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Reducing the  
(Anti-)Self-Duality Equation
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* F = F

Self-dual Yang-Mills 
(Instanton)

Bogomolny Equation
(Monopole)

Hitchin System

Nahm Equation

ADHM Equations R�
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Fμν = [∂μ + Aμ, ∂ν + Aν] = ∂μAν − ∂νAμ + [Aμ, Aν]
F = d A + A ∧ A = Fμνd xμ ∧ d xν

∂0A1 − ∂1A0 + [A0, A1] = ∂2A3 − ∂3A2 + [A2, A3]
∂0A2 − ∂2A0 + [A0, A2] = ∂3A1 − ∂1A3 + [A3, A1]
∂0A3 − ∂3A0 + [A0, A3] = ∂1A2 − ∂2A1 + [A1, A2]

Φ = − A0

∂0A1 + [A0, A1] = [A2, A3]
∂0A2 + [A0, A2] = [A3, A1]
∂0A3 + [A0, A3] = [A1, A2]



These equations are secretly quaternionic!
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• Quaternions:

e1 e2

e3e2
1 = e2

2 = e2
3 = e1e2e3 = − 1

q = 1 ⊗ q0 + e1 ⊗ q1 + e2 ⊗ q2 + e3 ⊗ q3

q* = 1 ⊗ q0 − e1 ⊗ q1 + e2 ⊗ q2 + e3 ⊗ q3

ℍ = ℝ4

Admit 2-dim representation S, e.g. ej = − iσj with Pauli matrices     . σj

• Given a connection on a Hermitian bundle               form the Dirac operator

D\ = 1 ⊗ D0 + e1 ⊗ D1 + e2 ⊗ D2 + e3 ⊗ D3

D\ † = − 1 ⊗ D0 + e1 ⊗ D1 + e2 ⊗ D2 + e3 ⊗ D3its Hermitian conjugate is

acting on sections of S⊗ ℰ

ℰ → ℝ4

• Then Self-Duality is equivalent to          being real:D\ †D\

D\ †D\ = − (D2
0 + DjDj) + ∑

(i, j,k)= cyc(1,2,3)
ei ⊗ ([Dj, Dk] − [D0, Di])

• Moreover, all connections form an infinite-dimensional hyperkähler space
   with triholomorphic gauge group action,
   and the moment of this action is

μ(A) = Im D\†D\

see Hitchin “Dirac Operator” ‘02



Nahm Transform  4

• Nahm equations are the moment maps conditions: 
    Solve them (with proper boundary conditions), 
    rank=monopole number

• Form a family of Dirac (Weyl) operators
    parameterized by by
• Find an orthonormal basis of solutions of 

• Compute the Higgs field
  and the gauge field

Consider a sphere S2
R ⌅ R3 of large radius |�x| = R then the restriction E|S2

of the bundle E splits into eigenbundles of W (�x, 4⇥), i.e. E = L�⇥L��. The
magnetic charge m of the configuration is the Chern class of L� ⇤ S2

R⇥⇤.
Kronheimer [7] demonstrated equivalence of the ‘pure monopole’ case of

k0 = 0 to singular monopoles studied in [15, 14]. Explicit solutions for k0 = 0
and m = 1 will appear in [16]. In this paper we focus our attention on the
case of m = 0, and obtain the explicit solution with k0 = 1, i.e. a single
instanton on the Taub-NUT space.

2 Ingredients

There are two basic ingredients in our construction:

J

I

VW

(a) Linear maps (arrows and limbs). (b) Nahm Data (string).

Figure 1: Components of bow and quiver diagrams. {ingredients}

Figure 1a represents a pair of complex vector spaces V = Cv and W = Cw

with maps J : V ⇤ W and I : W ⇤ V. The linear space of the pair of
maps (I, J) has a natural hyperkähler structure, which is respected by the
action of U(v) and U(w). The hyperkähler moment map of the U(v) action
gv : (I, J) ⇧⇤ (g�1

v I, Jgv) is

µC
V = µ1

V + iµ2
V = IJ, µR

V = µ3
V =

1

2
(J†J � II†), (5)

while for the U(w) action gw : (I, J) ⇧⇤ (Igw, g�1
w J) the moment map is

µC
W = µ1

W + iµ2
W = �JI, µR

W = µ3
W =

1

2
(I†I � JJ†). (6)

It is convenient to assemble the pair (I, J) into

QV =

�
J†

I

⇥
and

Q

W =

�
�I†

J

⇥
, (7)

then the moment maps are

\µV = µi
V ⇤i = Vec(QV Q†

V ) and \µW = µi
W ⇤i = Vec(

Q

W

Q†
W ). (8)
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Here for a 2⇥ 2 matrix M we denote by Vec(M) its traceless part, i.e. for a
decomposition M = M0 + Mi⇥i we define Vec(M) = Mi⇥i.

Figure 1b represents an interval I parameterised by s with a bundle
E ⌅ I endowed with a Hermitian structure, a connection Ds = d/ds� iT0,
and a triplet ⌘T = (T1, T2, T3) of endomorphisms of E. In other words for a
given trivialization of E we have a quadruplet of hermitian matrix valued
functions (T0(s), T1(s), T2(s), T3(s)). These also form a linear space with a
natural hyperkähler structure invariant with respect to the following gauge
group action

g(s) :

�

⇧⇧⇤

T0(s)
T1(s)
T2(s)
T3(s)

⇥

⌃⌃⌅ ⇧⌅

�

⇧⇧⇤

g�1T0g + ig�1 d
dsg

g�1T1g
g�1T2g
g�1T3g

⇥

⌃⌃⌅ . (9)

The corresponding moment maps are

µ1 =
d

ds
T1 � i[T0, T1] + i[T2, T3], (10)

µ2 =
d

ds
T2 � i[T0, T2] + i[T3, T1], (11)

µ3 =
d

ds
T3 � i[T0, T3] + i[T1, T2]. (12)

It is convenient to introduce \T = ⇥1 ⇤ T1 + ⇥2 ⇤ T2 + ⇥3 ⇤ T3 so that the
moment map \µ = [ d

ds � iT0, \T ] + Vec(\T , \T ).

3 Taub-NUT as Hyperkähler Quotient

This section contains a description of the Taub-NUT space using the ingredi-
ents we have defined in the previous section. This description naturally leads
us to a series of harmonic forms which are essential for the instanton con-
struction that follows. Our exposition in this section follows that of Gibbons
and Rychenkova [11], with a slight change of notation.

The bow diagram on Figure 2 represents Nahm data of rank 1 assosiated
with a line bundle e⌅ I on an interval [�l/2, l/2] of length l, as well as the
maps b10 and b01 between the one-dimensional complex vector spaces e0 =
e|s=�l/2 and e1 = e|s=l/2 at the ends of the interval. The gauge transformation

3

Here for a 2⇥ 2 matrix M we denote by Vec(M) its traceless part, i.e. for a
decomposition M = M0 + Mi⇥i we define Vec(M) = Mi⇥i.

Figure 1b represents an interval I parameterised by s with a bundle
E ⌅ I endowed with a Hermitian structure, a connection Ds = d/ds� iT0,
and a triplet ⌘T = (T1, T2, T3) of endomorphisms of E. In other words for a
given trivialization of E we have a quadruplet of hermitian matrix valued
functions (T0(s), T1(s), T2(s), T3(s)). These also form a linear space with a
natural hyperkähler structure invariant with respect to the following gauge
group action

g(s) :

�

⇧⇧⇤

T0(s)
T1(s)
T2(s)
T3(s)

⇥

⌃⌃⌅ ⇧⌅

�

⇧⇧⇤

g�1T0g + ig�1 d
dsg

g�1T1g
g�1T2g
g�1T3g

⇥

⌃⌃⌅ . (9)

The corresponding moment maps are

µ1 =
d

ds
T1 � i[T0, T1] + i[T2, T3], (10)

µ2 =
d

ds
T2 � i[T0, T2] + i[T3, T1], (11)

µ3 =
d

ds
T3 � i[T0, T3] + i[T1, T2]. (12)

It is convenient to introduce \T = ⇥1 ⇤ T1 + ⇥2 ⇤ T2 + ⇥3 ⇤ T3 so that the
moment map \µ = [ d

ds � iT0, \T ] + Vec(\T , \T ).

3 Taub-NUT as Hyperkähler Quotient

This section contains a description of the Taub-NUT space using the ingredi-
ents we have defined in the previous section. This description naturally leads
us to a series of harmonic forms which are essential for the instanton con-
struction that follows. Our exposition in this section follows that of Gibbons
and Rychenkova [11], with a slight change of notation.

The bow diagram on Figure 2 represents Nahm data of rank 1 assosiated
with a line bundle e⌅ I on an interval [�l/2, l/2] of length l, as well as the
maps b10 and b01 between the one-dimensional complex vector spaces e0 =
e|s=�l/2 and e1 = e|s=l/2 at the ends of the interval. The gauge transformation

3

Quadruplet of Hermitian matrix-valued functions on an interval:
Corresponding to a connection
and three bundle endomorphisms

∇ = d
ds

+ T0

T1, T2, T3

Gauge transformation action

[∇, T1] = [T2, T3]
[∇, T2] = [T3, T1]
[∇, T3] = [T1, T2]

Connection induced on Ker D†

Endomorphism induced on Ker D†

These form an infinite-dimensional hyperkähler affine space
 by viewing δ+ = i(δ∇ + e1 ⊗ δT1 + e2 ⊗ δT2 + e3 ⊗ δT3) as a quaternion
with norm |δ+ | := − ∫ tr (δT2

0 + δT2
1 + δT2

2 + δT2
3)ds

acts isometrically
and commutes with the complex structures

⃗t ∈ ℝ3

Werner Nahm ‘80

Φij = ∫ dsΨ†
i sΨj

Aa,ij = ∫ dsΨ†
i

∂
∂ta Ψj

ℝ3⃗t

Ker D\†



Example
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λ ∞

− λ λ

Consider rank one case:

d
ds

T1 = [T2, T3]
0

d
ds

T2 = [T3, T1]
d
ds

T3 = [T1, T2]

0

0

Leading to Bogomolny-Prasad-Sommerfield monopole:

For constant Tj and parameters tj

⃗iT
⃗t

⃗z Monopole

Observer

Origin

Ψ = 1
N

ez\sζ

( d
ds

− σjzj)Ψ = 0Solving the twisted Dirac Eq.

Ensure the solution is L2 choose negative unit length 
eigenvector: σjzjζ = − zζ

Normalizing factor: N = 1
2z

e− 2λz

Resulting in Dirac monopole:

Dirac:

BPS Monopole:



The Problem

• M can be k-centered Taub-NUT space

S1→ TNk:

• U(n) Instanton A on M with curvature FA=dA+A⋀A

1. anti-self-dual:   *F=-F and
2. finite action:    SYM =- ∫tr F⋀*F < ∞

(in orientation dt1dt2dt3dτ)

,,↓
ℝ3

τ ∼τ + 2π

ds2 = Vd ⃗t 2 + (dτ + ω)2

V
dω = *3 dV



Abelian Instantons
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• Each NUT      has associated line bundle        carrying an abelian instanton νσ R(σ) a(σ) = 1
2tσ

dτ + ω
V

− ησ

dησ = *3 d
1

2tσ

- its holonomy around the tau-fiber is trivial and
- its first Chern number is 1

2π ∫Cρ

da(σ) = δσ
ρ

• In addition, there is a family Ls of line bundles carrying an instanton sa(0) = s
dτ + ω

V
- its holonomy around the tau-fiber is s and
- its first Chern number is 1

2π ∫Cρ

da(0) = s
l

• Importantly, Ll ⊗
k

⊗
σ= 1

R(σ) is trivial.

Any k points p1, p2,…, pk on a circle of length l
give a family of abelian instantons

pk− 1

pk

p1

p2

p3

. . .

as = sa(0) + ∑
pσ< s

a(σ)

Question: Which such family is the best?



U(n) Instantons on TNk
 8with Mark Stern and  

Andres Larrain-Hubach 
arXiv:1608.00018 

Def: A U(n) instanton          is a Hermitian bundle                 with s connection, 
whose curvature F is

(ℰ, A) ℰ → TNk

a) anti-self-dual: *F=-F and
b) is square integrable ||F ||2 = − ∫ tr F ∧ *F < ∞

Thm [Uhlenbeck ’79]: Instanton curvature on     decays quartically:                          .ℝ4 |F | (x) < C
|x |4

Question: What is the decay rate for instantons on TNk?

The curvature decay rate is very sensitive to the underlying space volume growth.

For example,

Thm [Mochizuki ’14]: For an instanton on T^2xℝ2 the curvature norm |F|=O(1/r1+ε).



Thm: Any Hermitian connection with finite action on TNk  that is Yang-Mills, i.e. DA*F=0,
satisfies                   , as                    . |F | (x) → 0 d(o, x) → ∞

A technical assumption (generic asymptotic holonomy):
Presume there is a ray in R3 such that the eigenvalues 
of the holonomy along the TN fiber have distinct limits at infinity. 

{e2πiμ1, e2πiμ2, …, e2πiμn}

Thm: Curvature of an instanton on TNk which has generic asymptotic holonomy decays quadratically:
|F | (x) < C

d(0,x)2

Thm: Generic asymptotic holonomy  => limiting holonomy conjugacy class exists and is the case for any ray.

with Mark Stern and  
Andres Larrain-Hubach 

arXiv:1608.00018 



Thm: There is a local trivialization in which the connection one-form A has the form
A = − i diag(a1, a2, …, an) + O( 1

t2 )

with aj = (λj +
mj

2t
) dτ + ω

V
−

mj

k
ω .

- The numbers mj are integers, called magnetic charges.
- We can relabel so that 0 ≤λ1 < … < λn < l .

Thm: Harmonic spinors decay exponentially fast if no            ,
and quadratically otherwise.

λj = 0

Thm: The index of the associated Dirac operator is

indL2D−
A = ∑

j
(({λj /l} − 1

2 )(mj − k⌊λj /l⌋) − k
2 {λj /l}2) + 1

8π2 ∫ tr F ∧ F

⌊a⌋ = largest integer not exceeding a,   and   {a} = a − ⌊a⌋

Bulk termAsymptotic term

Observation: When          crosses 0, the index changed by mj.λj

with Mark Stern and  
Andres Larrain-Hubach 

arXiv:1608.00018 
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• TNk is equipped with abelian instantons:

one associated to each NUT:

and one more:

These organize into a family parameterized by a bow:

instanton connection on a line bundle

• Given an instanton A on a Hermitian bundle     over TNk,  
consider a family A⊗1  +1 ⊗as on             .

It has a family of associated Dirac operators Ds

Instanton

Bow

(A;  )

Do
wn

 T
ra

ns
fo

rm Up Transform

(T,Q,B;E)

• Eigenvalues of holonomy of A at infinity = exp(24i ,j). 

Ind D†s = R(s)  

Bow fiber Es=Ker D†s ={! | D†s !=0}

Instanton => Bow Representation.

Down Transform 
(generalizing ADHM-Nahm transform)



Instanton

Bow

(A;  )

Do
wn

 T
ra

ns
fo

rm Up Transform
(T,Q,B;E)

Es=KerL2 D†s

Family of Dirac operators:

Bow Representation=Index Bundle:

Bow Solution:
orthonormal basis of
orthonormal basis of

Bow Dirac operator:

IL IR

B10

B01

JL JR

WL WR

−l/2 l/2
−λ λ

of a fixed solution (T,Q,B)  
of a large rep. R.

Point on a TN = (t,b), 
solution of a small rep. s.

t

b10

b01

−l/2 l/2

Has corresponding bow 
Dirac operator 

Family of bow Dirac operators:
on

Bundle:

Instanton:
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Bow (Ak):

Circle diagram:

Bow:

Representation R of the bow:

{�j}, R(s)

Bows  13

✂



Affine space: Dat(R)=B⊕F⊕N is hyperkähler

Q� =

✓
J†
�
I�

◆
2 Hom(W�, S ⌦ E�)

B+
� =

✓
B†

�,�+1

B�+1,�

◆
2 Hom(Ep��, S ⌦ Ep�+)

D =
d

ds
+ T0 + ejTj 2 Con(S ⌦ E)

B:

F:

N:

Let S be a 2d representation of quaternions, 
and e1, e2, and e3 be quaternionic units. 

Gauge group     acts triholomorphically on Dat(R)!

B+
� 7! g(p��)B+

� g(p�+),

Q� 7! g(�)Q�,

T0(s) 7! g�1(s)T0g(s) + g�1(s)
d

ds
g(s),

Tj(s) 7! g�1(s)Tjg(s).

Bow rep. moduli space: 

* The moment map conditions 

of the hyperkähler reduction. 

* The level     = NUT positions.
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Consider a sphere S2
R ⌅ R3 of large radius |�x| = R then the restriction E|S2

of the bundle E splits into eigenbundles of W (�x, 4⇥), i.e. E = L�⇥L��. The
magnetic charge m of the configuration is the Chern class of L� ⇤ S2

R⇥⇤.
Kronheimer [7] demonstrated equivalence of the ‘pure monopole’ case of

k0 = 0 to singular monopoles studied in [15, 14]. Explicit solutions for k0 = 0
and m = 1 will appear in [16]. In this paper we focus our attention on the
case of m = 0, and obtain the explicit solution with k0 = 1, i.e. a single
instanton on the Taub-NUT space.

2 Ingredients

There are two basic ingredients in our construction:

J

I

VW

(a) Linear maps (arrows and limbs). (b) Nahm Data (string).

Figure 1: Components of bow and quiver diagrams. {ingredients}

Figure 1a represents a pair of complex vector spaces V = Cv and W = Cw

with maps J : V ⇤ W and I : W ⇤ V. The linear space of the pair of
maps (I, J) has a natural hyperkähler structure, which is respected by the
action of U(v) and U(w). The hyperkähler moment map of the U(v) action
gv : (I, J) ⇧⇤ (g�1

v I, Jgv) is

µC
V = µ1

V + iµ2
V = IJ, µR

V = µ3
V =

1

2
(J†J � II†), (5)

while for the U(w) action gw : (I, J) ⇧⇤ (Igw, g�1
w J) the moment map is

µC
W = µ1

W + iµ2
W = �JI, µR

W = µ3
W =

1

2
(I†I � JJ†). (6)

It is convenient to assemble the pair (I, J) into

QV =

�
J†

I

⇥
and

Q

W =

�
�I†

J

⇥
, (7)

then the moment maps are

\µV = µi
V ⇤i = Vec(QV Q†

V ) and \µW = µi
W ⇤i = Vec(

Q

W

Q†
W ). (8)
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W S ⊗ V

With Complex Structures:

Metric:

and Symplectic forms:
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w J) the moment map is

µC
W = µ1

W + iµ2
W = �JI, µR

W = µ3
W =

1

2
(I†I � JJ†). (6)

It is convenient to assemble the pair (I, J) into

QV =

�
J†

I

⇥
and

Q

W =

�
�I†

J

⇥
, (7)

then the moment maps are

\µV = µi
V ⇤i = Vec(QV Q†

V ) and \µW = µi
W ⇤i = Vec(

Q

W

Q†
W ). (8)

2

Vec(M0 + M
j
σj) = M

j
σj

Ingredients 1:  Arrows (Fundamental Multiplets)
Q =

(

J†

I

)

�X⇤j = dµj

acting on the space of spinors S = C2
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SU(V) acts isometrically on Hom(W,V)⊕Hom(V,W)

Hom(W,V)⊕Hom(V,W) is hyperkähler



Ingredients 1I:  Limbs (Bifundamental Multiplets)

Et Eh

Bht

Bth

Et Eh

Consider a sphere S2
R ⌅ R3 of large radius |�x| = R then the restriction E|S2

of the bundle E splits into eigenbundles of W (�x, 4⇥), i.e. E = L�⇥L��. The
magnetic charge m of the configuration is the Chern class of L� ⇤ S2

R⇥⇤.
Kronheimer [7] demonstrated equivalence of the ‘pure monopole’ case of

k0 = 0 to singular monopoles studied in [15, 14]. Explicit solutions for k0 = 0
and m = 1 will appear in [16]. In this paper we focus our attention on the
case of m = 0, and obtain the explicit solution with k0 = 1, i.e. a single
instanton on the Taub-NUT space.
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There are two basic ingredients in our construction:

J

I

VW

(a) Linear maps (arrows and limbs). (b) Nahm Data (string).

Figure 1: Components of bow and quiver diagrams. {ingredients}
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Figure 1a represents a pair of complex vector spaces V = Cv and W = Cw

with maps J : V ⇤ W and I : W ⇤ V. The linear space of the pair of
maps (I, J) has a natural hyperkähler structure, which is respected by the
action of U(v) and U(w). The hyperkähler moment map of the U(v) action
gv : (I, J) ⇧⇤ (g�1

v I, Jgv) is

µC
V = µ1

V + iµ2
V = IJ, µR

V = µ3
V =

1

2
(J†J � II†), (5)

while for the U(w) action gw : (I, J) ⇧⇤ (Igw, g�1
w J) the moment map is

µC
W = µ1

W + iµ2
W = �JI, µR

W = µ3
W =

1

2
(I†I � JJ†). (6)

It is convenient to assemble the pair (I, J) into

QV =

�
J†

I

⇥
and

Q

W =

�
�I†

J

⇥
, (7)

then the moment maps are

\µV = µi
V ⇤i = Vec(QV Q†

V ) and \µW = µi
W ⇤i = Vec(

Q

W

Q†
W ). (8)

2

Ingredients 1:  Arrows (Fundamental Multiplets)

W S ⊗ V

Q =

(

J†

I

)

S � EhS � Et
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Moment map of U(V) action:

Moment map of U(Eh) action:

Moment map of U(Et) action:



Thm:  Instanton moduli space is isometric 
                     to the moduli space of the corresponding bow representation.

with Mark Stern and 
Andres Larrain-Hubach

MInstanon = MBow



Charges and Ambiguities
 18

• Distinct holonomy eigenvalues {e2πiμ1, e2πiμ2, …, e2πiμn}
split the instanton bundle (on a complement of a compact set) ℰTNk∖B = W1 ⊕ W2 ⊕ … ⊕ Wn

Lemma: The eigenvalues have the form

μj( ⃗t ) =
λj

l
+

ϑj

2 | ⃗t |
+ O( | ⃗t |− 2 )

comparing to the asymptotic form of our connection aj = (λj +
mj

2t
) dτ + ω

V
−

mj

k
ω .

lϑj = mj +
λj

l
k

This combination is Independent of any gauge choice!
• Consider the neighborhood of infinity: TNk \ B contracts to the lens space S3/!k.

Covering space: S3 ——————>  S3/!k

Pullback Bundle: Wj* ——————>  Wj

is trivial

Thus, what distinguishes different line bundles Wj is !k action on the fiber.  
There are only k types of line bundles Wj.

Changing the trivialization of S3 acts by eiτ̃/k : ( λj
mj) ↦ (

λj + l
mj − k)

• Moral: line bundles Wj are determined by k numbers {m̂j | m̂j = mj mod k,0 ≤m̂j < k}

c.f. Witten 0902.09481 
(via brane considerations) 



Choice of Twisting Family
 19

• First Chern class: k real numbers cσ
1 = 1

2πi ∫Cσ

tr F = ∑
j

λj

l
− (8σ + n9σ), 9σ ∈ ℤ

8σ ∈ {0,1,…, n− 1}

“Stiefel-Whitney classes” (obstructions of PSU(n) to SU(n) lifting) 

Relabel the NUTs so that 0 ≤81 ≤82 ≤…8k < n

This labels the rows of a Young diagram that fits into an kxn rectangle

(81, 82, 83, 84) = (1,1,3,4)For example, for k=4, n=5 and

YBal=

• View it as a closed path on an kxn torus.
    Mark 
         - horizontal segments λj and
         - vertical segments pσ

This is the balanced bow representation
(the rank is continuous at each p-point):

λ1

λ2 λ3

λ4

λ5

p1

p2

p3

p4

λ1 p1 p2

λ3

λ2

p3λ4

λ5

p4
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Note: The set of magnetic charges also gives a Young diagram in nxk rectangle.

{m̂1, m̂2, …, m̂n| m̂j ∈ {1,2,…, k − 1}}

YCob=

Interior: 
(Chern numbers)

YBal Infinity: 
(monopole charges)

YCob



Instanton Number
 21

Since TNk is not compact, Chern character value ch2[E,A] does NOT have to be integer. 
Need another definition of the instanton number.

1. On a complement of a compact set, a gauge transformation g : TN∖B → U(n)

Let us focus on a single TN=TN1:
TN≃ℝ4 is contractible, so any bundle over it is trivial, 
and connection one-form A is globally defined.

transforms A to the diagonal form

Ag = − i diag
λ1 + m1l

λ2 + m2l …
λn+ mnl

dτ + ω
V

+ O( 1
t2 ) .

TN\B is contractible to S3, thus the homotopy class of g is in π3(U(n)) = ℤ .

Instanton Number is m0 := deg [g] ∈ π3(U(n)) .

2. Alternatively, holonomy over splits the instanton bundle into orthogonal line bundles,
    giving a map S3

∞ → U(n)/U(1)n = Nn

Flag space

Instanton Number is an element of π3(U(n)/U(1)n) = ℤ .



Index Again
 22

Our index theorem expression is not evidently integer.

Let us compute it:

ch2[ℰ, A] = − 1
8π2 ∫TN

tr F ∧ F = − 1
8π2 lim

R→∞ ∫∂BR

tr(Ad A + 2
3 A3)

= deg[g] − 1
8π2 lim

R→∞ ∫∂BR

tr(Agd Ag + 2
3 (Ag)3)

= deg[g] +
n

∑
j= 1

1
2 (mj −

λj

l
)2 .

With this our index theorem reads

indL2D−
A = ∑

j
(({λj /l} − 1

2 )(mj − k⌊λj /l⌋) − k
2 {λj /l}2) + 1

8π2 ∫ tr F ∧ F

indL2D−
A = deg[g] +

n

∑
j= 1

1
2 ⌊mj −

λj

l
⌋(⌊mj −

λj

l
⌋ + 1)



Kronheimer Reduction

An instanton on TNk that is S1 invariant has the form

Kronheimer 
MS Thesis ‘85

;g = A + Φ dτ + ω
V

The anti-self-duality equation * F; = − F;

is equivalent to the Bogomolny equation

* FA = DAΦ

in some trivialization.
In this trivialization the S1 action on the bundle fiber at a fixed point "σ with some 
weights (n1,n2,…,nn).  

Thus (A,Φ) is a BPS monopole, except with Dirac singularities at the NUTS "σ! 

Φ =

n1 0 … 0
0 n2 0
⋮
0 0 … nn

2 | t − νσ |
+ O( | t − νσ |0 )



1 1 1

1 1 1

1 1

1

1 1 1

D5

D3
.
.
.

NS5
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Cheshire Bow



1) Find solutions of the LARGE Cheshire bow and a small mTN bow

2) Form Weyl operators

and the twisted operator

3) Form the orthonormal basis of solutions

to the Weyl equation

4) Find the Higgs field and the gauge field of the singular monopole from

D†� = 0

 25



w/ Chris Blair

 26

Singular Monopoles

Define function α by



Conclusion

• ADHM transform produces instantons on R4.


•  The Nahm transform produces Monopoles on R3


• It generalizes to instants on ALF spaces.


• Quadratic curvature decay and index.


• Moduli space isometry.


• Explicit instantons and singular monopoles.
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