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Introduction  
! ! Based on paper arXiv:1111.0691  
 
! ! Built upon insights from authorÕs work in  
 
ÒTwo-Dimensional Twisted Sigma Models And The Theory 
of Chiral Differential OperatorsÓ, arXiv:hep-th /0604179 ,  
 
ÒChiral Equivariant  Cohomology  and the Half-Twisted 
Gauged Sigma ModelÓ, arXiv:hep-th /0612164 ,  
 
ÒChiral Algebra of (0,2) Sigma Models: Beyond 
Perturbation Theory - IIÓ, (with J. Yagi ) arXiv:0805.1410 , 
 
ÒSupersymmetric  Surface Operators, 4-Manifold Theory, 
and Invariants in Various DimensionsÓ, arXiv:1006.3313 .  

 



Motivation  
! !To furnish a physical interpretation of the recently 

formulated mathematical theory of ÒTwisted 
Chiral Differential OperatorsÓ. 

 
! !To furnish an alternative, non gauge-theoretic, 

physical interpretation of the geometric 
Langlands  correspondence, so as to be able to  

(i) make contact with the original mathematical 
formulation of the correspondence by Beilinson-
Drinfeld  which utilizes algebraic CFT, 



Motivation  
(ii)  gain, via the physics, mathematical insights 

into the correspondence at genus 1 and 0 
which were not addressed in the gauge-
theoretic approach by Kapustin-Witten,              

 
(iii) furnish physical proofs of mathematical 
conjectures which relate geometric Langlands  
to knots 
 
(iv) Furnish physical proofs of mathematical 
conjectures relating quantum groups to the 
correspondence.   
 



Background Required (Physics) 

¥! 2d supersymmetry and SCFT 
¥! Twisted sigma models 
¥! Anomalies 
¥! Current algebra 
¥! Worldsheet Instantons 
¥! Supersymmetric quantum mechanics 
¥! WZW models/Chern-Simons Theory  

 



Background Required ( Maths ) 
! ! Differential Geometry   

 - Riemannian Geometry 
 - de Rham / Dolbeault  Cohomology   

 
! ! Algebraic geometry  

 - Sheaves and Sheaf cohomology   
 - Intersection theory 

 
! ! Group representation theory 

 -Group extensions and group cohomology     
 -Representation theory 

 
! ! Algebraic Topology 

 -Elliptic Genera 
 
! ! Knots, Knot Homology and Symplectic  Geometry 

 - Jones Polynomial 
 - Khovanov  Homology 
 - Lagrangian  intersection Floer Homology 

 
 
 
 
 



Summary of  Main Results 
! ! We first study the physical features of a non-dynamically 

gauged quasi-topological (0,2) sigma model with target a 
G-manifold in perturbation theory 

 
  - Quasi-topological model. 
 

 - Invariant under Weyl  scalings  of worldsheet . 
 

 -Conformal anomaly unless target space is Ricci-flat.     
 

 -Infinite tower of excited states/operator observables that 
have holomorphic weights. 

 
 

  



Summary of  Main Results 

-Elliptic genus of local operators is therefore nontrivial 
in general. 

 
-Operator observables span a holomorphic chiral 

algebra. 
 
-Ground operators span a topological chiral ring.  
 
-Operator observables can be described as classes in 

a certain Cech-cohomology  group.  
   
- For Cartan  gauge group, and target space a flag 

manifold of G, model physically manifests the 
mathematical theory of ÒTwisted Chiral Differential 
Operators. 

 
  
 
 
 
 
 



Summary of  Main Results 
- Taking the infinite target volume limit, one can see that 

the model possesses a generalized T-duality.  
 
- From this T-duality, we have an isomorphism of W-
algebras, and going back to the finite volume limit, we 
have only a Feigin-Frenkel  isomorphism of W-algebras, i.e., 
affine G-algebra at critical level parameterized by ^LG-
opers  on worldsheet .  

-! A physical interpretation of the geometric Langlands  
correspondence for G, where complex curve is the 
worldsheet . 

-! Correlation functions of certain purely bosonic  operators 
are Hecke  eigensheaves . 

- Hecke  operators are certain nonlocal operators. We insert 
them into the correlation functions to effect a Hecke  
modification.  

  
 
 
 
 
 



Summary of  Main Resu lts 
! ! We then study the nonperturbative  effects of worldsheet  twisted 

instantons  in the sigma model  
 
  - For worldsheet  of genus 0 with less than 3 punctures, instanton  

effects trivialize the chiral algebra completely. 
 

 - Consistent with the fact that there are no Hecke  
eigensheaves  at genus 0 with less than 3 punctures.  

 
 - Via supersymmetric  gauged quantum mechanics, chiral 
algebra observables correspond to harmonic spinors on the 
loop space of the flag manifold of G.    

 
 - Can therefore connect the condition for the existence of 
Hecke  eigensheaves  to the Hohn-Stolz conjecture in algebraic 
topology that says that there are no harmonic spinors on the 
flag manifold of G. 

 
  



Summary of  Main Results 
! ! Finally, we study the infinite volume limit of the sigma model 

with target the flag manifold of simply-laced G.   
 
  - 2D Lagrangian  is the same as that for a WZW model for G.  
 

 - Via the WZW- Chern -Simons connection, can express knot 
invariants, in particular the Jones polynomial, in terms of the 
correlation functions of the chiral algebra observables. In 
turn, we can express the Khovanov  homology in terms of 
quantum ÒramifiedÓ D-modules and therefore, Lagrangian  
intersection homology. As such, we have a physical proof of 
a conjecture by Seidel-Smith.    

 
 - Via the isomorphism of W-algebras in the infinite volume 
limit, we have a physical interpretation of the ÒramifiedÓ 
geometric Langlands  for G - which relates quantum 
ÒramifiedÓ D-modules associated with G and ^LG - as a 
generalized T-duality.   

 
   



Summary of  Main Results 
 
 - As such, via the simultaneous interpretation of the 
correlation functions of the chiral algebra observables 
as quantum ÒramifiedÓ D-modules and generators of 
knot invariants, we have a physical interpretation of a 
conjecture by Gaitsgory  - which relates ÒramifiedÓ D-
modules to quantum groups associated with G and 
^LG, respectively Ð as a generalized T-duality.  

 
  



The Lagrangian  of  the quasi-topological  

gauged (0,2) model     

This means that a consistent generalization of the twisted model entails making the replace-

ments

! øz" i ! D øz" i = ! øz" i " Aa
øzV i

a and ! z" øi ! Dz" øi = ! z" øi + Aa
zVøi

a (2.20)

in (i) the action (2.11), (ii) the Þeld variations in (2.7), and (iii) V in (2.9). As required of

covariant derivatives, the gauge variations#! (D øz" i ) and #! (Dz" øi ) do not contain worldsheet-

derivatives of the parameter$.

On the other hand, under an inÞnitesimal gauge transformation, the%Õs, which play

the role of tangent vectors inX , will change as

#! %i
øz = $a! kV i

a %k
øz and #! %

øi = " $a! økVøi
a %

øk. (2.21)

This means that a consistent generalization of the twisted model entails making the replace-

ment

Dz%øi ! !Dz%øi = Dz%øi + Aa
z# økVøi

a %
øk (2.22)

in the action (2.11), whereby# økVøi
a = ! økVøi

a + ! øi
øj økVøj

a . As required of covariant derivatives, the

gauge variation#! ( !Dz%øi ) does not contain worldsheet-derivatives of the parameter$ either.

A Non-Dynamically Gauged Version of the Twisted(0, 2) Sigma Model

Thus, the action of the generalized theory will be given by

Sgauged =
"

!
|d2z| giøj (D øz" i Dz" øj + %i

øz
!Dz%øj ), (2.23)

and moreover,Sgauged will be invariant under (2.18), (2.19) and (2.21), if the derivatives

! økVøi
a = [ ø! Va]øiøk and ! kV i

a = [ ! Va]ik satisfy [26]

L a(! Vb) " L b(! Va) = [ ! Va, ! Vb] " f ab
c! Vc and L a( ø! Vb) " L b( ø! Va) = [ ø! Va, ø! Vb] " f ab

c ø! Vc,

(2.24)

where L a is the Lie-derivative with respect to the vector ÞeldVa. As is clear from (2.23),

one can also interpret the generalized model as anon-dynamically G-gauged version of the

twisted (0, 2) sigma model with aÞxedtarget spaceX .

As in the original ungauged model, one can also write

Sgauged =
"

!
|d2z|{ Q, V } , (2.25)

where

V = " giøj %
i
øzDz" øj , (2.26)

13

This means that a consistent generalization of the twisted model entails making the replace-

ments

∂øzφ
i ! D øzφ

i = ∂øzφ
i " Aa

øzV i
a and ∂zφ

øi ! Dzφ
øi = ∂zφ

øi + Aa
zVøi

a (2.20)

in (i) the action (2.11), (ii) the Þeld variations in (2.7), and (iii) V in (2.9). As required of

covariant derivatives, the gauge variationsδ! (D øzφi ) and δ! (Dzφ
øi ) do not contain worldsheet-

derivatives of the parameterε.

On the other hand, under an inÞnitesimal gauge transformation, theψÕs, which play

the role of tangent vectors inX , will change as

δ! ψ
i
øz = εa∂kV i

a ψk
øz and δ! ψ

øi = " εa∂økVøi
a ψ

øk. (2.21)

This means that a consistent generalization of the twisted model entails making the replace-

ment

Dzψ
øi ! !Dzψ

øi = Dzψ
øi + Aa

z# økVøi
a ψ

øk (2.22)

in the action (2.11), whereby# økVøi
a = ∂økVøi

a + ! øi
øj økVøj

a . As required of covariant derivatives, the

gauge variationδ! ( !Dzψ
øi ) does not contain worldsheet-derivatives of the parameterε either.

A Non-Dynamically Gauged Version of the Twisted(0, 2) Sigma Model

Thus, the action of the generalized theory will be given by

Sgauged =
"

!
|d2z| giøj (D øzφ

i Dzφ
øj + ψi

øz
!Dzψ

øj ), (2.23)

and moreover,Sgauged will be invariant under (2.18), (2.19) and (2.21), if the derivatives

∂økVøi
a = [ ø∂Va]øiøk and ∂kV i

a = [ ∂Va]ik satisfy [26]

L a(∂Vb) " L b(∂Va) = [ ∂Va, ∂Vb] " f ab
c∂Vc and L a( ø∂Vb) " L b( ø∂Va) = [ ø∂Va, ø∂Vb] " f ab

c ø∂Vc,

(2.24)

where L a is the Lie-derivative with respect to the vector ÞeldVa. As is clear from (2.23),

one can also interpret the generalized model as anon-dynamically G-gauged version of the

twisted (0, 2) sigma model with aÞxedtarget spaceX .

As in the original ungauged model, one can also write

Sgauged =
"

!
|d2z|{ Q, V } , (2.25)

where

V = " giøj ψ
i
øzDzφ

øj , (2.26)

13
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øk. (2.21)
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Dz%
øi ! !Dz%

øi = Dz%
øi + Aa

z# økVøi
a%

øk (2.22)

in the action (2.11), whereby# økVøi
a = ! økVøi

a + ! øi
øjøkVøj
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gauge variation#! ( !Dz%
øi) does not contain worldsheet-derivatives of the parameter$ either.
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and moreover,Sgauged will be invariant under (2.18), (2.19) and (2.21), if the derivatives
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c ø! Vc,
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one can also interpret the generalized model as anon-dynamically G-gauged version of the
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i
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a = [ ø! Va]øiøk and ! kV i
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As in the original ungauged model, one can also write

Sgauged =
"

!
|d2z|{ Q, V } , (2.25)

where
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Notice also that sinceQ
2
+ = 0, the term { Q+ , V} in (2.8) is invariant under the transfor-

mation generated byQ+ . Moreover, for the transformation laws of (2.7) to be physically

consistent,Q+ must have chargeq = 1 under the globalU(1)R symmetry group. SinceV has

a corresponding charge ofq = ! 1, the term { Q+ , V} in (2.8) continues to be invariant under

the U(1)R symmetry group (at the classical level). In summary, the e! ective perturbative

action that is both U(1)R- and Q+ -invariant will be given by

Spert =
!

!
|d2z| giøj (∂øzφ

i ∂zφ
øj + ψi

øzDzψ
øj ), (2.11)

where it can also be written as

Spert =
!

!
|d2z|{ Q+ , V} . (2.12)

A Family Of Target Spaces for the Twisted(0, 2) Sigma Model

We would now like to generalize the above twisted model with actionSpert , such that

it will describe a family of target spaces which are related toX via its di! eomorphism

group, whilst still being Q+ - and U(1)R-invariant. To get an idea what one must do to-

wards this end, Þrst recall that the pair (φi (z, øz), φøi (z, øz)) can be viewed as a single-valued

function which maps, in a one-to-one manner, a point in" to a point in X ; in other words,

(φi (z, øz), φøi (z, øz)) deÞnes a section of the trivial bundleX " " , whereX and " are its Þber

and base, respectively. That the model of (2.11) has a Þxed target space is reßected in the

fact that over all of " is a Þxed manifoldX in the trivial bundle X " " . Therefore, if one

would like to describe a family of target spaces, one ought to generalize (φi (z, øz), φøi (z, øz))

to deÞne a section of anontrivial Þber bundleF , whereX ↪# F # " Ð indeed, one would

have, in this instance, a family of complex manifolds over" which are related to the Þxed

X via the structure group ofF .

In the most general case, one can take the structure group ofF to be the noncompact

di! eomorphism group ofX . Nevertheless, ifX is some smoothG-manifold, where G is

any compact, connected Lie group, a natural choice for the structure group ofF would be

G itself. On such anX , the G-action is inÞnitesimally generated by a set of vector Þelds

Va on X , where a = 1, . . . , d = dim G. These are holomorphic vector Þelds, which means

that their holomorphic (antiholomorphic) components are holomorphic (antiholomorphic)

functions, i.e., forVa =
" dim CX

i =1 V i
a (∂/ ∂φi ) +

" dim CX
øi =1 Vøi

a (∂/ ∂φøi ), we have

∂V i
a

∂φøj
=

∂Vøi
a

∂φj
= 0 . (2.13)
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In addition, the VaÕs realise ad-dimensional Lie algebrag of G, i.e., they obey

[Va, Vb] = f ab
cVc, (2.14)

wheref ab
c are the structure constants ofG. This can also be explicitly written in component

form as

[Va, Vb]i = V j
a (

! V i
b

!" j
) ! V j

b (
! V i

a

!" j
)

= f ab
cV i

c , (2.15)

and

[Va, Vb]
øi = Vøj

a (
! Vøi

b

!" øj
) ! V

øj
b (

! Vøi
a

!" øj
)

= f ab
cVøi

c . (2.16)

Furthermore, as theG-action on X is supposed to leave Þxed its metric, the vector Þelds

will obey the Killing vector equations

" i Vja + " j Via = 0, " i Vøja + " øj Via = 0, (2.17)

where" is the covariant derivative with respect to the Levi-Civita connection onX , while

Via = giøj V
øj

a and Vøja = giøj V i
a .

With regard to our generalization of the model, the fact that (" i (z, øz), " øi (z, øz)) now

deÞnes a section of a nontrivial bundleF with structure group G means that one must

replace all ordinary derivatives of (" i (z, øz), " øi (z, øz)) with covariant derivatives Ð the relevant

G-connection in this case being a local one-form gauge ÞeldA on Σ with values in g, i.e.,

the VaÕs. The components ofA obey the usual inÞnitesimal gauge transformation laws

#! Aa
z = ! z$a ! f bc

a$bAc
z and #! Aa

øz = ! øz$a + f bc
a$bAc

øz, (2.18)

where $ is a position-dependent zero-form onΣ with values in g. Under an inÞnitesimal

gauge transformation, the" Õs, which play the role of coordinates inX , will change as

#! " i = $aV i
a and #! "

øi = ! $aVøi
a . (2.19)
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In addition, the VaÕs realise ad-dimensional Lie algebrag of G, i.e., they obey

[Va, Vb] = f ab
cVc, (2.14)

wheref ab
c are the structure constants ofG. This can also be explicitly written in component

form as

[Va, Vb]i = V j
a (

! V i
b

!" j
) ! V j

b (
! V i

a

!" j
)

= f ab
cV i

c , (2.15)

and

[Va, Vb]ī = V j̄
a (

! V ī
b

!" j̄
) ! V j̄

b (
! V ī

a

!" j̄
)

= f ab
cV ī

c . (2.16)

Furthermore, as theG-action on X is supposed to leave Þxed its metric, the vector Þelds

will obey the Killing vector equations

" i Vja + " j Via = 0, " i V̄ja + " j̄ Via = 0, (2.17)

where" is the covariant derivative with respect to the Levi-Civita connection onX , while

Via = gi j̄ V j̄
a and V̄ja = gi j̄ V i

a .

With regard to our generalization of the model, the fact that (" i (z, øz), " ī (z, øz)) now

deÞnes a section of a nontrivial bundleF with structure group G means that one must

replace all ordinary derivatives of (" i (z, øz), " ī (z, øz)) with covariant derivatives Ð the relevant

G-connection in this case being a local one-form gauge ÞeldA on ! with values in g, i.e.,

the VaÕs. The components ofA obey the usual inÞnitesimal gauge transformation laws

#! Aa
z = ! z$a ! f bc

a$bAc
z and #! Aa

z̄ = ! z̄$a + f bc
a$bAc

z̄, (2.18)

where $ is a position-dependentzero-form on! with values in g. Under an inÞnitesimal

gauge transformation, the" Õs, which play the role of coordinates inX , will change as

#! " i = $aV i
a and #! " ī = ! $aV ī

a . (2.19)
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This means that a consistent generalization of the twisted model entails making the replace-

ments

! øz" i ! D øz" i = ! øz" i " Aa
øzV i

a and ! z" øi ! Dz" øi = ! z" øi + Aa
zVøi

a (2.20)

in (i) the action (2.11), (ii) the Þeld variations in (2.7), and (iii) V in (2.9). As required of

covariant derivatives, the gauge variations#! (D øz" i ) and #! (Dz" øi ) do not contain worldsheet-

derivatives of the parameter$.

On the other hand, under an inÞnitesimal gauge transformation, the%Õs, which play

the role of tangent vectors inX , will change as

#! %i
øz = $a! kV i

a %k
øz and #! %

øi = " $a! økVøi
a %

øk. (2.21)

This means that a consistent generalization of the twisted model entails making the replace-

ment

Dz%øi ! !Dz%øi = Dz%øi + Aa
z# økVøi

a %
øk (2.22)

in the action (2.11), whereby# økVøi
a = ! økVøi

a + Γøi
øj økVøj

a . As required of covariant derivatives, the

gauge variation#! ( !Dz%øi ) does not contain worldsheet-derivatives of the parameter$ either.

A Non-Dynamically Gauged Version of the Twisted(0, 2) Sigma Model
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In addition, the VaÕs realise ad-dimensional Lie algebrag of G, i.e., they obey

[Va, Vb] = f ab
cVc, (2.14)

wheref ab
c are the structure constants ofG. This can also be explicitly written in component

form as

[Va, Vb]i = V j
a (

! V i
b

!" j
) ! V j

b (
! V i

a

!" j
)

= f ab
cV i

c , (2.15)

and

[Va, Vb]
øi = Vøj

a (
! Vøi

b

!" øj
) ! V

øj
b (

! Vøi
a

!" øj
)

= f ab
cVøi

c . (2.16)

Furthermore, as theG-action on X is supposed to leave Þxed its metric, the vector Þelds

will obey the Killing vector equations

" i Vja + " j Via = 0, " i Vøja + " øj Via = 0, (2.17)

where" is the covariant derivative with respect to the Levi-Civita connection onX , while

Via = giøj V
øj

a and Vøja = giøj V i
a .

With regard to our generalization of the model, the fact that (" i (z, øz), " øi (z, øz)) now

deÞnes a section of a nontrivial bundleF with structure group G means that one must

replace all ordinary derivatives of (" i (z, øz), " øi (z, øz)) with covariant derivatives Ð the relevant

G-connection in this case being a local one-form gauge ÞeldA on Σ with values in g, i.e.,

the VaÕs. The components ofA obey the usual inÞnitesimal gauge transformation laws

#! Aa
z = ! z$a ! f bc

a$bAc
z and #! Aa

øz = ! øz$a + f bc
a$bAc

øz, (2.18)

where $ is a position-dependentzero-form onΣ with values in g. Under an inÞnitesimal

gauge transformation, the" Õs, which play the role of coordinates inX , will change as

#! " i = $aV i
a and #! "

øi = ! $aVøi
a . (2.19)
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This means that a consistent generalization of the twisted model entails making the replace-

ments

! øz" i ! D øz" i = ! øz" i " Aa
øzV i

a and ! z" øi ! Dz" øi = ! z" øi + Aa
zVøi

a (2.20)

in (i) the action (2.11), (ii) the Þeld variations in (2.7), and (iii) V in (2.9). As required of

covariant derivatives, the gauge variations#! (D øz" i ) and #! (Dz" øi ) do not contain worldsheet-

derivatives of the parameter$.

On the other hand, under an inÞnitesimal gauge transformation, the%Õs, which play

the role of tangent vectors inX , will change as

#! %i
øz = $a! kV i

a %k
øz and #! %

øi = " $a! økVøi
a %

øk. (2.21)

This means that a consistent generalization of the twisted model entails making the replace-

ment

Dz%øi ! !Dz%øi = Dz%øi + Aa
z# økVøi

a %
øk (2.22)

in the action (2.11), whereby# økVøi
a = ! økVøi

a + ! øi
øj økVøj

a . As required of covariant derivatives, the

gauge variation#! ( !Dz%øi ) does not contain worldsheet-derivatives of the parameter$ either.

A Non-Dynamically Gauged Version of the Twisted(0, 2) Sigma Model

Thus, the action of the generalized theory will be given by

Sgauged =
"

!
|d2z| giøj (D øz" i Dz" øj + %i

øz
!Dz%øj ), (2.23)

and moreover,Sgauged will be invariant under (2.18), (2.19) and (2.21), if the derivatives

! økVøi
a = [ ø! Va]øiøk and ! kV i

a = [ ! Va]ik satisfy [26]

L a(! Vb) " L b(! Va) = [ ! Va, ! Vb] " f ab
c! Vc and L a( ø! Vb) " L b( ø! Va) = [ ø! Va, ø! Vb] " f ab

c ø! Vc,

(2.24)

where L a is the Lie-derivative with respect to the vector ÞeldVa. As is clear from (2.23),

one can also interpret the generalized model as anon-dynamically G-gauged version of the

twisted (0, 2) sigma model with aÞxedtarget spaceX .

As in the original ungauged model, one can also write

Sgauged =
"

!
|d2z|{ Q, V } , (2.25)

where

V = " giøj %
i
øzDz" øj , (2.26)
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13and where the requisite Þeld variations generated by the scalar superchargeQ are

!" i = 0, !" øi = #øi ,

!# øi = 0, !# i
øz = ! D øz" i , (2.27)

! Aa
z = 0, ! Aa

øz = 0.

Using (2.13), one can compute from (2.27) thatQ2 = 0 (o! -shell) on all Þelds. Consequently,

from (2.25), one can see thatSgauged is Q-invariant, as desired. In addition, (2.27) implies

that one can assign (Q, #øi , # i
øz, " i , " øi , Aa

z, Aa
øz) to have q-charge (1, 1, ! 1, 0, 0, 0, 0) under a

global U(1)R-symmetry; one can then see from (2.25) and (2.26) that as desired,Sgauged has

vanishing q-charge and is thereforeU(1)R-invariant. Moreover, sinceQ is nilpotent, it will

mean that one can also deÞne aQ-cohomology of operators in the theory.

The above model with perturbativegauge-invariant action Sgauged, shall be our model

of interest henceforth.

2.2. The Chiral Algebra Of The Gauged Twisted(0, 2) Sigma Model

Classically, the gauge twisted model is scale invariant: one can compute that the trace

of the stress tensor fromSgauged vanishes, i.e.,Tzøz = 0. The other nonzero components of

the stress tensor, at the classical level, are given by

Tzz = giøj $z" i Dz" øj , (2.28)

and

Tøzøz = giøj

!
D øz" i $øz" øj + # i

øzD øz#øj
"

. (2.29)

Furthermore, one can go on to show that

Tøzøz = { Q, ! giøj #
i
øz$øz" øj } , (2.30)

and

[Q, Tzz] = giøj $z" i #Dz#øj = 0 (on-shell). (2.31)

From (2.31) and (2.30), we see that all components of the stress tensor areQ-invariant Ð Tzz

is an operator in theQ-cohomology whileTøzøz is Q-exact and thus trivial in Q-cohomology.

The fact that Tzz is not Q-exact even at the classical level implies that the gauged twisted
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where it can also written as

Spert =
!

!
|d2z|{ Q+ , V} . (2.16)

Note that the original symmetries of the theory persist despite limiting ourselves to

perturbation theory; even thoughStop = 0, from (2.16), one Þnds thatSpert is invariant under

the nilpotent BRST symmetry generated byQ+ . It is also invariant under theU(1)L ! U(1)R

global symmetry. Spert shall henceforth be the action of interest in all our subsequent

discussions.

3. Chiral Algebras from the Twisted Heterotic Sigma Model

3.1. The Chiral Algebra

Classically, the model is conformally invariant. The traceof the stress tensor fromSpert

vanishes, i.e.,Tzøz = 0. The other non-zero components of the stress tensor, at the classical

level, are given by

Tzz = giøj ! z" i ! z" øj + #a
zDz#a, (3.1)

and

Tøzøz = giøj ! øz" i ! øz" øj + giøj $
i
øz

"
! øz$øj + !

øj
øløk ! øz"

øl$
øk
#

. (3.2)

Furthermore, one can go on to show that

Tøzøz = { Q+ , " giøj $
i
øz! øz" øj } , (3.3)

and (sincela = 0 from its equation of motion)

[Q+ , Tzz] =
"

giøj Dz$øj + F a
biøj (" )#a#b

z$øj
#

! z" i

= 0 (on-shell). (3.4)

From (3.4) and (3.3), we see that all components of the stresstensor areQ+ -invariant; Tzz is

an operator in theQ+ -cohomology whileTøzøz is Q+ -exact and thus trivial in Q+ -cohomology.

The fact that Tzz is not Q+ -exact even at the classical level implies that the twisted model

is not a 2D topological Þeld theory; rather, it is a 2Dconformal Þeld theory. This because

the original model has (0, 2) and not (2, 2) supersymmetry. On the other hand, the fact that

Tøzøz is Q+ -exact has some non-trivial consequences on the nature of the local operators in

the Q+ -cohomology. Let us discuss this further.
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Physical Features of  the quasi-topological 

gauged (0,2) model 

 

 
 
-Antiholomorphic conformal weights are zero in the Q-
cohomology. 
 
-Infinite tower of local operators with positive holomorphic 
conformal weights in the Q-cohomology.  
 
 
 
 
 

model is not a 2Dtopological Þeld theory; rather, it is a 2Dquasi-topological Þeld theory.

This is because the underlying model has (0, 2) and not (2, 2) supersymmetry. On the other

hand, the fact that Tøzøz is Q-exact leads to some nontrivial implications for the nature of the

local operators in theQ-cohomology. Let us elucidate this further.

We say that a local operatorO inserted at the origin has scaling dimension (n, m) if

under a rescalingz ! ! z, øz ! ø! z (which is a symmetry of the classical theory), it transforms

as " n+ m/ " zn" øzm, i.e., as! ! n ø! ! m . Classical local operators have dimensions (n, m) where

n and m are nonnegative integers.2 However, only local operators withm = 0 survive in

Q-cohomology. The reason for the last statement is that the rescaling of øz is generated by
øL0 =

!
døz øzTøzøz. As we noted in the previous paragraph,Tøz øz is of the form { Q, . . . } , so

øL0 = { Q, V0} for someV0. If O is to be admissible as a local physical operator, it must at

least be true that { Q, O] = 0. Consequently, [øL0, O] = { Q, { V0, O]]. Since the eigenvalue of
øL0 on O is m, we have [øL0, O] = mO. Therefore, if m "= 0, it follows that O is Q-exact and

thus trivial in Q-cohomology.

By a similar argument, we can show thatO, as an element of theQ-cohomology,

varies holomorphically with z. Indeed, since the momentum operator (which acts onO

as " øz) is given by øL! 1, the term " øzO will be given by the commutator [øL ! 1, O]. Since
øL! 1 =

!
døz Tøzøz, we will have øL! 1 = { Q, V! 1} for someV! 1. Hence, becauseO is physical

such that { Q, O] = 0, it will be true that " øzO = { Q, { V! 1, O]] and thus vanishes inQ-

cohomology.

The Quantum Theory

The observations that we have made so far are based solely on classical grounds. The

question that one might then ask is whether these observations will continue to hold when we

eventually consider the quantum theory. The key point to note is that if it is true classically

that a cohomology vanishes, it should continue to do so in perturbation theory, whence

quantum e! ects are small enough. Since the above observations about the local operators

were made based on the classical fact thatTøzøz vanishes inQ-cohomology, they will continue

to hold at the quantum level, i.e., the local operators in theQ-cohomology of the quantum

theory continue to vary holomorphically with z and have dimension (n, 0).

On the other hand,Tzz, which does not vanish inQ-cohomology at the classical level,

can potentially vanish inQ-cohomology at the quantum level. In fact, one-loop corrections to

the action of Q suggest that in the quantum theory, [Q, Tzz] = U, whereU must necessarily

2Anomalous dimensions under RG ßow may shift the values ofn and m quantum mechanically, but the
spin given by (n # m), being an intrinsic property, remains unchanged.

15

model is not a 2Dtopological Þeld theory; rather, it is a 2Dquasi-topological Þeld theory.

This is because the underlying model has (0, 2) and not (2, 2) supersymmetry. On the other

hand, the fact that Tøzøz is Q-exact leads to some nontrivial implications for the nature of the

local operators in theQ-cohomology. Let us elucidate this further.

We say that a local operatorO inserted at the origin has scaling dimension (n, m) if

under a rescalingz ! ! z, øz ! ø! z (which is a symmetry of the classical theory), it transforms

as " n+ m/ " zn" øzm, i.e., as! ! n ø! ! m . Classical local operators have dimensions (n, m) where

n and m are nonnegative integers.2 However, only local operators withm = 0 survive in

Q-cohomology. The reason for the last statement is that the rescaling of øz is generated by
øL0 =

!
døz øzTøzøz. As we noted in the previous paragraph,Tøz øz is of the form { Q, . . . } , so

øL0 = { Q, V0} for someV0. If O is to be admissible as a local physical operator, it must at

least be true that { Q, O] = 0. Consequently, [øL0, O] = { Q, { V0, O]]. Since the eigenvalue of
øL0 on O is m, we have [øL0, O] = mO. Therefore, if m "= 0, it follows that O is Q-exact and

thus trivial in Q-cohomology.

By a similar argument, we can show thatO, as an element of theQ-cohomology,

varies holomorphically with z. Indeed, since the momentum operator (which acts onO

as " øz) is given by øL! 1, the term " øzO will be given by the commutator [øL ! 1, O]. Since
øL! 1 =

!
døz Tøzøz, we will have øL! 1 = { Q, V! 1} for someV! 1. Hence, becauseO is physical

such that { Q, O] = 0, it will be true that " øzO = { Q, { V! 1, O]] and thus vanishes inQ-

cohomology.

The Quantum Theory

The observations that we have made so far are based solely on classical grounds. The

question that one might then ask is whether these observations will continue to hold when we

eventually consider the quantum theory. The key point to note is that if it is true classically

that a cohomology vanishes, it should continue to do so in perturbation theory, whence

quantum e! ects are small enough. Since the above observations about the local operators

were made based on the classical fact thatTøzøz vanishes inQ-cohomology, they will continue

to hold at the quantum level, i.e., the local operators in theQ-cohomology of the quantum

theory continue to vary holomorphically with z and have dimension (n, 0).

On the other hand,Tzz, which does not vanish inQ-cohomology at the classical level,

can potentially vanish inQ-cohomology at the quantum level. In fact, one-loop corrections to

the action of Q suggest that in the quantum theory, [Q, Tzz] = U, whereU must necessarily

2Anomalous dimensions under RG ßow may shift the values ofn and m quantum mechanically, but the
spin given by (n # m), being an intrinsic property, remains unchanged.

15

model is not a 2Dtopological Þeld theory; rather, it is a 2Dquasi -topological Þeld theory.

This is because the underlying model has (0, 2) and not (2, 2) supersymmetry. On the other

hand, the fact that Tøzøz is Q-exact leads to some nontrivial implications for the nature of the

local operators in theQ-cohomology. Let us elucidate this further.

We say that a local operatorO inserted at the origin has scaling dimension (n, m) if

under a rescalingz ! ! z, øz ! ø! z (which is a symmetry of the classical theory), it transforms

as " n+ m/ " zn" øzm, i.e., as! ! n ø! ! m . Classical local operators have dimensions (n, m) where

n and m are nonnegative integers.2 However, only local operators withm = 0 survive in

Q-cohomology. The reason for the last statement is that the rescaling of øz is generated by
øL0 =

!
døz øzTøzøz. As we noted in the previous paragraph,Tøz øz is of the form { Q, . . . } , so

øL0 = { Q, V0} for someV0. If O is to be admissible as a local physical operator, it must at

least be true that { Q, O] = 0. Consequently, [øL0, O] = { Q, { V0, O]]. Since the eigenvalue of
øL0 on O is m, we have [øL0, O] = mO. Therefore, if m "= 0, it follows that O is Q-exact and

thus trivial in Q-cohomology.

By a similar argument, we can show thatO, as an element of theQ-cohomology,

varies holomorphically with z. Indeed, since the momentum operator (which acts onO

as " øz) is given by øL! 1, the term " øzO will be given by the commutator [øL ! 1, O]. Since
øL! 1 =

!
døz Tøzøz, we will have øL! 1 = { Q, V! 1} for someV! 1. Hence, becauseO is physical

such that { Q, O] = 0, it will be true that " øzO = { Q, { V! 1, O]] and thus vanishes inQ-

cohomology.

The Quantum Theory

The observations that we have made so far are based solely on classical grounds. The

question that one might then ask is whether these observations will continue to hold when we

eventually consider the quantum theory. The key point to note is that if it is true classically

that a cohomology vanishes, it should continue to do so in perturbation theory, whence

quantum e! ects are small enough. Since the above observations about the local operators

were made based on the classical fact thatTøzøz vanishes inQ-cohomology, they will continue

to hold at the quantum level, i.e., the local operators in theQ-cohomology of the quantum

theory continue to vary holomorphically with z and have dimension (n, 0).

On the other hand,Tzz, which does not vanish inQ-cohomology at the classical level,

can potentially vanish inQ-cohomology at the quantum level. In fact, one-loop corrections to

the action of Q suggest that in the quantum theory, [Q, Tzz] = U, whereU must necessarily

2Anomalous dimensions under RG ßow may shift the values ofn and m quantum mechanically, but the
spin given by (n # m), being an intrinsic property, remains unchanged.

15

model is not a 2Dtopological Þeld theory; rather, it is a 2Dquasi-topological Þeld theory.

This is because the underlying model has (0, 2) and not (2, 2) supersymmetry. On the other

hand, the fact that Tøzøz is Q-exact leads to some nontrivial implications for the nature of the

local operators in theQ-cohomology. Let us elucidate this further.

We say that a local operatorO inserted at the origin has scaling dimension (n, m) if

under a rescalingz ! ! z, øz ! ø! z (which is a symmetry of the classical theory), it transforms

as " n+ m/ " zn" øzm, i.e., as! ! n ø! ! m . Classical local operators have dimensions (n, m) where

n and m are nonnegative integers.2 However, only local operators withm = 0 survive in

Q-cohomology. The reason for the last statement is that the rescaling of øz is generated by
øL0 =

!
døz øzTøzøz. As we noted in the previous paragraph,Tøz øz is of the form { Q, . . . } , so

øL0 = { Q, V0} for someV0. If O is to be admissible as a local physical operator, it must at

least be true that { Q, O] = 0. Consequently, [øL0, O] = { Q, { V0, O]]. Since the eigenvalue of
øL0 on O is m, we have [øL0, O] = mO. Therefore, if m "= 0, it follows that O is Q-exact and

thus trivial in Q-cohomology.

By a similar argument, we can show thatO, as an element of theQ-cohomology,

varies holomorphically with z. Indeed, since the momentum operator (which acts onO

as " øz) is given by øL! 1, the term " øzO will be given by the commutator [øL ! 1, O]. Since
øL! 1 =

!
døz Tøzøz, we will have øL! 1 = { Q, V! 1} for someV! 1. Hence, becauseO is physical

such that { Q, O] = 0, it will be true that " øzO = { Q, { V! 1, O]] and thus vanishes inQ-

cohomology.

The Quantum Theory

The observations that we have made so far are based solely on classical grounds. The

question that one might then ask is whether these observations will continue to hold when we

eventually consider the quantum theory. The key point to note is that if it is true classically

that a cohomology vanishes, it should continue to do so in perturbation theory, whence

quantum e! ects are small enough. Since the above observations about the local operators

were made based on the classical fact thatTøzøz vanishes inQ-cohomology, they will continue

to hold at the quantum level, i.e., the local operators in theQ-cohomology of the quantum

theory continue to vary holomorphically with z and have dimension (n, 0).

On the other hand,Tzz, which does not vanish inQ-cohomology at the classical level,

can potentially vanish inQ-cohomology at the quantum level. In fact, one-loop corrections to

the action of Q suggest that in the quantum theory, [Q, Tzz] = U, whereU must necessarily

2Anomalous dimensions under RG ßow may shift the values ofn and m quantum mechanically, but the
spin given by (n # m), being an intrinsic property, remains unchanged.

15



Physical Features of  the quasi-topological 

gauged (0,2) model 

 

 
 
 
-! Local operators in the Q-cohomology vary holomorphically in z. 

-! Since a class which vanishes classically in Q-cohomology 
continues to do so in the quantum theory, the last two 
statements about the conformal weights and holomorphicity of 
the local operators continue to hold in the quantum theory.  
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gauged (0,2) model 

One-loop correction: 

 

-! If X is not Ricci-flat, field transformations generated by 
holomorphic stress tensor NO LONGER map elements in the 
Q-cohomology to other elements in the Q-cohomology. 

 
 
 
 
 

be a fermionic operator with dimension (2, 0) and q = 1. In order to determine the explicit

form of U, Þrst note that from the conservation of the stress tensor, we have! øzTzz = ! ! zTzøz.

SinceTzøz in the quantum theory, while it may no longer be zero, would still be of the form

Tzøz = { Q, Gzøz} for some fermionic operatorGzøz,3 for all our purposes, we can regard! zTzøz

to be Q-exact and therefore,! øzTzz " 0 in Q-cohomology. The holomorphy ofTzz will

then allow us to make a Laurent expansionTzz(z) =
∑n= !

n= "! Lnz" n" 2, where in particular,

the operator ! z = L" 1 =
∮

dz Tzz. Second, since" (! zO) = ! z("O), it will mean that

[Q, L" 1] =
∮

dz[Q, Tzz] =
∮

dz U = 0; in other words, we ought to haveU = ! z(. . . ). Third,

note that sigma model perturbation theory is local inX and depends on an expansion of

the metric tensor in a Taylor series up to some given order; i.e., corrections to the action

of Q can be constructed locally from the metric ofX appearing in the action. An example

of such a correction is immediately provided by the Ricci tensorRiøj of X . Fourth, recall

that #øj , like Q, hasq = 1. And lastly, recall that all derivatives of Þelds must be covariant.

Altogether, this means that one can writeU = ! z(Riøj Dz$i #øj ), such that at the quantum

level,

[Q, Tzz] = ! z(Riøj Dz$i #øj ). (2.32)

Notice that the term on the RHS of (2.32)cannot be eliminated through the equations of

motion of the theory; neither can we modifyTzz (by subtracting a total derivative term)

such that it continues to beQ-invariant. Thus, in a ÒmassiveÓ model whereRiøj #= 0, Tzz

indeed vanishes inQ-cohomology at the quantum level. Moreover, because (2.32) involves

the Ricci tensor ofX , this vanishing ofTzz in Q-cohomology can be interpreted as an e! ect

that is associated with the one-loop beta function of the sigma model. In fact, (2.32) is just

a gauged generalization of a well-known result for the ordinary twisted (0, 2) sigma model.

In ¤4.7, we will examine more closely, from a di! erent point of view, the corrections to the

action of Q in a ÒmassiveÓ model; there, (2.32) will appear in a di! erent guise such that one

can interpret it in terms of holomorphic data.

At any rate, (2.32) implies that for a ÒmassiveÓ model, operators do not remain in the

Q-cohomology after general holomorphic coordinate transformations on the worldsheet, i.e.,

the model isnot conformal at the level of theQ-cohomology. Nevertheless, since [Q, L" 1] = 0,

the operators remain in theQ-cohomology after global translations on the worldsheet. In

addition, notice that since Q is a scalar with spin zero in the gauged twisted model, we

ought to have [S, Q] = 0, where the spin operatorS = L0 ! øL0; with the condition that

3Since perturbative quantum corrections can only annihilate cohomology classes and not create them,Tz øz

must remain trivial in Q-cohomology, i.e., even thoughTz øz may no longer be zero, it would still beQ-exact.
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classical observations made above continue to hold true. Onthe other hand, in the Òmassive

modelsÓ wherec1(X ) != 0, there is no way to set! 1! loop to zero. Conformal invariance is

necessarily lost, and thereis nontrivial RG running. However, one can continue to express

Tøzøz as { Q+ , . . . } , i.e., it remainsQ+ -exact, and thus continues to vanish inQ+ -cohomology.

Hence, the above observations about the holomorphic natureof the local operators having

dimension (n, 0) continue to hold in the quantum theory.

We would also like to bring to the readerÕs attention anotherimportant feature of the

Q+ -cohomology at the quantum level. Recall that classically,we had [Q+ , Tzz] = 0 via the

classical equations of motion. Notice that the classical expression forTzz is not modiÞed

at the quantum level (at least up to one-loop), since even in the non-Calabi-Yau case, the

additional term of ! 1! loop in the quantum action does not contribute toTzz. However, due

to one-loop corrections to the action ofQ+ , we have, at the quantum level

[Q+ , Tzz] = ! z(Riøj ! z" i #øj ) + . . . (3.6)

(where Ô. . . Õ is also a partial derivative of some terms with respect toz). Note that the

term on the RHS of (3.6) cannot be eliminated through the equations of motion in the

quantum theory. Neither can we modifyTzz (by subtracting a total derivative term) such

that it continues to be Q+ -invariant. This implies that in a ÔmassiveÕ model, operators

do not remain in the Q+ -cohomology after general holomorphic coordinate transformations

on the worldsheet, i.e., the model isnot conformal at the level of theQ+ -cohomology.5

However,Tzz continues to be holomorphic inz up to Q+ -trivial terms; from the conservation

of the stress tensor, we have! øzTzz = −! zTzøz, and Tzøz, while no longer zero, is now given

by Tzøz = { Q+ , Gzøz} for someGzøz, i.e., ! zTzøz continues to beQ+ -exact, and ! øzTzz ∼ 0

in Q+ -cohomology. The holomorphy ofTzz, together with the relation (3.6), has further

implications for the Q+ -cohomology of local operators; by a Laurent expansion ofTzz,6 one

can use (3.6) to show that [Q+ , L ! 1] = 0. This means that operators remain in theQ+ -

cohomology after global translations on the worldsheet. Inaddition, recall that Q+ is a

scalar with spin zero in the twisted model. As shown few paragraphs before, we have the

condition øL0 = 0. Let the spin be S, where S = L0 − øL0. Therefore, [Q+ , S] = 0 implies

that [Q+ , L0] = 0. In other words, operators remain in theQ+ -cohomology after global

dilatations of the worldsheet coordinates.
5In section 5.7, we will examine more closely, from a di! erent point of view, the one-loop correction to

the action of Q+ associated with the beta-function, where (3.6) will appearin a di! erent guise.
6Since we are working moduloQ+ -trivial operators, it su " ces forTzz to be holomorphic up to Q+ -trival

terms before an expansion in terms Laurent coe" cients is permitted.
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be a fermionic operator with dimension (2, 0) and q = 1. In order to determine the explicit

form of U, Þrst note that from the conservation of the stress tensor, we have! øzTzz = ! ! zTzøz.

SinceTzøz in the quantum theory, while it may no longer be zero, would still be of the form

Tzøz = { Q, Gzøz} for some fermionic operatorGzøz,3 for all our purposes, we can regard! zTzøz

to be Q-exact and therefore,! øzTzz " 0 in Q-cohomology. The holomorphy ofTzz will

then allow us to make a Laurent expansionTzz(z) =
! n= !

n= "! Lnz" n" 2, where in particular,

the operator ! z = L" 1 =
"

dz Tzz. Second, since" (! zO) = ! z("O), it will mean that

[Q, L" 1] =
"

dz [Q, Tzz] =
"

dz U = 0; in other words, we ought to haveU = ! z(. . . ). Third,

note that sigma model perturbation theory is local inX and depends on an expansion of

the metric tensor in a Taylor series up to some given order; i.e., corrections to the action

of Q can be constructed locally from the metric ofX appearing in the action. An example

of such a correction is immediately provided by the Ricci tensorRiøj of X . Fourth, recall

that #øj , like Q, hasq = 1. And lastly, recall that all derivatives of Þelds must be covariant.

Altogether, this means that one can writeU = ! z(Riøj Dz$i #øj ), such that at the quantum

level,

[Q, Tzz] = ! z(Riøj Dz$i #øj ). (2.32)

Notice that the term on the RHS of (2.32)cannot be eliminated through the equations of

motion of the theory; neither can we modifyTzz (by subtracting a total derivative term)

such that it continues to beQ-invariant. Thus, in a ÒmassiveÓ model whereRiøj #= 0, Tzz

indeed vanishes inQ-cohomology at the quantum level. Moreover, because (2.32) involves

the Ricci tensor ofX , this vanishing ofTzz in Q-cohomology can be interpreted as an e! ect

that is associated with the one-loop beta function of the sigma model. In fact, (2.32) is just

a gauged generalization of a well-known result for the ordinary twisted (0, 2) sigma model.

In ¤4.7, we will examine more closely, from a di! erent point of view, the corrections to the

action of Q in a ÒmassiveÓ model; there, (2.32) will appear in a di! erent guise such that one

can interpret it in terms of holomorphic data.

At any rate, (2.32) implies that for a ÒmassiveÓ model, operators do not remain in the

Q-cohomology after general holomorphic coordinate transformations on the worldsheet, i.e.,

the model isnot conformal at the level of theQ-cohomology. Nevertheless, since [Q, L" 1] = 0,

the operators remain in theQ-cohomology after global translations on the worldsheet. In

addition, notice that since Q is a scalar with spin zero in the gauged twisted model, we

ought to have [S, Q] = 0, where the spin operatorS = L0 ! øL0; with the condition that

3Since perturbative quantum corrections can only annihilate cohomology classes and not create them,Tz øz

must remain trivial in Q-cohomology, i.e., even thoughTz øz may no longer be zero, it would still beQ-exact.
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øL0 = 0 in Q-cohomology, [S, Q] = 0 would imply that [ Q, L0] = 0; i.e., operators remain in

the Q-cohomology after global dilatations of the worldsheet coordinates.

One can also make the following observations about the correlation functions of these

local operators. Firstly, note that ! { Q, W]" = 0 for any operator W, and recall that for

any local physical operatorO! , we have{ Q, O! ] = 0. As the ! øz operator on ! is given by
øL! 1 =

!
døz Tøzøz, whereTøzøz = { Q, . . . } , we Þnd that ! øz !O1(z1)O2(z2) . . . Os(zs)" is given by

!
døz ! { Q, . . . } O 1(z1)O2(z2) . . . Os(zs)" =

!
døz ! { Q, á á á

"
i Oi (zi )]" = 0, i.e., the correlation

functions always vary holomorphically withz. Secondly,Tzøz = { Q, Gzøz} for someGzøz in

the quantum theory. Thus, the variation of the correlation functions due to a change in the

scale of! will be given by !O1(z1)O2(z2) . . . Os(zs){ Q, Gzøz} " = ! { Q,
"

i Oi (zi ) áGzøz]" = 0,

i.e., the correlation functions of local physical operators will continue to be invariant under

arbitrary scalings of ! . In other words, the correlation functions are always independent of

the K¬ahler structure on! and depend only on its complex structure.

A Holomorphic Chiral AlgebraA

Let O(z) and #O(z") be two Q-closed operators such that their product isQ-closed as

well. Now, consider their operator product expansion or OPE:

O(z) #O(z") #
$

k

f k(z $ z")Ok(z"). (2.33)

Here, the explicit form of the coe" cients f k must be such that the scaling dimensions and

q-charges of the operators agree on both sides of the OPE. In general,f k is not holomorphic

in z. However, if we work moduloQ-exact operators in passing to theQ-cohomology, the

f kÕs which are non-holomorphic and are thus not annihilated by! / ! øz, drop out from the

OPE because they multiply operatorsOk which areQ-exact. This is true because! / ! øz acts

on the LHS of (2.33) to give terms which are cohomologically trivial.4 In other words, we

can take the f kÕs to be holomorphic coe" cients in studying the Q-cohomology. Thus, the

OPE of (2.33) has a holomorphic structure.

In summary, we have established that theQ-cohomology of holomorphic local opera-

tors has a natural structure of a holomorphic chiral algebra (as deÞned in the mathematical

literature) which we shall henceforth callA . It is always preserved under global translations

and dilatations, though (unlike the usual physical notion of a chiral algebra) it may not

be preserved under general holomorphic coordinate transformations on the Riemann surface
4Since { Q, O] = 0, we have ! øzO(z) = { Q, V (z)] for some operator V (z), as argued before. Hence

! øzO(z) á #O(z!) = { Q, V (z) #O(z!)].
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! . Likewise, the OPEÕs of the chiral algebra of local operators obey the usual relations of

7Since{ Q+ , O} = 0, we have ! øzO = { Q+ , V(z)} for someV (z), as argued before. Hence! øz O(z) áÕ(z!) =
{ Q+ , V (z)Õ(z!)} .
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One can also make the following observations about the correlation functions of these
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"
= 0 for any W, and recall that for any lo-

cal physical operatorO! , we have{ Q+ , O! } = 0. Since the ! øz operator on ! is given by
øL! 1 =

#
døz Tøzøz, whereTøzøz = { Q+ , . . . } , we Þnd that ! øz !O1(z1)O2(z2) . . . Os(zs)" is given by

#
døz
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{ Q+ , . . . } O 1(z1)O2(z2) . . . Os(zs)

"
=

#
døz

!
{ Q+ , á á á

$
i Oi (zi )}

"
= 0. Thus, the corre-

lation functions are always holomorphic inz. Secondly,Tzøz = { Q+ , Gzøz} for someGzøz in the

ÔmassiveÕ models. Hence, the variation of the correlation functions due to a change in the

scale of! will be given by
!
O1(z1)O2(z2) . . . Os(zs){ Q+ , Gzøz}
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=

!
{ Q+ ,

$
i Oi (zi ) áGzøz}

"
=

0. In other words, the correlation functions of local physical operators will continue to be in-

variant under arbitrary scalings of! . Thus, the correlation functions are always independent

of the K¬ahler structure on! and depend only on its complex structure.

A Holomorphic Chiral AlgebraA

Let O(z) and %O(z") be two Q+ -closed operators such that their product isQ+ -closed

as well. Now, consider their operator product expansion or OPE:

O(z) %O(z") #
&

k

f k(z $ z")Ok(z"), (3.7)

in which the explicit form of the coe" cients f k must be such that the scaling dimensions

and U(1)L % U(1)R charges of the operators agree on both sides of the OPE. In general,

f k is not holomorphic in z. However, if we work moduloQ+ -exact operators in passing

to the Q+ -cohomology, thef kÕs which are non-holomorphic and are thus not annihilated

by ! / ! øz, drop out from the OPE because they multiply operatorsOk which are Q+ -exact.

This is true because! / ! øz acts on the LHS of (3.7) to give terms which are cohomologically

trivial. 7 In other words, we can take thef kÕs to be holomorphic coe" cients in studying the

Q+ -cohomology. Thus, the OPE of (3.7) has a holomorphic structure.

In summary, we have established that theQ+ -cohomology of holomorphic local opera-

tors has a natural structure of a holomorphic chiral algebra(as deÞned in the mathematical

literature) which we shall henceforth callA ; it is always preserved under global translations

and dilatations, though (unlike the usual physical notion of a chiral algebra) it may not

be preserved under general holomorphic coordinate transformations on the Riemann surface
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7Since{ Q+ , O} = 0, we have ! øzO = { Q+ , V(z)} for someV (z), as argued before. Hence! øz O(z) á%O(z!) =
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can be expressed in terms of the other Þelds and their corresponding derivatives. Therefore,

a chiral (or Q-invariant) operator which represents aQ-cohomology class can be written as

F(! i , " z! i , " 2
z ! i , . . . ; ! øi , " z! øi , " 2

z ! øi , . . . ; Aa
z, " zAa

z, " 2
z Aa

z . . . ; #øi ), (4.1)

where we have tried to indicate thatF might depend onz-derivatives of ! i , ! øi and Aa
z of

arbitrarily high order, though not on derivatives of #øi . If the scaling dimension ofF is

bounded, it will mean that F (i) depends only on the derivatives of Þelds up to some Þnite

order, (ii) is a polynomial of bounded degree in those, and/or (iii) is a bounded polynomial

in Aa
z. Notice that F will always be a polynomial of Þnite degree in#øi ; this is because

#øi is fermionic whence (#øj )2 = 0. However, the dependence ofF on ! i , ! øi (as opposed to

their derivatives) need not have any simple form. Nevertheless, we can make the following

observation: from theU(1)R-charges of the Þelds listed below (2.27), we see that ifF is

homogeneous of degreek in #øi , then it has q = k.

A general q = k operator F(! i , " z! i , " 2
z ! i , . . . ; ! øi , " z! øi , " 2

z ! øi , . . . ; Aa
z, " zAa

z, " 2
z Aa

z . . . ; #øi )

can be interpreted as a (0, k)-form on X with values in a certain sum of vector bundles.

In order to illustrate the general idea behind this interpretation, let us consider some ex-

plicit examples of operators of dimension (0, 0) and (1, 0). For dimension (0, 0), the most

general operator isF(! i , ! øi ; #øj ) = f øj 1 ,...,øj k
(! i , ! øi )#øj i . . . #øj k ; i.e., F may depend on! i and

! øi but not on their derivatives, and is kth order in #øj . Since the#øj Õs anticommute, one

may map #øj to d! øj whence such an operator would correspond to an ordinary (0, k)-form

f øj 1,...,øj k
(! i , ! øi )d! øj 1 . . . d! øj k on X . For dimension (1, 0), there are two general cases. In the

Þrst case, we have an operatorF(! l , ! øl ; " z! i ; Aa
z; #øj ) = f i,øj 1 ,...,øj k

(! l , ! øl )Dz! i #øj 1 . . . #øj k that

is linear in " z! i and Aa
z, and does not depend on any other derivatives. Notice that

it can also be written asF = F1 + F2, where F1 = f i,øj 1 ,...,øj k
(! l , ! øl )" z! i #øj 1 . . . #øj k and

F2 = f a,øj 1 ,...,øj k
(V l , ! l , ! øl )Aa

z#øj 1 . . . #øj k . Clearly, F1 can be interpreted as a (0, k)-form on

X with values in the holomorphic cotangent bundleT! X ; alternatively, it can be interpreted

as a (1, k)-form on X . On the other hand, F2 can be interpreted as a (0, k)-form on X

with values in the bundleE ! of rank r = dim g, where the local sections of the dual bundle

E are spanned byAa
z. In the second case, we have an operatorF(! l , ! øl ; " z! øs; Aa

z; #øj ) =

f i
øj 1 ,...,øj k

(! l , ! øl )gi øsDz! øs#øj i . . . #øj k that is linear in " z! øs, and Aa
z and does not depend on any

other derivatives. It can also be written asF = F1+ F2, whereF1 = f i
øj 1 ,...,øj k

(! l , ! øl )gi øs" z! øs#øj i

. . . #øj k and F2 = f a,øj 1 ,...,øj k
(Vl , ! l , ! øl )Aa

z#øj i . . . #øj k . Clearly, F1 can be interpreted as a (0, k)-

form on X with values in the holomorphic tangent bundleTX . On the other hand,F2 can

be interpreted as a (0, k)-form on X with values in the bundleE ! . One can go on to show, in
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(Vl , ! l , ! øl )Aa
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Sheaf  of  Perturbative Observables 

-! Generally, the local operator is not invariant under 
gauge transformations.  

-! Nevertheless, the transformed operator remains Q-
closed, and its U(1) R-charge is the same as before. 

-! Can interpret a gauge transformation as a change in 
the basis of the space of operators. (Will be able to 
see this in the supersymmetric gauged quantum 
mechanics picture too) 

 
 
 
  
 
 
 
 
 
 



Topological Chiral Ring 

of operators has the structure of a chiral algebra with holomorphic operator product expan-

sions. Let the local operators of theQ+ -cohomology be given byFa, Fb, . . . with scaling

dimensions (ha, 0), (hb, 0), . . . . By holomorphy, and the conservation of scaling dimensions

and U(1)L ! U(1)R charges, the OPE of these operators take the form

Fa(z)Fb(z!) =
!

qc= qa + qb

Cabc Fc(z!)
(z " z!)ha + hb" hc

, (5.2)

where we have represented theU(1)L ! U(1)R charges (qL , qR) of the operators Fa, Fb

and Fc by qa, qb and qc for brevity of notation. Here, Cabc is a structure constant that is

(anti)symmetric in the indices. If "Fa and "Fb are ground operators of dimension (0, 0), i.e.,

ha = hb = 0, the OPE will then be given by

"Fa(z) "Fb(z!) =
!

qc= qa + qb

Cabc Fc(z!)
(z " z!)" hc

. (5.3)

Notice that the RHS of (5.3) is only singular ifhc < 0. Also recall that all physical operators

in the Q+ -cohomology cannot have negative scaling dimension, i.e.,hc # 0.18 Hence, the

RHS of (5.3), given by (z " z!)hc Fc(z!), is non-singular asz $ z!, since a pole does not exist.

Note that (z " z!)hcFc(z!) must also be annihilated byQ+ and be in its cohomology, since
"Fa and "Fb are. In other words, we can write"Fc(z, z!) = ( z " z!)hc Fc(z!), where "Fc(z, z!) is a

dimension (0, 0) operator that represents aQ+ -cohomology class. Thus, we can express the

OPE of the ground operators as

"Fa(z) "Fb(z!) =
!

qc= qa + qb

Cabc
"Fc(z, z!). (5.4)

Since the only holomorphic functions without a pole on a Riemann surface are constants,

it will mean that the operators "F are independent of the coordinate ÔzÕ on! . Hence, they

are completely independent of their insertion points and the metric on ! . Therefore, we

conclude that the ground operators of theQ+ -cohomology deÞne atopologicalchiral ring via

their OPE
"Fa

"Fb =
!

qc= qa + qb

Cabc
"Fc. (5.5)

18As mentioned in the footnote 4, for an operator of classical dimension (n, m), anomalous dimensions
due to RG ßow may shift the values ofn and m in the quantum theory. However, the spin n " m remains
unchanged. Hence, since the operators in theQ+ -cohomology of the quantum theory will continue to have
m = 0 (due to a Q+ -trivial anti-holomorphic stress tensor Tøzøz at the quantum level), the value of n is
unchanged as we go from the classical to the quantum theory, i.e., n # 0 holds even at the quantum level.
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Topological Chiral Ring 

-! Operators in the ring are generally not gauge-
invariant.  

 
-! However, grading by conformal dimension and U(1) 

R-charge is preserved. Thus, ring structure is well-
defined. 

 
-! But for chiral ring to be unambiguously-defined, must 

consider only gauge-invariant local operators.  

 
 
 
  
 
 
 
 
 
 



Sheaf  of  Chiral Algebras 

-! Can express local operators as elements of the Cech-
cohomology group generated by the sheaf of chiral 
algebra     : 

-! Approach is to treat Q as the co-boundary operator in 
Cech-cohomology.  

-! Important points to note during formulation 

 
Via Cech-Dolbeault isomorphism 

[Q+ , f c] vanishes whereverCac is not deÞned. Clearly,F1,a has qR = 1, since Cac has qR = 0

and Q+ has qR = 1. Moreover, sinceF1,a is a chiral operator deÞned inUa, it will mean

that { Q+ , F1,a} = 0 over Ua. For any a and b, we haveF1,a ! F1,b =
!

c[Q+ , f c](Cac ! Cbc).

Using (5.6), this is
!

c[Q+ , f c]Cab = [ Q+ ,
!

c f c]Cab. This vanishes since
!

c f c = 1. Hence,

F1,a = F1,b on Ua" Ub, for all a and b. In other words, we have found a globally-deÞnedqR = 1

operator F1 that obeys { Q+ , F1} = 0 on X . Notice that F1,a and thus F1 is not deÞned to

be of the form { Q+ , . . . } . Therefore, we have obtained a map from the Cech cohomology

group H 1(X, "A ) to the Q+ -cohomology group withqR = 1, i.e., Q+ -closedqR = 1 operators

modulo those that can be globally written as{ Q+ , . . . } . The fact that this map is an inverse

of the Þrst map can indeed be veriÞed.

Since there is nothing unique about theqR = 1 case, we can repeat the above procedure

for operators with qR > 1. In doing so, we Þnd that theQ+ -cohomology coincides with the

Cech cohomology of"A for all qR. Hence, the chiral algebraA of the twisted heterotic sigma

model will be given by
#

qR
H qR

Cech(X, "A ) as a vector space. As there will be no ambiguity,

we shall henceforth omit the label ÒCechÓ when referring to the cohomology of"A .

Note that in the mathematical literature, the sheaf "A , also known as a sheaf of vertex

superalgebras, is studied purely from the Cech viewpoint; the Þeld! øi is omitted and locally

on X , one considers operators constructed only from" i, " øi, #a, #a
z and their z-derivatives.

The chiral algebraA of Q+ -cohomology classes with positiveqR are correspondingly con-

structed as CechqR-cocycles. However, in the physical description via a Lagrangian andQ+

operator, the sheaf"A and its cohomology are given aø$-like description, where CechqR-cycles

are represented by operators that areqth
R order in the Þeld! øi. Notice that the mathematical

description does not involve any form of perturbation theory at all. Instead, it utilises the

abstraction of Cech cohomology to deÞne the spectrum of operators in the quantum sigma

model. It is in this sense that the study of the sigma model is given a rigorous foundation

in the mathematical literature.

The Constraint ! rE #= K X

In a physical heterotic string compactiÞcation on a gauge bundle E over a spaceX , the

charged massless RR states are represented (in the perturbative limit, ignoring worldsheet

instantons) by classes in the Cech cohomology group [32]

H q(X, ! pE), (5.8)

and the corresponding vertex operators representing thesestates containp left-moving and
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a Òsheaf of chiral algebrasÓ. We shall call this sheaf!A .

Description of A via Cech Cohomology

In perturbation theory, one can also describe theQ+ -cohomology classes by a form of

Cech cohomology. This alternative description will take usto the mathematical point of

view on the subject [3, 1, 6]. In essence, we will show that thechiral algebraA of the Q+ -

cohomology classses of the twisted heterotic sigma model ona holomorphic vector bundleE

over X , can be represented, in perturbation theory, by the classesof the Cech cohomology

of the sheaf !A of locally-deÞned chiral operators. To this end, we shall generalise the ar-

gument in section 3.2 which provides a Cech cohomological description of a ø! -cohomology,

to demonstrate an isomorphism between theQ+ -cohomology classes and the classes of the

Cech cohomology of!A .

Let us start by considering an open setU ! X that is isomorphic to a contractible

space such as an open ball inCn, wheren = dim C(X ). BecauseU is a contractible space,

any bundle overU will be trivial. By applying this statement on the holomorphic vector

bundle E over U, we Þnd that the curvature ofE vanishes. From the discussion in section

5.1, we Þnd thatQ+ will then act as the ø! operator on any local operatorF in U. In other

words,F can be interpreted as aø! -closed (0, k)-form with values in a certain tensor product

bundle !F over U. Thus, in the absence of perturbative corrections at the classical level, any

operator F in the Q+ -cohomology will be classes ofH 0,k
ø! (U, !F ) on U. As explained, !F will

also be a trivial bundle overU, which means that !F will always possess a global section, i.e.,

it corresponds to a soft sheaf. Since the higher Cech cohomologies of a soft sheaf are trivial

[31], we will haveH k
Cech(U, !F ) = 0 for k > 0. Mapping this back to Dolbeault cohomology

via the Cech-Dolbeault isomorphism, we Þnd thatH 0,k
ø! (U, !F ) = 0 for k > 0. Note that small

quantum corrections in the perturbative limit can only annihilate cohomology classes and

not create them. Hence, in perturbation theory, it follows that the local operatorsF with

positive values ofqR, must vanish in Q+ -cohomology onU.

Now consider a good cover ofX by open sets{ Ua} . Since the intersection of open sets

{ Ua} also give open sets (isomorphic to open balls inCn), { Ua} and all of their intersections

have the same property asU described above: ø! -cohomology and henceQ+ -cohomology

vanishes for positive values ofqR on { Ua} and their intersections.

Let the operator F1 on X be a Q+ -cohomology class withqR = 1. It is here that

we shall import the usual arguments relating aø! and Cech cohomology, to demonstrate an

isomorphism between theQ+ -cohomology and a Cech cohomology. When restricted to an

open setUa, the operator F1 must be trivial in Q+ -cohomology, i.e.,F1 = { Q+ , Ca} , where
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Description of A Via ÿCech Cohomology

In the perturbative theory, one can also describe theQ-cohomology classes by a form

of ÿCech cohomology. In essence, we will show that the chiral algebraA of Q-cohomology

classses of the gauged twisted (0, 2) sigma model onX , can be described by the classes of

the ÿCech cohomology of the sheaf!A of locally-deÞned chiral operators. To this end, we

shall generalize the argument in¤2.3 Ð which provides aÿCech cohomological description of a
ø! -cohomology Ð to demonstrate an isomorphism between theQ-cohomology classes and the

classes of theÿCech cohomology of!A .

Let us start by considering a contractible open setU ! X that is homeomorphic to an

open ball in Cn, wheren = dim C(X ). As explained at the start of ¤2.3, the Q-cohomology

is independent of metric deformations ofX . Hence, let us, for convenience, pick a metric on

U whereby" økVøi
a = 0. Then, according to our discussion in¤4.1, Q will act classically as the

ø! operator on any local operatorF in U. In other words, F can be interpreted as aø! -closed

(0, k)-form with values in a certain vector bundle !F over U; or rather, in the absence of

perturbative corrections at the classical level, any operatorF in the Q-cohomology will be

a class ofH 0,k
ø! (U, !F ) on U. SinceU is contractible, !F will be a trivial bundle over U. This

means that !F will always possess a global section, i.e., it corresponds to a soft sheaf. Since

the higher ÿCech cohomologies of a soft sheaf are trivial [37], we will haveH k
ÿCech(U, !F ) = 0 for

k > 0. Mapping this back to Dolbeault cohomology via theÿCech-Dolbeault isomorphism,

we Þnd that H 0,k
ø! (U, !F ) = 0 for k > 0. Recalling that small quantum corrections in the

perturbative limit can only annihilate cohomology classes and not create them, we conclude

that local operatorsF with q > 0 will necessarily vanish inQ-cohomology onU.

Now consider a good cover ofX by open sets{ Ue} . Since the intersection of open

sets { Ue} also give open sets (homeomorphic to open balls inCn), { Ue} and all of their

intersections have the same property asU described above:Q-cohomology vanishes for

q > 0 on { Ue} and their intersections.

Let the operator F1 on X be a Q-cohomology class withq = 1. It is here that we

shall import the usual arguments relating aø! - and ÿCech cohomology, to demonstrate an

isomorphism between theQ-cohomology and aÿCech cohomology. When restricted to an

open setUe, the operator F1 must be trivial in Q-cohomology sinceq > 0, i.e., F1 = [ Q, Ce],

whereCe is an operator ofq = 0 that is well-deÞned inUe.

Now, sinceQ-cohomology classes such asF1 Ð albeit locally-deÞned on! Ð can be

globally-deÞned onX , we haveF1 = [ Q, Ce] = [ Q, Cf ] over the intersectionUe # Uf , so
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33[Q, Ce ! Cf ] = 0. Let Cef = Ce ! Cf , whereCef is deÞned inUe " Uf . Then, [Q, Cef ] = 0, and

over any triple intersectionUe " Uf " Ug, we have

Cef = ! Cfe , Cef + Cfg + Cge = 0. (4.7)

Moreover, for (q = 0) operators Ke and Kf whereby [Q, Ke] = [ Q, Kf ] = 0, we have an

equivalence relation

Cef # C!
ef = Cef + Ke ! Kf . (4.8)

Note that since [Q, Cef ] = 0 and Cef $= { Q, . . . ], the collection {Cef } are operators in the

Q-cohomology with well-deÞned operator product expansions, and whose dimension (0, 0)

subset furnishes a topological chiral ring withq = 0.

Since the local operators withq > 0 vanish in Q-cohomology on an arbitrary open set

U, the sheaf !A of the chiral algebra of operators has for its local sections the! øi -independent

(i.e., q = 0) operators !F (" i , #z" i , . . . ; " øi , #z" øi , . . . ; Aa
z, #zAa

z, . . . ) that are annihilated by Q.

Each Cef with q = 0 is thus a section of !A over the intersectionUe " Uf . From (4.7) and

(4.8), we see that the collection{Cef } deÞnes the elements of the ÞrstÿCech cohomology

group H 1
ÿCech(X, !A ).

Recall that the Q-cohomology classes are deÞned as those operators which areQ-closed,

modulo those which can be globally written as{ Q, . . . ] on X . In other words, F1 vanishes

in Q-cohomology if we can write it asF1 = [ Q, Ce] = [ Q, Cf ] = [ Q, C], i.e., Ce = Cf and hence

Cef = 0. Therefore, a vanishingQ-cohomology withq = 1 corresponds to a vanishing Þrst
ÿCech cohomology. Thus, we have obtained a map from theQ-cohomology withq = 1 to a

Þrst ÿCech cohomology.

Similar to the case of relating aø#- and ÿCech cohomology, one can also run everything

backwards and construct an inverse of this map. Suppose we are given a family{Cef } of

sections of !A over the corresponding intersections{ Ue " Uf } , and they obey (4.7) and (4.8)

so that they deÞne the elements ofH 1
ÿCech(X, !A ). We can then proceed as follows. Let the

set { f a} be partition of unity subordinates to the open cover ofX provided by { Ue} . This

means that the elements of{ f e} are continuous functions onX , and they vanish outside

the corresponding elements in{ Ue} whilst obeying
"

e f e = 1. Let F1,e be a chiral operator

deÞned inUe by F1,e =
"

g[Q, f g]Ceg.12 F1,e is well-deÞned throughoutUe, since inUe, [Q, f g]

vanishes whereverCeg is not deÞned. Clearly,F1,e has q = 1, since Ceg has q = 0 and Q has

q = 1. Moreover, sinceF1,e is a chiral operator deÞned inUe, it will mean that { Q, F1,e} = 0

12Normal ordering of the operator product of [Q, f c(! i , ! øi )] with Cef is needed for regularization purposes.
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Þrst ÿCech cohomology.

Similar to the case of relating aø#- and ÿCech cohomology, one can also run everything

backwards and construct an inverse of this map. Suppose we are given a family{Cef } of

sections of !A over the corresponding intersections{ Ue ∩Uf } , and they obey (4.7) and (4.8)

so that they deÞne the elements ofH 1
ÿCech(X, !A ). We can then proceed as follows. Let the

set { f a} be partition of unity subordinates to the open cover ofX provided by { Ue} . This

means that the elements of{ f e} are continuous functions onX , and they vanish outside

the corresponding elements in{ Ue} whilst obeying
"

e f e = 1. Let F1,e be a chiral operator

deÞned inUe by F1,e =
"

g[Q, f g]Ceg.12 F1,e is well-deÞned throughoutUe, since inUe, [Q, f g]

vanishes whereverCeg is not deÞned. Clearly,F1,e has q = 1, since Ceg has q = 0 and Q has

q = 1. Moreover, sinceF1,e is a chiral operator deÞned inUe, it will mean that { Q, F1,e} = 0

12Normal ordering of the operator product of [Q, f c(! i , ! øi )] with Cef is needed for regularization purposes.
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Relation to Perturbed �� �
  System 

! ! We next study the model with abelian subgroup T of G 
on a local patch U of the target space X 

 
  

 
Let  
 
 
then the fields obey the standard OPE 

 
  

 

theory is the twisted heterotic sigma model, is holomorphic. The local sections of!A are just

given by the operators in theQ+ -cohomology of the local, twisted heterotic sigma model

with action (5.11).

Let us set! i = "iøj #z$øj and%i = $i , whereby! i and%i are bosonic operators of dimension

(1, 0) and (0, 0) respectively. Next, let us set"aøb&
øb = ca and &a

z = ba, wherebyba and ca are

fermionic operators of dimension (1, 0) and (0, 0) accordingly. Then, theQ+ -cohomology of

operators regular inU can be represented by arbitrary local functions of! , %, b and c, of

the form !F (%, #z%, #2
z %, . . . , ! , #z! , #2

z ! , . . . , c,#zc,#2
z c, . . . , b,#zb,#2

z b, . . .). The operators !

and %have the operator products of a standard!% system. The products! á! and %á%are

non-singular, while

! i (z)%j (z!) = !
" j

i

z ! z!
+ regular. (5.12)

Similarly, the operators b and c have the operator products of a standardbc system.

The products báb and c ác are non-singular, while

ba(z)cb(z!) =
" a

b

z ! z!
+ regular. (5.13)

These statements can be deduced from the ßat action (5.11) bystandard Þeld theory meth-

ods. We can write down an action for the Þelds! , %, b and c, regarded as free elementary

Þelds, which reproduces these OPEÕs. It is simply the following action of abc-!% system:

I bc-!" =
1

2'

"

Σ

|d2z|

#
$

i

! i #øz%i +
$

a

ba#øzca

%

. (5.14)

Hence, we Þnd that the localbc-!% system above reproduces theQ+ -cohomology of( øi -

independent operators of the sigma model onU and their appropriate OPEÕs, i.e., the local

sections of the sheaf!A .

At this juncture, one can make another important observation concerning the rela-

tionship between the local twisted heterotic sigma model with action (5.11) and the local

version of thebc-!% system of (5.14). To begin with, note that the holomorphic stress tensor
!T(z) = ! 2' Tzz of the local, free Þeld sigma model is given by

!T(z) = ! "iøj #z$øj #z$i ! &a
z#z&a (5.15)

(Here and below, normal ordering is understood for!T(z)). Via the respective identiÞcation

of the Þelds! and %with #z$ and $, &a and &a
z with ca and ba, we Þnd that !T(z) can be
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before, we assume thatU is homeomorphic to an open ball inCn and is thus contractible.

Now notice fromSgauged in (2.25) andV in (2.26), that the hermitian metric on X only

appears inside a term of the form{Q, . . .} in the action. Thus, any shift in the metric will

also appear insideQ-exact (i.e.,Q-trivial) terms. Consequently, for our present purposes, we

can arbitrarily redeÞne the values of the hermitian metric onX , since they do not a! ect the

analysis of theQ-cohomology. Therefore, to describe the local structure, we can conveniently

pick a hermitian metric that is ßat when restricted toU. The action, in general, also contains

terms derived from an element ofH 1(X, " 2,cl
X,T ), as we explained in§2.3. However, from (2.34),

we see that these terms are alsoQ-exact and therefore, can be discarded in analyzing the

local structure in U. Thus, noting that ! kV i
a = ! økVøi

a = 0 (whence (2.24) is trivially satisÞed)

since the gauge groupT is abelian,13 one can write the local action (derived from the ßat

hermitian metric) of the abelian twisted (0, 2) sigma model onU as

I =
1

2"

!

!
|d2z|

"

i,øj,a,b

#iøj

#
! z$øj ! øz$i + %i

øz! z%øj
$

+ #iøj

#
! øz$i Aa

zVøj
a ! Aa

øzV i
a ! z$øj ! Aa

øzV i
a Ab

zV
øj

b

$
.

(4.9)

From (4.9), we have, from the equation of motions, the constraints! øz(! z$øj ) = ! (! øzAa
z)Vøj

a

and ! øz(! z$i ) = ( ! zAa
øz)V i

a . These constraints will be satisÞed if! z$øj , Aa
z and ! z$i vary

holomorphically with z, while Aa
øz varies antiholomorphically with øz. Then, via integration

by parts, and the holomorphy and antiholomorphy ofAa
z and Aa

øz, one can simplify (4.9) to

I =
1

2"

!

!
|d2z|

"

i,øj,a,b

#iøj

#
! z$øj ! øz$i + %i

øz! z%øj ! Aa
øzV i

a Ab
zV

øj
b

$
. (4.10)

Now, let us describe theQ-cohomology classes of operators regular inU. As explained

earlier, these are operators of dimension (n, 0) which vary holomorphically with z and are

independent of%øi . Such operators are of the form%F($i , ! z$i , . . . ; $øi , ! z$øi , . . . ; Aa
z, ! zAa

z, . . . ).

Note that because" økVøi
a = 0 over U (since the Levi-connection#øi

øj øk vanishes for a ßat metric

on U, in addition to having the condition ! økVøi
a = 0), from our discussion in§4.1, we Þnd

that Q will act as the ø! operator at the classical level. In this case, theQ operator may

receive perturbative corrections fromø! -cohomology classes such as the Ricci tensor and

13As the gauge groupT is abelian, the structure constants f ab
c must vanish for all a, b, c = 1 , 2, . . . , d,

whered is the dimension of the group. From (2.15) and (2.16), we then have the conditionsV j
a ! j V i

b = V j
b ! j V i

a

and V j̄
a ! j̄ V ī

b = V j̄
b ! j̄ V ī

a . Since the nonzero vector Þelds that generate the abelian action onX are linearly-

independent in all indices, i.e.,V i
a #= V j

a , V ī
a #= V j̄

a , V j
a #= V j

b and V j̄
a #= V j̄

b , these conditions will be met by
! k V l

c = ! k̄ V l̄
c = 0 for any component.
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Relation to the Perturbed �� �
  Systems 

Since on a local patch, we have fermion-free operators  
 
 
 
the model which describes them is a free, perturbed ! "  
system: 
 

 
so we have 

 
 

classes inH 1(X, ! 2,cl
X,T ). However, note that since we have picked a ßat hermitian metric

on U, the corresponding Ricci tensor onU is zero. Moreover, as explained above, classes

from H 1(X, ! 2,cl
X,T ) do not contribute when analyzing theQ-cohomology onU. Hence, we

can ignore the perturbative corrections toQ in our present discussion. Therefore, on the

classes of operators inU, Q acts as ø! = " øi ! / !# øi , and the condition that !F is annihilated

by Q is precisely that, as a function of#i , #øi , Aa
z and their z-derivatives, it is independent

of #øi (as opposed to its derivatives) and depends only on the other variables#i and Aa
z,

and the derivatives of#i , #øi and Aa
z.14 Hence, theQ-invariant operators are of the form

!F (#i , ! z#i , . . . ; ! z#øi , ! 2
z #øi , . . . ; Aa

z, ! zAa
z, ! 2

z Aa
z, . . . ). In other words, the operators, in their

dependence on the center of mass coordinate of the string whose worldsheet theory is the

abelian twisted (0, 2) sigma model, is holomorphic. The local sections of!A are just given

by the operators in theQ-cohomology of the local abelian twisted (0, 2) sigma model with

action (4.10).

Let us set$i = %iøj ! z#øj and &i = #i , where$i and &i are bosonic operators of dimension

(1, 0) and (0, 0), respectively. Then, theQ-cohomology of operators regular inU can be repre-

sented by arbitrary local functions of$, &andAa
z of the form !F (&, ! z&, ! 2

z &, . . . , $, ! z$, ! 2
z $, . . .

Aa
z, ! zAa

z, ! 2
z Aa

z, . . . ). From the ßat action (4.10), one can deduce, via standard methods in

quantum Þeld theory, that the operator productsAa
z á$ and Aa

z á& are trivial; 15 on the other

hand, $ and & have the operator products of a standard$& system; the products$ á$ and

&á& are nonsingular, while

$i (z)&j (z!) = !
%ij

z ! z!
+ regular. (4.11)

We can write down an action for the Þelds$, & and Aa
z, regarded as free elementary Þelds,

which reproduces these OPEÕs. It is simply the following action of a perturbed version of a

free $& system:

I !" =
1

2'

"
|d2z|

#

i,a,b

$
$i ! øz&i ! Aa

øzV i
a Ab

zVib
%

. (4.12)

Hence, we Þnd that the perturbed free$& system above reproduces theQ-cohomology of" øi -

independent operators of the abelian twisted (0, 2) sigma model onU, i.e., the local sections

of the sheaf !A .

14We can again ignore the action ofQ on z-derivatives of ! øi because of the equation of motion" z#øi = 0
and the symmetry transformation law $! øi = #øi .

15Note that the V i
a Õs andVøi

a Õs are, in the abelian case at hand, independent of the! i and ! øi Þelds. Hence,
there are no nontrivial propagators arising from their presence in the action (4.10).
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z̄! z%j̄ ! Aa
z̄V i

a Ab
zV j̄
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Now, let us describe theQ-cohomology classes of operators regular inU. As explained

earlier, these are operators of dimension (n, 0) which vary holomorphically with z and are

independent of%ī . Such operators are of the form%F ($i , ! z$i , . . . ; $ī , ! z$ī , . . . ; Aa
z, ! zAa

z, . . . ).

Note that because" k̄V ī
a = 0 over U (since the Levi-connection#ī

j̄ k̄ vanishes for a ßat metric

on U, in addition to having the condition ! k̄V ī
a = 0), from our discussion in¤4.1, we Þnd

that Q will act as the ø! operator at the classical level. In this case, theQ operator may

receive perturbative corrections fromø! -cohomology classes such as the Ricci tensor and

13As the gauge groupT is abelian, the structure constants f ab
c must vanish for all a, b, c = 1 , 2, . . . , d,

whered is the dimension of the group. From (2.15) and (2.16), we then have the conditionsV j
a ∂j V i

b = V j
b ∂j V i

a

and V øj
a ∂øj Vøi

b = V
øj

b ∂øj Vøi
a . Since the nonzero vector Þelds that generate the abelian action onX are linearly-

independent in all indices, i.e.,V i
a #= V j

a , Vøi
a #= V øj

a , V j
a #= V j

b and V øj
a #= V

øj
b , these conditions will be met by
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c = 0 for any component.
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classes inH 1(X, ! 2,cl
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z and their z-derivatives, it is independent

of #øi (as opposed to its derivatives) and depends only on the other variables#i and Aa
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and the derivatives of#i , #øi and Aa
z.14 Hence, theQ-invariant operators are of the form

!F (#i , ! z#i , . . . ; ! z#øi , ! 2
z #øi , . . . ; Aa

z, ! zAa
z, ! 2

z Aa
z, . . . ). In other words, the operators, in their

dependence on the center of mass coordinate of the string whose worldsheet theory is the

abelian twisted (0, 2) sigma model, is holomorphic. The local sections of!A are just given

by the operators in theQ-cohomology of the local abelian twisted (0, 2) sigma model with

action (4.10).

Let us set$i = %iøj ! z#øj and &i = #i , where$i and &i are bosonic operators of dimension

(1, 0) and (0, 0), respectively. Then, theQ-cohomology of operators regular inU can be repre-

sented by arbitrary local functions of$, &andAa
z of the form !F (&, ! z&, ! 2

z &, . . . , $, ! z$, ! 2
z $, . . .

Aa
z, ! zAa

z, ! 2
z Aa

z, . . . ). From the ßat action (4.10), one can deduce, via standard methods in

quantum Þeld theory, that the operator productsAa
z á$ and Aa

z á& are trivial; 15 on the other

hand, $ and & have the operator products of a standard$& system; the products$ á$ and

&á& are nonsingular, while

$i (z)&j (z!) = − %ij

z− z!
+ regular. (4.11)

We can write down an action for the Þelds$, & and Aa
z, regarded as free elementary Þelds,

which reproduces these OPEÕs. It is simply the following action of a perturbed version of a

free $& system:

I !" =
1

2'

"
|d2z|

#

i,a,b

$
$i ! øz&i − Aa

øzV i
a Ab

zVib
%

. (4.12)

Hence, we Þnd that the perturbed free$& system above reproduces theQ-cohomology of" øi -

independent operators of the abelian twisted (0, 2) sigma model onU, i.e., the local sections

of the sheaf !A .

14We can again ignore the action ofQ on z-derivatives of ! øi because of the equation of motion" z#øi = 0
and the symmetry transformation law $! øi = #øi .

15Note that the V i
a Õs andVøi

a Õs are, in the abelian case at hand, independent of the! i and ! øi Þelds. Hence,
there are no nontrivial propagators arising from their presence in the action (4.10).
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ÒGluingÓ the Perturbed �� �
  System 

 
 
 
 

  
 

¥! By ÒgluingÓ on overlaps the open patches in X using the 
symmetries of the perturbed ! "  system, we will arrive at the 
(0,2) model over all of X. 

 
¥! To ÒglueÓ geometrically over X, use conformal currents of the 

perturbed ! "  system:  

 
 

   

g of the symmetry group. Let the elements ofg which generate the non-geometrical and

geometrical symmetries be written asc and h = ( v, f) respectively, wherev generates the

geometrical symmetries ofU, while f generates the Þbre space symmetries of the bundle
!E ! U. Since the conserved charges must also be conformally-invariant, it will mean that

an element ofg must be given by an integral of a dimension one current, modulo total

derivatives. In addition, the currents must also be invariant under the U(1) R-symmetry of

the action (5.14), under which theb and c Þelds have charges" 1 and 1 respectively. With

these considerations in mind, the dimension one currents ofthe free bc-!" system can be

constructed as follows.

Let us start by describing the currents which are associatedwith the geometrical sym-

metries Þrst. Firstly, if we have a holomorphic vector ÞeldV on X whereV = V i (" ) !
!" i , we

can construct aU(1) R-invariant

dimension one currentJV = " V i ! i . The corresponding conserved charge is then given

by K V =
"

JV dz. A computation of the operator product expansion with the elementary

Þelds" gives

JV (z)" k(z!) #
V k(z!)
z " z!

. (5.20)
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Firstly, if we have a holomorphic vector ÞeldV on X whereV = V i (! ) !
!" i , one can construct

a gauge-invariant and covariant dimension-one currentJV = −V i " i . The corresponding

conserved charge is then given byK V =
!

JV dz. One can compute that the operator product

expansion ofJV with the elementary ÞeldsAa
z is trivial, but that with the elementary Þelds

! is

JV (z)! k(z!) ∼ V k(z!)
z− z!

. (4.19)

Under the symmetry transformation generated byK V , we have##! k = i$[K V , ! k ], where$ is

an inÞnitesinal transformation parameter. Thus, from (4.19), we see thatK V generates an

inÞnitesimal di! eomorphism##! k = i$V k of U. In other words, K V generates the holomor-

phic di! eomorphisms of the target spaceX . Therefore, K V spans the purely geometrical

subsetv of s, as claimed. For Þnite di! eomorphisms, we would have a coordinate transfor-

mation ÷! k = gk(! ), where eachgk(! ) is a holomorphic function in the ! ks. Since we are

using the symmetries of the"! system to glue the local descriptions over the intersections

{ Ue ∩ Uf } , on an arbitrary intersection Ue ∩ Uf , ! k and ÷! k will be deÞned inUe and Uf ,

respectively.

One can also compute the operator product expansion ofJV with the elementary Þelds

" to be

JV (z)" k(z!) ∼ −%kV i " i (z!)
z− z!

. (4.20)

Under the symmetry transformation generated byK V , we have##" k = i$[K V , " k ], where$

is an inÞnitesinal transformation parameter. Thus, from (4.20), we see thatK V generates

an inÞnitesimal change##" k = −i$%kV i " i of the elementary Þelds" . For Þnite changes, we

would have the transformation÷" i = Di
k" k , whereD is anN×N (whereN = dim CX ) matrix

such that [D] = [ %g]" 1, i.e., [D " 1]i k = %i gk. This transformation is purely geometrical, and

it just tells us how the basis holomorphic tangent vector" k transforms into ÷" i as one goes

from the coordinate system inUe to that in Uf . Again, this just a" rms the fact that K V

spans the subsetv of s.

Clearly, the symmetry transformations generated byK V are all there are to the purely

geometrical transformations of the holomorphic coordinates! k and basis tangent vectors" k

of X . Hence, one can use the geometrical symmetries generated byK V to glue the local sets

{ Ue} together on intersections of small open sets to form the entire target spaceX . Note

however, that v is not a Lie subalgebra ofs, but only a linear subspace. This is becausev

does not close upon itself as a Lie algebra. This leads to nontrivial consequences fors. In

fact, this property of v is related to the physical anomalies of the underlying sigma model.
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¥! To ÔglueÕ the theory algebraically, use the conformal currents of 
the perturbed ! "  system constructed using the moduli:  

   

the tr Õs are the constant generator matrices of the Lie algebras. [A(! )] will then take the

correct form of a gauge transformation matrix, i.e., [A(! )] = ei ! r (" )t r .

We shall now determine the current associated with the non-geometrical symmetries.

Let B =
!

i Bi (! )d! i be a holomorphic (1, 0)-form on X . We can then construct aU(1)

R-invariant dimension one currentJB = Bi " z! i . The conserved charge is then given by
"

JB dz. LetÕs assume thatB is an exact form onX , so that B = " H = " i Hd! i , whereH is

some local function onX that is holomorphic in ! . This in turn means that Bi = " i H . In

such a case,
"

JB dz =
"

" i H " z! i dz. From the action (5.14), we have the equation of motion

" z̄! i = 0. Hence,
"

JB dz =
"

" i Hd! i =
"

dH = 0 by StokeÕs theorem. In other words,

the conserved charge constructed fromB vanishes ifB is exact and vice-versa. Let us now

ascertain the conditions under whichB will be exact. To this end, note that it su! ces

to work locally on X , since non-local instanton e" ects do not contribute in perturbation

theory. Via PoincareÕs lemma,B is locally exact if and only ifB is a closed form onX , i.e.,

" B = " i Bj ! " j Bi = 0. Thus, for every non-vanishing holomorphic (2, 0)-form C = " B, we

will have a non-vanishing conserved chargeK C =
"

JB dz. Notice that C is annihilated by "

since" 2 = 0, i.e., C must be a local holomorphic section of the sheaf# 2,cl . Notice also that

the current JB is constructed from! and its derivatives only. Consequently, the! i , bn and

cn Þelds are invariant under the symmetry transformations generated by K C . This means

that K C generates non-geometrical symmetries only. Hence,K C spans thec subset ofg.

Local Field Transformations

Let us now describe how the di" erent Þelds of the freebc-#! system on#Ef " U transform

under the geometrical and non-geometrical symmetries generated by K H = K V + K F and

K C of g respectively. Firstly, note that the symmetries generatedby K F and K C act trivially

on the ! Þelds, i.e., the! Þelds have non-singular OPEÕs withJF and JB . Secondly, note

that the symmetries generated byK V and K C act trivially on both the band c Þelds, i.e., the

b and c Þelds have non-singular OPEÕs withJV and JB . As for the # Þelds, they transform

non-trivially under all the symmetries, i.e., the OPEÕs of the# Þelds withJV , JF and JC all

contain simple poles. In summary, via a computation of the relevant OPEÕs, we Þnd that

the Þelds transform under the symmetries of the freebc-#! system on#Ef " U as follows:

÷! i = gi (! ), (5.23)

÷#i = #kD k
i + bm cnAn

lD k
i (" kA! 1)l

m + " z! j Eij , (5.24)

÷cn = cm Am
n, (5.25)

÷bn = ( A! 1)n
mbm , (5.26)
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We will explain this shortly.

The Non-Geometrical Symmetries

Let us now describe the current that is associated with the non-geometrical symmetries.

Such a current, by virtue that its charge should not generate any transformation of the

coordinates! k, ought to consist only of the! and A Þelds. A little thought would then

reveal that if B = Bi (! )d! i is a holomorphic (1, 0)-form on X , one can deÞne a gauge-

invariant and covariant dimension-one current asJC = Bi Dz! i , where the conserved charge

is K C =
!

JCdz. Notice that one can also writeJC = JF + JE and K C = K F + K E , where

JF = ! Bi Aa
zV i

a , JE = Bi " z! i , K F =
!

JF dz and K E =
!

JE dz.

Let us study JF and K F Þrst. One can compute that the operator product expansion

of JF with the elementary Þelds# is

JF (z)#k(z!) " !
V i

a " kBi Aa
z(z!)

z ! z!
. (4.21)

Under the symmetry transformation generated byK F , we have$! #k = i%[K F , #k], where %

is an inÞnitesinal transformation parameter. Thus, from (4.21), we see thatK F generates

an inÞnitesimal change$! #k = ! i%V i
a " kBi Aa

z of the elementary Þelds#. Notice at this point

that one can interpret (Bi V i
a ) as at-valued holomorphic functionf a on X . In turn, one can

regardV i
a " kBi = " k(Bi V i

a ) = " kf a as theFk,a-component of at-valued holomorphic one-form

Fa = Fl,a d! l = ( " l f a)d! l on X . In addition, since [Va, Vb]i = 0, the V i
a Õs are only deÞned up

to scaling by a constant. These last two observations together imply that one can promote

$! #k to a Þnite change$#k = ! Fk,aAa
z. In this sense,K F can be understood to span the

purely non-geometrical subsetf of s.

Let us now study JE and K E . One can compute that the operator product expansion

of JE with the elementary Þelds# is

JE (z)#k(z!) "
" kBi " z! i (z!)

z ! z!
!

#k(z!)
(z ! z!)2

. (4.22)

Under the symmetry transformation generated byK E , we have$! #k = i%[K E , #k], where%

is an inÞnitesinal transformation parameter. Thus, from (4.22), we see thatK E generates

an inÞnitesimal change$! #k = i%"kBi " z! i of the elementary Þelds#. Since one is free to

rescale theBi Õs by a constant, one can promote$! #k to a Þnite change$#k = Eki " z! i , where

E = " B = Eki d! k # d! i is a holomorphic (2, 0)-form on X and Eki = " kBi .
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We will explain this shortly.

The Non-Geometrical Symmetries

Let us now describe the current that is associated with the non-geometrical symmetries.

Such a current, by virtue that its charge should not generate any transformation of the

coordinates! k, ought to consist only of the! and A Þelds. A little thought would then

reveal that if B = Bi (! )d! i is a holomorphic (1, 0)-form on X , one can deÞne a gauge-

invariant and covariant dimension-one current asJC = Bi Dz! i , where the conserved charge

is K C =
!

JCdz. Notice that one can also writeJC = JF + JE and K C = K F + K E , where

JF = ! Bi Aa
zV i

a , JE = Bi " z! i , K F =
!

JF dz and K E =
!

JE dz.

Let us study JF and K F Þrst. One can compute that the operator product expansion

of JF with the elementary Þelds# is

JF (z)#k(z!) " !
V i

a " kBi Aa
z(z!)

z ! z!
. (4.21)

Under the symmetry transformation generated byK F , we have$! #k = i%[K F , #k], where %

is an inÞnitesinal transformation parameter. Thus, from (4.21), we see thatK F generates

an inÞnitesimal change$! #k = ! i%V i
a " kBi Aa

z of the elementary Þelds#. Notice at this point

that one can interpret (Bi V i
a ) as at-valued holomorphic functionf a on X . In turn, one can

regardV i
a " kBi = " k(Bi V i

a ) = " kf a as theFk,a-component of at-valued holomorphic one-form

Fa = Fl,a d! l = ( " l f a)d! l on X . In addition, since [Va, Vb]i = 0, the V i
a Õs are only deÞned up

to scaling by a constant. These last two observations together imply that one can promote

$! #k to a Þnite change$#k = ! Fk,aAa
z. In this sense,K F can be understood to span the

purely non-geometrical subsetf of s.

Let us now study JE and K E . One can compute that the operator product expansion

of JE with the elementary Þelds# is

JE (z)#k(z!) "
" kBi " z! i (z!)

z ! z!
!

#k(z!)
(z ! z!)2

. (4.22)

Under the symmetry transformation generated byK E , we have$! #k = i%[K E , #k], where%

is an inÞnitesinal transformation parameter. Thus, from (4.22), we see thatK E generates

an inÞnitesimal change$! #k = i%"kBi " z! i of the elementary Þelds#. Since one is free to

rescale theBi Õs by a constant, one can promote$! #k to a Þnite change$#k = Eki " z! i , where

E = " B = Eki d! k # d! i is a holomorphic (2, 0)-form on X and Eki = " kBi .
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We will explain this shortly.

The Non-Geometrical Symmetries

Let us now describe the current that is associated with the non-geometrical symmetries.

Such a current, by virtue that its charge should not generate any transformation of the

coordinates! k, ought to consist only of the! and A Þelds. A little thought would then

reveal that if B = Bi (! )d! i is a holomorphic (1, 0)-form on X , one can deÞne a gauge-

invariant and covariant dimension-one current asJC = Bi Dz! i , where the conserved charge

is K C =
!

JCdz. Notice that one can also writeJC = JF + JE and K C = K F + K E , where

JF = ! Bi Aa
zV i

a , JE = Bi " z! i , K F =
!

JF dz and K E =
!

JE dz.

Let us study JF and K F Þrst. One can compute that the operator product expansion

of JF with the elementary Þelds# is

JF (z)#k(z!) " !
V i

a " kBi Aa
z(z!)

z ! z!
. (4.21)

Under the symmetry transformation generated byK F , we have$! #k = i%[K F , #k], where %

is an inÞnitesinal transformation parameter. Thus, from (4.21), we see thatK F generates

an inÞnitesimal change$! #k = ! i%V i
a " kBi Aa

z of the elementary Þelds#. Notice at this point

that one can interpret (Bi V i
a ) as at-valued holomorphic functionf a on X . In turn, one can

regardV i
a " kBi = " k(Bi V i

a ) = " kf a as theFk,a-component of at-valued holomorphic one-form

Fa = Fl,a d! l = ( " l f a)d! l on X . In addition, since [Va, Vb]i = 0, the V i
a Õs are only deÞned up

to scaling by a constant. These last two observations together imply that one can promote

$! #k to a Þnite change$#k = ! Fk,aAa
z. In this sense,K F can be understood to span the

purely non-geometrical subsetf of s.

Let us now study JE and K E . One can compute that the operator product expansion

of JE with the elementary Þelds# is

JE (z)#k(z!) "
" kBi " z! i (z!)

z ! z!
!

#k(z!)
(z ! z!)2

. (4.22)

Under the symmetry transformation generated byK E , we have$! #k = i%[K E , #k], where%

is an inÞnitesinal transformation parameter. Thus, from (4.22), we see thatK E generates

an inÞnitesimal change$! #k = i%"kBi " z! i of the elementary Þelds#. Since one is free to

rescale theBi Õs by a constant, one can promote$! #k to a Þnite change$#k = Eki " z! i , where

E = " B = Eki d! k # d! i is a holomorphic (2, 0)-form on X and Eki = " kBi .
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We will explain this shortly.

The Non-Geometrical Symmetries

Let us now describe the current that is associated with the non-geometrical symmetries.

Such a current, by virtue that its charge should not generate any transformation of the

coordinates! k, ought to consist only of the! and A Þelds. A little thought would then

reveal that if B = Bi (! )d! i is a holomorphic (1, 0)-form on X , one can deÞne a gauge-

invariant and covariant dimension-one current asJC = Bi Dz! i , where the conserved charge

is K C =
!

JCdz. Notice that one can also writeJC = JF + JE and K C = K F + K E , where

JF = ! Bi Aa
zV i

a , JE = Bi " z! i , K F =
!

JF dz and K E =
!

JE dz.

Let us study JF and K F Þrst. One can compute that the operator product expansion

of JF with the elementary Þelds# is

JF (z)#k(z!) " !
V i

a " kBi Aa
z(z!)

z ! z!
. (4.21)

Under the symmetry transformation generated byK F , we have$! #k = i%[K F , #k], where %

is an inÞnitesinal transformation parameter. Thus, from (4.21), we see thatK F generates

an inÞnitesimal change$! #k = ! i%V i
a " kBi Aa

z of the elementary Þelds#. Notice at this point

that one can interpret (Bi V i
a ) as a t-valued holomorphic functionf a on X . In turn, one can

regardV i
a " kBi = " k(Bi V i

a ) = " kf a as theFk,a-component of at-valued holomorphic one-form

Fa = Fl,a d! l = ( " l f a)d! l on X . In addition, since [Va, Vb]i = 0, the V i
a Õs are only deÞned up

to scaling by a constant. These last two observations together imply that one can promote

$! #k to a Þnite change$#k = ! Fk,aAa
z. In this sense,K F can be understood to span the

purely non-geometrical subsetf of s.

Let us now study JE and K E . One can compute that the operator product expansion

of JE with the elementary Þelds# is

JE (z)#k(z!) "
" kBi " z! i (z!)

z ! z!
!

#k(z!)
(z ! z!)2

. (4.22)

Under the symmetry transformation generated byK E , we have$! #k = i%[K E , #k], where%

is an inÞnitesinal transformation parameter. Thus, from (4.22), we see thatK E generates

an inÞnitesimal change$! #k = i%"kBi " z! i of the elementary Þelds#. Since one is free to

rescale theBi Õs by a constant, one can promote$! #k to a Þnite change$#k = Eki " z! i , where

E = " B = Eki d! k # d! i is a holomorphic (2, 0)-form on X and Eki = " kBi .
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We will explain this shortly.

The Non-Geometrical Symmetries

Let us now describe the current that is associated with the non-geometrical symmetries.

Such a current, by virtue that its charge should not generate any transformation of the

coordinates! k, ought to consist only of the! and A Þelds. A little thought would then

reveal that if B = B i(! )d! i is a holomorphic (1, 0)-form on X , one can deÞne a gauge-

invariant and covariant dimension-one current asJC = B iDz! i, where the conserved charge

is K C =
!

JCdz. Notice that one can also writeJC = JF + JE and K C = K F + K E, where

JF = ! B iAa
zV i

a , JE = B i" z! i, K F =
!

JF dz and K E =
!

JEdz.

Let us study JF and K F Þrst. One can compute that the operator product expansion

of JF with the elementary Þelds# is

JF (z)#k(z!) " !
V i

a " kB iAa
z(z!)

z ! z!
. (4.21)

Under the symmetry transformation generated byK F , we have$! #k = i%[K F , #k], where %

is an inÞnitesinal transformation parameter. Thus, from (4.21), we see thatK F generates

an inÞnitesimal change$! #k = ! i%V i
a " kB iAa

z of the elementary Þelds#. Notice at this point

that one can interpret (B iV i
a ) as at-valued holomorphic functionf a on X . In turn, one can

regardV i
a " kB i = " k(B iV i

a ) = " kf a as theFk,a-component of at-valued holomorphic one-form

Fa = Fl,a d! l = ( " lf a)d! l on X . In addition, since [Va, Vb]i = 0, the V i
aÕs are only deÞned up

to scaling by a constant. These last two observations together imply that one can promote

$! #k to a Þnite change$#k = ! Fk,aAa
z . In this sense,K F can be understood to span the

purely non-geometrical subsetf of s.

Let us now study JE and K E. One can compute that the operator product expansion

of JE with the elementary Þelds# is

JE(z)#k(z!) "
" kB i" z! i(z!)

z ! z!
!

#k(z!)
(z ! z!)2

. (4.22)

Under the symmetry transformation generated byK E, we have$! #k = i%[K E, #k], where%

is an inÞnitesinal transformation parameter. Thus, from (4.22), we see thatK E generates

an inÞnitesimal change$! #k = i%"kB i" z! i of the elementary Þelds#. Since one is free to

rescale theB iÕs by a constant, one can promote$! #k to a Þnite change$#k = Eki" z! i, where

E = " B = Eki d! k # d! i is a holomorphic (2, 0)-form on X and Eki = " kB i.
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We will explain this shortly.

The Non-Geometrical Symmetries

Let us now describe the current that is associated with the non-geometrical symmetries.

Such a current, by virtue that its charge should not generate any transformation of the

coordinates! k, ought to consist only of the! and A Þelds. A little thought would then

reveal that if B = Bi (! )d! i is a holomorphic (1, 0)-form on X , one can deÞne a gauge-

invariant and covariant dimension-one current asJC = Bi Dz! i , where the conserved charge

is K C =
!

JCdz. Notice that one can also writeJC = JF + JE and K C = K F + K E , where

JF = ! Bi Aa
zV i

a , JE = Bi " z! i , K F =
!

JF dz and K E =
!

JE dz.

Let us study JF and K F Þrst. One can compute that the operator product expansion

of JF with the elementary Þelds# is

JF (z)#k(z!) " !
V i

a " kBi Aa
z(z!)

z ! z!
. (4.21)

Under the symmetry transformation generated byK F , we have$! #k = i%[K F , #k], where %

is an inÞnitesinal transformation parameter. Thus, from (4.21), we see thatK F generates

an inÞnitesimal change$! #k = ! i%V i
a " kBi Aa

z of the elementary Þelds#. Notice at this point

that one can interpret (Bi V i
a ) as at-valued holomorphic functionf a on X . In turn, one can

regardV i
a " kBi = " k(Bi V i

a ) = " kf a as theFk,a-component of at-valued holomorphic one-form

Fa = Fl,a d! l = ( " l f a)d! l on X . In addition, since [Va, Vb]i = 0, the V i
a Õs are only deÞned up

to scaling by a constant. These last two observations together imply that one can promote

$! #k to a Þnite change$#k = ! Fk,aAa
z. In this sense,K F can be understood to span the

purely non-geometrical subsetf of s.

Let us now study JE and K E . One can compute that the operator product expansion

of JE with the elementary Þelds# is

JE (z)#k(z!) "
" kBi " z! i (z!)

z ! z!
!

#k(z!)
(z ! z!)2

. (4.22)

Under the symmetry transformation generated byK E , we have$! #k = i%[K E , #k], where%

is an inÞnitesinal transformation parameter. Thus, from (4.22), we see thatK E generates

an inÞnitesimal change$! #k = i%"kBi " z! i of the elementary Þelds#. Since one is free to

rescale theBi Õs by a constant, one can promote$! #k to a Þnite change$#k = Eki " z! i , where

E = " B = Eki d! k # d! i is a holomorphic (2, 0)-form on X and Eki = " kBi .
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We will explain this shortly.

The Non-Geometrical Symmetries

Let us now describe the current that is associated with the non-geometrical symmetries.

Such a current, by virtue that its charge should not generate any transformation of the

coordinates! k, ought to consist only of the! and A Þelds. A little thought would then

reveal that if B = Bi (! )d! i is a holomorphic (1, 0)-form on X , one can deÞne a gauge-

invariant and covariant dimension-one current asJC = Bi Dz! i , where the conserved charge

is K C =
!

JCdz. Notice that one can also writeJC = JF + JE and K C = K F + K E , where

JF = ! Bi Aa
zV i

a , JE = Bi " z! i , K F =
!

JF dz and K E =
!

JE dz.

Let us study JF and K F Þrst. One can compute that the operator product expansion

of JF with the elementary Þelds# is

JF (z)#k(z!) " !
V i

a " kBi Aa
z(z!)

z ! z!
. (4.21)

Under the symmetry transformation generated byK F , we have$! #k = i%[K F , #k], where %

is an inÞnitesinal transformation parameter. Thus, from (4.21), we see thatK F generates

an inÞnitesimal change$! #k = ! i%V i
a " kBi Aa

z of the elementary Þelds#. Notice at this point

that one can interpret (Bi V i
a ) as at-valued holomorphic functionf a on X . In turn, one can

regardV i
a " kBi = " k(Bi V i

a ) = " kf a as theFk,a-component of at-valued holomorphic one-form

Fa = Fl,a d! l = ( " l f a)d! l on X . In addition, since [Va, Vb]i = 0, the V i
a Õs are only deÞned up

to scaling by a constant. These last two observations together imply that one can promote

$! #k to a Þnite change$#k = ! Fk,aAa
z. In this sense,K F can be understood to span the

purely non-geometrical subsetf of s.

Let us now study JE and K E . One can compute that the operator product expansion

of JE with the elementary Þelds# is

JE (z)#k(z!) "
" kBi " z! i (z!)

z ! z!
!

#k(z!)
(z ! z!)2

. (4.22)

Under the symmetry transformation generated byK E , we have$! #k = i%[K E , #k], where%

is an inÞnitesinal transformation parameter. Thus, from (4.22), we see thatK E generates

an inÞnitesimal change$! #k = i%"kBi " z! i of the elementary Þelds#. Since one is free to

rescale theBi Õs by a constant, one can promote$! #k to a Þnite change$#k = Eki " z! i , where

E = " B = Eki d! k # d! i is a holomorphic (2, 0)-form on X and Eki = " kBi .
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The Automorphism Relations of  the 

Sheaf  of  Chiral Algebras     

If B is an exact form inUe, it would mean that Bi = ! i H in Ue for some locally-deÞned

function H that is holomorphic in " . In such a case,
∮

JE dz =
∮

! i H ! z" i dz. From the action

(4.12), we have the equation of motion! øz" i = 0. Hence,
∮

JE dz =
∮

! i Hd" i =
∮

dH = 0

by StokeÕs theorem. In other words, the conserved chargeK E vanishes ifB is exact in Ue

and vice-versa. Via PoincareÕs lemma,B is locally exact if and only if B is a closed form

on X , i.e., ! B = ! i Bj ! ! j Bi = 0. Thus, for every nonvanishing holomorphic (2, 0)-form

E = ! B on X , we will have a nonvanishing conserved chargeK E =
∮

JE dz. At any rate,

notice that E is annihilated by ! since! 2 = 0. Moreover, as stated earlier,B and therefore

E in Ue are gauge-invariant; i.e.,E when restricted toUe is T-equivariant. As such, forevery

local holomorphic section of the sheaf! 2,cl
X,T of T-equivariant ! -closed two-formsE on X , we

have anonvanishingconserved chargeK E . In this sense,K E can be understood to span the

purely non-geometrical subsete of s.

Local Field Transformations

A summary of how the di" erent Þelds of the perturbed free#" system onU transform

locally under its geometrical and non-geometrical symmetries generated byK V and K C =

K F + K E , respectively, is as follows:

÷" i = gi (" ), (4.23)

÷Aa
z = Aa

z, (4.24)

÷#i = Di
k#k + ! z" j Eij ! Fi,a Aa

z, (4.25)

where i, j, k = 1, 2, . . . , N = dim CX . As explained,D and E are N " N matrices such that

[D] = [ ! g]! 1 and [E] = ! B , i.e., [D ! 1]i k = ! i gk and [E]ij = ! i Bj ; Fi,a is the i th -component of

a t-valued holomorphic one-formFa = Fl,a d" l = ( ! l f a)d" l (where f a = V k
a Bk) on X . It can

be veriÞed that ÷#, ÷" and ÷A obey the correct OPEÕs amongst themselves. We thus conclude

that the Þelds must undergo the above transformations (4.23)-(4.25) when we glue a local

description (in a small open set) to another local description (in another small open set)

over the mutual intersection of open sets using the automorphisms of the perturbed free#"

system.

A Nontrivial Extension of Lie Algebras and Groups

Last but not least, let us now study the properties of the symmetry algebras of the

perturbed free #" system onU. From the analysis thus far, we Þnd that we can write

s = c# v as a linear space, wherec = ( f, e). Note that c is a trivial abelian subalgebra ofs

because the commutator ofK C with itself vanishes: the OPE ofJC with itself is nonsingular
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If B is an exact form inUe, it would mean that Bi = ! i H in Ue for some locally-deÞned

function H that is holomorphic in " . In such a case,
!

JE dz =
!

! i H ! z" i dz. From the action

(4.12), we have the equation of motion! øz" i = 0. Hence,
!

JE dz =
!

! i Hd" i =
!

dH = 0

by StokeÕs theorem. In other words, the conserved chargeK E vanishes ifB is exact in Ue

and vice-versa. Via PoincareÕs lemma,B is locally exact if and only if B is a closed form

on X , i.e., ! B = ! i Bj ! ! j Bi = 0. Thus, for every nonvanishing holomorphic (2, 0)-form

E = ! B on X , we will have a nonvanishing conserved chargeK E =
!

JE dz. At any rate,

notice that E is annihilated by ! since! 2 = 0. Moreover, as stated earlier,B and therefore

E in Ue are gauge-invariant; i.e.,E when restricted toUe is T-equivariant. As such, forevery

local holomorphic section of the sheaf! 2,cl
X,T of T-equivariant ! -closed two-formsE on X , we

have anonvanishing conserved chargeK E . In this sense,K E can be understood to span the

purely non-geometrical subsete of s.

Local Field Transformations

A summary of how the di" erent Þelds of the perturbed free#" system onU transform

locally under its geometrical and non-geometrical symmetries generated byK V and K C =

K F + K E , respectively, is as follows:

÷" i = gi (" ), (4.23)

÷Aa
z = Aa

z, (4.24)

÷#i = Di
k#k + ! z" j Eij ! Fi,a Aa

z, (4.25)

where i, j, k = 1, 2, . . . , N = dim CX . As explained,D and E are N " N matrices such that

[D] = [ ! g]! 1 and [E] = ! B , i.e., [D ! 1]i k = ! i gk and [E]ij = ! i Bj ; Fi,a is the i th -component of

a t-valued holomorphic one-formFa = Fl,a d" l = ( ! l f a)d" l (where f a = V k
a Bk) on X . It can

be veriÞed that ÷#, ÷" and ÷A obey the correct OPEÕs amongst themselves. We thus conclude

that the Þelds must undergo the above transformations (4.23)-(4.25) when we glue a local

description (in a small open set) to another local description (in another small open set)

over the mutual intersection of open sets using the automorphisms of the perturbed free#"

system.

A Nontrivial Extension of Lie Algebras and Groups

Last but not least, let us now study the properties of the symmetry algebras of the

perturbed free #" system onU. From the analysis thus far, we Þnd that we can write

s = c# v as a linear space, wherec = ( f, e). Note that c is a trivial abelian subalgebra ofs

because the commutator ofK C with itself vanishes: the OPE ofJC with itself is nonsingular
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If B is an exact form inUe, it would mean that Bi = ∂i H in Ue for some locally-deÞned

function H that is holomorphic in γ. In such a case,
!

JE dz =
!

∂i H ∂zγ i dz. From the action

(4.12), we have the equation of motion∂øzγ i = 0. Hence,
!

JE dz =
!

∂i Hdγ i =
!

dH = 0

by StokeÕs theorem. In other words, the conserved chargeK E vanishes ifB is exact in Ue

and vice-versa. Via PoincareÕs lemma,B is locally exact if and only if B is a closed form

on X , i.e., ∂B = ∂i Bj ! ∂j Bi = 0. Thus, for every nonvanishing holomorphic (2, 0)-form

E = ∂B on X , we will have a nonvanishing conserved chargeK E =
!

JE dz. At any rate,

notice that E is annihilated by ∂ since∂2 = 0. Moreover, as stated earlier,B and therefore

E in Ue are gauge-invariant; i.e.,E when restricted toUe is T-equivariant. As such, forevery

local holomorphic section of the sheaf! 2,cl
X,T of T-equivariant ∂-closed two-formsE on X , we

have anonvanishingconserved chargeK E . In this sense,K E can be understood to span the

purely non-geometrical subsete of s.

Local Field Transformations

A summary of how the di" erent Þelds of the perturbed freeβγ system onU transform

locally under its geometrical and non-geometrical symmetries generated byK V and K C =

K F + K E , respectively, is as follows:

÷γ i = gi (γ), (4.23)

÷Aa
z = Aa

z, (4.24)

÷βi = Di
kβk + ∂zγ

j Eij ! Fi,a Aa
z, (4.25)

where i, j, k = 1, 2, . . . , N = dim CX . As explained,D and E are N " N matrices such that

[D] = [ ∂g]! 1 and [E] = ∂B, i.e., [D ! 1]i k = ∂i gk and [E]ij = ∂i Bj ; Fi,a is the i th -component of

a t-valued holomorphic one-formFa = Fl,a dγ l = ( ∂l f a)dγ l (where f a = V k
a Bk) on X . It can

be veriÞed that ÷β, ÷γ and ÷A obey the correct OPEÕs amongst themselves. We thus conclude

that the Þelds must undergo the above transformations (4.23)-(4.25) when we glue a local

description (in a small open set) to another local description (in another small open set)

over the mutual intersection of open sets using the automorphisms of the perturbed freeβγ

system.

A Nontrivial Extension of Lie Algebras and Groups

Last but not least, let us now study the properties of the symmetry algebras of the

perturbed free βγ system onU. From the analysis thus far, we Þnd that we can write

s = c# v as a linear space, wherec = ( f, e). Note that c is a trivial abelian subalgebra ofs

because the commutator ofK C with itself vanishes: the OPE ofJC with itself is nonsingular

47



 
 
 
 
 
 

The One-Loop Beta Function in Terms of  
Holomorphic Data 

  ¥! Consider the case of X = CP1, which is non Ricci-flat. 
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perturbed linear !" system. Since the perturbed linear!" system describes a local version

of the underlying abelian twisted (0, 2) sigma model, one can write the local holomorphic

stress tensor of the model as the local holomorphic stress tensor of the perturbed linear!"

system, which in turn is given by

T (z) = ! : ! i #z" i :(z). (4.43)

(See¤4.4). Under an automorphism of the!" system,T (z) will become

!T (z) = ! : ÷! i #z÷" i :(z), (4.44)

where the Þelds÷! and ÷" are deÞned in the automorphism relations of (4.23)-(4.25). It is

clear that on an overlapUe " Uf in X, T (z) will be regular in Ue while !T (z) will be regular

in Uf . Note that both T (z) and !T (z) are at least local sections of"A . And, if there is no

obstruction to T (z) or !T (z) being a global section of"A , it will mean that T (z) is nontrivial

in Q-cohomology, i.e.,T (z) #= { Q, . . . } and [Q, T (z)] = 0, and the abelian twisted (0, 2)

sigma model will be conformally-invariant. ForT (z) or !T (z) to be a global section of "A , it

must be true that T (z) = !T (z) on any overlapUe " Uf in X. Let us examine this further

with an example.

An Example and the One-Loop Beta Function in Terms of Holomorphic Data

For ease of illustration, let us considerX = CP1. This example is nonanomalous as

pT
1 (X) = 0; it also has a nonvanishing Ricci tensor. SinceCP1 can be considered as the

complex " -plane plus a point at inÞnity, we can cover it with two open sets,U1 and U2,

where U1 is the complex" -plane, U2 is the complex ÷" -plane, and ÷" = 1/" . Thus, we can

write the (normal ordered) stress tensors inU1 and U2, respectively, as

T (z) = ! limz! ! z
#
! (z")#z" (z) ! ! (z") á#z" (z)

$
(4.45)

and

!T (z) = ! limz! ! z

%
÷! (z")#z÷" (z) ! ÷! (z") á#z÷" (z)

&
. (4.46)

By substituting the deÞnitions of ÷! and ÷" from (4.23)-(4.25) into !T (z), a short computation
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equivalent to constants, i.e.,H 0(! , O! ) != C, we have the expansion

H 2(X " ! , " 2,cl
X ! ! ,T ) = H 2(X, " 2,cl

X,T ) # (H 1(X, " 1,cl
X,T ) $ H 1(! , " 1,cl

! )) # . . . . (4.42)

As c1(! ) %H 1(! , " 1,cl
! ) and cT

1 (X ) %H 1(X, " 1,cl
X,T ), the two physical anomaliespT

1 (X )

and c1(! )cT
1 (X ) take values in the Þrst and second term on the RHS of (4.42), respectively.24

Note that the terms on the RHS of (4.42) must independently vanish forH 2(X " ! , " 2,cl
X ! ! ,T )

to be zero. In other words, we have obtained a consistent, alternative interpretation of the

physical anomalies which arise due to a nontriviality of the determinant line bundles over the

conÞguration space of the sigma model that are associated with the Dirac operators of the

underlying Lagrangian, in terms of an obstruction to the gluing of sheaves of chiral algebras.

By extending the arguments surrounding (4.34) to the present context, we Þnd that for

a vanishing anomaly, (apart from the geometrical moduli encoded in the complex structure

of X ), the moduli of the globally-deÞned sheaf of chiral algebras on! , with target spaceX ,

must be parameterized by classes inH 1(X " ! , " 2,cl
X ! ! ,T ).

4.7. The Conformal Anomaly

To end this section, we shall now present an illuminating application of our discussion

on the sheaves of chiral algebras which has hitherto been somewhat abstract. In the process,

we will be able to obtain a solely physical interpretation of a purely mathematical result,

and vice-versa.

From (2.28), we see that the holomorphic stress tensorT(z) ! Tzz of the abelian twisted

(0, 2) sigma model lacks the! øi Þelds. This means that it is an operator withq = 0. Hence,

from the Q-ÿCech cohomology dictionary established in¤4.3, if T(z) is to be nontrivial in Q-

cohomology, such that the model and its chiral algebra are conformally-invariant, it will be

given by an element ofH 0(X, !A ) Ð a global section of the sheaf of chiral algebras!A . Recall

that the local sections of !A are furnished by the physical operators in the chiral algebra of the
24If M is a K¬ahler manifold, p1(M ) would be a (2, 2)-form that is annihilated by both ! and ø! ; this just

reßects the fact that p1(M ) represents an element ofH2(M, ! 2,cl
M ). One can also show the latter statement to

be true for any complex manifoldX. To this end, pick any connection on the holomorphic tangent bundleTX
whose (0, 1) part is the natural ø! operator of this bundle. Since ø! 2 = 0, the curvature of such a connection,
or rather, c1(TX) (abbreviated in this paper as c1(X)), would be a two-form of type (2, 0) # (1, 1). In turn,
this means that ck (X) for k & 0 would be a 2k-form of type (k, k) # (k+1 , k ' 1)# . . . (2k, 0), which therefore
implies that it must represent an element of Hk (X, ! k,cl

X ) Ð indeed, like the sheaf! k,cl
X which generates

Hk (X, ! k,cl
X ), ck (X) will be annihilated by both ! and ø! . Therefore, c1(X) must represent an element of

H1(X, ! 1,cl
X ), while p1(X) = c2

1(X) ' 2c2(X) must represent an element ofH2(X, ! 2,cl
X ). Similarly, cT

1 (X)
and pT

1 (X) ought to represent elements ofH1(X, ! 1,cl
X,T ) and H2(X, ! 2,cl

X,T ), respectively.
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and where the requisite Þeld variations generated by the scalar superchargeQ are

!" i = 0, !" øi = #øi ,

!# øi = 0, !# i
øz = ! D øz" i , (2.27)

! Aa
z = 0, ! Aa

øz = 0.

Using (2.13), one can compute from (2.27) thatQ2 = 0 (o! -shell) on all Þelds. Consequently,

from (2.25), one can see thatSgauged is Q-invariant, as desired. In addition, (2.27) implies

that one can assign (Q, #øi , # i
øz, " i , " øi , Aa

z, Aa
øz) to have q-charge (1, 1, ! 1, 0, 0, 0, 0) under a

global U(1)R-symmetry; one can then see from (2.25) and (2.26) that as desired,Sgauged has

vanishing q-charge and is thereforeU(1)R-invariant. Moreover, sinceQ is nilpotent, it will

mean that one can also deÞne aQ-cohomology of operators in the theory.

The above model with perturbativegauge-invariant action Sgauged, shall be our model

of interest henceforth.

2.2. The Chiral Algebra Of The Gauged Twisted(0, 2) Sigma Model

Classically, the gauge twisted model is scale invariant: one can compute that the trace

of the stress tensor fromSgauged vanishes, i.e.,Tzøz = 0. The other nonzero components of

the stress tensor, at the classical level, are given by

Tzz = giøj $z" i Dz" øj , (2.28)

and

Tøzøz = giøj

!
D øz" i $øz" øj + # i

øzD øz#øj
"

. (2.29)

Furthermore, one can go on to show that

Tøzøz = { Q, ! giøj #
i
øz$øz" øj } , (2.30)

and

[Q, Tzz] = giøj $z" i #Dz#øj = 0 (on-shell). (2.31)

From (2.31) and (2.30), we see that all components of the stress tensor areQ-invariant Ð Tzz

is an operator in theQ-cohomology whileTøzøz is Q-exact and thus trivial in Q-cohomology.

The fact that Tzz is not Q-exact even at the classical level implies that the gauged twisted

14

will give25

!T (z) ! T (z) = ! z

"
! z"
"

!
VaAa

z

"

#
(z). (4.47)

The only consistent way to modifyT " T ! and !T " !T ! so that T ! = !T ! over U1 # U2

while preserving the stress tensor OPEÕs such thatT ! á" = T á" and !T ! á" = !T á" , is to

add to T and !T dimension-two terms involving" , Aa
z, ÷" or ÷Aa

z only. The RHS of (4.47)

is invariant under " " #" and Aa
z " #Aa

z, where # $ C" . Therefore, the modiÞcation

ought to preserve this invariance too; i.e., the dimension-two terms we add must also be

invariant under " " #" and Aa
z " #Aa

z. Such terms will be given by! 2
z " / " , (! z" )2/ " 2,

(Va! zAa
z)/ " and (VaAa

z! z" )/ " 2. To cancel the quantity on the RHS of (4.47), one will need

to add a linear combination ofall such terms to !T (z) ! T (z) on the LHS of (4.47). Because

(! z" )2/ " 2 = ( ! z÷" )2/ ÷" 2 and ! 2
z " / " = ! ! 2

z ÷" / ÷" + 2( ! z" )2/ ÷" 2, this linear combination would

have a pole atboth " = 0 and ÷" = 0. Thus, it cannot be used to redeÞneT and/or !T (which

has to be regular inU1 and/or U2, respectively). Hence, we Þnd that neitherT (z) nor !T (z)

can be a global section of$A , i.e., T (z), !T (z) /$ H 0(CP1, $A). In other words, T(z) is not in

the Q-cohomology of the abelian twisted (0, 2) sigma model Ð there is a conformal anomaly.

This is consistent with the observation made in¤2.2 via (2.32), where [Q, Tzz] %= 0 in general

but

[Q, Tzz] = ! z

%
Riøj ! z$i %øj ! Riøj V

i
a Aa

z%øj
&

. (4.48)

SinceQ generates a (BRST-like) symmetry (i.e., an automorphism) of the abelian twisted

model via the Þeld transformations (2.27), (4.47) can be viewed as an analog inÿCech co-

homology of (4.48). Indeed, the operatorRiøj ! z$i %øj can be shown to correspond exactly

to ! z" / " , as follows. Apart from an obvious comparison of (4.48) and (4.47), note that

! z" / " = ! ! z÷" / ÷" , i.e., ! z" / " is a holomorphic operator overU1 # U2. Moreover, it cannot

be expressed as a di! erence between an operator that is holomorphic inU1 and an operator

that is holomorphic in U2. Thus, it is a dimension-one class in the ÞrstÿCech cohomology

group H 1(CP1, $A). Hence, from ourQ-ÿCech cohomology dictionary,! z" / " will correspond

to a dimension-one operator in theQ-cohomology of the sigma model withq = 1 Ð namely,

Riøj ! z$i %øj (which, according to our discussion in¤4.1, indeed takes the correct form of a

Q-invariant, dimension (1, 0) operator with q = 1). As a corollary, we also Þnd that the

operator Riøj V i
a %øj ought to correspond toVa/ " , so that the operator Riøj V i

a Aa
z%øj ought to

25Note that in our computation, we have, for convenience, chosen (i) a pointz! such that ! (z!) " 0,
(ii) the arbitrary local (1,0)-form B (! )d! on CP1 (associated with the current JE of ¤4.5) to be such that
B (! ) = ! ! .
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Relation to the theory of  ÒTwisted Chiral 
Differential OperatorsÓ 

 
 

  
-! Let gauge group be a Cartan subgroup of G, and X 

a flag manifold of G. Then automorphism relations 
become  

the elements ofH 1(X, ! 1,cl
X ), where ! 1,cl

X is the sheaf of holomorphic! -closed (1, 0)-forms on

X (see (4.20) of [23]).We shall consider this particular model henceforth.

Let us now see what the general automorphism relations of (4.23)-(4.25) imply for such

a model. To this end, coverX with a set of open patches{ Ue} , where Ue ! Cn, and

n = dim CX . Now, consider a holomorphic vector Þeld" = " k! / !# k on X . Then, over an

intersection Ue " Uf , the change in$k (and hence! / !# k, as explained in¤4.5) under the

symmetry generated byK F , would, from (4.25), imply the change%"= " kFk,aAa
z = ( &! '

(1)
a )Aa

z

in " , where &! '
(1)
a is an antiderivation by " of a (complex) h-valued holomorphic one-form

' (1)
a on X . Similarly, the changes in$ and hence the corresponding changes in" under the

symmetries generated by the rest of the conserved chargesK V and K B , can be obtained from

the Þrst two terms on the RHS of (4.25). Since these two terms coincide with the changes

in the beta-Þeld of the sheaf of CDOÕs given by the RHS of (4.4b) in [7], we conclude that

the changes in" under K V + K E can be obtained solely from the automorphism relations

of the sheaf of CDOÕs. For our present purpose, there is no need for us to detail what these

changes in" are. The interested reader is invited to do so him or herself.

Next, consider a holomorphic functionO of the coordinates# of X . Then, over an

intersectionUe" Uf , the changes inO under the full symmetry generated byK V + K F + K E can

be obtained from the RHS of (4.23), which is a purely geometrical coordinate transformation

of #. Since the RHS of (4.23) coincides with the changes in the gamma-Þeld of the sheaf of

CDOÕs given by the RHS of (4.4a) in [7], the changes in# under the full symmetry group

can be obtained solely from the automorphism relations of the sheaf of CDOÕs.

Last but not least, consider the gauge ÞeldAa
z = ' !

a. Then, over an intersectionUe" Uf ,

the changes in' !
a under the full symmetry generated byK V + K F + K E can be obtained

from the RHS of (4.24), which is simply the identity transformation.

In summary, over an intersectionUe " Uf , if gef denotes the unique symmetry trans-

formation of the Þelds implied by the automorphism relations of the sheaf of CDOÕs given

by (4.4a)-(4.4b) of [7], and ifgtw
ef denotes the unique symmetry transformation of the Þelds

implied by the automorphism relations (4.23)-(4.25), we can write

gtw
ef |OUe! Uf

= gef |OUe! Uf
, (5.1)

gtw
ef (' !

a) = ' !
a, (5.2)

gtw
ef (" ) = gef (" ) #

!
a(&! '

(1)
a (Ue " Uf )) ' !

a. (5.3)

Moreover, since the underlying theory is anomaly-free, we have, over triple intersections
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- The perturbed ! "  system on a local patch in X is now 

a section of the sheaf of TCDOÕs defined by 
Arakawa et al.  

 
-! The symmetries of the perturbed ! "  CFT that we 

have used to�b glue�` the local descriptions together 
are therefore the vertex algebra automorphisms 
used to �b glue�` the sheaves of TCDOÕs. 

 
- Standard Cech-cohomological analysis of the 

sheaves of chiral algebras of shows that obstruction 
to `gluingÕ vanishes if  

 

Aa
z = 0 via a gauge transformation (which can always be done since we are working locally

on ! ) when computing the sought-after class inH 2( !V ," 2,cl
X,T ). At Aa

z = 0, the automorphism

relations given by (4.23) and (4.25) coincide with the automorphism relations (4.4a)-(4.4b)

in [7] of the sheaf of CDOÕs. Moreover, as in¤2-6 of [7], our only nontrivial OPE (4.11)

is that of a free !" system. Consequently, one can repeat the computations that follow

(4.4a)-(4.4b) in [7] which eventually lead to Theorem 6.2 inloc. cit., whence one would Þnd

that the class characterizing the nontriviality of the group extension ispT
1 ! H 2( !V ," 2,cl

X,T ),

where pT
1 is the T-equivariant universal Þrst Pontryagin class.22 In turn, this implies that

there is no obstruction to a globally-deÞned sheaf of chiral algebras"A if

1
2

pT
1 (X ) = 0 . (4.30)

This is exactly the anomaly-cancellation condition of the underlyingT-gauged twisted (0, 2)

sigma model computed in (3.1)! (We do not see the other anomaly involvingc1(! ) because we

are working locally on! .) In hindsight, this ÔcoincidenceÕ should not be entirely surprising:

note that a physically valid, anomaly-free sigma model must be deÞned overall of X (and ! ),

and since a nonzeropT
1 (X ) captures the obstruction to gluing the local descriptions together

to arrive at a global description, it would mean that the sigma model Ð which is described

locally by the perturbed free!" system onU Ð cannot be globally-deÞned over all ofX unless

(4.30) holds. Thus, the nontriviality of the extension of Lie algebras of the symmetries of the

!" system onU, is indeed related to the physical anomaly of the underlying sigma model.

4.6. Gluing the Local Descriptions Together

Now, we will describe explicitly, how one can glue the local descriptions together using

the automorphisms of the perturbed free!" system onU to obtain a globally-deÞned sheaf of

chiral algebras. In the process, we will see how the cohomology class in (4.30) emerges as an

obstruction to gluing the locally-deÞned sheaves of chiral algebras globally onX . Moreover,

we can also obtain the other anomaly in (3.1) Ð which is not captured in (4.30) Ð when we

consider gluing the sheaves of chiral algebras globally overX and ! . In addition, we will

see that a modulus of the resulting sheaf emerges as aÿCech cohomology class generated by

a relevant ÿCech cocycle.

As a start, letÕs take a suitable collection of small open patchesUe " Cn, where n =

22Note that the standard ÿCech cocycles which represent the universal classes inH 2( !V ,! 2,cl
X,T ) take values

in ! 2,cl
X,T . Hence, the universal classes Ð like! 2,cl

X,T Ð will be T-equivariant.
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componentAz(z) of the gauge Þeld, according to our discussion in the third last paragraph

of §5.2.1, these modules would necessarily have highest weight 0.

5.2.3. The Sheaf of TCDOÕs on the Flag Manifold ofGC

What if X is a ßag manifold of an arbitraryGC with Lie algebra gC of rank l? From

a Cartan decomposition, we can writegC = n+ ! b, whereb is a Borel subalgebra, andn+

is the subalgebra of upper triangular nilpotent matrices. SinceX = GC/B , whereB " GC

is the Borel subgroup with Lie algebrab, we have dimCX = dim C(n+ ) = |! + |, where ! +

is the set of positive roots ofgC. Thus, each chartU in X can be identiÞed with the a" ne

spaceC|! + |. Consequently, the sheaf of TCDOÕs in anyU " X can be described by the

following perturbed free!" system with action

I =
1

2#

!
|d2z|

|! + |"

i =1

#

! i $øz" i #
l"

a,b=1

Aa
zVia Ab

øzV i
b

$

, (5.44)

where the only singular OPE of this system is

! i (z)" j (z!) $ #
%j

i

z # z!
. (5.45)

Similarly, the sheaf of TCDOÕs in a neighboring intersecting chart÷U " X can be

described by the following perturbed free÷! ÷" system with action

÷I =
1

2#

!
|d2z|

|! + |"

i =1

#

÷! i $øz÷" i #
l"

a,b=1

÷Aa
zVia

÷Ab
øzV i

b

$

, (5.46)

where the only singular OPE of this system is

÷! i (z)÷" j (z!) $ #
%j

i

z # z!
. (5.47)

In order to describe a globally-deÞned sheaf of TCDOÕs, one will need to glue the free

conformal Þeld theories with actions (5.44) and (5.46) over all pairwise intersectionsU % ÷U.

l(w) = i is the length of w & W , and chWw
! (z) is the character of the w-twisted Wakimoto module Ww

! (z)

of critical level and central character ! (z) = ! 0/z + ! ! 1 + ! ! 2z + . . . . For y, v & W , l(y) = l(v) + 1 means
that y > v ; moreover, if y > v , the conformal weight of the highest weight vector1y" ! 0 & Wy

! (z) is strictly
greater than the conformal weight of the highest weight vector1v" ! 0 & Wv

! (z) . Altogether, this implies that

the lowest (scaling) dimension of operators inH i (X, %! ch,tw
X ) increases with increasing cohomological degree

i .

79

componentAz(z) of the gauge Þeld, according to our discussion in the third last paragraph

of ¤5.2.1, these modules would necessarily have highest weight 0.

5.2.3. The Sheaf of TCDOÕs on the Flag Manifold ofGC

What if X is a ßag manifold of an arbitraryGC with Lie algebra gC of rank l? From

a Cartan decomposition, we can writegC = n+ ! b, whereb is a Borel subalgebra, andn+

is the subalgebra of upper triangular nilpotent matrices. SinceX = GC/B , whereB " GC

is the Borel subgroup with Lie algebrab, we have dimCX = dim C(n+ ) = |! + |, where ! +

is the set of positive roots ofgC. Thus, each chartU in X can be identiÞed with the a" ne

spaceC|! + |. Consequently, the sheaf of TCDOÕs in anyU " X can be described by the

following perturbed free!" system with action

I =
1

2#

!
|d2z|

|! + |"

i =1

#

! i $øz" i #
l"

a,b=1

Aa
zVia Ab

øzV i
b

$

, (5.44)

where the only singular OPE of this system is

! i (z)" j (z!) $ #
%j

i

z # z!
. (5.45)

Similarly, the sheaf of TCDOÕs in a neighboring intersecting chart÷U " X can be

described by the following perturbed free÷! ÷" system with action

÷I =
1

2#

!
|d2z|

|! + |"

i =1

#

÷! i $øz÷" i #
l"

a,b=1

÷Aa
zVia

÷Ab
øzV i

b

$

, (5.46)

where the only singular OPE of this system is

÷! i (z)÷" j (z!) $ #
%j

i

z # z!
. (5.47)

In order to describe a globally-deÞned sheaf of TCDOÕs, one will need to glue the free

conformal Þeld theories with actions (5.44) and (5.46) over all pairwise intersectionsU % ÷U.

l(w) = i is the length of w & W , and chWw
! (z) is the character of the w-twisted Wakimoto module Ww

! (z)

of critical level and central character ! (z) = ! 0/z + ! ! 1 + ! ! 2z + . . . . For y, v & W , l(y) = l(v) + 1 means
that y > v ; moreover, if y > v , the conformal weight of the highest weight vector1y" ! 0 & Wy

! (z) is strictly
greater than the conformal weight of the highest weight vector1v" ! 0 & Wv

! (z) . Altogether, this implies that

the lowest (scaling) dimension of operators inH i (X, %! ch,tw
X ) increases with increasing cohomological degree

i .

79

componentAz(z) of the gauge Þeld, according to our discussion in the third last paragraph

of ¤5.2.1, these modules would necessarily have highest weight 0.

5.2.3. The Sheaf of TCDOÕs on the Flag Manifold ofGC

What if X is a ßag manifold of an arbitraryGC with Lie algebra gC of rank l? From

a Cartan decomposition, we can writegC = n+ ! b, whereb is a Borel subalgebra, andn+

is the subalgebra of upper triangular nilpotent matrices. SinceX = GC/B, whereB " GC

is the Borel subgroup with Lie algebrab, we have dimCX = dim C(n+ ) = |! + |, where ! +

is the set of positive roots ofgC. Thus, each chartU in X can be identiÞed with the a" ne

spaceC|∆+ |. Consequently, the sheaf of TCDOÕs in anyU " X can be described by the

following perturbed free!" system with action

I =
1

2#

!
|d2z|

|∆+ |"

i =1

#

! i $øz" i #
l"

a,b=1

Aa
zVia Ab

øzV
i

b

$

, (5.44)

where the only singular OPE of this system is

! i (z)" j (z!) $ #
%j

i

z # z!
. (5.45)

Similarly, the sheaf of TCDOÕs in a neighboring intersecting chart÷U " X can be

described by the following perturbed free÷! ÷" system with action

÷I =
1

2#

!
|d2z|

|∆+ |"

i =1

#

÷! i $øz÷" i #
l"

a,b=1

÷Aa
zVia

÷Ab
øzV

i
b

$

, (5.46)

where the only singular OPE of this system is

÷! i (z)÷" j (z!) $ #
%j

i

z # z!
. (5.47)

In order to describe a globally-deÞned sheaf of TCDOÕs, one will need to glue the free

conformal Þeld theories with actions (5.44) and (5.46) over all pairwise intersectionsU % ÷U .

l (w) = i is the length of w & W , and chWw
! (z) is the character of the w-twisted Wakimoto module Ww

! (z)

of critical level and central character ! (z) = ! 0/z + ! ! 1 + ! ! 2z + . . . . For y, v & W , l(y) = l(v) + 1 means
that y > v ; moreover, if y > v , the conformal weight of the highest weight vector1y" ! 0 & Wy

! (z) is strictly
greater than the conformal weight of the highest weight vector1v" ! 0 & Wv

! (z) . Altogether, this implies that

the lowest (scaling) dimension of operators inH i (X, %! ch,tw
X ) increases with increasing cohomological degree

i .

79

componentAz(z) of the gauge Þeld, according to our discussion in the third last paragraph

of ¤5.2.1, these modules would necessarily have highest weight 0.

5.2.3. The Sheaf of TCDOÕs on the Flag Manifold ofGC

What if X is a ßag manifold of an arbitraryGC with Lie algebra gC of rank l? From

a Cartan decomposition, we can writegC = n+ ! b, whereb is a Borel subalgebra, andn+

is the subalgebra of upper triangular nilpotent matrices. SinceX = GC/B , whereB " GC

is the Borel subgroup with Lie algebrab, we have dimCX = dim C(n+ ) = |! + |, where ! +

is the set of positive roots ofgC. Thus, each chartU in X can be identiÞed with the a" ne

spaceC|! + |. Consequently, the sheaf of TCDOÕs in anyU " X can be described by the

following perturbed free!" system with action

I =
1

2#

!
|d2z|

|! + |"

i =1

#

! i $øz" i #
l"

a,b=1

Aa
zVia Ab

øzV i
b

$

, (5.44)

where the only singular OPE of this system is

! i (z)" j (z!) $ #
%j

i

z # z!
. (5.45)
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conformal Þeld theories with actions (5.44) and (5.46) over all pairwise intersectionsU % ÷U.

l(w) = i is the length of w & W , and chWw
! (z) is the character of the w-twisted Wakimoto module Ww

! (z)

of critical level and central character ! (z) = ! 0/z + ! −1 + ! −2z + . . . . For y, v & W , l(y) = l(v) + 1 means
that y > v ; moreover, if y > v , the conformal weight of the highest weight vector1y◦! 0 & Wy

! (z) is strictly
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X ) increases with increasing cohomological degree
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To do so, one must again use the admissible automorphisms of the free conformal Þeld

theories deÞned in (4.23)-(4.25) to glue the free-Þelds together. Since the underlying sigma

model is nonanomalous, one ought to be able to deÞne the sheaf of TCDOÕs globally onX .

Global Sections of the Sheaf

As X = GC/B has complex dimension|! + |, we haveA =
! qR = |! + |

qR =0 H qR (X, "" ch,tw
X ).

Thus, in order to determine the chiral algebra of the sigma model, one needs to ascertain

the global sectionsH 0(X, "" ch,tw
X ) of the sheaf"" ch,tw

X , and its ÿCech cohomologyH p(X, "" ch,tw
X )

for p = 1, 2, . . . , |! + |.

First, let us compute the global sectionsH 0(X, "" ch,tw
X ). For brevity, we shall again focus

on the dimension 0 and 1 operators only; the higher-dimensional cases can be obtained in a

similar manner. At dimension 0, the space of global sectionsH 0(X, "" ch,tw
X ;0 ) must be spanned

by regular polynomials in the! i Õs, i.e.,"" ch,tw
X ;0 is just the sheafOX of regular holomorphic

functions in the ! i Õs onX . Since all globally-deÞned regular holomorphic functions on a

compact, connected, complex manifold such asX are equivalent to constants [51], we Þnd

that H 0(X, "" ch,tw
X ;0 ) is one-dimensional and generated by 1.

What about the spaceH 0(X, "" ch,tw
X ;1 ) of global sections of dimension 1? In order to get

a global section of"" ch,tw
X of dimension 1, we can act on a (gauge-invariant) global section of

"" ch,tw
X of dimension 0 with the partial derivative" z. Since" z1 = 0, this prescription will not

apply here.

One could also consider dimension 1 operators of the formf i (! )Dz! i = f i (! )" z! i +

Aa
zV i

a (! ), where f i (! ) and V i
a (! ) are globally-deÞned holomorphic functions of the! kÕs. The

operator f i (! )" z! i , by virtue of the way it transforms purely geometrically under (4.23),

would correspond to a section of" 1
X , the sheaf of holomorphic di#erential one-formsf (! )d!

on X ; from the classical resultH 0(X, " 1
X ) = 0, which continues to hold in the quantum

theory, it is clear that f i (! )Dz! i /! H 0(X, "" ch,tw
X ;1 ).

As before, the remaining possibility at dimension 1 is to Þnd operators that contain the

#i Õs. To this end, consider the operators

Je! i
= #! i +

|! + |#

j =1

: P i
j (! )#j :, i = 1, 2, . . . , l;

Jha = "
|! + |#

j =1

Dj : ! j #j : + Aa
z, a = 1, 2, . . . , l; (5.48)

Jf ! i
=

|! + |#

j =1

: Qi
j (! )#j : + Ci " z! ! i + Aa

z! ! i , a = i = 1, 2, . . . , l.
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But we have an affine G algebra at critical level 
 
 
So S(si)(z) does not exist as a quantum operator, i.e.,  
It is purely classical, and ought to be generated only by the non- 
dynamical gauge field A.  
 
The point is that the S(si)(z)Õs generate a constant multiple of 
the transformations associated with the stress tensor and its 
higher spin Segal-Sugawara analogs. It being zero quantum 
mechanically means that it is not in the Q-cohomology, as 
we saw earlier in the X= CP1 case. 
 

One can generalize the Sugawara formalism to construct higher-spin analogs of the

holomorphic stress tensorT(2) (z) by using the currents of!gC. These higher-spin analogs

are called Casimir operators. In particular, a spin-si analog will be given by thesi
th -order

Casimir operator [53]

T(si ) (z) =
: ÷d! 1! 2 ! 3 ...! si (k)(J! 1 J! 2 . . . J! si

)(z) :

k + h!
, (5.52)

where ÷d! 1! 2 ! 3 ...! si (k) is a completely symmetric tracelessgC-invariant tensor of rank si that

depends on the levelk of !gC. ÷d! 1! 2 ! 3 ...! si (k) is also well-deÞned and Þnite atk = ! h! . Note

that i = 1, 2, . . . , l, and the spins si = 1 + ei , where the ei Õs are the exponents ofgC.

Thus, one can havel of these Casimir operators, and the spin-2 Casimir operator is just the

holomorphic stress tensorT(2) (z) from the usual Sugawara construction. For example, in

the SL(2) and SL(3) cases ofl = 1 and l = 2 discussed earlier, the exponents aree1 = 1

and { e1, e2} = { 1, 2} , respectively. Consequently, we had, in theSL(2) case,T(2) (z) = T(z)

given in (5.20); we also had, in theSL(3) case,T(2) (z) = T(z) and T(3) (z) given in (5.34)

and (5.38).

As with T(2) (z) in (5.49), T(si ) (z) is ill-deÞned whenk = ! h! . Nevertheless, one

can always make reference to a spin-si analogS(si ) (z) of the Segal-Sugawara tensor that is

well-deÞned for any Þnite value ofk, where its relation to T(si ) (z) is given by

S(si ) (z) = ( k + h! )T(si ) (z), (5.53)

so that

S(si ) (z) =: ÷d! 1! 2 ! 3 ...! si (k)(J! 1 J! 2 . . . J! si
)(z) : . (5.54)

From (5.53), one can see that the operatorS(si ) (z) generates in its OPE with all other op-

erators of the quantum theory, (k + h! ) times the Þeld transformations typically generated

by T(si ) (z). Therefore, at the critical level k = ! h! , the S(si ) (z)Õs generateno Þeld trans-

formations at all Ð their OPEÕs with all other Þeld operators ought to be regular. This is

equivalent to saying that theT(si ) (z)Õs do not exist as quantum operators inA at k = ! h! ,

since theS(si ) (z)Õs are the only well-deÞned operators at this critical level which can generate

the type of Þeld transformations associated with theT(si ) (z)Õs.

The fact that the l number of S(si ) (z)Õs only have regular OPEÕs with all other rel-

evant Þelds and with themselves atk = ! h! , implies the following. If we denote by

V" h! (gC) the chiral algebra generated by theJÕs in (5.48) and theirz-derivatives, and if
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evant Þelds and with themselves atk = ! h! , implies the following. If we denote by

V" h! (gC) the chiral algebra generated by theJÕs in (5.48) and theirz-derivatives, and if
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)(z) :

k + h!
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For example when G = SL(3), we have 
 
 

at the critical level. Nevertheless, notice from (5.20) that one can write

S(z) = ( k + 2) T(z), (5.21)

where

S(z) = : J+ J! + J 2
0 : (z). (5.22)

S(z) is commonly known as the Segal-Sugawara tensor. From (5.21), we see that in the

quantum theory, S(z) generates (k + 2) times the Þeld transformations usually generated

by the quantum stress tensorT(z). Therefore, at the critical level k = ! 2, S(z) generates

no Þeld transformations at all Ð its OPE with all other Þeld operators ought to be regular

at best. This is equivalent to saying that the quantum stress tensor does not exist at

k = ! 2, sinceS(z) is the only well-deÞned operator at this critical level which can generate

Þeld transformations under arbitrary holomorphic reparameterizations of the worldsheet

coordinates onΣ.

S(z) may or may not vanish identically at k = ! 2, and if it does not, it will merely

play the role of aclassicalÞeld (i.e.,c-number) that has no nontrivial interactions with itself

and other Þelds at the quantum level. In fact, by substituting (5.15), (5.16) and (5.18) in

(5.22), a careful computation with the aid of (5.19) would give

S(z) =
1
4

A2
z(z) !

1
2

! zAz(z). (5.23)

(Note that the above formula was also computed below (9.3) of [49].) SinceAz is a non-

dynamical Þeld which does not have any nontrivial propagators with itself or with the rest

of the Þelds" and # (and their z-derivatives) that deÞneA , S(z) indeed plays the role of a

purely classical Þeld.

The fact that S(z) only has regular OPEÕs with all other relevant Þelds and with itself

implies the following. If we denote byV! 2(sl2) the chiral algebra generated by{ J± , J0}

and their z-derivatives, and if we denote byz(V! 2(sl2)) its center which is deÞned to be the

set of Þelds which haveregular OPEÕs with all other Þelds within, we havez(V! 2(sl2)) =

C[! m
z S(z)]m" 0, where C[! m

z S(z)]m" 0 is the space of differential polynomials onS(z) with

complex coefficients. This result agrees with Theorem 7 of [49]. In turn, (5.23) means that

z(V! 2(sl2)) " HCP1 , whereHCP1 is the space of differential polynomials onAz with complex

coefficients. This result agrees with Lemma 4.6 of [23]. (Recall from¤5.2 that Az corresponds

to $# of loc. cit..)
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a! nization of the SL(3) Lie algebra generated by their resulting zero modes. Consequently,

H 0(X, !" ch,tw
X ) would be a Wakimoto module for the a! ne algebra ofSL(3) at level ! 3.

The Center of a Chiral Algebra

As in the previous SL(2) example, one can, in our case at hand of!gC = "sl3 whence

h! = 3, deÞne the quantum stress tensor at levelk "= ! h! as

T(z) =
: d!" J! J" (z) :

k + 3
, (5.34)

whered!" is the inverse of the Cartan-Killing metric ofsl3, and ! , " = 1, 2, . . . , dimC(sl3) = 8.

As required, for everyk "= ! 3, the modes of the Laurent expansion ofT(z) will span a

Virasoro algebra. In particular, T(z) will generate holomorphic reparameterizations of the

coordinates on the worldsheet# . Notice that this deÞnition of T(z) in (5.34) is ill-deÞned

whenk = ! 3. Nevertheless, one can always associateT(z) with the Segal-Sugawara operator

S(z) that is well-deÞned at any level, where

S(z) = ( k + 3) T(z), (5.35)

and

S(z) = : d!" J! J" :(z). (5.36)

From (5.35), we see thatS(z) generates, in its OPE with other Þeld operators, (k + 3) times

the Þeld transformations usually generated by the stress tensorT(z). Therefore, at the

critical level k = ! 3, S(z) generatesno Þeld transformations at all Ð its OPE with all other

Þeld operators ought to be regular at best. This is equivalent to saying that the quantum

stress tensor does not exist inA at k = ! 3, sinceS(z) is the only well-deÞned operator

at this critical level which can generate Þeld transformations under arbitrary holomorphic

reparameterizations of the worldsheet coordinates on# . This observation is consistent with

(2.32), asRij̄(X ) "= 0.

S(z) may or may not vanish identically at k = ! 3, and if it does not, it will merely

play the role of aclassical Þeld (i.e.,c-number) that has no nontrivial interactions with itself

and other Þelds at the quantum level. In fact, by substituting (5.33) in (5.36), a careful

computation (with the aid of the relevant a! ne SL(3) OPE algebra at level! 3 obeyed by

the JÕs) would give

S(z) =
1
2

#

(dabAa
zAb

z)(z) !
3$

i=1

(V i
a#zAa

z)(z)

%

, (5.37)
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and other Þelds at the quantum level. In fact, by substituting (5.33) in (5.40), a careful

computation (with the aid of the relevant a! ne SL(3) OPE algebra at level! 3 obeyed by

the JÕs) would give (cf. [53])

S(3) (z) =

!

!
6
15

"

i<j<k

(( ! i áAz)( ! j áAz)( ! k áAz)) ( z) !
"

i<j

(i ! 1)" z (( ! i áAz)( ! j áAz)) ( z)

!
"

i<j

(j ! i ! 1)" z (( ! i áAz)( ! j á" zAz)) ( z) +
1
2

"

i

(i ! 1)(i ! 2)(! i á" 2
z Az)(z)

!
1
4

" z(Az áAz)(z) !
1
2

"

i

(i ! 1)! i áAz(z), (5.41)

where the dot-product refers to an inner product with respect to the Cartan-Killing metric

on hC, and { ! i , i = 1, 2, 3} is a set of weights of the vector representation ofSL(3) normalized

such that ! i á! j = #ij ! 1
3 and

#
i ! i = 0. Since theAa

zÕs are non-dynamical Þelds which do not

have any nontrivial propagators with themselves or with the rest of the other Þelds$i and

%i (and their z-derivatives) that deÞneA , S(3) (z) indeed plays the role of a purely classical

Þeld.

The fact that S(z) and S(3) (z) only have regular OPEÕs with all other relevant Þelds and

with themselves implies the following. If we denote byV! 3(sl3) the chiral algebra generated

by the JeÕs,JhÕs,Jf Õs and theirz-derivatives, and if we denote byz(V! 3(sl3)) its center

which is deÞned to be the set of Þelds which haveregular OPEÕs with all other Þelds within,

we havez(V! 3(sl3)) = C[" m
z S(z) + " n

z S(3) (z)]m,n " 0, whereC[" m
z S(z) + " n

z S(3) (z)]m,n " 0 is the

space of di" erential polynomials onS(z) and S(3) (z) with complex coe! cients. This result

agrees with Theorem 8 of [49]. In turn, (5.37) and (5.41) mean thatz(V! 3(sl3)) " HX , where

HX is the space of di" erential polynomials on theAa
zÕs with complex coe! cients. This result

agrees with Lemma 4.6 of [23]. (Recall from¤5.2.1 that Az corresponds to&# of loc. cit..)

Moreover, notice that sinceS(z), S(3) (z) and the J (z)Õs are holomorphic inz and are

of dimension 2, 3 and 1, respectively, one can Laurent expand them as

S(z) =
"

n$ Z

Snz! n! 2, S(3) (z) =
"

n$ Z

S(3)
n z! n! 3, J ! (z) =

"

n$ Z

J !
n z! n! 1, (5.42)

where ' = { ei , hj , f i } . Again, the fact that S(z) and S(3) (z) only have regular OPEÕs with

all other relevant Þelds and with themselves implies that

[Sn, J !
m ] = [ Sn, Sm] = 0 and [S(3)

n , J !
m ] = [ S(3)

n , S(3)
m ] = [ S(3)

n , Sm] = 0. (5.43)
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we denote byz(V! h! (gC)) its center which is deÞned to be the set of Þelds which have

regular OPEÕs with all other Þelds within, we havez(V! h! (gC)) = C[! m
z S(si ) (z)]i =1 ,...,l ; m" 0,

whereC[! m
z S(si ) (z)]i =1 ,...,l ; m" 0 is the space of di! erential polynomials on theS(si ) (z)Õs with

complex coe" cients. This result agrees with Theorem 8 of [49]. Since theAa
zÕs are non-

dynamical Þelds which do not have any nontrivial propagators with themselves or with the

rest of the Þelds" and # (and their z-derivatives) that deÞneA , it ought to be the true

that z(V! h! (gC)) ! HX , whereHX is the space of di! erential polynomials on theAa
zÕs with

complex coe" cients. This last claim has indeed been proved as Lemma 4.6 in [23]. (Recall

from ¤5.2.1 that Az corresponds to$# of loc. cit..) Consequently,z(V! h! (gC)) would deÞne

a space of purely classical (c-number) Þelds.

Moreover, notice that since theS(si ) (z)Õs and theJ (z)Õs are holomorphic inz and are

of dimensionssi and 1, respectively, one can Laurent expand them as

S(si ) (z) =
!

n$ Z

S(si )
n z! n! si , J ! (z) =

!

n$ Z

J !
n z! n! 1, (5.55)

where%= { e! i , ha, f ! i } . The fact that the S(si ) (z)Õs only have regular OPEÕs with all other

relevant Þelds and with themselves implies that

[S(si )
n , J !

m ] = [ S(si )
n , S(si )

m ] = 0. (5.56)

This means that the S(si )
n Õs generate the centerz( ÷U! h! ("gC)) of the completed enveloping

algebra ÷U! h! ("gC) of "gC at critical level k = " h%. As before,z( ÷U! h! ("gC)) would also furnish

a Poisson algebra.

The Higher Cohomologies

Let us proceed to determine the higher cohomology groupsH p(X, "# ch,tw
X ) where p # 1.

In dimension 0, we can again consider regular polynomials in the#i Õs. However, from

geometric representation theory, we have the classical resultH p(X , O) = 0 when p # 1,

whereO is the sheaf of regular functions over an arbitrary ßag manifoldX of GC that are

holomorphic in the #i Õs [54]. Since a vanishing cohomology at the classical level continues

to vanish at the quantum level, it would mean that we cannot have regular polynomials in

the #i Õs; i.e.,H p(X, "# ch,tw
X ;0 ) = $. In other words, the higher cohomologies start ÒgrowingÓ at

dimension greater than zero.

Let us now compute the Þrst cohomologyH 1(X, "# ch,tw
X ;1 ) of operators of dimension 1.

From the fact that Tzz cannot be expressed as a totalz-derivative (elseL ! 1 = 0), and the
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that the minimum (conformal) dimension of the holomorphic Þelds whose Laurent expansion

coe! cients spanWk(gC), is two; the dimension-two Þeld in question isTR(z) (given in (6.34)),

and its Laurent expansion coe! cients generate a Virasoro subalgebra ofWk(gC) [53]. These

last two facts imply that the set of holomorphic Þelds which underliesWk(gC) must be

spanned by certainz-di" erential polynomials on the! zY a
L Õs or rather, theAa

zÕs. Atk = ! h! ,

recall from¤5 that the centerz(V" h! (gC)) Ð of the chiral algebraV" h! (gC) generated by{ JGC}

and their z-derivatives Ð is spanned by certainz-di" erential polynomials on theAa
zÕs. The

question then is whether the set of holomorphic Þelds which underliesW" h! (gC) can actually

be identiÞed with z(V" h! (gC)); the answer according to [49], is ÒyesÓ. Also established

in loc. cit. is the fact that the set of holomorphic Þelds which underliesW# (L gC) can be

identiÞed with the algebra Fun OpL gC
(D) of functions on the space ofL GC-opers on a disc

D " # .32 For all our purposes, anL GC-oper on # can be understood to deÞne the triple

(E, # , EL B ), where E is a principal L GC-bundle on # , # a holomorphic connection onE,

and EL B a reduction ofE to an L B-bundle (L B being a Borel subgroup ofL GC). Altogether,

one can conclude that (6.49) implies that

z(V" h! (gC)) $= Fun OpL gC
(D). (6.50)

This result is also proved as Theorem 9 inloc. cit..

Note at this point that L GC-opers onD can actually be represented explicitly by the

operator (see¤9.3 of [49])

! z + p" 1 +
l!

i =1

%S(si ) (z)O(w)&pi , (6.51)

where here, one recalls from¤5 that the spaceC[! m
z S(si ) ]i =1 ,...,l ; m$ 0 (of di" erential polyno-

mials on the holomorphic spin-si ÞeldsS(si ) with complex coe! cients) givesz(V" h! (gC));

O(w) ' V" h! (gC); w is an arbitrary point in D; and p" 1 and pi are constant matrices as-

sociated with the generators ofL gC. As the S(si )Õs have regular OPEÕs with all elements

of V" h! (gC),33 the correlation function %S(si ) (z)O(w)&will be regular in (z ! w). Because

32In general, Fun OpL gC
(D ) is the algebra of functions on the space ofL gC-opers on a discD " ! . However,

sinceGC is simply-connected and so,L GC is of adjoint-type, an L gC-oper is the same as anL GC-oper [9].
33The alert reader would have noticed that a priori , the OPEÕs of! zY a

L = Aa
z with themselves are not

regular, which contradicts our present claim that the S(si ) Õs Ð which arez-di" erential polynomials in Az Ð
have regular OPEÕs with all Þelds, including themselves. There is actually no contradiction here, as we shall
now explain. Firstly, as R ( ) when k ( ! h! , (6.29) implies (sincewa *= 0) that Aa ( ) . However,
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T-Duality of  Infinite volume limit sigma model 

and isomorphism of  W-algebras 
  

By taking the infinite volume limit of the sigma model, 
one can show that it enjoys a generalized T-duality 
which will allow us to derive the following identity: 
 
 
 
By going back to the finite volume limit, the symmetries of 
the sigma model greatly reduce, and we only have 
 
 
which means that  
 
 
 
 
 

spectrum H !
eQ

spanned by left-moving, non-vacuum states|O!! which obeyQs!
|O!! = 0 for

all s, can be written as

H !
eQ

= H !
f!"

" H !
f!" " fYL

" H !
fYL

, (6.45)

where states in the sectorsH !
f!"

, H !
f!" " fYL

, and H !
fYL

correspond to local holomorphic opera-

tors given byz-di! erential polynomials on the (! i , " i ), ( ! i , " i , Ya
L ) and Y a

L Þelds, respectively,

which all commute with the Qs!
Õs. According to our above discussion ofH fYL

, and a com-

parison of (6.42) with (6.36), we Þnd thatH !
fYL

can be identiÞed with the local holomorphic

operators whose Laurent expansion coe" cients generate aW-algebraWL k(L gC) at level L k,

where (L k + L h# )$ 1 = L R2 = r # (k + h# ), and L h# is the dual Coxeter numbers ofL gC.

The {Q 1, . . . ,Ql } -invariant spectrum of states ought to map back to itself under any

duality of the local sigma model. Therefore, under theT-duality of the model, we ought to

have an isomorphismH eQ
#= H !

eQ
. As the distinct sectors of bothH eQ and H !

eQ
do not mix,

the isomorphismH eQ
#= H !

eQ
would imply the isomorphismsH f!"

#= H !
f!"

, H f!" " fYL
#= H !

f!" " fYL
,

and H fYL
#= H !

fYL
. In particular, we Þnd that the isomorphismH fYL

#= H !
fYL

Ð in view of our

above analysis ofH fYL
and H !

fYL
and their relations to W-algebras Ð can also be expressed as

Wk(gC) #= WL k(L gC) where (L k + L h# )$ 1 = r # (k + h# ). (6.46)

The above isomorphism ofW-algebras Ð which has been shown here to be a direct con-

sequence ofT-duality Ð has also been derived via a similar albeit abstract algebraic CFT

approach in¤8.6 of [49].

Validity of W-Algebra Isomorphism on Arbitrary Worldsheets

Last but not least, note that the explicit expressions of the stress tensorsT(z) and !T(øz)

in (6.31) and (6.32) imply that the YÐY CFT they describe actually leads to an underlying

local theory whose overall action can also be written as

I equiv =
1
#

"

!
|d2z|

$
g e$ 2#(z,øz)

#

$
|" + |%

i =1

{ ! i $øz" i + %i
øz$z%i + $øz(V i áY)$z(Vi áY)} + R øzz(V áYL )

&

' .

(6.47)

Here, gzøz = gøzz = 2e$ 2#(z,øz) Ð with &(z, øz) being a function of z and øz Ð are the nonzero

components of the metric on the arbitrary worldsheet# whose determinant isg, and R øzz is

the Ricci curvature of# . As such, even though (6.46) appearsa priori to have been derived

under the assumption that the worldsheet is a ßat semi-inÞnite cylinder, it really holds for

97

that span A when X = SL(2)/B , and since the expressions of{ JGC} for other higher-

dimensional examples ofX (like the expressions of the holomorphic stress tensorsT! (z)

which generate the conformal symmetries of the local model) would just be generalizations

of the expression of{ JGC} for X = SL(2)/B , one can also conclude that the set{ JGC}

would be ! øi -free, always. According to ourQ-ÿCech cohomology dictionary again, this last

fact then means that{ JGC} ! H 0(X, !! ch,tw
X ) for any X , whereA =

" qR = |! + |
qR =0 H qR (X, !! ch,tw

X ).

In other words, the JGC currents are global sections of the sheaf!! ch,tw
X of TCDOÕs which

is described locally by the local sigma model overU " X . This implies that among the

(continuous family of) CFTÕs (parameterized by the 1-vectorV in (6.31)) which underlie

the local model, only those CFTÕs which allow for a construction of a" neGC currents { JGC}

out of the holomorphic bose Þelds{ " i , #i , Ya
L } and their z-derivatives, would survive the

ÒliftÓ to the global model.

A direct way to determine for what value(s) ofV would the resulting CFT underlying

the local model allow for a construction of{ JGC} , is to check if the corresponding holomorphic

stress tensorT! (z) is amenable to a Sugawara construction involving a set of a" ne GC

currents which we can naturally identify as{ JGC} . With regard to this, note that out of the

(" i , #i , Ya
L ) Þelds (whose OPEÕs are given in (6.24)Ð(6.25)) and theirz-derivatives, one can

deÞne a holomorphic stress tensor

Tsug(z) = #
|! + |#

i =1

: " i $z#i : #
1
2

: $zYL á$zYL : # R%ái$2
z YL (6.48)

which is amenable to a Sugawara construction at levelk, whereR = 1/
$

k + h! [53]. Com-

paring Tsug(z) with T! (z) in (6.35), one can see that the sought-after CFT which would

survive (at least classically) the ÒliftÓ to the global model is the one in which the value ofV

gives 1/R =
$

k + h! = 0, i.e., k = # h! . Therefore, the particular W-algebra isomorphism

in (6.46) that would also hold in the global model is the one wherebyk = # h! and L k = %,

i.e.,

W" h! (gC) &= W# (L gC). (6.49)

It also means that the set{ JGC} ! A would furnish an a" ne GC-algebra at the critical level

k = # h! Ð a conclusion which is consistent with our results in¤5.

A! ne GC-Algebras At Critical Level Parameterized byL GC-Opers on the Worldsheet

Now recall from the last subsection thatWk(gC) is generated by the Laurent expansion

coe" cients of the holomorphic Þelds which deÞneH fYL
for arbitrary level k. Also, note
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that the minimum (conformal) dimension of the holomorphic Þelds whose Laurent expansion

coe! cients spanWk(gC), is two; the dimension-two Þeld in question isTR(z) (given in (6.34)),

and its Laurent expansion coe! cients generate a Virasoro subalgebra ofWk(gC) [53]. These

last two facts imply that the set of holomorphic Þelds which underliesWk(gC) must be

spanned by certainz-di" erential polynomials on the! zY a
L Õs or rather, theAa

zÕs. Atk = ! h! ,

recall from¤5 that the centerz(V" h! (gC)) Ð of the chiral algebraV" h! (gC) generated by{ JGC}

and their z-derivatives Ð is spanned by certainz-di" erential polynomials on theAa
zÕs. The

question then is whether the set of holomorphic Þelds which underliesW" h! (gC) can actually

be identiÞed with z(V" h! (gC)); the answer according to [49], is ÒyesÓ. Also established

in loc. cit. is the fact that the set of holomorphic Þelds which underliesW# (L gC) can be

identiÞed with the algebra Fun OpL gC
(D) of functions on the space ofL GC-opers on a disc

D " # .32 For all our purposes, anL GC-oper on # can be understood to deÞne the triple

(E, # , EL B ), where E is a principal L GC-bundle on # , # a holomorphic connection onE,

and EL B a reduction ofE to an L B-bundle (L B being a Borel subgroup ofL GC). Altogether,

one can conclude that (6.49) implies that

z(V" h! (gC)) $= Fun OpL gC
(D). (6.50)

This result is also proved as Theorem 9 inloc. cit..

Note at this point that L GC-opers onD can actually be represented explicitly by the

operator (see¤9.3 of [49])

! z + p" 1 +
l!

i =1

%S(si ) (z)O(w)&pi , (6.51)

where here, one recalls from¤5 that the spaceC[! m
z S(si ) ]i =1 ,...,l ; m$ 0 (of di" erential polyno-

mials on the holomorphic spin-si ÞeldsS(si ) with complex coe! cients) givesz(V" h! (gC));

O(w) ' V" h! (gC); w is an arbitrary point in D; and p" 1 and pi are constant matrices as-

sociated with the generators ofL gC. As the S(si )Õs have regular OPEÕs with all elements

of V" h! (gC),33 the correlation function %S(si ) (z)O(w)&will be regular in (z ! w). Because

32In general, Fun OpL gC
(D ) is the algebra of functions on the space ofL gC-opers on a discD " ! . However,

sinceGC is simply-connected and so,L GC is of adjoint-type, an L gC-oper is the same as anL GC-oper [9].
33The alert reader would have noticed that a priori , the OPEÕs of! zY a

L = Aa
z with themselves are not

regular, which contradicts our present claim that the S(si ) Õs Ð which arez-di" erential polynomials in Az Ð
have regular OPEÕs with all Þelds, including themselves. There is actually no contradiction here, as we shall
now explain. Firstly, as R ( ) when k ( ! h! , (6.29) implies (sincewa *= 0) that Aa ( ) . However,
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To do so, one must again use the admissible automorphisms of the free conformal Þeld

theories deÞned in (4.23)-(4.25) to glue the free-Þelds together. Since the underlying sigma

model is nonanomalous, one ought to be able to deÞne the sheaf of TCDOÕs globally onX .

Global Sections of the Sheaf

As X = GC/B has complex dimension|! + |, we haveA =
! qR = |! + |

qR =0 H qR (X, "" ch,tw
X ).

Thus, in order to determine the chiral algebra of the sigma model, one needs to ascertain

the global sectionsH 0(X, "" ch,tw
X ) of the sheaf"" ch,tw

X , and its ÿCech cohomologyH p(X, "" ch,tw
X )

for p = 1, 2, . . . , |! + |.

First, let us compute the global sectionsH 0(X, "" ch,tw
X ). For brevity, we shall again focus

on the dimension 0 and 1 operators only; the higher-dimensional cases can be obtained in a

similar manner. At dimension 0, the space of global sectionsH 0(X, "" ch,tw
X ;0 ) must be spanned

by regular polynomials in the! i Õs, i.e.,"" ch,tw
X ;0 is just the sheafOX of regular holomorphic

functions in the ! i Õs onX . Since all globally-deÞned regular holomorphic functions on a

compact, connected, complex manifold such asX are equivalent to constants [51], we Þnd

that H 0(X, "" ch,tw
X ;0 ) is one-dimensional and generated by 1.

What about the spaceH 0(X, "" ch,tw
X ;1 ) of global sections of dimension 1? In order to get

a global section of"" ch,tw
X of dimension 1, we can act on a (gauge-invariant) global section of

"" ch,tw
X of dimension 0 with the partial derivative" z. Since" z1 = 0, this prescription will not

apply here.

One could also consider dimension 1 operators of the formf i (! )Dz! i = f i (! )" z! i +

Aa
zV i

a (! ), where f i (! ) and V i
a (! ) are globally-deÞned holomorphic functions of the! kÕs. The

operator f i (! )" z! i , by virtue of the way it transforms purely geometrically under (4.23),

would correspond to a section of" 1
X , the sheaf of holomorphic di#erential one-formsf (! )d!

on X ; from the classical resultH 0(X, " 1
X ) = 0, which continues to hold in the quantum

theory, it is clear that f i (! )Dz! i /! H 0(X, "" ch,tw
X ;1 ).

As before, the remaining possibility at dimension 1 is to Þnd operators that contain the

#i Õs. To this end, consider the operators

Je! i
= #! i +

|! + |#

j =1

: P i
j (! )#j :, i = 1, 2, . . . , l;

Jha = "
|! + |#

j =1

Dj : ! j #j : + Aa
z, a = 1, 2, . . . , l; (5.48)

Jf ! i
=

|! + |#

j =1

: Qi
j (! )#j : + Ci " z! ! i + Aa

z! ! i , a = i = 1, 2, . . . , l.
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that also span the chiral algebra of the ßag manifold model. Along the way, we will also

get to understand, from a purely physical perspective, the uniqueness or non-uniqueness

property of the Hecke eigensheaves for various! as established mathematically, from the

anomaly-cancellation conditions of the model.

7.1. A Geometric Langlands Correspondence ForGC

Before we proceed any further, let us Þrst state certain facts which have important

implications for our analysis throughout this section. One, if the genus of! is g, then the

dimension of the space of (unramiÞed)L GC-opers on! of g = 0, 1 and ! 2 are, 1, rankL GC

and dimL GC(2g" 1), respectively; this means that our result from¤6 - that there is a family

of a" neGC-algebras at critical level parameterized byL GC-opers on the worldsheet! - holds

true for any g. Two, recall from our analysis in¤3 and ¤5 however, that the ßag manifold

model has an anomaly quantiÞed by12c1(! )cTC
1 (X ), whereX is the ßag manifold ofGC, and

TC is the Cartan subgroup of the compact real form ofGC; thus, sincecTC
1 (X ) #= 0, the ßag

manifold model is actually anomalous wheng #= 1. Three, the last statement being made,

notice from our analysis in¤3 that the 1
2c1(! )cTC

1 (X ) anomaly arises due to the nontriviality

of the canonical bundleK over ! ; hence, our model can still be physically well-deÞned for

arbitrary g if one introduces the right number of punctures on! whence the resultingK

is e#ectively trivial. Finally, note that in the theory of Riemann surfaces, punctures are

also known as marked points which can be realized by Þxing the positions of local operators

that may be deÞned over them.34 Altogether therefore, let us assume that all correlation

functions considered henceforth contain the right number of Þxed-positioned local operators

whence the model is nonanomalous and thus physically consistent.

Holomorphic GC-bundles on!

Let us now begin this subsection proper by explaining how holomorphicGC-bundles on

! can be deÞned in the presence of an a" ne algebra!gC of GC in the ßag manifold model.

Recall that for the ßag manifold model, we have (in the standard basis) the current-current

OPE

Ja(z)Jb(w) $ "
h! dab

(z " w)2
+

"

c

f ab
c Jc(w)
(z " w)

, (7.1)

34The ßag manifold model is not conformal and so, we do not have a CFT state-operator isomorphism
whence we can replace an arbitrary puncture with a local operator. Nevertheless, since there are an inÞnite
number of choices of punctures on! , let us, for convenience, choose those thatcan be replaced by local
operators.
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wherea, b= 1, . . . , dim(gC). Here,gC is the Lie algebra ofGC; f ab
c are the structure constants

of gC; dab is the Cartan-Killing metric of gC; and h! is the dual Coxeter number ofgC. Note

also that since the above dimension-one current operators are holomorphic over! , they can

be expanded in a Laurent expansion around the pointw in ! as

Ja(z) =
!

n

J n
a (w)(z ! w)" n" 1. (7.2)

Consequently, from the above current-current OPE, we will get the commuator relation

[J n
a (w), J m

b (w)] =
!

c

f ab
cJ n+ m

c (w) ! (h! dab) n ! n+ m,0. (7.3)

As such, the Lie algebragC generated by the zero-modes of the currents will be given by

[J 0
a (w), J 0

b (w)] =
!

c

f ab
cJ 0

c (w). (7.4)

One can then exponentiate the above generators that spangC to deÞne an element ofGC;

since these generators depend on the pointw in ! , it will mean that one can, via this

exponential map, consistently deÞne a nontrivial principalGC-bundle over all of! . Moreover,

this bundle will be holomorphic as the underlying generators vary holomorphically inw over

! .

About the Moduli Space BunGC of Holomorphic GC-bundles on!

Now that we have seen how holomorphicGC-bundles on! can be naturally deÞned

in the ßag manifold model, let us review certain technical facts about their moduli space

BunGC which will be essential to our forthcoming discussions. Firstly, note that we have the

identiÞcation (see (7.8) of [49])

BunGC
"= GCout \ GC((t)) /G C[[t]], (7.5)

wheret is a local coordinate around a pointx # ! ; GC((t)) is the corresponding loop group

characterizing the space of continuous mapsS1 $ GC; GCout is the group of algebraic maps

! \ x $ GC; and GC[[t]] is the group ofGC matrices whose entries are elements of the ring

of formal power series int. Secondly, as a consequence of (7.5), the tangent spaceTP BunGC

to the point in BunGC corresponding to aGC-bundle P is isomorphic to the double quotient
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will imply that λ = 0 while h! can be arbitrary. For λ = 0, we have dim|λ| = 1; thus, from

(7.8), we ought to have

Ja(z)! 0(z!) ! "
(t0

a) ! 0(z!)
z " z!

, (7.10)

where ! 0(z) is the sole, bosonic, holomorphic primary Þeld operator of the ßag manifold

model, and thet0
aÕs are just constants.

In ¤5, we saw that the global sectionsH 0(X, " ch,tw
X ) of the sheaf of TCDOÕs furnish

a module of!gC at k = " h" with highest weight 0. Thus, a candidate for! 0(z) would be

a (bosonic) local operator that corresponds to some element ofH 0(X, " ch,tw
X ). Since ! 0(z)

is the sole primary Þeld operator, it should correspond to an element inH 0(X, " ch,tw
X, 0 ) Ð

the one-dimensional subspace ofH 0(X, " ch,tw
X ) whose sole element corresponds to a scaling

dimension 0 (bosonic) local operator in theQ-cohomology. Hence, one can regard! 0(z) as

a scaling dimension 0 local operator in the chiral algebra of the ßag manifold model.

A Sheaf of Correlation Functions Over BunGC

Now consider then-point correlation function
"
! 0(z1) . . . ! 0(zn)

#
, where thezi Õs aren

Þxed and distinct points in # . This correlation function of purely bosonic operators with

zero U(1)R-charge is nonvanishing in the theory at hand: since the relevant set of (degree-

one) twisted holomorphic maps is empty when there aren marked points on# , p in (4.6),

which is the U(1)R-charge a correlation function is required to have in order for it to be

nonvanishing, is zero. From the multi-point generalization of (7.7) and the OPE relation

(7.10), we Þnd that the variation of then-point correlation function under an inÞnitesimal

deformation of P would be given by

δ"
"
! 0(z1) . . . ! 0(zn)

#
= "

n$

k=1

1
2πi

%

Ck

dz
z " zk

ηa(z) t0
a

"
! 0(z1) . . . ! 0(zn)

#

= "
n$

k=1

ηa(zk) t0
a

"
! 0(z1) . . . ! 0(zn)

#
. (7.11)

The second equality follows becauseCk is a small loop around the pointzk. Since the

zkÕs are pre-speciÞed, the expressionηa(zk)t0
a is just some nonzero number; in other words,

the variation of the n-point correlation function is just some multiple of itself. Hence, as

we move along BunGC when we deformP inÞnitesimally, the n-point correlation function

$ n =
"
! 0(z1) . . . ! 0(zn)

#
changes as$ n # $ !

n , where $ !
n = α$ n for some constantα. In

this sense, we have a one-dimensional sheaf ofn-point correlation functions in the primary

Þeld operators! 0(z) over BunGC, and its section is given by$ n.
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will imply that ! = 0 while h! can be arbitrary. For ! = 0, we have dim|! | = 1; thus, from
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Ja(z)! 0(z′) ! "
(t0

a) ! 0(z′)
z " z′ , (7.10)
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""
"
! 0(z1) . . . ! 0(zn)

#
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k=1

1
2#i

%

Ck

dz
z " zk

$a(z) t0
a

"
! 0(z1) . . . ! 0(zn)

#

= "
n$

k=1

$a(zk) t0
a

"
! 0(z1) . . . ! 0(zn)

#
. (7.11)

The second equality follows becauseCk is a small loop around the pointzk. Since the

zkÕs are pre-speciÞed, the expression$a(zk)t0
a is just some nonzero number; in other words,

the variation of the n-point correlation function is just some multiple of itself. Hence, as
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this sense, we have a one-dimensional sheaf ofn-point correlation functions in the primary

Þeld operators! 0(z) over BunGC, and its section is given by$ n.
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X ) of the sheaf of TCDOÕs furnish

a module of!gC at k = " h" with highest weight 0. Thus, a candidate for! 0(z) would be

a (bosonic) local operator that corresponds to some element ofH 0(X, " ch,tw
X ). Since ! 0(z)

is the sole primary Þeld operator, it should correspond to an element inH 0(X, " ch,tw
X, 0 ) Ð

the one-dimensional subspace ofH 0(X, " ch,tw
X ) whose sole element corresponds to a scaling

dimension 0 (bosonic) local operator in theQ-cohomology. Hence, one can regard! 0(z) as

a scaling dimension 0 local operator in the chiral algebra of the ßag manifold model.

A Sheaf of Correlation Functions Over BunGC

Now consider then-point correlation function
"
! 0(z1) . . . ! 0(zn)

#
, where thezi Õs aren

Þxed and distinct points in # . This correlation function of purely bosonic operators with

zero U(1)R-charge is nonvanishing in the theory at hand: since the relevant set of (degree-

one) twisted holomorphic maps is empty when there aren marked points on# , p in (4.6),

which is the U(1)R-charge a correlation function is required to have in order for it to be

nonvanishing, is zero. From the multi-point generalization of (7.7) and the OPE relation

(7.10), we Þnd that the variation of then-point correlation function under an inÞnitesimal

deformation ofP would be given by

""
"
! 0(z1) . . . ! 0(zn)

#
= "

n$

k=1

1
2#i

%

Ck

dz
z " zk

$a(z) t0
a

"
! 0(z1) . . . ! 0(zn)

#

= "
n$

k=1

$a(zk) t0
a

"
! 0(z1) . . . ! 0(zn)

#
. (7.11)

The second equality follows becauseCk is a small loop around the pointzk. Since the

zkÕs are pre-speciÞed, the expression$a(zk)t0
a is just some nonzero number; in other words,

the variation of the n-point correlation function is just some multiple of itself. Hence, as

we move along BunGC when we deformP inÞnitesimally, the n-point correlation function

$ n =
"
! 0(z1) . . . ! 0(zn)

#
changes as$ n # $ !

n , where $ !
n = %$ n for some constant%. In

this sense, we have a one-dimensional sheaf ofn-point correlation functions in the primary

Þeld operators! 0(z) over BunGC, and its section is given by$ n.
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Consider the case of G = SL(2). We have 
 
 
 
 
where for % = 0, like in our case, we have   
 
  
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 

One can also make the following physical observation. Notice that! !
!
! 0(z1) . . . ! 0(zn)

"
=

! #
C dz" aJa(z) á! 0(z1) . . . ! 0(zn)

"
can also be interpreted (to lowest order in sigma-model

perturbation theory) as the variation in the n-point correlation function due to amarginal

deformation of the sigma-model action by the term
#

dz" aJa(z). Since a deformation of the

action by the dimensionless term
#

dz" aJa(z) is tantamount to a displacement in the moduli

space of the sigma-model itself, it will mean that! !
!
! 0(z1) . . . ! 0(zn)

"
is also the variation

in the n-point correlation function due to a change in the moduli of the sigma-model. This

implies that BunGC will at least correspond to a subspace of the entire moduli space of the

ßag manifold model. This last statement should come as no surprise sinceP is actually

derived from the a" ne GC-algebra of the ßag manifold model (as explained above) whose

realization in turn does depend on the moduli.

D-Modules on BunGC

At any rate, it can be shown that # n actually represents aD-module on BunGC Ð

whereD is a free polynomial algebra in certain holomorphic di$erential operators on BunGC

Ð as follows. For ease of illustration, let us Þrst consider the case whereGC = SL(2).

An important point to note at this juncture is that the OPE in (7.8) has an alternative

representation as

Ja(z)V" (x, z!) !
DaV" (x, z!)

z " z!
, (7.12)

where V" (x, z!) is some polynomial function in a complex variablex which represents the

primary Þeld operator! "
r (z!) inserted at z!, and the DaÕs are di$erential operators given by

D+ = " x2#x +
#

2$x, (7.13)

D0 = " x#x +
$

#
2

, (7.14)

D" = " #x . (7.15)

For the ßag manifold model, we have$ = 0; thus, ! 0(z!) would be represented byV0(x, z!),

and the corresponding di$erential operators would be given by

D+ = " x2#x , (7.16)

D0 = " x#x , (7.17)

D" = " #x . (7.18)

From (i) the expression of the spin-2 Segal-Sugawara stress tensorS(2) (z) = S(z) in (5.22),

(ii) the relation (7.12), and (iii) the formulas (7.16)Ð(7.18), it is clear that one can inter-

pret the n-point correlation function # n =
!
! 0(z1) . . . ! 0(zn)

"
as some polynomial function
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What this means is that the n-point correlation function is 
also a function of xÕs, i.e. 
 
 
 
 
and since it is a sheaf over Bun(G), one can naturally 
interpret the xÕs as holomorphic coordinates on Bun(G).  
 
 
In turn, this means that S(z), which is second order in the JÕs, will 
act as a second-order differential operator on &  in Bun(G).       
  
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 

! n (x1|z1, . . . , xn |zn) in the variables xi (and constantszi ) which S(z) acts on as a second-

order di" erential operator. Since! n is also a section of a sheaf over BunSL (2) , one can regard

the xi Õs as holomorphic coordinates on BunSL (2) . This means that one can interpretS(z) Ð

via its action on ! n(x1|z1, . . . , xn |zn) Ð as a (second-order) holomorphic di" erential operator

on (some line bundle on) BunSL (2) .35

The arguments for groups other thanSL(2) are analogous; for example, see¤15.7.4

of [57] for theSL(3) case. In short, for generalGC, the spin-si tensorsS(si ) (z) Ð whose expres-

sions are given in (5.54) Ð in their action on! n(x1
1|z1, . . . , x|! + |

1 |z1, . . . , x1
n |zn , . . . , x|! + |

n |zn)

Ð the correspondingn-point correlation functions for generalGC with |# + | number of posi-

tive roots Ð can be interpreted assth
i -order holomorphic di" erential operators on (some line

bundle on) BunGC .

That said, recall from our analysis in¤5 that because the level of the underlying a$ ne

GC-algebra is critical, theS(si ) (z)Õs are actually purely classical,c-number Þelds Ð in other

words, the S(si ) (z)Õs e" ectively multiply the (correlation functions of) local operators by a

c-number in their action on them. Since eachS(si ) (z) can either transform as a projective

connection or degree-si di" erential on % depending on whethersi = 2 or si > 2, respec-

tively [49], our discussions in this and the previous paragraph imply that

Dsi á! n(x1
1|z1, . . . , x|! + |

n |zn) = &si
" ! n (x1

1|z1, . . . , x|! + |
n |zn), (7.19)

whereDsi is an sth
i -order holomorphic di" erential operator on (some line bundle on) BunGC ,

and &si
" is either a projective connection or degree-si di" erential on%that is associated with

S(si ) (z). From (7.19), it is clear that ! n is a D-module on BunGC , whereD is a free poly-

nomial algebra in theDsi -operators. Alternatively, one can interpret! n as a simultaneous

eigenvector of theDsi -operators with eigenvalues&si
" .

A Geometric Langlands Correspondence forGC

We are now Þnally ready to demonstrate, purely physically, a geometric Langlands cor-

respondence forGC. To this end, Þrst note that since all theS(si )Õs have regular OPEÕs with

the set { Ja} , the formula (7.6) tells us that the S(si )Õs are constant over all of BunGC ; this

means that the corresponding di" erential operatorsDsi are globally well-deÞned. Second,

since theS(si )Õs are e" ectively c-number Þelds, they and therefore the corresponding di" er-

ential operatorsDsi , ought to commute with one another. Third, note that except for the
35Why S(z) in its action on ! n must be interpreted as a holomorphic di" erential operator on some line

bundle on BunSL (2) and not just on BunSL (2) , will be clariÞed shortly. For now, and similarly in the next
few paragraphs, we shall just accept this to be true.
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For the case of general G, we can thus write 
 
 
 
 
where the D(si)Õs are si-th order holomorphic differential operator 
on Bun(G) associated with the S(si)(z)Õs, while the 'Õs are degree si 
differentials on #.  
 
Note that the D(si)Õs act only to multiply by a c-number because the 
S(si)(z)Õs are purely classical fields, as explained earlier.  
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1.The S(si)(z)Õs have nonsingular OPEÕs with the JÕs. So by 
the formula  

we find that the S(si)Õs and therefore the D(si)Õs are constant 
and thus globally well-defined on Bun(G) 
 
2. Since the S(si)Õs are effectively c-numbers, they and 
therefore the D(si)Õs, commute with one another.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 

gCout \ gC((t))/gC[[t]]; thus, any element! (t) = ! aJa(t) of the loop algebragC((t)) Ð where

one sums over the indexa, and where! a is a t-dependentc-number Ð would give rise to a

tangent vector" in TP BunGC; in turn, this means that the variation of some local holomorphic

operator S(si ) (x) (of say, scaling dimensionsi ) at x under an inÞnitesimal deformation ofP

moving along BunGC would be given by

#! S
(si ) (x) =

!

C
! a(t){ Ja(t) áS(si ) (x)} dt, (7.6)

where C is a small loop around the pointx, and Ja(t) áS(si ) (x) denotes the OPE between

Ja and S(si ) . Note that (7.6) applies to correlation functions of operators as well, i.e., for a

one-point correlation function! ! 0(x)" of some local holomorphic operator! 0(x) inserted at

x, its variation under an inÞnitesimal deformation ofP moving along BunGC would be given

by

#!
"
! 0(x)

#
=

" !

C
! a(t){ Ja(t) á! 0(x)} dt

#
. (7.7)

The above formula also has an obvious mutli-point generalization.

Local Primary Field Operators From the Chiral Algebra

As we will explain brießy, the sought-after Hecke eigensheaves on BunGC can be inter-

preted as the correlation functions of certain local primary Þeld operators of the ßag manifold

model. As such, it would be useful to describe these particular operators Þrst. By deÞnition,

the holomorphic primary Þeld operators! "
s (z) of any theory with a holomorphic a" ne GC

OPE algebra obey (in the standard basis) the following OPE relations with the holomorphic

currents [57]:

Ja(z)! "
r (z!) # $

$

s

(t"
a)rs ! "

s (z!)
z $ z!

, (7.8)

where t"
a is a matrix in the representation ofgC with highest weight $; r, s = 1 , . . . , dim|$|;

and a = 1 , . . . , dim(gC).

Note that the scaling dimensionh" of the local operators! "
s (z) obeys the formula [57]

2(k + h" )h" = ( $, $ + 2%), (7.9)

wherek is the level of the a" ne algebra%gC of GC; h" is the dual Coxeter number; and%is

the Weyl vector. In the ßag manifold model, the level is critical atk = $ h" ; therefore, (7.9)
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3. Because dim D(si)Õs = dim S(si)Õs = dim Bun(G), we have a 
holonomic differential equation and thus & .   
 
4. Recall that we had the isomorphism   
 
 
 
which means that we have the isomorphism  
  
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 

that the minimum (conformal) dimension of the holomorphic Þelds whose Laurent expansion

coe! cients spanWk(gC), is two; the dimension-two Þeld in question isTR(z) (given in (6.34)),

and its Laurent expansion coe! cients generate a Virasoro subalgebra ofWk(gC) [53]. These

last two facts imply that the set of holomorphic Þelds which underliesWk(gC) must be

spanned by certainz-di" erential polynomials on the! zY a
L Õs or rather, theAa

zÕs. Atk = ! h! ,

recall from¤5 that the centerz(V" h∨(gC)) Ð of the chiral algebraV" h∨(gC) generated by{ JGC}

and their z-derivatives Ð is spanned by certainz-di" erential polynomials on theAa
zÕs. The

question then is whether the set of holomorphic Þelds which underliesW" h∨(gC) can actually

be identiÞed with z(V" h∨(gC)); the answer according to [49], is ÒyesÓ. Also established

in loc. cit. is the fact that the set of holomorphic Þelds which underliesW# (L gC) can be

identiÞed with the algebra Fun OpL gC(D) of functions on the space ofL GC-opers on a disc

D " # .32 For all our purposes, anL GC-oper on # can be understood to deÞne the triple

(E, # , EL B ), where E is a principal L GC-bundle on # , # a holomorphic connection onE,

and EL B a reduction ofE to an L B-bundle (L B being a Borel subgroup ofL GC). Altogether,

one can conclude that (6.49) implies that

z(V" h∨(gC)) $= Fun OpL gC(D). (6.50)

This result is also proved as Theorem 9 inloc. cit..

Note at this point that L GC-opers onD can actually be represented explicitly by the

operator (see¤9.3 of [49])

! z + p" 1 +
l!

i=1

%S(si )(z)O(w)&pi , (6.51)

where here, one recalls from¤5 that the spaceC[! m
z S(si )]i=1,...,l ; m$ 0 (of di" erential polyno-

mials on the holomorphic spin-si ÞeldsS(si ) with complex coe! cients) givesz(V" h∨(gC));

O(w) ' V" h∨(gC); w is an arbitrary point in D; and p" 1 and pi are constant matrices as-

sociated with the generators ofL gC. As the S(si )Õs have regular OPEÕs with all elements

of V" h∨(gC),33 the correlation function %S(si )(z)O(w)&will be regular in (z ! w). Because

32In general, Fun OpL gC
(D ) is the algebra of functions on the space ofL gC-opers on a discD " ! . However,

sinceGC is simply-connected and so,L GC is of adjoint-type, an L gC-oper is the same as anL GC-oper [9].
33The alert reader would have noticed that a priori , the OPEÕs of! zY a

L = Aa
z with themselves are not

regular, which contradicts our present claim that the S(si ) Õs Ð which arez-di" erential polynomials in Az Ð
have regular OPEÕs with all Þelds, including themselves. There is actually no contradiction here, as we shall
now explain. Firstly, as R ( ) when k ( ! h! , (6.29) implies (sincewa *= 0) that Aa ( ) . However,
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constant functions, there are no global commuting di! erential operators on BunGC; thus,

eachDsi is necessarily a holomorphic di! erential operator F acting on some line bundleL

on BunGC. To ascertain what L is, let s and u be compactly-supported sections ofL and

L ! 1 ! ! , respectively, where! is the canonical bundle of (middle-dimensional forms on)

BunGC. Then, uFs is a section of! which one can integrate over any real sliceZ of the com-

plex manifold BunGC to deÞne the inner product"u|F |s#=
!

Z uFs. Via integration by parts,

one can always introduce the transpose operatorF t Ð deÞned by"u|F |s# = "s|F t |u# Ð via

the relation
!

Z uFs =
!

Z (F tu)s. Clearly, F t ought to act on L ! 1 ! ! . At any rate, because

the di! erential operatorsDsi commute with one another,F can be represented by a purely

diagonal matrix whose transpose is itself, i.e.,F = F t . This means thatF and F t must act

on bundles which are isomorphic, i.e.,L $= L ! 1 ! ! ; this implies that L = !
1
2 . Fourth, note

that because eachS(si ) either transforms as a projective connection or degree-si di! erential

on " , for g > 1, the space of allS(si )Õs would be given by Proj(" ) % &l
i =2 H 0(" , # " ei +1 ) of

dimension
" l

i =1 (2ei + 1)( g ' 1) = dim GC(g ' 1), where Proj(" ) is a projective connection

on " ; si = ei + 1; ei is an exponent ofGC; and l is the rank of GC. In other words, there are

altogether dimGC(g ' 1) holomorphic di! erential operatorsDsi which obey (7.19). Since

dim BunGC = dim GC(g ' 1), it would mean that the system of di! erential equations deÞned

by (7.19) and consequently$ n, is holonomic. In summary, forg > 1, $ n is a holonomic

D-module on BunGC deÞned by the system of di! erential equations in (7.19), whereD is a

polynomial algebra in the global commuting holomorphic di! erential operatorsDsi on the

line bundle !
1
2 on BunGC. Moreover, from (i) the isomorphism in (6.50), (ii) the obser-

vation made thereafter that L GC-opers on the discD ( " can be extended toL GC-opers

on " , and (iii) the fact that the LHS of (6.50) can be identiÞed with the polynomial alge-

bra in the S(si )Õs, we have the identiÞcation Fun OpL gC
(X ) ÷') D. As such, for g > 1, $ n

can be identiÞed with the Hecke eigensheaf of the geometric Langlands program deÞned by

Beilinson and Drinfeld in [9]. (In what sense is$ n an eigensheaf of a Hecke operator will

be explained shortly.) In addition, notice that since$ n is the n-point correlation function

in the dimension 0 bosonic local operators%0(z) of the chiral algebra of the ßag manifold

model, (7.10) would imply that the realization of$ n depends on the realization of the set

{ Ja} . Notice also that our concluding result in¤6 Ð which states that we have a family of

{ Ja} Õs parameterized byL GC-opers on" Ð implies that for each choice of a holomorphic
L GC-bundle (with an oper structure) on" , we have a realization of the set{ Ja} . Altogether

therefore, our analysis in this paragraph tells us that for every holomorphicL GC-bundle on

" with g > 1, there corresponds a Hecke eigensheaf$ n on BunGC. This is nothing but the
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5. Recall that we have a family of J currents of G 
parametrized by ^LG opers or bundles on #. In turn, since 
the realization of &  depends on the JÕs, for every ^LG-
bundle, we have a & .    
 
Altogether from 1-5, we have a GEOMETRIC LANGLANDS 
CORRESPONDENCE FOR G!  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 



 
The infinite volume limit of  the flag manifold 

model and CS theory 

 Let G be simply-laced. Then, in the infinite volume limit 
of the sigma model, its action will be 
 
 
 
 
This is a WZW model for (compact) G at level   
 
So, via the seminal work of Witten,  correlation functions 
of local operators of the sigma model carry information 
about knots in the CS theory of the 3-space split along #.  

path integral by a factor of exp
!

! 2! (2 ! 2g)" áY0/
"

#k + h!
$

, whereg is the genus of! .47

Thus, from the viewpoint of the string theory described by the ßag manifold model, one can

interpret this factor as g2" 2g
s , where

gs = exp

%

!
2!" áY0"

#k + h!

&

(9.3)

is the string coupling. Hence, by tuninggs, we can vary #k and vice-versa. In the limit

k " ! h! whenceR " # , we also have, from (9.2),#k " ! h! and thereforegs " 0. One can

therefore interpret the ÒclassicalÓ Langlands duality limit ofk " ! h! as the zero coupling,

classical limit of the string. (The rationale for the word ÒclassicalÓ is that the isomorphism

(6.46) of W-algebras atk $= ! h! underlies Ð according to [70] Ð what is mathematically

termed as the ÒquantumÓ geometric Langlands correspondence.)

At any rate, let us, for simplicity, consider! = S2 ! { p1, p2, . . . , pn} , wherepi represents

the i -th point deleted; in this case, the canonical bundleK of ! will be trivial. Since we are

in the inÞnite X -volume limit where there can be no worldsheet instanton contributions, the

triviality of K and (4.6) will mean that there can be no# zero modes either. One can then

integrate out the # Þelds that appear in (9.1) by performing the Gaussian integral over its

nonzero modes, and e" ectively write I # as
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If we consider values ofgs such that #k is an integer,48 according to [71],I # ,e! is just the

action of a WZW model for simply-connected,simply-lacedG at level #k! (The reason why

the gauge group isG and not GC is because the topological term in the WZW model dictates

that the gauge group be a compact, simple Lie group whenever the level#k is an integer [48].)

Conformal Blocks of the WZW Model

As there is an a# ne algebra#g of G at level #k from our e" ective theory with action (9.4),

we have the relation

Ja(z)$ "
r (z$) & !

*

s

(t"
a)rs $ "

s (z$)
z ! z$

, (9.5)

47One can see this by noting that (i) |d2z| = idz ' døz, 2! c1(! ) = ! iR øzz dz ' døz,
-

! c1 = 2 ! 2g, (ii) Wick
rotating the action back to Minkowskian signature involves multiplying the action by i .

48One could of course consider non-integer values of#k, but this would involve certain technical subtleties
which would take us beyond the scope of the present paper.
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Figure 3: Path integral over whole ofM

where the JÕs are dimension-one currents of!g; the ! Õs are local, holomorphic, bosonic

primary Þeld operators of!g; t!
a is a matrix in the representation of the Lie algebrag of G

with highest weight ! ; r, s = 1, . . . , dim|! |; and a = 1, . . . , dim(g).

Note that the scaling dimensionh! of the operator ! !
s (z) obeys the formula [57]

2(!k + h! )h! = ( ! , ! + 2" ). (9.6)

Sincek != " h! in the inÞnite-volume limit of the ßag manifold model and therefore,!k != " h!

in the e" ective WZW model, if ! = 0, we haveh! = 0 and dim|! | = 1 Ð i.e., we have a sole

operator ! 0(z), and the t0
aÕs in (9.5) are just constants. If! != 0, then we ought to have

h! != 0, and because dim|! | > 1, we have not one but a set of operators! !
s (z) of positive

scaling dimension. As the model is now conformal, one can always employ the CFT state-

operator isomorphism and replace then punctures on# with these ! operators to obtain

an e" ective worldsheet!# that is an S2.

SinceG is a simply-connected, simply-laced group, the corresponding WZW model is

diagonal and factorizes into a holomorphic and an antiholomorphic sector. Because these

sectors are identical, it su$ ces to focus only on the holomorphic half of the theory. Let us

therefore focus on the holomorphic conformal blocks of the WZW model. According to the

previous paragraph, we can express the holomorphic conformal blocks as

C = #! (z1) . . . ! (zn)$b! , (9.7)

where the local operator! (z) can either be! 0(z) or ! !
s (z).

States of the Corresponding Chern-Simons Theory
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Observe that since! 0(z) ought to be given by a regular, holomorphic function in the

coordinate z on the compact Riemann surfacê" = S2, it can be viewed as a constant; in

particular, one can regard! 0(z) as the identity operator 1(z). Thus, if ! (zi ) = ! 0(zi ) for

all i = 1, . . . , n in (9.7), we have

C = Cempty =
〈
! 0(z1) . . . ! 0(zn)

〉
b!

= !1"b! . (9.8)

On the other hand, if sayp of the n number of! Õs in (9.7) are given by the! !
s operators,

because of what we said in the last paragraph, we have

C = Cknots =
〈

! ! 1
s1

(z1) . . . ! ! p
sp

(zp)! 0(zp+1 ) . . . ! 0(zn)
〉

b!
=

〈
! ! 1

s1
(z1) . . . ! ! p

sp
(zp)

〉
b!

. (9.9)

We shall now elucidate the meaning of the subscripts ÒemptyÓ and ÒknotsÓ. To this

end, note that it was Þrst established by Witten in [72] that if one can Heegaard split some

three manifoldM along "̂ # M , then the states in the Hilbert spaceH of the Chern-Simons

theory on M with gauge groupG and inverse couplinĝk, will correspond, in a one-to-one

manner, to the conformal blocks of the WZW model forG at level k̂ on "̂ . If there are no

Wilson lines inM , the states of the Chern-Simons theory will be captured byCempty Ð hence,

the subscript ÒemptyÓ. However, if there are Wilson lines inM in various highest dominant

weight representations that pierce througĥ" at the points z1, . . . , zp which, according to [72],

can also be interpreted as knots inM , the states of the Chern-Simons theory will be captured

by Cknots Ð hence, the subscript ÒknotsÓ. For example, in Þg. 3, there is a Wilson line or

knot C in some highest dominant weight representation! of G that pierces throughS = "̂

at four points, z1, z2, z3, z4; in this case,

Cknots = C!
knots =

〈
! !

s1
(z1) ! !

s2
(z2) !

ø!
s3

(z3) !
ø!
s4

(z4)
〉

b!
, (9.10)

where ø! is the representation dual to! . The ! and ø! representations are associated with

the points where the Wilson line or knot pierces into and out ofS, respectively.

9.2. ÒQuantumÓ RamiÞedD-Modules, Khovanov Homology, And Langrangian Intersection

Floer Homology

According to [72, 73, 74], the states in the Hilbert spaceH of the Chern-Simons theory

on M with gauge groupG in the presence of Wilson lines that pierce througĥ" # M at points
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z1, . . . , zp in the representations! 1, . . . , ! p, respectively, are Ð once a complex structure on

!̂ is picked Ð in one-to-one correspondence with the elements ofH 0(M G;z1,...,zp , L bk). Here,

M G;z1,...,zp is the moduli space of ßatG-bundles on !̂ \{ z1, . . . , zp} whose connection has

monodromy around the pointzi given by

g! i = exp
(

!
2" i ! !

i

k̂

)
, (9.11)

where

g! 1 . . . g! p = 1; (9.12)

L is a line bundle whose Þrst Chern class generates the second cohomology ofM G;z1,...,zp ;

and ! !
i is the dual of ! i in the following sense: using the quadratic form! Tr on g to identify

the dual t! of its Cartan subalgebrat as the Langlands-dual Cartan subalgebraL t, ! i " L t

maps to ! !
i " t.

So, if there are no Wilson lines or knots inM , in which case one would have to replace

the operators" ! 1
s1

(z1), . . . , " ! 1
s1

(zp) in (9.9) with " 0(z1), . . . , " 0(zp), we haveCknots # Cempty

and g! i = g0 = 1 for all i = 1, . . . , p.

ÒQuantumÓ RamiÞedD-Modules

A useful fact to note at this juncture is that in the quantum geometric Langlands corre-

spondence forG with tame ramiÞcation, ÒquantumÓ ramiÞedD-modules would be given by

sections of the line bundleL c" h∨ over M G;z1,...,zp , where the nonzero integerc = k̂ + h# [75].

Second, based on the analysis in¤4 of [76], we Þnd thatCknots $ H $ H ! , where H ! is

the space of (Bcc, B) strings in a topological A-model on the parabolic Hitchin Þbration

" : Y # B with Lagrangian Þber F (along which a restriction #J |F of a certain two-

form #J is nonvanishing); Bcc is a space-Þlling canonical coisotropic brane (endowed with

a unitary line bundle L with connection whose curvature is#J ); and B is a brane which

wraps F. In turn, noting the fact that c is an integer, based on the analysis in¤11.3

of [11] and that in ¤4.4 of [77] (with $ %= 0; % = & = ' = 0; and ( %= 0 which ensures

that #J |F is nonvanishing), we Þnd thatH ! would correspond to the space of ÒquantumÓ

tamely-ramiÞedD-modules. Third, just like there is supposed to be not one but a category

of distinct ÒquantumÓ ramiÞedD-modules [75], for each set of representations! 1, . . . , ! p,

there is not one but several distinctCknots Õs due to the extrasi -index which runs from

0, . . . , dim|! i | > 1. Fourth, in the c # 0 limit whence the operators" (z) = " 0(z) in (9.7)

are, according to our analysis in¤5, Q-cohomology classes, according to our analysis in¤7,

145

z1, . . . , zp in the representations! 1, . . . , ! p, respectively, are Ð once a complex structure on
!! is picked Ð in one-to-one correspondence with the elements ofH 0(M G;z1,...,zp , L bk). Here,

M G;z1,...,zp is the moduli space of ßatG-bundles on !! \{ z1, . . . , zp} whose connection has

monodromy around the pointzi given by

g! i = exp
"

!
2" i ! !

i

!k

#
, (9.11)

where

g! 1 . . . g! p = 1; (9.12)

L is a line bundle whose Þrst Chern class generates the second cohomology ofM G;z1,...,zp ;

and ! !
i is the dual of ! i in the following sense: using the quadratic form! Tr on g to identify

the dual t! of its Cartan subalgebrat as the Langlands-dual Cartan subalgebraL t, ! i " L t

maps to ! !
i " t.

So, if there are no Wilson lines or knots inM , in which case one would have to replace

the operators" ! 1
s1

(z1), . . . , " ! 1
s1

(zp) in (9.9) with " 0(z1), . . . , " 0(zp), we haveCknots # Cempty

and g! i = g0 = 1 for all i = 1, . . . , p.

ÒQuantumÓ RamiÞedD-Modules

A useful fact to note at this juncture is that in the quantum geometric Langlands corre-

spondence forG with tame ramiÞcation, ÒquantumÓ ramiÞedD-modules would be given by

sections of the line bundleL c" h!
over M G;z1,...,zp , where the nonzero integerc = !k + h# [75].

Second, based on the analysis in¤4 of [76], we Þnd thatCknots $ H $ H ! , where H ! is

the space of (Bcc, B) strings in a topological A-model on the parabolic Hitchin Þbration

" : Y # B with Lagrangian Þber F (along which a restriction #J |F of a certain two-

form #J is nonvanishing); Bcc is a space-Þlling canonical coisotropic brane (endowed with

a unitary line bundle L with connection whose curvature is#J ); and B is a brane which

wraps F. In turn, noting the fact that c is an integer, based on the analysis in¤11.3

of [11] and that in ¤4.4 of [77] (with $ %= 0; % = & = ' = 0; and ( %= 0 which ensures

that #J |F is nonvanishing), we Þnd thatH ! would correspond to the space of ÒquantumÓ

tamely-ramiÞedD-modules. Third, just like there is supposed to be not one but a category

of distinct ÒquantumÓ ramiÞedD-modules [75], for each set of representations! 1, . . . , ! p,

there is not one but several distinctCknots Õs due to the extrasi -index which runs from

0, . . . , dim|! i | > 1. Fourth, in the c # 0 limit whence the operators" (z) = " 0(z) in (9.7)

are, according to our analysis in¤5, Q-cohomology classes, according to our analysis in¤7,

145

z1, . . . , zp in the representations! 1, . . . , ! p, respectively, are Ð once a complex structure on
!! is picked Ð in one-to-one correspondence with the elements ofH 0(M G;z1,...,zp , L bk). Here,

M G;z1,...,zp is the moduli space of ßatG-bundles on !! \{ z1, . . . , zp} whose connection has

monodromy around the pointzi given by

g! i = exp
"

!
2" i ! !

i

!k

#
, (9.11)

where

g! 1 . . . g! p = 1; (9.12)

L is a line bundle whose Þrst Chern class generates the second cohomology ofM G;z1,...,zp ;

and ! !
i is the dual of ! i in the following sense: using the quadratic form! Tr on g to identify

the dual t! of its Cartan subalgebrat as the Langlands-dual Cartan subalgebraL t, ! i " L t

maps to ! !
i " t.

So, if there are no Wilson lines or knots inM , in which case one would have to replace

the operators" ! 1
s1

(z1), . . . , " ! 1
s1

(zp) in (9.9) with " 0(z1), . . . , " 0(zp), we haveCknots # Cempty

and g! i = g0 = 1 for all i = 1, . . . , p.

ÒQuantumÓ RamiÞedD-Modules

A useful fact to note at this juncture is that in the quantum geometric Langlands corre-

spondence forG with tame ramiÞcation, ÒquantumÓ ramiÞedD-modules would be given by

sections of the line bundleL c" h!
over M G;z1,...,zp , where the nonzero integerc = !k + h# [75].

Second, based on the analysis in¤4 of [76], we Þnd thatCknots $ H $ H ! , where H ! is

the space of (Bcc, B) strings in a topological A-model on the parabolic Hitchin Þbration

" : Y # B with Lagrangian Þber F (along which a restriction #J |F of a certain two-

form #J is nonvanishing); Bcc is a space-Þlling canonical coisotropic brane (endowed with

a unitary line bundle L with connection whose curvature is#J ); and B is a brane which

wraps F. In turn, noting the fact that c is an integer, based on the analysis in¤11.3

of [11] and that in ¤4.4 of [77] (with $ %= 0; % = & = ' = 0; and ( %= 0 which ensures

that #J |F is nonvanishing), we Þnd thatH ! would correspond to the space of ÒquantumÓ

tamely-ramiÞedD-modules. Third, just like there is supposed to be not one but a category

of distinct ÒquantumÓ ramiÞedD-modules [75], for each set of representations! 1, . . . , ! p,

there is not one but several distinctCknots Õs due to the extrasi -index which runs from

0, . . . , dim|! i | > 1. Fourth, in the c # 0 limit whence the operators" (z) = " 0(z) in (9.7)

are, according to our analysis in¤5, Q-cohomology classes, according to our analysis in¤7,

145



 
The relation to knot invariants 

  
 
 
 
 

! " ! #

Figure 4: Path integral overML and MR

Cempty = ! ! 0(zp+1 ) . . . ! 0(zn)"b! would just be an ordinary ÒclassicalÓD-module. Conse-

quently, this means that Cknots =
!

! ! 1
s1

(z1) . . . ! ! p
sp (zp)! 0(zp+1 ) . . . ! 0(zn)

"

b!
would actually

generate Ð according to the abstract algebraic CFT prescription in¤9.8 of [49] Ð the cat-

egory of ÒclassicalÓD-modules with tame ramiÞcation at pointsz1, . . . , zp. Last but not

least, note that a connection between Chern-Simons theory and a ÒquantumÓ geometric

Langlands correspondence has also been unraveled recently by Witten in [24], albeit via a

gauge-theoretic approach; inloc. cit., the geometric Langlands parameter and its dual are

respectively" = #k + h! and L " = # 1/ " , whereby a ÒclassicalÓ geometric Langlands cor-

respondence forG is achieved in the limits L " $ % and " $ 0, i.e., c $ 0, in perfect

agreement with our results obtained hitherto. Altogether, the above Þve points imply that

we can interpret Cknots as a ÒquantumÓ (tamely) ramiÞedD-module Dc
mod(M G;z1,...,zp ) on

M G;z1,...,zp with twist parameter c.

Relation to Knot Invariants of Three-Manifolds

In [72], it was argued that the states of the Chern-Simons theory with Wilson lines

can be related to knot invariants of three-manifolds; in turn, this means that these knot-

invariants can also be related to the above-mentioned ÒquantumÓ ramiÞedD-modules. For

example, in Þg. 3, the Chern-Simons path integral over the whole ofM with Wilson line or

knot C in some highest weight representation! of G, would be given, as shown in Þg. 4,

by a path integral over the interior three-ball MR whose boundary isS = ## , followed by

a path integral over the complicated exterior pieceML whose boundary is also## but with

orientation reversed. The former path integral would result in a state|" " & H R, while the

latter path integral would result in a state |#" & H L . Since the Hilbert spacesH L,R are

determined by the corresponding boundary theories on## , the fact that the orientations of
## associated withH L and H R are opposite to each other means thatH L is canonically dual
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Figure 4: Path integral overML and MR
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The LHS of the above relation is a knot-invariant of M , while ! and " on the RHS can be

identified as “quantum” ramified D-modules Dc
mod(M G;z1,...,z4) given by C!

knots of (9.10).

As " and ! are vectors in a finite-dimensional space H , we can expand them as

" =
dim H!

s=1

as
" Ds and ! =

dim H!

s=1

as
# Ds, (9.14)

where the coefficients as
" and al

# are complex numbers (some of which may be zero), while

Ds ! Dc
mod(M G;z1,...,z4) spans an orthogonal basis in H , i.e., (Dm, Dn) = #mn . Thus, we can

also express (9.13) as

Z !
M (C) =

dim H!

s=1

as
" as

# . (9.15)

Notice that the sth term on the RHS of (9.15) would vanish if the sth component of either

" or ! were to be zero. Hence, we can interpret the RHS of (9.15) as a (weighted) count of

the number of components of " and ! that coincide.

The Jones Polynomial and Khovanov Homology

Let us now specialize to the case where M = S3 and G = SU(2); let $ label the

two-dimensional fundamental representation 2 of SU(2). Then, Z 2
S3(C) is simply the Jones

polynomial of the knot C [72]. In turn, if the finite-dimensional vector space

K(C) = " a,b Ka,b(C) (9.16)

is the corresponding bi-graded Khovanov homology, we can, according to [68], rewrite (9.15)

as
!

a,b

(# 1)aqb dim Ka,b(C) =
!

c! C

ac
" ac

# , (9.17)

where C is the set of components of " and ! that coincide, and

q = exp

"
2%i

#k + h"

$
. (9.18)

Thus, from (9.17), we learn that a (weighted) count of the Khovanov homology of the knot

C would be given by a (weighted) count of the number of components of the “quantum”

ramified D-modules " and ! that coincide.
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Jones Polynomial and Khovanov Homology 

 For G = SU(2), and M = S3, ZM is the Jones Polynomial. This 
can be related to Khovanov homology, so we can write 
 
 
 
 
 
Thus, the (weighted) count of the Khovanov homology of the 
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number of components of the quantum ÒramifiedÓ D-
modules (  and )  that coincide.   
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Lagrangian  intersection Floer homology and a 

conjecture by Seidel-Smith 

  
 
 
 
  
 
 
 
 

Relation to Lagrangian Intersection Floer Homology

Now notice that we can also write

dim H!

n=1

dim H!

m=1

! n
m ! " |Dm"! Dn|#" = ( " , # ). (9.19)

In terms of the vectors$n, $m # H, where$n =
" dim H

n=1 Dn and $m =
" dim H

m=1 Dm, this is

! n
m (" , $m)($n, #) = ( " , # ). (9.20)

Compare this with the relation between Lagrangian intersection Floer homology groups

HF ∗
symp(L0, L1) $ HF ∗

symp(L1, L2) % HF ∗
symp(L0, L2), (9.21)

where the pairwiseL i Õs are intersecting Lagrangian submanifolds of some underlying sym-

plectic manifold M symp, and the vector spaceHF ∗
symp(L i , L j ) is generated and counted by

the intersection points ofL i and L j . Since$m = $n, and since for any%1, %2 # H, the pair-

ing (%1, %2) counts (with weights) the number of components of%1 and %2 that coincide, the

similarity between (9.20) and (9.21) suggests that we can interpret" and # as Lagrangian

submanifoldsL ! and L" of M symp that have nonzero intersection with each other. In turn,

since the RHS of (9.17) is equal to (" , # ), it would mean that we can write

!

a,b

(&1)aqb dim Ka,b(C) =
!

c∈C

I c, (9.22)

where C is now the set of intersection points ofL ! and L" in M symp, and I c is some

complex number whose value depends on the pointc. In light of the fact that (i) " and

# can be regarded as ÒquantumÓ ramiÞedD-modules, (ii) every Lagrangian brane of an

A-model underlies a ÒquantumÓ ramiÞedD-module if the target is the parabolic Hitchin

Þbration M H ,49 one can deduce thatM symp = M H .

A Gauge-Theoretic Approach

We will now rederive (9.22) via four-dimensional gauge-theory, and in the process,

obtain an explicit formula for I c. The relevant gauge theory for this purpose is GL-twisted

49To see this, repeat the analysis in¤4.4 of [77] using! '= 0, " = # = $ = 0, and %'= 0.
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Generalization of  Seidel-Smith to arbitrary 

links 

 
 
 
 
 
 
 
Specialize to G = SU(2), we get connection to Khovanov 

Homology 
 
 
S0

j are components of the modular transformation matrix 
acting in the Hilbert space of quantum ÒramifiedÓ D-modules.  

S2 with n marked points which leaves Þxed thenth point; and S0
j are certain functions in!k

which represent in the Hilbert space a modular transformationS : ! ! " 1/ ! of a two-torus

embedded inS3 with complex structure ! .

A useful result to quote at this point is the following. Elements of the mapping class

group M generate automorphisms of the line bundleL bk on M G;z1,...,zn−1,zn [80]. Since the

ÒquantumÓ ramiÞedD-modules C j
knots correspond to sections of the aforementioned line

bundle, and since they are objects which span a categoryC, it would mean that elements of

B # M generate autoequivalences ofC. This is also reßected in the fact that!B : H j ! H j .

Hence, we can also write

Z ! 1...! n−1

S3 (L) =
"

j

S0
j

dim H j"

sj =1

(D sj
j , " bB (D sj

j )) , (9.30)

where theD sj
j Õs are ÒquantumÓ ramiÞedD-modulesDc

mod(M G;z1,...,zn−1,zn ) that span an or-

thogonal basis inH j ; ( , ) is the usual natural pairing inH j ; and " bB is the operator !B Ð with

eigenvectorD sj
j Ð representing an autoequivalence ofC. Thus, the link invariant Z ! 1...! n−1

S3 (L)

just counts (with appropriate weights) the number of linearly-independent ÒquantumÓ ram-

iÞedD-modulesD sj
j .

Let us again specialize to the case whereG = SU(2); let all the #i Õs label the two-

dimensional fundamental representation2 of SU(2). Then, Z 2,...,2
S3 (L) is simply the Jones

polynomial of the link L [72]. In turn, if the Þnite-dimensional vector space

K(L) = $ a,b Ka,b(L) (9.31)

is the corresponding bi-graded Khovanov homology, we can, according to [68], rewrite (9.30)

as
"

a,b

(" 1)aqb dim Ka,b(L) =
"

j

S0
j

dim H j"

sj =1

(D sj
j , " bB (D sj

j )) , (9.32)

where

q = exp
#

2$i
!k + h!

$
. (9.33)

Thus, from (9.32), we learn that a (weighted) count of the Khovanov homology of then " 1

component linkL would be given by a (weighted) count of the number of linearly-independent

ÒquantumÓ ramiÞedD-modulesD sj
j on M SU(2); z1,...,zn−1,zn .
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Conclusion 

! !Nice interplay between physics and mathematics. 
 
! !The physical interpretation provides a novel way of 

looking at the mathematical results and proving the 
conjectures, and connects seemingly unrelated areas 
of mathematics via the physics.  

! !Four-dimensional gauge theory not the only physical 
manifestation of the Geometric Langlands 
correspondence.  
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