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Meaning of the integer coefficients in the knot polynomials
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Salient Features of Knot Theory

Just like Periodic Table of chemical elements

Atomic number and atomic weight distinguishes different chemical

elements!
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Salient Features of Knot Theory

Periodic table of Knots

In the context of knots, what quantity will distinguish them!

crossing number is a weak invariant
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Salient Features of Knot Theory

Knot Equivalence

prescribed set of moves to check whether two knots are equivalent or not
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Well known knot polynomials

Knot Invariant through recursive method

Knot invariant is an algebraic quantity which is same for equivalent knots
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Well known knot polynomials

Jones Polynomial

For Hopf link and trefoil knot

J [ ] = J[ ] J[ ]q2 q3/2-q1/2+

-q1/2 (q2+1)

J [ ] = J [ ]q2 J [ ]
=

 = q3+q-q4

+ q3/2-q1/2

=1= -(q1/2+q-1/2 )

= 1 -q1/2 (q2+1)= 

Hopf Link

31 knot
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Well known knot polynomials

Mutant Knots

These well-known polynomials do not distinguish mutant knot pairs.
The famous example is Kinoshita-Terasaka and Conway knot:
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Chern-Simons theory and Knot Polynomials

Chern-Simons Theory

The theory based on any compact group G provides natural
framework to study knots :

S =
k

4π

∫
M3

(
A ∧ DA +

2

3
A ∧ A ∧ A

)

Knot invariants are given by expectation value of Wilson loop
operators:

P̃G
R [K ] = 〈W G

R [K ]〉 =
1

Z [M3]

∫
DA TrR

(
exp

∮
K
A

)
e iS

where K is the knot and R is the representation of gauge group G .
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Chern-Simons theory and Knot Polynomials

Well-Known polynomials from Chern-Simons

Jones polynomial agrees with P̃
SU(2)

(K ) (upto overall normalisation

given by unknot invariant) & the polynomial variable q = exp [2πi/(k + 2)]

where k is coupling constant- Pioneering work of Witten (1989)
reproducing recursion relation!

Similarly, HOMFLY-PT corresponds to fundamental representation
of SU(N) placed on knot K

Kauffman polynomial corresponds to placing defining representation
of SO(N) on knot K

Why these well-known polynomials cannot distinguish mutant pairs?

We have more generalised knot invariants for arbitrary R and G - Can

they distinguish mutant pairs?- small step towards classification!
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Why these well-known polynomials cannot distinguish mutant pairs?

We have more generalised knot invariants for arbitrary R and G - Can

they distinguish mutant pairs?- small step towards classification!
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Chern-Simons theory and Knot Polynomials

Knot Invariants from Chern-Simons

Knot invariants can be directly evaluated using the following inputs:
(Kaul , Govindarajan,PR (1992))

Relation between Chern-Simons theory to Gk Wess-Zumino conformal
field theory (WZNW) (Witten 1989)

Any knot can be obtained as a closure/plat/quasiplat of braid
(Alexander, Birman)
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Chern-Simons theory and Knot Polynomials

Example: Trefoil invariant

Basically, the trefoil T in S3 is viewed as gluing two three-balls with oppositely

oriented S2 boundaries.

The Chern-Simons functional integral corresponds to a state in the space
of correlator conformal blocks of the WZNW on the punctured S2

boundary ! The knot invariant is

P̃G
R [T ] = 〈ψ0|ψ3〉 = 〈ψ0|B3|ψ0〉

Braiding operator B eigenbasis will determine the polynomial form in variable q
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Chern-Simons theory and Knot Polynomials

Eigenbasis of Braiding operator B

For the four-punctured S2 boundary, the conformal block bases are:

where t ∈ R1 ⊗ R2 ∩ R̄3 ⊗ R̄4 and s ∈ R2 ⊗ R3 ∩ R̄1 ⊗ R̄4.

ast

[
R1 R2

R3 R4

]
is the duality matrix

For knots, two of the Ri ’s will be R and the other two will be conjugate R̄
depending on the orientation.
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Chern-Simons theory and Knot Polynomials

Polynomial invariant of trefoil

In the braid diagram for trefoil, middle two strands are parallely oriented
and they are braided.

|Ψ0〉 =
∑

s∈R⊗R
µs |Φ̂t(R̄,R,R, R̄)〉

where µs =
√
S0s/S00 ≡

√
dimqs (unknot normalisation)
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Chern-Simons theory and Knot Polynomials

Trefoil evaluation continued

P̃R [31] = 〈Ψ0|B3|Ψ0〉 =
∑
s

dimqs (λs(R,R))3

where braiding eigenvalue for parallelly oriented right-handed half-twists is

λ
(+)
s ≡ λs(R,R) = (−1)εsq2CR−Cs/2, q = e

2πi
k+Cv where εs = ±1

Take R = representation of SU(2), check that Jones polynomial is

J[31] = P̃ [31]/P̃ [U]

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
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Chern-Simons theory and Knot Polynomials

Figure 8 knot invariant

opposite oriented boundary
S2

41 Knot

Involves antiparallel braidings in middle as well as side two-strands. Duality

matrix required to go from middle to side-strand basis! The antiparallel braiding

eigenvalue will be λ
(−)
s ≡ λs(R, R̄) = (−1)εsqCs/2

P̃R [41] =
∑

t,s∈R⊗R̄

√
dimqt dimqs ats

[
R̄ R
R̄ R

]
{λ(−)

t }2{λ(−)
s }−2

The method is straightforward to write invariants for knots from n-strand

quasi-plat.
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Chern-Simons theory and Knot Polynomials

Broad classification of knots

Knots

Beyond 
Arborescent knots

8
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155-165

Arborescent knotArborescent knot
Drawn as four Point

 conformal  boundaries

Double fat Diagram Highest Weight Method

We will now discuss arborescent knots and their invariants
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Chern-Simons theory and Knot Polynomials

Arborescent Knots

• We had illustrated trefoil from 4- plat diagram and figure-eight from
quasi-plat diagram.
• The knots with more than four-strands which can be drawn as

are called Arborescent knots.
• These knots in S3 are obtained from gluing three-balls where some
three-balls have two or more four-punctured S2 boundaries

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
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Chern-Simons theory and Knot Polynomials

10152 and 1071 arborescent knots
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Chern-Simons theory and Knot Polynomials

Building blocks

Requires the following building blocks to compute knot polynomials

νr =
∑
t

(dimqt)(1−r/2)|φ(1)
t 〉 . . . |φ(r)

t 〉
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Chern-Simons theory and Knot Polynomials

Equivalent Building Blocks

• To write states of some diagrams, equivalent diagrams are shown:
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Chern-Simons theory and Knot Polynomials

Arborescent knot- Feynman diagram analogy

Arborescent knots  (Feynman tree diagram)
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Propagator

vertex=3 vertex=3
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Chern-Simons theory and Knot Polynomials

Family Approach: Arborescent knots

one universal invariant as a function of parameters- choice of parameters
gives different knot invariants!

The best parametric family (for describing upto 10-crossing knots) in this class

(of 4-point Feynman trees with up to 7 parameters)

A.Mironov, A. Morozov, An. Morozov, V.Singh, A. Sleptsov, PR (2016)

dR
∑

X ,Ȳ Fap(X )Fpap(X )T n
X P̄XȲ Fapa(Ȳ )Faa(Ȳ )

932−33, 1045, 1057, 1062, 1064, 1066, 1079−85, 1087−91, 1094, 1098, 1099, 10139, 10141, 10143, 10148−154- list not contained!
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932−33, 1045, 1057, 1062, 1064, 1066, 1079−85, 1087−91, 1094, 1098, 1099, 10139, 10141, 10143, 10148−154- list not contained!

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
Quantum Fields, Geometry, Representation Theory, ICTS, 23 July 2018 23

/ 64



Chern-Simons theory and Knot Polynomials

Arborescent knot invariants

arborescent knot invariants will involve braiding eigenvalues and two

types of duality matrices ats

[
R̄ R
R̄ R

]
and or ats1

[
R̄ R
R R̄

]

However, other duality matrices are needed for non-arborescent
knots invariants!
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Chern-Simons theory and Knot Polynomials

Do we know duality matrix elements

Duality matrices proportional to quantum Wigner 6j (completely
known for SU(2) (Kirillov, Reshetikhin)

aj12 j23

[
j1 j2
j3 j4

]
= (−1)j1+j2+j3+j4

√
[2j12 + 1][2j23 + 1]

{
j1 j2 j12

j3 j4 j23

}
,

and hence we know colored Jones’ polynomials Jn(q) for any knot
For symmetric and antisymmetric R of SU(N), we conjectured
closed form of duality matrices-Satoshi, Zodinmawia,PR(2013)

n3 n4

n2

k2 n3 − n2 + k2

n1 − n2 + k1k1n1


n2

n3 n4 k2 n2 − n3 + k2

n1 + n2 − 2k1k1n1


So we can obtain colored HOMFLY-PT of any arborescent knot in
variables q, a = qN for symmetric and antisymmetric colors.

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
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Powerfulness of Chern-Simons Knot Polynomials

Detection of Mutation

On any two tangle, mutation refers to π rotation about x or y axis
(Mx ,My )

Mutation is seen as identity operation by symmetric colors.

need to go beyond symmetric representation.

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
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Powerfulness of Chern-Simons Knot Polynomials

[2,1] colored HOMFLY-PT

The two types of Wigner 6j has been determined for [2, 1]
(Gu,Jockers),2014-first mixed representation

Using these matrix elements, we obtained [2,1] colored HOMFLY
polynomials for the mutant pairs- they are indeed distinct Satoshi
Nawata, Vivek Singh, PR (2015)

We indicate some of the features of mixed representation leading to
mutation detection

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
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[2,1] colored HOMFLY-PT

The two types of Wigner 6j has been determined for [2, 1]
(Gu,Jockers),2014-first mixed representation

Using these matrix elements, we obtained [2,1] colored HOMFLY
polynomials for the mutant pairs- they are indeed distinct

Satoshi
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Powerfulness of Chern-Simons Knot Polynomials

Additional information in mixed representation

• Crucial input in the context of mixed representation: multiplicity

(21; 0)⊗ (21; 0) = (42; 0)0 ⊕ (23; 0)0 ⊕ (313; 0)0 ⊕ (321; 0)0

⊕(321; 0)1 ⊕ (412; 0)0 ⊕ (32; 0)0 ⊕ (2212; 0)0

• Hence the states in the four-point conformal blocks involve multiplicity
index ri : |φs,r1,r2〉
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Powerfulness of Chern-Simons Knot Polynomials

Mutation operation on two-tangles

|F〉 = b
(−)
1 [b

(−)
3 ]−1|F〉

=
∑
t,r1,r2

{R, R̄, t̄, r1}{R, R̄, t̄, r2}|φ(1)
t,r1,r2

(R, R̄,R, R̄)〉〈φ(1)
t,r1,r2

(R, R̄,R, R̄)|F〉

| F〉 =
(

[b
(−)
1 ]−1b

(+)
2 [b

(−)
1 ]−1

)
b

(−)
1 [b

(−)
3 ]−1

(
[b

(−)
1 ]−1b

(+)
2 [b

(−)
1 ]−1

)
|F〉

=
∑
t,r1,r2

{R, R̄, t̄, r1}{R, R̄, t̄, r2}|φ(1)
t,r2,r1

(R, R̄,R, R̄)〉〈φ(1)
t,r1,r2

(R, R̄,R, R̄)|F〉 .

parenthesis denotes signs ±1.Notice the amplitudes of mutant tangles are related

by sign when r1 6= r2 ( occurs only for irreps with multiplicity)
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Powerfulness of Chern-Simons Knot Polynomials

Tangle and its My mutation

• The mutation operation (My ) on |F〉 which gives | F〉 whose state can also be
obtained.

F =
∑
s,r1,r2

fs,r1,r2 |φ(1)
s,r1,r2

(R, R̄, R̄,R)〉 ,

F =
∑
s,r1,r2

f̃s,r1,r2 |φ(1)
s,r1,r2

(R, R̄, R̄,R)〉

• The coefficients are related by mutation operation :

f̃s,r1,r2 = (−1)r1+r2 fs,r2,r1 .
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Powerfulness of Chern-Simons Knot Polynomials

Difference between tangle F and mutant tangle of F

−F F

|F〉 − | F〉 = (f(1;1),0,1 + f(1;1),1,0)
∑
r1 6=r2

|φ(1)
(1;1),r1,r2

(R, R̄, R̄,R)〉 .
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Powerfulness of Chern-Simons Knot Polynomials

Knot and its mutant

Let us cap each of these tangles with a tangle 〈G|, which we write

G =
∑
s,r1,r2

gs,r1,r2〈φ
(1)
s,r1,r2(R, R̄, R̄,R)| .

Then, the difference between the invariants of the mutant pairs arising
from these 2-tangles will be

G G
−

F F
= (f(1;1),0,1 + f(1;1),1,0)(g(1;1),0,1 + g(1;1),1,0)
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Powerfulness of Chern-Simons Knot Polynomials

Kinoshita-Terasaka and Conway mutants

• This mutant pair is made of the following F and G -tangle

F- tangle

G- tangle
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Powerfulness of Chern-Simons Knot Polynomials

Knot invariant for the mutant pair

The explicit expression for the coefficient for tangle G turns out to be

gt,r10,r11 = dimq R
∑

Ω(i , r1, r2, r3)Ω(j , r6, r7, r8) λ+
l ;r5

2
a∗0;0,0
l ;r5,r5

[
R̄ R
R R̄

]
a∗i ;r2,r3

l ;r5,r5

[
R̄ R
R R̄

]
λ+
k;r4

−3
a0;0,0
k;r4,r4

[
R̄ R
R R̄

]
ai ;r1,r2

k;r4,r4

[
R̄ R
R R̄

]
(λ−s;r9

)2

a∗0;0,0
s;r9,r9

[
R R̄
R R̄

]
a∗j ;r7,r6
s;r9,r9

[
R R̄
R R̄

]
at;r10,r11

j ;r8,r9
(λ−t;r10

)−1

[
R R̄
R R̄

]
ai ;r1,r3

j ;r8,r6

[
R R̄
R R̄

]
Similarly, the coefficients in the tangle F state is

ft,r10,r11 =
∑
w ,u

∑
r14,r13,r12

Ω(t, r10, r11, r12) (λ+
w ;r14

)3a∗0;0,0
w ;r14,r14

[
R̄ R
R R̄

]
at;r11,r12
w ;r14,r14

[
R̄ R
R R̄

]
(λ−u;r13

)−2a0;0,0
u;r13,r13

[
R R̄
R R̄

]
a∗t;r12,r10
u;r13,r13

[
R R̄
R R̄

]
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Methods of obtaining non-arborescent knot invariants

Non-Arborescent Knots

Various methods:

1.Quantum R matrix approach 2. Eigenvalue hypothesis method
3. Highest weight method 4. Hybrid Approach
• Our recent works:(S. Dhara, A. Mironov, A. Morozov, An.Morozov, PR, VKS,

A.Sleptsov, arXiv:1711.10952, 1805.03916)

• obtained symmetric [2]-colored HOMFLY-PT for non-aborescent knots
from 4-strand braids
• Proved using eigenvalue hypothesis:

aij

[r1] [r2]

[r3] [`ν − nν ,mν − nν ]

 = a
(sl2)
ij

(r1 − nν)/2 (r2 − nν)/2

(r3 − nν)/2 (`ν −mν)/2


enabling invariants for links from 3-strand braids carrying different
symmetric colors.
• stay tuned to our website knotebook.org - updated colored HOMFLY-PT
upto four boxes for knots upto 10 crossings(DST-RFBR ongoing project).
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Meaning of the integer coefficients in the knot polynomials

Knot Polynomials

All the colored HOMFLY-PT polynomials are Laurent series

PK
R (a, q) =

∑
i ,j

cija
iqj

Interestingly, the coefficients cij are integers

Needs interpretation or reasoning for integer coefficients

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
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Meaning of the integer coefficients in the knot polynomials

Reasons for Integer coefficients

Parallel developments (year 1999/2000) in mathematics and physics
giving topological meaning to these integers.

(i) Khovanov categorification of homological invariants
(ii) Ooguri-vafa conjecture counting the number of BPS states in
topological string duality context

Around 2011, Witten has proposed intersecting brane model where
these integers are counting solutions of differential equations

• We will review these approaches & our work ( with Keshav Dasgupta,
Radu Tadar, Veronica Errasti Diez )
chain of dualities connecting Witten’s construction with that of
Ooguri-Vafa and their M-theory description

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
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Meaning of the integer coefficients in the knot polynomials

Khovanov Homology

Define n(s) = nB , j(s) = nB + n+ − n− whose values for the above state
is n(s) = 0, j(s) = 2
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Meaning of the integer coefficients in the knot polynomials

Chain Complex

Cnj is the vector space with basis as states with n(s) = n and
j(s) = j . Then Jones polynomial is

J[K ] =
∑
n,j

(−1)nqjdim(Cnj)

where the homology chain

∂ : Cn,j −→ Cn+1,j , ∂2 = 0

C∗j : C0j −→ C1j −→ C2j −→ . . .

χ(C∗j) =
∑
n

(−1)ndim(Cnj)
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Meaning of the integer coefficients in the knot polynomials

• The vector space

Hn(C∗j) =
ker(∂ : Cn,j −→ Cn+1, j)

Image(∂ : Cn−1,j −→ Cn,j)
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Meaning of the integer coefficients in the knot polynomials

Homological Invariant

• Khovanov homological invariant is

Kh(K ; q, t) =
∑
n,j

tnqjdim(Hnj)

• Justifies the integer coefficients as dimHnj

• Taking t = −1 gives the Jones polynomial J[K ; q]
• Refined Chern-Simons theory where we refine braiding eigenvalues and
quantum dimensions- these invariants match Khovanov polynomial for
torus knots but not for other knots.
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quantum dimensions- these invariants match Khovanov polynomial for
torus knots but not for other knots.
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Meaning of the integer coefficients in the knot polynomials

Gauge-string duality in topological strings

• ‘t Hooft double line formalism:
Any large N gauge theory will have a string theoretic interpretation

Take the partition function of SU(N) Chern-Simons theory on S3. It has
the following expansion in the large N limit (λ = 2π

k+N , t = iλN):

lnZ[S3] =
∑
g ,h

Cg ,h(λ) Nh λ2g−2+h =
∑
g

Fg (t) λ2g−2

Cg ,h is the A-model open topological string theory amplitude on T ∗S3

(Witten),
Fg is the g -loop A model closed topological string amplitude on a resolved
conifold (Gopakumar-Vafa.)
Fg computes certain low-energy effective theory terms in type IIA string
theory compactified on Calabi-Yau. In terms of D-branes in IIA string
theory, Fg is calculable.(Gopakumar-Vafa)
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Meaning of the integer coefficients in the knot polynomials

Duality in topological strings

Open string version in the presence of N-D branes wrapped on S3 gives
rise to Chern-Simons gauge theory on S3.
After conifold transition, D-branes disappear giving closed string theory
on a resolved S2.

S2
S2

S2

Conifold Singularity
3S

3S
3S

deformed
conifold

( )3T  S *

resolved

N D-branes

conifold

conifold
transition
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Meaning of the integer coefficients in the knot polynomials

Topological String duality (contd)

• What will happen if we put knots in S3?
Take a 3-cycle C which intersects S3 along the knot C . Wrap MD-branes
on C.
The knot K in open string theory on T ∗S3 is described by expectation
value of the scalar operator:

Z (U,V ) = exp

( ∞∑
n=1

TrUn 1

n
TrV n

)
,

where

U = P exp

∮
K
Aµdx

µ, V = P exp

∮
K
Ãµdx

µ,

Aµ, Ãµ are the respective gauge fields in the SU(N) and SU(M)
Chern-Simons theory.
After conifold transition, MD-branes are present on the resolved conifold
geometry.
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Meaning of the integer coefficients in the knot polynomials

Open topological string amplitudes

The form of the topological amplitude on the resolved conifold can be
obtained from the D-branes in IIA string theory compactified on CY
Extending Gopakumar-Vafa conjecture to knots, Ooguri-Vafa conjectured
the form of scalar operator as:

〈Z (U,V )〉 =
∞∑
n=1

∑
R

fR(qn, λn)
1

n
TrRV

n

where q = exp( 2πi
k+2 ), λ = qN ,

fR(t, λ) =
1

(q
1
2 − q−

1
2 )

∑
Q,s
NR,Q,s λ

Q qs

where NR,Q,s are integers giving the number of D2-branes carrying bulk
charge Q and spin s ending on C (in the presence of M D4-branes wrapping C
and the uncompactified R2 spacetime) and transforming in the representation
R of SU(M) group.

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
Quantum Fields, Geometry, Representation Theory, ICTS, 23 July 2018 45

/ 64



Meaning of the integer coefficients in the knot polynomials

Open topological string amplitudes

The form of the topological amplitude on the resolved conifold can be
obtained from the D-branes in IIA string theory compactified on CY

Extending Gopakumar-Vafa conjecture to knots, Ooguri-Vafa conjectured
the form of scalar operator as:

〈Z (U,V )〉 =
∞∑
n=1

∑
R

fR(qn, λn)
1

n
TrRV

n

where q = exp( 2πi
k+2 ), λ = qN ,

fR(t, λ) =
1

(q
1
2 − q−

1
2 )

∑
Q,s
NR,Q,s λ

Q qs

where NR,Q,s are integers giving the number of D2-branes carrying bulk
charge Q and spin s ending on C (in the presence of M D4-branes wrapping C
and the uncompactified R2 spacetime) and transforming in the representation
R of SU(M) group.

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
Quantum Fields, Geometry, Representation Theory, ICTS, 23 July 2018 45

/ 64



Meaning of the integer coefficients in the knot polynomials

Open topological string amplitudes

The form of the topological amplitude on the resolved conifold can be
obtained from the D-branes in IIA string theory compactified on CY
Extending Gopakumar-Vafa conjecture to knots, Ooguri-Vafa conjectured
the form of scalar operator as:

〈Z (U,V )〉 =
∞∑
n=1

∑
R

fR(qn, λn)
1

n
TrRV

n

where q = exp( 2πi
k+2 ), λ = qN ,

fR(t, λ) =
1

(q
1
2 − q−

1
2 )

∑
Q,s
NR,Q,s λ

Q qs

where NR,Q,s are integers giving the number of D2-branes carrying bulk
charge Q and spin s ending on C (in the presence of M D4-branes wrapping C
and the uncompactified R2 spacetime) and transforming in the representation
R of SU(M) group.

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
Quantum Fields, Geometry, Representation Theory, ICTS, 23 July 2018 45

/ 64



Meaning of the integer coefficients in the knot polynomials
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Meaning of the integer coefficients in the knot polynomials

N integers from knot polynomials

Note: Obtaining these integer coefficients N from full string theory
calculation looks to be a difficult task.
The robust techniques of direct computation of knot invariants
(ramadevi-govindarajan-kaul) in Chern-Simons theory indeed determines
the integer coefficients.

• Chern-Simons field theoretic knot polynomials gives D-brane
interpretation for the integer coefficients- yet to be obtained from
string theory!
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Meaning of the integer coefficients in the knot polynomials

VERIFICATION USING KNOT INVARIANTS

Using group-theoretic methods, we can rewrite fR(t, λ) in terms of knot
invariants PR′ .
For example,

f (q, λ) = P (q, λ)− 1

2
P (q, λ)2 − 1

2
P (q2, λ2)

f (q, λ) = P (q, λ)− 1

2
P (q, λ)2 +

1

2
P (q2, λ2)

For trefoil K

f =
1

(q1/2 − q−1/2)

[
λq−

1
2

(
1 + q2

)
(−1 + λ)2 (q − λ− q2λ+ qλ2

)]
f =

1

(q1/2 − q−1/2)

[
λq−

3
2

(
1 + q2

)
(−1 + λ)2 (−q + λ+ q2λ− qλ2

)]
Verified for many knots (work with T. Sarkar (2000)
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Meaning of the integer coefficients in the knot polynomials

Extension to Framed Knots and Links

• The topological scalar operator:

Z ({Uα}, {Vα}) = exp

[
r∑

α=1

∞∑
n=1

1

n
TrUn

α TrV n
α

]
,

〈Z ({Uα}, {Vα})〉A = exp

 ∞∑
n=1

1

n

∑
{Rα}

fR1,...Rr (q
n, λn)

r∏
α=1

TrRαV
n
α


where

fR1,...Rr (q, λ) = λ
1
2 `αpα

∑
Q,s

1

(q1/2 − q−1/2)
N(R1,R2...Rr ),Q,sq

sλQ

N(R1,...Rr ),Q,s are integers only for U(N) invariants with a specific choice
of the U(1) charge
That is

〈
∏
α

TrRα(Uα)〉 = (−1)
∑
α `αpα V

SU(N)
R1...Rr

[L] V
{U(1)}
`1√
N
,... `r√

N

[L]
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Meaning of the integer coefficients in the knot polynomials

Can we write lnZ [M] as closed string expansion?

• Using the three-manifold invariants from surgery of links and the input
from topological string duality conjectures, we did achieve!
The Chern-Simons partition function Z [M] from these U(N) link
invariants

Z [M]

S00
=

Z0[M]

S00
+ F [M, z , {pi}, {`kij}]

Choosing N = M and the v.e.v

〈TrRαVα〉 = (−1)
∑
α `αpα

S0Rα

S00
,

we get

ασ[L] Z0[M]

(S00)r+1
= 〈Z ({Uα}, {Vα})〉A,Ã

ln

(
ασ[L] Z0[M]

(S00)r+1

)
=
∞∑
n=1

1

n

∑
{Rα}

fR1,...Rr (q
n, λn)

r∏
α=1

〈TrRαV n
α〉

RHS can be simplified to resemble A-model topological string partition function
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ln

(
ασ[L] Z0[M]

(S00)r+1

)
=
∞∑
n=1

1

n

∑
{Rα}

fR1,...Rr (q
n, λn)

r∏
α=1

〈TrRαV n
α〉

RHS can be simplified to resemble A-model topological string partition function
P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation

Quantum Fields, Geometry, Representation Theory, ICTS, 23 July 2018 49
/ 64



Meaning of the integer coefficients in the knot polynomials

lnZ (M) contd

ln

(
ασ[L] Z0[M]

(S00)r+1

)
=
∞∑
n=1

∑
g

1

n

(
sinh

dgs
2

)2g−2

×

{
∑
Q

∑
{`α}

∑
{sα}

N̂(R`1,s1
,...R`r ,sr ),g ,Q (−1)

∑
α sα(−1)n

∑
α `αpαλ

1
2 n

∑
α `αpα

(
λn{Q+

∑
α( −`α

2 +sα)} − λn{Q+1+
∑
α( −`α

2 +sα)}
)
}

=
∑
g ,n,m

1

n
(2 sinh

ngs
2

)2g−2ng ,me
−dmt

where N̂’s are refined integer invariants obtained from fR1,...Rr (q, λ) and
ng ,m are the Gopakumar-Vafa invariants.
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Meaning of the integer coefficients in the knot polynomials

Subtle Issues

In the large k limit

Z [M] =
∑
c

Zc [M]

t’ Hooft proposal requires

lnZc [M] = Closed String expansion

whereas we find

ln

(∑
c

Zc [M]

)
= Closed String partition function

Hence we cannot predict duality between Chern-Simons gauge theory on
M with the A-model string theory with the ng ,m’s we have determined
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Meaning of the integer coefficients in the knot polynomials

Generalisation of the duality to SO gauge groups

A-model closed strings on an orientifold of the resolved conifold is dual to
SO/Sp Chern-Simons theory (Sinha and Vafa)

lnZ
(SO)
(CS) [S3] =

1

2
Z(or) + Z(unor)

• Incorporating Wilson loop observables

ln〈Z ({Uα}, {Vα})〉 = FG(V ) =
1

2
F (or)
R (V ) + F (unor)(V )

Not clear how to seperate, we showed LHS (Pravina Borhade and PR)

〈Z ({Uα}, {Vα})〉 = exp

 ∞∑
n=1

∑
{Rα}

gR1,R2,...Rr (q
n, λn)

1

n

r∏
α=1

TrRαV
n
α


where gR1,...Rr (q, λ) =

∑
Q,s

1
(q1/2−q−1/2)

N(R1,R2...Rr ),Q,sq
sλQ

N(R1,...Rr ),Q,s are integers-how to find oriented contribution?
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Meaning of the integer coefficients in the knot polynomials

Oriented contribution

•Composite representation invariants to extract oriented contribution
(Marino)

F (or)
R (V ) =

∑
R,S

〈W(R,S)[C ]〉(TrRV )(TrSV ) =
∑
t

Rt [C ]TrtV

=
∞∑
d=1

∑
R

hR(qd , λd)TrRV
d

where R and S are representation on the knot C in two Lagrangian
submanifolds Nε and N−ε related by orientifolding action. The composite
representation (R,S) has highest weight ΛR + ΛS̄ .
• Obtained invariants of torus knots & links for some composite
representations and verified the form of hR(q, λ)(2010, C. Paul, P.
Borhade,PR)
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Meaning of the integer coefficients in the knot polynomials

• Using [r]-colored Kauffman polynomials for figure-eight knot from the
study of structural properties of colored Kauffman homologies of knots

(Nawata,Zodin,PR,2013) and Morton’s result for ( , ) composite
invariant for figure-eight, we verified the integrality structure for h

and g .

• Results on adjoint polynomials for arborescent knots (Mironov et al),
enabled us to verify integrality properties for all arborescent knots upto for

, (Work with Mironov, Morozov, Sleptsov, Vivek)

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
Quantum Fields, Geometry, Representation Theory, ICTS, 23 July 2018 54

/ 64



Meaning of the integer coefficients in the knot polynomials

Witten’s Intersecting brane Construction

Directions 0 1 2 3 4 5 6 7 8 9

NS5
√ √ √ √ ∗ ∗ ∗ ∗ √ √

D3
√ √ √ ∗ ∗ ∗ √ ∗ ∗ ∗

Knots are stuck on the three-dimensional boundary of a
four-dimensional manifold V = W × R+ by switching on axionic field.
Knots are described by codimension 2 defects in V (surface operator)
and in W (line operator)

The presence of NS5 breaks the R-symmetry of N = 4 SYM on V :
SO(6) = SO(3)× SO(3) with the scalars ~X , ~Y such that ~Y |bdy = 0

Topological fied theory on Euclidean W using R-symmetry twist to
N = 4 SYM on V where ~X ≡ φµ leading to 3-d CS action on W
involving complex A = A + ωφ where ω = f (τ)
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Meaning of the integer coefficients in the knot polynomials

Witten’s intersecting brane construction(contd)

Localization equations of topologically twisted theory are BHN
(Bogomolnyi, Hitchin, Nahm) equations
Fab + εabcdDcφd + 2[φa, φb] = 0

# of solutions of the equation : an corresponding to instanton number
n accounts for integer coefficients appearing in J(K ) =

∑
n anq

n

The equations develop sources due to the presence of surface
operators

F − φ ∧ φ = 2παδK

dA ∗ φ = 2πβdl ∧ δK
dAφ = 2πγδK

where dl is the line element along knot K , (α, β, γ) are parameters
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M-Theory description

M-Theory description of Witten’s model
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M-Theory description

Sourcing θ term

On II B with D5 branes x0, x1, x2, x3, r , ψ,

T-duality along ψ

NC deformation giving ψ̃, x̃3

T-duality along ψ̃ followed by T-duality along φ1

results in IIA theory with D6 along x0, x1, x2, x̃3, φ1, ψ̃, r

M-theory lift results in warped single-centered warped Taub-Nut at
fixed r = r0 in 11-dim: (X3,1)× TN × (φ1, ψ̃, r)
X3,1 : (x0, x1, x2, x̃3) , TN: (θ1, x8, x9, x11)

turning NC/RR give the same physics and NC equations are less tedious.
Hamiltonian description of SUGRA of this M-theory detailed in
paper(arXiv: 1608.05128)- with Keshav, Radu, Veronica
We get the full topological action of Witten !
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M-Theory description

Model A: Witten model
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M-Theory description

Model A: Witten model with knot
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M-Theory description

Two NS5-branes with relative orientation from Witten
model
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M-Theory description

Relation to Ooguri-Vafa model
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M-Theory description

M-Theory description dual to Ooguri-Vafa

T-duality along ψ will convert D5 branes wrapped on two-cycle to D6
branes wrapped on two-cycle of the resolved conifold

Perform NC deformation (x3, ψ)→ (x̃3, ψ̃)

M-theory lift gives R3,1 × TN × S3 where TN = (r , θ2, φ2, x11)

P. Ramadevi (Dept of Physics, IIT Bombay Collaborators: Satoshi Nawata, Zodinmawia, Vivek Kumar Singh, Saswati Dhara Andrei Mironov, Alexei Morozov, Andrey Morozov, Alexei Sleptov, Keshav Dasgupta, Radu Tadar, Veronica Errasti )Knot Polynomials from Chern-Simons theory & their string theoretic interpretation
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M-Theory description

Summary and Open problems

Knot invariants from Chern-Simons theory

colored HOMFLY-PT for arborescent knots and non-arborescent
knots- present status updated in our website knotebook.org

We could do explicit calculation for validating Ooguri-Vafa conjecture,

Can this unifying picture help in indirectly working out integer
coefficients of Witten model?

Thank You
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