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Introduction

' I Based on paper arXiv:1111.0691
| I Built upon insights from authorOs work in

OTwo-Dimensional Twisted Sigma Models And The Theory
of Chiral Differential OperatorsO, arXiv:hep-th /0604179,

OChiral Equivariant Cohomology and the Half-Twisted
Gauged Sigma ModelO, arXiv:hep-th /0612164 ,

OChiral Algebra of (0,2) Sigma Models: Beyond
Perturbation Theory - lIO, (with J. Yagi) arXiv:0805.1410,

CBupersymmetric Surface Operators, 4-Manifold Theory,
and Invariants in Various DimensionsO, arXiv:1006.3313.




Motivation

' I'To furnish a physical interpretation of the recently
formulated mathematical theory of OTwisted
Chiral Differential OperatorsO.

| I'To furnish an alternative, non gauge-theoretic,
physical interpretation of the geometric
Langlands correspondence, so as to be able to

(1) make contact with the original mathematical
formulation of the correspondence by Beilinson-
Drinfeld which utilizes algebraic CFT,




Motivation

(i) gain, via the physics, mathematical insights
Into the correspondence at genus 1 and O
which were not addressed in the gauge-
theoretic approach by Kapustin-Witten,

(i) furnish physical proofs of mathematical
conjectures which relate geometric Langlands
to knots

(iv) Furnish physical proofs of mathematical
conjectures relating quantum groups to the
correspondence.



Background Required (Physics)

¥ 2d supersymmetry and SCFT

¥ Twisted sigma models

¥ Anomalies

¥ Current algebra

¥ Worldsheet Instantons

¥ Supersymmetric guantum mechanics
¥ WZW models/Chern-Simons Theory




Background Required:( (Maths))

Differential Geometry
- Riemannian Geometry
- de Rham/Dolbeault Cohomology

Algebraic geometry
- Sheaves and Sheaf cohomology
- Intersection theory

Group representation theory
-Group extensions and group  cohomology
-Representation theory

Algebraic Topology
-Elliptic Genera

Knots, Knot Homology and Symplectic Geometry
- Jones Polynomial

- Khovanov Homology

- Lagrangian intersection Floer Homology



Summary. of ‘Main'Results

We first study the physical features of a non-dynamically
gauged quasi-topological (0,2) sigma model with target a
G-manifold in perturbation theory

- Quasi-topological model.
- Invariant under Weyl scalings of worldsheet .
-Conformal anomaly unless target space is Ricci-flat.

-Infinite tower of excited states/operator observables that
have holomorphic weights.



Summary.of MainResults

-Elliptic genus of local operators is therefore nontrivial
In general.

-Operator observables span a holomorphic chiral
algebra.

-Ground operators span a topological chiral ring.

-Operator observables can be described as classes in
a certain Cech-cohomology group.

- For Cartan gauge group, and target space a flag
manifold of G, model physically manifests the
mathematical theory of OTwisted Chiral Differential
Operators.



Summary.of MainResults

- Taking the infinite target volume limit, one can see that
the model possesses a generalized T-duality.

- From this T-duality, we have an isomorphism of W-
algebras, and going back to the finite volume limit, we
have only a Feigin-Frenkel isomorphism of W-algebras, i.e.,
affine G-algebra at critical level parameterized by "LG-
opers on worldsheet .

A physical interpretation of the geometric Langlands
correspondence for G, where complex curve is the
worldsheet .

Correlation functions of certain purely bosonic operators
are Hecke eigensheaves .

- Hecke operators are certain nonlocal operators. We insert
Jthem into the correlation functions to effect a Hecke
modification.



Summary.of ‘Main Resu |ts

We then study the nonperturbative effects of worldsheet twisted
Instantons in the sigma model

- For worldsheet of genus 0 with less than 3 punctures, instanton
effects trivialize the chiral algebra completely.

- Consistent with the fact that there are no Hecke
eigensheaves at genus 0 with less than 3 punctures.

- Via supersymmetric gauged quantum mechanics, chiral
algebra observables correspond to harmonic spinors on the
loop space of the flag manifold of G.

- Can therefore connect the condition for the existence of

Hecke eigensheaves tothe Hohn-Stolz conjecture in algebraic
topology that says that there are no harmonic spinors on the
flag manifold of G. .



Summary. of ‘Main'Results

Finally, we study the infinite volume limit of the sigma model
with target the flag manifold of simply-laced G.

- 2D Lagrangian is the same as that for a WZW model for G.

- Via the WZW- Chern -Simons connection, can express knot
Invariants, in particular the Jones polynomial, in terms of the
correlation functions of the chiral algebra observables. In

turn, we can express the Khovanov homology in terms of
quantum OramifiedO D-modules and therefore, Lagrangian
Intersection homology. As such, we have a phyS|caI proof of

a conjecture by Seidel-Smith.

- Via the isomorphism of W-algebras in the infinite volume
limit, we have a physical interpretation of the OramifiedO
geometric Langlands for G - which relates quantum
OramifiedO D-modules associated with G and ~LG - as a
generalized T-duality.



Summary. of ‘Main'Results

- As such, via the simultaneous interpretation of the
correlation functions of the chiral algebra observables

as quantum OramifiedO D-modules and generators of
knot invariants, we have a physical interpretation of a
conjecture by  Gaitsgory - which relates OramifiedO D-
modules to quantum groups associated with G and

LG, respectively b as a generalized T-duality.



The Lagrangian: of the quasi-topological

gauged (0,2) model

Sgauged = |d%z| gp(D5"'D,"F + %b,%),
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The Lagrangian: of the quasi-topological

gauged (0,2) model
Sgauged = |d°Z] gp(Dp"'D,"F + %D, %),
#HAZ= 1L, fpAPAS and #A2 = 1,8+ flPAS,
#"' = V) and #"°= 1 $V]

#94,= $1, Vg and #9% =" 1 VI



The Lagrangian: of the quasi-topological

gauged (0,2) model

Sgauged = |0°2| gp(D5"'D,"F + %D, %),
Sgauged = |d22|{Q,V}, V=" gipo/ci,,Dz" P,
"= O | 4 — #15



Physical Features of ‘the guasi-topological

gauged (0,2) model
1TZZ - O
-Invariant under Weyl scalings of worldsheet

TZZ — giP$z"iDz" P’ Tm: {Q,' giP#iz$z" P}’

-A gquasi-topological sigma model
[Q,T,.] = gp$." ' B,#" =0 (on-shell).

-At the classical level, field transformations generated by
holomorphic stress tensor map elements in the Q-
cohomology to other elements in the Q-cohomology.



Physical Features of ‘the guasi-topological

gauged (0,2) model
By = {Q, Vy} for someV,. {Q,0] =0.

Ko, 0] = {Q,{ Vo, O]]. ' By, 0] = mO.

-Antiholomorphic conformal weights are zero in the Q-
cohomology.

-Infinite tower of local operators with positive holomorphic
conformal weights in the Q-cohomology.



Physical Features of ‘the quasi-topological

gauged (0,2) model

Y, . ={Q,V 1} for someV, ;. {Q,0] =0,
"0 = {Q,{V 1,0]]

-I' Local operators in the Q-cohomology vary holomorphically in z.

-I Since a class which vanishes classically in Q-cohomology
continues to do so in the guantum theory, the last two
statements about the conformal weights and holomorphicity of
the local operators continue to hold in the quantum theory.



Physical Features of the quasi-topological

gauged (0,2) model

One-loop correction:

[Q, T,,] =! z(RiPDz$i#P)-

-1 If X is not Ricci-flat, field transformations generated by
holomorphic stress tensor NO LONGER map elements in the
Q-cohomology to other elements in the Q-cohomology.



Physical Features of ‘the guasi-topological

gauged (0,2) model

Nevertheless,

c®|[L-1] =0,

-I Operators remain in Q-cohomology after global translations on
worldsheet.

ﬁ,Q]:O, S = Lo—@o. @OZO. :Q,LO]:O;

-Operators remain in the Q-cohomology after dilatations of the
worldsheet coordinates.



Physical Features of ‘the guasi-topological

gauged (0,2) model
Moreover,
B, 1 = §dB Ty, Wwhere Ty = {Q,, ...},

| 510;(21)05(22) - . - Os(25)"

- dp'{Q,...} 01(z1)02(22) ... 0s(z5)" = dv!{Q,44aa. O;i(z)]" = 0,

-Correlation functions of local operators in the Q-cohomology vary
holomorphically in z. Holomorphic chiral algebra:

&
O)HNY#  f.(z$ 2)Ok(2),

k



Physical Features of ‘the guasi-topological

gauged (0,2) model

T.5= {Q,, G,y for someG,y

Correlation functions of local operators invariant under
Weyl scalings of worldsheet.



Sheaf of Perturbative Observables

-l A general local operator looks like

(L L L O A Y L Ly 20
-l Examples : g R = k operators can be interpreted as

(0,k)-forms on X valued in certain sum of vector
bundles

FQLIB"ALAZHY) = fi0 o (010D, 18R ak

Br(1 1 BALH#Y) = £, o (11 PG D, P L #R



Sheaf of Perturbative Observables

Generally, the local operator is not invariant under
gauge transformations.

Nevertheless, the transformed operator remains Q-
closed, and its U(1) R-charge is the same as before.

Can interpret a gauge transformation as a change In
the basis of the space of operators. (Will be able to
see this in the supersymmetric gauged quantum
mechanics picture too)



Topological Chiral Ring

| Fo(2)

N _ abc
Fa(Z)Fb(Z) - aa ( "ol )ha+ hp" he?
| |
" W : Cane Fe(Z
]—"a(Z)fb(Z') = ( at')'c Z!;E hz'
Oc=Ca™* Op

Iiva(z)FNb(Z!)_ Z Cabc C(Z’Z!)'

=0at Op

|
FaFp= Canc Fe.
Jc= 0ot Op



Topological Chiral:Ring

Operators in the ring are generally not gauge-
Invariant.

However, grading by conformal dimension and U(1)
R-charge is preserved. Thus, ring structure is well-
defined.

But for chiral ring to be unambiguously-defined, must
consider only gauge-invariant local operators.



Sheaf of Chiral Algebras

-I Can express local operators as elements of the Cech-
cohomology group generated by the sheaf of chiral
algebra A

Y (X, A)
/ gr = Cech\”%:

-l Approach Is to treat Q as the co-boundary operator in
Cech-cohomology.

-l Important points to note during formulation

[ngk(u’l-l_-) on U. Héech(uilt) — 0 for k > 0.

Via Cech-Dolbeault isomorphism #) (U, F)=0for k >0. .



Sheaf of Chiral Algebras

-l Since quantum perturbative corrections can only annihilate
and not create cohomology classes, the last point means
that local operators with positive g R must vanish in Q-
cohomology over U.

F1=[Q,G] -1 =1Q,G] =[Q,G] over the intersectionUg # U,
[Q.G! G]=0. GC;=CG!' G [Q,GCGi]=0. Gi=1!Ge, G+ Gg+ Ge=0.

B.KI=[0K]=0  Gr# G=Cr+Kel K. Hgen(X A).

-l Can run derivation backwards using partition of unity
subordinates approach that is standard in algebraic
geometry. 4



Relation to Perturbed System

We next study the model with abelian subgroup T of G
on a local patch U of the target space X

! n # $
1 - |
| S oPz|  #p 1,801,8 + 941,981 AZVIADYS

1, = "ip#z$P and % = $i

then the fields obey the standard OPE

Ilj

L (2)%(2) = ! > | ) + regular.




Relation to the Perturbed Systems

Since on a local patch, we have fermion-free operators

WES 1,8, . 8L, AR AR )
the model which describes them is a free, perturbed ! “
system:

# % %

1 | .
= o |d?z] $il & | ABVIADV,
I,a,b

so we have

.#(&!Z&!g&...,$,!z$,!§$ LA, AR 12A8 )



OGluingO the Perturbed System

¥ By OgluingO on overlaps the open patches in X using th
symmetries of the perturbed !" system, we will arrive at the

(0,2) model over all of X.

¥ To OglueO geometrically over X, use conformal currents of th
perturbed ! " system:

Ky = JvdZ. UV =" VII X
' Vk !
Jv(Z)"k(Z') # Z"(ZZ!). |lk — IWK
%V'"i(Z)

' = 1 iV,

W@ (@) ~ -



OGluingO the Perturbed System

¥ To OglueO the theory algebraically, use the conformal currents
the perturbed ! " system constructed using the moduli:

B = Bi(1)d!'' g¢ = B;D,!, Kc= Jcdz ‘Jc:JIF"'JE
IN 1 "kBi"z! i(Z!) #k(zl) — . i a
JE(Z)#k(Z) 21 ' (Z' Z!)zl $#k = | Io)b'a kBiAz
" R Aafs _ opnp.n |
Je (D)#(Z) " Va ;B'HA;(Z). Fhe = 1%1B;" !

J holomorphic (2)-form C = "B,
- C must be a local holomorphic section of the she&f°



The Automorphism Relations of  the
Sheaf of Chiral Algebras

||.| — g(ll)
Az = AL
= Ditho+ 1 E; | FiaAl,

[Eli = 0B;

a t-valued holomorphic one-fornF, = F o d"' = (!,f,)d"' (wheref, = VXBy) on X.



The One-Loop Beta Function:in Terms of
Holomorphic: Data

¥ Consider the case of X = CP1, which is non Ricci-flat.

T()=! L :(2). T(2)=! :5E#Y (2),

Expected to be element of H(X, A) since

TZZ — gip$2" iDZn P,

But

o
t) T@)=1, 21 Vi

which is a Cech description of
% &
° [Q1 TZZ = | z R|PI z$l%z! R,pV;A?%p .



Relation to the theory of OTwisted Chiral
Differential OperatorsO

Let gauge group be a Cartan subgroup of G, and X
a flag manifold of G. Then automorphism relations
become

gte\?llOue! Us il |Oue! Us
0ot (2 =" &

l
g (") = Ger (N # (& T (U U)) L

142 = ' L. ra holomorphic vector pelt = "1 /1#¥ on X.



Relation to the theory of OTwisted Chiral
Differential OperatorsO

- The perturbed ! * system on a local patch in X is now
a section of the sheaf of TCDOOs defined by
Arakawa et al.

-I The symmetries of the perturbed !" CFT that we
have used to b glue * the local descriptions together
are therefore the vertex algebra automorphisms
used to bglue the sheaves of TCDOOs.

- Standard Cech-cohomological analysis of the
sheaves of chiral algebras of shows that obstruction
to “gluingO vanishes if

1
EPI(X) =0.



Sheaf of OTwisted Chiral Differential OperatorsO
on flag manifold of G

1! u+|# " $ %
= = |d%z 18" # AVRARY | (2)"] (2 %
oz 1472 8 » Vb (@) $#
1! |A+|# " $ _ _ ok
re 2 - l+i , i '_| uj ! i .
e |d*z| B i $p #ab:l,ztgv,a;tgvb : (2)2(z2) $ # T
}H O(X’ i ;I(h;_W)
Bl
Jo. = # + P, 1=1,2,...,1
=1
el
Jh, =" D :!# :+A%, a=1,2,...,1;
=1
el
Ji,, = Q) +C T ALY, a=i=1,2,..,1



Sheaf of OTwisted Chiral Differential OperatorsO
on flag manifold of G

St (z) = dr'z et (k)(31,d1, ... 01, )(2) -

S(Si)(z) = (k+ R )T(Si)(z)’

But we have an affine G algebra at critical level

k=1hn
So S)(z) does not exist as a quantum operator, i.e.,

It is purely classical, and ought to be generated only by the non-
dynamical gauge field A.

The point is that the S©)(z)Os generate a constant multiple of
the transformations associated with the stress tensor and its
higher spin Segal-Sugawara analogs. It being zero quantum
mechanically means that it is not in the Q-cohomology, as
we saw earlier in the X= CP1 case.



Sheaf of OTwisted Chiral Differential OperatorsO
on flag manifold of G

For example when G = SL(2), we have

S(z) = }Az(z)l }' AL (2).

For example when G = SL(3), we have

H Y0
1 $
S(z) = > (d abAaAz)(Z)l (V,#.A%)(z)
1=1
SO@ = 1o (AL AAN(KAAD (D! (1 1 () AL BA) (2
i<j<k i<J
GO (L AAN &AL () D0 20 E A
i<j
CLTAAND)! 5 (! D) ALD) .(5.41



Sheaf of OTwisted Chiral Differential OperatorsO
on flag manifold of G

Since they are classical and do not have nontrivial
OPEOs with the current fields and themselves, their
Laurent modes would obey

(S, 351 =[S, 58] = 0.
This means that the S&)(z)Os can be identified as the

center
Z(V- n (dc))

of the chiral algebra generated by {Jc.} and its
Z-derivatives.



T-Duality, of ' Infinite volume limit sigma model
and isomorphism of W-algebras

By taking the infinite volume limit of the sigma model,
one can show that it enjoys a generalized T-duality
which will allow us to derive the following identity:

Wi (ge) # Wi (tge)  where  (k+ h#)*1 = r#(k + h¥).

By going back to the finite volume limit, the symmetries of
the sigma model greatly reduce, and we only have

W- 1 (gc) & We (“gc).
which means that

Z(Ve 1 (gc)) 2 FunOp. (D).



Affine G-algebras at critical level parameterized
by *LG- Opers

Recall that we had

e+ |
Jo = #, + P, =121
j=1
e+ |
- D :!# :+A2, a=1,2...,1
=1
e+ |
J, = Q) +C T+ AN a=i=1,2,...,1

So thru the A-dependence and  ZV- w (gc)) 2 FunOp. , (D).

we have an affine G-algebra at critical level parameterized by
opers associated with the Langlands dual of G.



Holomorphic G-bundles on /!

We have a current algebra on #

h! dab

(z" W)2+ i Fa (z" w)’

Ja(Z)Jb(W) $"

whose zero modes obey the Lie algebra of G

30W), W) = o).

C

which we can then exponentiate to define a principal G-bundle
over #. This bundle would be holomorphic because the J
generators are holomorphic in w.



A Sheaf of correlation functions over Bun(G)

Consider the bosonic operators $ in the chiral algebra that
are also primary field operators of highest weight zero

Ja(2)! °(Z) 1"

(ta) ! °(Z)
z" 7!

Under a infinitesimal motion in Bun(G), an n-point correlation
function varies as
170 g

" O(z1)...! O(zn)#: S T $(2) tSH! (z2) ... %(zn)
k=1

$n

$(z) ta i (z2) ... O(Zn)#-
k=1



A Sheaf of correlation functions over Bun(G)

Since -

$, = "! O(z1)...! O(zn)#

changes as
$.# $., where$, = %%, for some constant%

can define a sheaf of correlation functions over Bun(G).



D-module on Bun(G)

Consider the case of G = SL(2). We have

Ja(2)V-(x,2) !

where for %= 0, like in our case, we have

D.
Do
D.

D.V-(X,Z')

Z

Z.



D-module on Bun(G)

What this means Is that the n-point correlation function is
also a function of xOs, i.e.

L n(X1]ze, . .., XnlZn)

and since it is a sheaf over Bun(G), one can naturally
Interpret the xOs as holomorphic coordinates on Bun(G).

In turn, this means that S(z), which is second order in the JOs, will
act as a second-order differential operator on & in Bun(G).



D-module on Bun(G)

For the case of general G, we can thus write

D &l n(XﬂZL . ,Xlri ' I|Zn) = &' n(XHZl’ e ’Xlri ' llzn)’

where the D&)Os ares-th order holomorphic differential operator

on Bun(G) associated with the S6)(z)Os, while the 'Os are degrees,
differentials on #.

Note that the Ds)Os act only to multiply by a c-number because the
S6)(z)Os are purely classical fields, as explained earlier.

Clearly, & is a D-module on Bun(G).



A geometric. Langlands correspondence for G

1.The SG)(z)Os have nonsingular OPEOs with the JOs. So by

the formula ,

#9(x) = 1A0){ Ja(t) &S ()} dt,
C

we find that the S&)Os and therefore the BYOs are constant
and thus globally well-defined on Bun(G)

2. Since the SE)Os are effectively c-numbers, they and
therefore the DS)Os, commute with one another.



A geometric. Langlands correspondence for G
3. Because dim D&)Os = dim $)Os = dim Bun(G), we have a
holonomic differential equation and thus &.

4. Recall that we had the isomorphism
ZV- hv(ge)) 2 FunOpy g, (D).
which means that we have the isomorphism

n FunOp(X))+ D



A geometric. Langlands correspondence for G

5. Recall that we have a family of J currents of G
parametrized by LG opers or bundles on #. In turn, since
the realization of & depends on the JOs, for every ALG-
bundle, we have a &.

Altogether from 1-5, we have a GEOMETRIC LANGLANDS
CORRESPONDENCE FOR G!



The infinite volume limit of the flag manifold
model and CS theory

Let G be simply-laced. Then, in the infinite volume limit
of the sigma model, its action will be

A
1, % ., S | . RE
s = F 162 TGETE) (S8 + (V' V)RV AV} e
. =1 +h

(" &), .

(9.4
This is a WZW model for (compact) G at level j&

So, via the seminal work of Witten, correlation functions
of local operators of the sigma model carry information
about knots in the CS theory of the 3-space split along #.



The infinite volume limit of the flag manifold
model and CS theory

The holomorphic conformal blocks
C=#(z)...!" (z0)%,

of local primary operators which obey

*

Ja(2)$, (2D &!

S

can be associated with knot invariants.

(ta)rs $(2)

z! 7%




The relation to knot invariants

When there are no knots:
C = Cempy = (! Uz1)...!1 %(za))p = 1.

When there are knots in a representation %
P %) %} N
Cknots - Cknots = | él (Zl)! 52 (22)! 53(23)! 54(24) b’

The monodromy around each puncture Is

g, =exp (! 2"1!;>’ o g, =1
! . 1,---0, :

and one can interpret C, ... as quantum OramifiedO D
-modules, as they are sections of HXM g, _,,,L )



The relation to knot invariants

Zi, (C)= " " = (#,").

dimH dimH
"= a: Dg and | = a; Ds,

s=1 s=1

Ds! Dpoq(M Gz, .. z,) SPans an orthogonal basis it

o!mH
Zi, (C) = asal.

s=1



Jones Polynomial and:' Khovanov Homology

For G = SU(2), and M = S3, Z,,is the Jones Polynomial. This
can be related to Khovanov homology, so we can write

| |
(# 1)2c° dim K#2(C) = A,  gzexp 22
a,b c! C #"' h

N))

Thus, the (weighted) count of the Khovanov homology of the
knot C, would be given by the (weighted) count of the
number of components of the qguantum OramifiedO D-
modules ( and ) that coincide.



Lagrangian: intersection Floer homology and a
conjecture by Seidel-Smith

Now notice that we can also write

d_imH d_imH
I Dy "I D [#" = (", #). (9.19)
n=1 m=1
In terms of the vectors$,,,$, # H, where$,, = 2[”1” D,and $,, = f',iTlH D, this is
I (T Sm)($n, #) = (", #). (9.20)

Compare this with the relation between Lagrangian intersection Floer homology groups

HFE Gmp(LosL1) $ HE (L1, Lo) % HE G, (Lo, L2), (9.21)



Generalization of ‘Seidel-Smith to arbitrary
links

zg'" ML= sl (D7, (D)), (9.30)

J sj=1
where the DjSj Os are OquantumO ramibPBemodulesDS (M G, ..z, _,.z,) that span an or-
thogonal basis inH;; (, ) is the usual natural pairing inH;; and" g is the operatorB B with

eigenvectOIDij b representing an autoequivalence Gf Thus, the link invariant Z!S;:"'! (L)

just counts (with appropriate weights) the number of linearly-independent OquantumO ram
ibed D-modulesD;” .

Specialize to G = SU(2), we get connection to Khovanov
Homology .
(" DPPdimK*(L)= S’ (D" (D)),
a,b j s; =1

S, are components of the modular transformation matrix
acting in the Hilbert space of quantum OramifiedO D-modules.



Conclusion

Nice interplay between physics and mathematics.

The physical interpretation provides a novel way of
looking at the mathematical results and proving the
conjectures, and connects seemingly unrelated areas

of mathematics via the physics.

Four-dimensional gauge theory not the only physical
manifestation of the Geometric Langlands
correspondence.



THANK YOU FOR YOUR
ATTENTION!



