/<.:Nt cosh (%) {ReQ + ¢ tanh (%) Imﬂ} - ]

complex phase
» probability distribution function : P, 2 fixed
w(P7 QRa K, ﬁ7 ,LL)

= /DU5(P(U) — P)§(Qr(U) — ) [det M (k, H)]Nf 6 N:ito AP
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Probability distri
bility distribution function ( P, 2 f
 Q fixed )
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Ex.) Isospin chemical potential in heavy quark region

* hopping parameter expansion

- [det M (k, p) det M (r, —u)]

det M (0,0)?

=2 [288Nsite/<,4P +12 - 2Nt N3Nt cosh(%)ReQ + .. ]

v isospin chemical potential
Moy = —Hd
v complex phase canceled!!

v Kep at finite u ( analytically evaluated ) [-x&™
M
Fep (1) COSh(T) = Kep(0)

Asian School on Lattice Field Theory 2011 H. Saito ( Univ. of Tsukuba ) 18



Cumulant expansion and the complex phase

* cumulant expansion () |
. 5 /P, Qr expectation
(exp |[iNgNJabQdr]) P Qg value fixed P and Qz

(N; N3ab)2 (N: N3ab)*
f 2 <Q%>c P, Qg + f 4! <QL}>C P, Qg LR

: <Q%>c P, Qrn <Q%>p, Qr <QI>?3, Qr

J : dispersion of & ( leading)

‘ <QL}>C P, Qr <Q%>p, Qr 3 <Q1’>£113, Qr

- distribution on (g, /) plane

= exp |—

The odd term is
vanished due to symmetry.

0.15
300000 0.1
250000 [ S— i\ - 0.05
S A, AN
" ‘VEM‘!‘%' e e ..
o 7K N ST o4 le>> s o Q  Kep at finite
150000 |- ¥ 7 05 u I
100000 | /740 e 7 -0.05 U can b e
50000 I 7). 0.1
/ 7 - * I
' evaluated !
’ = 0.15
o 0.05 b 015 015 01 -006 0 005 01 015
R Q
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Summary

(- In heavy quark region

(kep=0.068(7) for Ne=2 ) o
0(4) @ crossover

- As Nrincreases, k., decreases.

A "
tricrit. - point Q (A

It is easy to indicate this nature, since a k¥ dependence is point e
trivial in hopping parameter expansion. We could get the "

Kep = 0.068

l Kud
: S

2nd
Kcp for 1 flavor which is consist with Alexandrou et al.(1990). [ )
Ist Np=2+1QCD

Latent heat in pure gauge

0
m,q

Transition posits for each x

Reweighting in ¥ works well to find out .

Critical point of Iso-spin chemical potential

.
rFu’[ure :
- Critical point at finite u for Nr=2 in heavy
- quark region and light quark mass y
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Result - Identification of Rep value ( Detail 1)

d?V, Ff
» How to decide the candldatevs for minimum of —;p2.
d*Vesy " Veff.
72 Minimum of 752 is Negative! - ~
2e+06 T T T T T ' | | | | ' ' | | | )
50i06 L eyl Using the
BTy 'HLWH WS e I ”L\HIH
feros g”\" """ ﬁ" """""" “‘M """"" 1w ” """ "u """"""" q'mw """ PR 1‘ """ o IR plaguette value
500000 - *‘H\“ """" N e D S 11T L s S - 1'HW~ """" N B2V ..

I R AR TL ﬂwq ,,,,,,,,,,,,, - nwwwﬁrwmle ,,,,,,,,,,,,,,,,,,,,,,,,, 8 S O W ] when eff _
(S T W =
-500000 = W"""\"H’ K=Q ——— o Hﬂ K=o —— T } T R \_ J

es0 .| k=0.058 — I k=0080 —— I k=062 ——

0.544 0.546 0.548 0.55 0.552 0.554 0.556 0.546 0.548 0.55 0.552 0.554 0.556 0.546 0.548 0.55 0.552 0.554 0.556

3 \
‘ ,,,,,, ‘ M

Jo
0.544 0.546 0.548 0.55 0.552 0.554 0.556 0.546 0.548 0.55 0.552 0.554 0.556

2
Minimum of d Veff is consistent with Q!
dP?

Lattice 2010

dP?

H. Saito ( Univ. of Tsukuba)

4 0.549 . . ,
0.5485 | X J
Plaquette
value when 0548 ¢ ____________________ |
d*Veyy

=0 0.5475

0.547

0.058

0.06 0.062 0.064

K

0.066
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Result - Identification of Rep value ( Detail 2)

 How to decide the error of Kc

) 2e+06
d“Veyy 1.5e+06

2
ap 1e+06 |-

500000
0
-500000
-1e+06
-1.5e+06
-2e+06

Lattice 2010

1. jacknife

1 2e+06
single 0 data 21,
2 1.5e+06
: , dP
f=5.69 —+—
B fit —oe— 7 1e+06
final fit F—a— |
500000
L I {]%{ " - 0
i { i -500000
B ] -1e+06
| | |
0.05 0.06 0.07 0.08 -1.5e+06
l{ -2e+06

H. Saito ( Univ. of Tsukuba )

2
2. X fit (for several [3data)

several (3 data

T
(=5.685 H—+—

fit —e—
=5.69 —*—

fit —8— o
$=5.6925 —=—i _

fit —e—
final fit F—e—

0.08
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Result - 1st order transition disappears with error bar

« The derivative of Vex with error

8000

AVery | | | | | e

K=0.062 —— '
dP 6000 - ...::::'_

4000

2000

|||||||||

1
[
........

0+

....
|||||||||

||||||||||||||||
. 0
ot

-2000 ~

-4000

-6000 it

-8000 1 1 1 1 1 1
0.542 0.544 0.546 0.548 0.55 0.552 0.554 0.556

P

Lattice 2010 H. Saito ( Univ. of Tsukuba )



Derivative

» Analysis by using the derivative/secondary derivative
1st order 2nd order crossover

" \/\/ Veff\/ \/
Monotonically dV, s b
' P Iincreasing shape  gp

dP ,
d*Very dVeys
Minimum of gp2 is

Minimum of gp2  d*Vesy N C P2V ) E C
is Negative! dP? \if P 0/Positive! P

“S shape” dVeyy

dP?

» To avoid a large number of confs to identify a 1st order transition
From a reweighting analysis,

/ dVers
LIS AR (s Iy ey e Sy e
const. i
> combine data at several 3 6 Nsite (8 — ')

We obtain the derivative of Vesf in a wide range.
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Result - Identification of Kep value 2

« Detailed analysis for the region

1. Assume that the secondary derivative of Ve
changes like this as K increases.
2. Near the end point, search K values where
d*Very
d P2

3. Maximum of these K values is identified by Kep

— 0 foreach P

0.08

PV 0.075 |-

value when —
K apz Y

0.07 -

°:z:q]]l iy,

0.055

005 | | | |
0.5474 0.5478 0.5482 0.5486

P

‘ Ny=2  Kep = 0.068 == 0.007 '
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