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Reducing the

(Anti-)Selt-Duality Equation

F=dA+AANA=F,dx"ANdx*
*F=F Fo,=10,+A,0,+A] =04, —0,A, +[A,A)]

: 4
Self-dual Yang-Mills R 0pA; = 01Ag + [Ag, A1] = 0,A5 — 934, + [Ay, Aj]
(Instanton) 0y A — 05A) + [Ag, As] = 0,4, — 0,A, + [Ay, Ao]

3
Bogomolny Equation R = =4
(Monopole) F = %3D®
0o =0
£
O
_ - O = Az —iAs
Hitchin System B’ - |
= inz_i[q)aq)w
82:0,8320 “ D® =0
Nahm Equation R 00A; + [Ap, Al = [Ay, Aj]
01 =0y =03 =0 dpAy + [Ag, As]l = [A3, A

ADHM Equations RO



These equations are secretly quaternionic!

€
 Quaternions: el2 = 822 = 632 =eee5=—1 5
H=R* q=1@q+e,®q+e,®q+e384;
*=1®q -, ®q +e;®q+e3Q 43
Admit 2-dim representation S, e.g.¢; = — io; with Pauli matrices o;. €1 €

- Given a connection on a Hermitian bundle & — R* form the Dirac operator
P=1®Dy+e, ®D;+e,®D,+e;®D; acting on sectionsof SQ® &

its Hermitian conjugateis Dt =—-1Q@ Dy+¢;, @D, +e¢, @ D, + 3 Q D,
- Then Self-Duality is equivalent to DD being real:

Bb=-D2+DD)+ Y  ® ([Dj, D, - D, Di]>
(i,j,k)=cyc(1,2,3)

« Moreover, all connections form an infinite-dimensional hyperkahler space
with triholomorphic gauge group action,
and the moment of this action is
uA)=Im D

see Hitchin “Dirac Operator” ‘02



Nahm Transform Werner Nahm ‘80

Quadruplet of Hermitian matrix-valued functions on an interval:

d
Corresponding to a connection V= -+ T, (To(s),T1(s), Ta(s), T5(s))
and three bundle endomorphisms T,,T,, T,

These form an infinite-dimensional hyperkahler affine space
by viewing 6T=i(6V +¢e, Q@ 6T, + e, ® 6T, + e; ® 6T;) as a quaternion

- P 2 2 2 2
with norm |5—|]_| = [tr (5TO + 5T1 + 6T2 + 5T3)dS TO(S) q 1 g _1|_ ’I,g 1; q
. . | Th(s) g 11y
Gauge transformation action g(s) : Ts) |~ 0 Thg
acts |sometr|cally_ Ty(s) g Tyg
and commutes with the complex structures
Nahm equations are the moment maps conditions: [V, 111 = [13, I5]
: - V.T,| =115, T
Solve them (with proper boundary conditions), V. Il = 15,1
[Va T3] — [Tp Tz] NL
rank=monopole number Ker
Iy of D R = — (-
Form a family of Dirac (Weyl) operators " ds
parameterized by by 7 € R?
Find an orthonormal basis of solutions of —
Compute the Higgs field ®; = [dS‘PjS‘Pj Endomorphism induced on Ker D'
and the gauge field _ + 0
Jals Agjj = JdSTi pY” ¥ Connection induced on Ker D'



Example
Consider rank one case:

Dirac: For constant T; and parameters t; h >
o0
d 0 . . . d 3
ng = [L-T;]  Solving the twisted Dirac Eq. (E —07)¥ =0
d 0 W _ l ksC Z Monopole
$T2 = 5-H - Ne Observer
iT3 = [TTT O Ensure the solution is L2 choose negative unit length ™ iT
ds eigenvector: 0.2 = — 2 f
. _ 1 Origin
Normalizing factor: N = — 2%
2z
Resulting in Dirac monopole: _285 . 1
O = ?M2z ds se™2%% = ***22 [_se _C 2] = \4+ — (o ‘o)
A 2z (22)%] 22 iy J)
BPS Monopole:
1 _ 1
U = NB(T bs — Nexs N2 sinh 2z
B 2z

Leading to Bogomolny-Prasad-Sommerfield monopole:

, 1 ){ N A . 1 Z[de%\]
(I)(,c) = (/\ coth2\z — 5) ;, A(’c) o (sinh(Q/\Z) 22) 22



- M can be k-centered Taub-NUT space

The Problem

- U(n) Instanton A on M with curvature Fa=dA+AAA

1. anti-self-dual: *F=-F and (in orientation dt1dtzdtsdT)
2. finite action: Sym=-Jtr FA*F <

T~T+ 21

81—’TNkZ d 2
l SRS S G ) MR VA B Cdo =*.dV
ds®=Vdt- + > ZQ\t—ua\ 3

R3



Abelian Instantons

- Each NUT v, has associated line bundle R carrying an abelian instanton

- its holonomy around the tau-fiber is trivial and

_ . . . 1
its first Chern number is _J da® = 5
27 c,

- In addition, there is a family Ls of line bundles carrying an instanton ~ sa'¥ =s

- its holonomy around the tau-fiber is s and
- its first Chern numberis

_J dq® =2
2r c, [

k
» Importantly, L'® ® R is trivial.

o=1
Any Kk points p1, p2,..., px on a circle of length |
give a family of abelian instantons

a, = sa¥ + Z a® P

D,<S

Question: Which such family is the best?

©) 1l dit+w
a'® = -1,
2t, 'V
d —*d1
o =73 2t
dt + w
1%
P3
P>
P1

Pk



with Mark Stern and

U(ﬂ) Instantons on TNk Andres Larrain-Hubach
arXiv:1608.00018

Def: A U(n) instanton(&, A) is a Hermitian bundle & — TN, with s connection,

whose curvature F is
a) anti-self-dual: *F=-F and

. ] 2
b) is square integrable [ F1°=— [trF/\ *F < 00

Thm [Uhlenbeck '79]: Instanton curvature on R*decays quartically: | F|(x) <——/.

Question: What is the decay rate for instantons on TNg?

The curvature decay rate is very sensitive to the underlying space volume growth.

For example,

Thm [Mochizuki '14]: For an instanton on TA2xR2 the curvature norm IFI=0(1/r1+¢).



with Mark Stern and
Andres Larrain-Hubach
arXiv:1608.00018

Thm: Any Hermitian connection with finite action on TNk that is Yang-Mills, i.e. Da*F=0,
satisfies |F|(x) —» 0, as d(o,x) = .

A technical assumption (generic asymptotic holonomy): | |
Presume there is a ray in R3 such that the eigenvalues {e*#1, e, ..., e*"#n}
of the holonomy along the TN fiber have distinct limits at infinity.

Thm: Curvature of an instanton on TNk which has generic asymptotic holonomy decays quadratically:
| F|(x) <

Thm: Generic asymptotic holonomy => limiting holonomy conjugacy class exists and is the case for any ray.



with Mark Stern and
Andres Larrain-Hubach
arXiv:1608.00018

Thm: There is a local trivialization in which the connection one-form A has the form
1
A = —idiag(a, a,, ..., a,) + O(t_z)

m. dr + n;
with a=@+-—E Y _ T,

. , ) M 14 k
- The numbers m; are integers, called magnetic charges.
- Wecanrelabelsothat 0 <4, <...<4,</I.

Thm: Harmonic spinors decay exponentially fastifno 4,=0,
and quadratically otherwise.

Thm: The index of the associated Dirac operator is

ind.Dy = )’ (({Aju} - %)(mj — k| 2/1]) — g{zj/1}2> + SL JtrF AF

: T2
Jj

Asymptotic term Bulk term

la] = largest integer not exceeding a, and {a} =a — |4]

Observation: When 4; crosses 0, the index changed by m;.



Down Transform

(generalizing ADHM-Nahm transform)

[Nk is equipped with abelian instantons:

1 do + 1
(o) — _ dn, = *d
20t —v,| V o e =%

one associated to each NUT:

() _ do+1
VvV

and one more: a

These organize into a family parameterized by a bow:

as =50 + > " al”)instanton connection on a line bundle s =L°® © R

Po<s
Po<s
e Given an instanton A on a Hermitian bundle € over TN,
consider a family A®1, +1®ason £ ®e; . (A€) Instanton

It has a family of associated Dirac operators Ds

« Eigenvalues of holonomy of A at infinity = exp(2zi 4)).

Down Transform
wJojsuel] dn

Ind Dts = R(S)

Bow fiber Es=Ker Dts ={¥W | Dts =0}

(1,Q,B;E) Bow
Instanton => Bow Representation.
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(A:€) Instanton
Family of Dirac operators: Bundle:
D, =D ss 1 g’(t,b) — KerLQD(t,b)
S 2 €3+ Kas
Instanton:

_,% =1 Aaﬁ — / XL(d T as)XBdS-
- — Bow

Bow Representation=Index Bundle: = >
S o)
5 3

Family of bow Dirac operators:
Dupy =DR1.+1p®0°onSQE®ec

Bow Dirac operator:

Bow Solution: (T.Q,B;E) Bow (igs + T +¢T; \

{f,} orthonormal basis of Kerp=V*V D — (gf)f

{¥.} orthonormal basis of Kerj2 D! \ pr )

0 .. d ; ‘o of a fixed solution (T,Q,B)
T = / vl £\11de01, T = / V!t WydVol of a large rep. R.

TN TN
Quo = / U1 Dy frdVol, Pointon a TN = (t,b), @
TN

solution of a small rep. s.

By, = / Wl bPW,dVol, Has corresponding bow
TN Dirac operator ©



Bow (Ax):

Representation R of the bow:

{Aj}a R(S)
{(Wx =C}riro)=r(0+)

Bow:

Circle diagram:

13



Let S be a 2d representation of quaternions,
and e1, ez, and e3 be quaternionic units.

Affine space: Dat(R)=B@F@N is hyperkahler Bow rep. moduli space:

M Y Z Dat(R) )G = =t () /G

* The moment map conditions
u(T, Q, B)
of the hyperkahler reduction.

_‘.
B: B = (gaj;rl> € Hom(E, _,S®E,_+)

)

F: Q= (I)\> - HOHl(WA,S@)E)\)

*The level v = NUT positions.

d
+To + ¢;T; € Con(S ® E)

N: D= —
ds

Gauge group G acts triholomorphically on Dat(R)!

BY — g(ps—)BS g9(ps+),
Qxr — g(N)Q@Qx,

To(s) — g~ " (s)Tog(s) + g~ (s)=—g(s),

Ty(s) > g~ () Tyg(s).



Ingredients 1: Arrows (Fundamental Multiplets)

I

;
W e— ————e V =C"and W = (C¥ Q:<JI>
! W e oSV
SU(V) acts isometrically on Hom(W,V)@Hom(V,W)
go: (1, J) = (9,1, Jgu)
Metric: ds?® = Ty (1(2*(1(2 = Iy ( dJdJt -1 d[td[)

Hom(W,V)@Hom(V,W) is hyperkahler

With Complex Structures: ¢, — —j< v ) ey — —-z',( oo ) eq — —z'( L )

1 0O

1 0 0o -1

acting on the space of spinors S = (C?
and Symplectic forms: wj =gl e;) = trw(dQ" A e;dQ)
ly = wjoj, Y = 2iVectrydQ A dQ1

LxWwi = A

My = 1y os = Vee(QvQy)

Vec(M® + M’o;) = M’ o



Ingredients 1: Arrows (Fundamental Multiplets)

I

W @=——_

J

Moment map of U(V) action:

————e /

W e

Ny = 1oy = Vee(QvQl,)

oSV

Ingredients 11: Limbs (Bifundamental Multiplets)

Bt

By,

Moment map of U(En) action:

:c.g B — Vec BB f

MOment map Of U(Et) aCtlon g“: Eh(a] — S ¢ E.‘(ajl- 'dll(l Ba : Et(a] — 9 G Ehl:ajr

M, = Vec 4 i




with Mark Stern and
Andres Larrain-Hubach

Thm: Instanton moduli space is isometric
to the moduli space of the corresponding bow representation.

Mlnstanon — MBow



c.f. Witten 0902.09481

(via brane considerations)

Charges and Ambiguities

- Distinct holonomy eigenvalues {ezmﬂl, e ez’””n}

split the instanton bundle (on a complement of a compact set) émps=W, @ W, ® ... ® W,

Lemma: The eigenvalues have the form

A 9.
(D) ==+——+0(77)
1 T | 7]
. ] . mj dT + j
comparing to the asymptotic form of our connection a; = (4 + 2t) VR .
4

This combination is Independent of any gauge choice!

- Consider the neighborhood of infinity: TNk \ B contracts to the lens space S3/zx

Pullback Bundle: W} — — — — —— > W,
s trivial { l
Covering space: S8 —— — — — — > S8/zx

Thus, what distinguishes different line bundles W; is zx action on the fiber.
There are only k types of line bundles W,.

5 1. A+
Changing the trivialization of S3acts by e'¥*: ( J) - ( / )

 Moral: line bundles W; are determined by k numbers {;| i; = m;mod k,0 < i, < k}
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Choice of Twisting Family

A
trF = ZTJ—(c6+n§G), 38, €/
J

R

“Stiefel-Whitney classes” (obstructions of PSU(n) to SU(n) lifting)

- First Chern class: k real numbers ¢ = z—mJ
C

o

¢, €{0,1,...,n—1}

Relabelthe NUTssothat 0<¢, <¢, < ..., <nm

This labels the rows of a Young diagram that fits into an kxn rectangle

For example, for k=4, n=5 and (¢, ¢, ¢3,¢4) = (1,1,3,4)

YBal=
 View it as a closed path on an kxn torus.
Mark | This is the balanced bow representation
- horizontal segments Aj and A5 (the rank is continuous at each p-point):
- vertical segments po R "
)\4pr4 | D4 4 P3
— |
Ao | As P2 I A5
‘tpz || }\3
‘tp-] | )\1 )\2
—o—L S — p1 p2




Note: The set of magnetic charges also gives a Young diagram in nxk rectangle.

{ml,mz, ot € (12,0 k = 1}}

YCob=

Interior: YRal Infinity: Y cob
(Chern numbers) (monopole charges)

20



21
Instanton Number

Since TNk is not compact, Chern character value cho[E,A] does NOT have to be integer.
Need another definition of the instanton number.

Let us focus on a single TN=TNj:
TN=R4 is contractible, so any bundle over it is trivial,
and connection one-form A is globally defined.

1. On a complement of a compact set, a gauge transformation g : TN\B — U(n)
transforms A to the diagonal form

(A + m,l )

dr + 1
A% = — i diag Ay + my va+0(t—2).

\ A, + mnl)
TN\B is contractible to S3, thus the homotopy class of g is in 73(U(n)) = Z.

Instanton Number is mg :=deg[g] € m;(U(n)).

2. Alternatively, holonomy over splits the instanton bundle into orthogonal line bundles,
givingamap §3 — Umn)/U(1)" = N,
Flag space

Instanton Number is an element of 7#3(Um)/U(1)") = Z.



Index Again

Our index theorem expression is not evidently integer.

ind.Dy = )’ <({zj/l} - %)(mj — k| 4/1)) — g{xj/lﬂ) - % JtrF AF

; T
J
Let us compute it:

—1 —1 2
cho[E, A] = —J rFAF=— lim [ (r(AdA + =A%)

T R—>oo

1 2
= deg[g] — — lim J tr(ASdAS + —(A%)%)
872 0By 3

= deg[g] + ]Z:, 0= =),

With this our index theorem reads

. "1 A A
ind;.D; = deg[g] + Z 5 |m; — TJJ < [m; — TJJ + 1)

J=1

22



' ' Kronheimer
Kronheimer Reduction e

An instanton on TNk that is S invariant has the form

dr +
A=A+ Y

iIn some trivialization.

In this trivialization the S' action on the bundle fiber at a fixed point vs with some
weights (n+,na,...,Nn).

The anti-self-duality equation *F,=—-F,

IS equivalent to the Bogomolny equation

Thus (A,®) is a BPS monopole, except with Dirac singularities at the NUTS v!

(n, 0 ... 0

0 n, 0

\O 0 .. ) .
D = + O(|t—v,|")

2|t —v,|



Cheshire Bow

§=—A s =0,t(e)

24



1) Find solutions of the LARGE Cheshire bow and a small mTN bow
2) Form Weyl operators

J

as

d(s—t(a)) g, d(s—hla) _)Ba).

ac{Arrows} ( )

and the twisted operator

3) Form the orthonormal basis of solutions

p—

to the Weyl equation DT = (

4) Find the Higgs field and the gauge field of the singular monopole from

int(s) 1 int(s)
_ vy L A=W, (idtar )®
o= |V, s+ 2tj\Il t ada+j_1w1
j=1 =

25



Singular Monopoles w/ Chris Blair

Define function a by
Ti+tj+=z
; Tj + tj — Z

the monopole

exp(4daz) =

b = A+§k:i th2() +20)z — — |
N 2t; °0 @)z 2z | z

2 )

L
+— =
sinh 2(A 4 2a)z ; 2t (Tjt; — Ty - t5)

S

. i k
) 1 T; +1, 1
A — o ad%‘ T . A + ] —;7 > + —
2z % d4] sinh 2(A + 2a)z _ JE_: (Tjtj —T; - tj) _ 2z
4+ - w.i coth2(A + 2a)z + “ Ek : i[*\ja d%\]J_
]§=1: T 2 sinh 2(A + 2a)z Aty (Tjt; — T'J . {;)

26



Conclusion

- ADHM transform produces instantons on R4.

« The Nahm transform produces Monopoles on R3
* It generalizes to instants on ALF spaces.

» Quadratic curvature decay and index.

* Moduli space isometry.

 Explicit instantons and singular monopoles.

27



