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Outline 
•  Trait divergence under drift and mutation 
•  Lande’s tests  
–  drift only (constant variance test):  short time scales 
–  drift-mutation equilibrium (MDE test): long time 

scales 

•  Brownian and Ornstein-Uhlenbeck models 
•  FST vs QST tests 
•  QTL-based tests: Orr’s method 
•  Divergence in gene expression data:  neutral or 

not? 



Trait mean divergence 
•  Tests for whether an observed amount of 

divergence is consistent with drift appear 
in a number of venues 
– Divergence over time in a single population 

•  Time series in the fossil record 

– Divergence between a set of populations 
– Divergence in the pattern of fixed QTL alleles 
– Divergence in levels of gene expression 

•  Drift should be tested, and rejected, 
before a selective explanation is offered  



Drift in traits 
•  Genetic drift changes the frequency of alleles 

underlying traits 
•  This can, in turn, results in drift in the trait means 

over time 
•  Simple model: An additive locus with two alleles 

(a = effect, p(t) = frequency at generation t) 
– Mean = 2ap(t) 
– Variance in the mean is 
–   E[ (2ap(t))2] -  E[2ap(t)]2 = 4a2Var[p(t)] 
– Var[p(t)] is the drift variance in allele frequnecy 



Substituting into the previous expression 
and accounting for the initial sampling 
due to the founding pop (1/Nfo)  gives 

This accounts for the  partitioning of the initial variance from 
drift.  For large t (ignoring mutation), the between-group  
variance approaches twice the additive additive variance 
in the trait, VB --> 2 VA 



The drift process also generates a correlation among the values 
of the mean within a given population over time (but no  
correlation between populations) 

The implication of this result is that the residuals in a 
regression of a mean over time are both correlated and 
homoscedastic, so that generalized least  squares (GLS), 
not ordinary least squares (OLS), must be used in any 
regression-based analysis 

Important to keep this in mind in the analysis of 
selection experiments! (Chapter 18) 



Measures of divergence 
•  For two populations, can use absolute 

difference between means, d 
•  For L populations, use the between-group 

variance VB, the variance in group means 

•  Slightly better to estimate using ANOVA 



Connection between d2, VB 

•  Consider VB for L = 2 

•  Hence, 2VB = d2 



Tests for excessive divergence 
•  Assuming t << N, and that mutation can 

be ignored, tests for excessive between-
group variance relative to drift can be 
constructed. 

•  Use fact that estimates of variances are 
chi-squared distributed 



Lande’s Constant Variance test 

Expected:  VB(t) = VA (0) t/Ne  



Thus it follows that 

More generally, if Var(A) is estimated, then 
the infinite degrees of freedom is replaced 
by the degrees of freedom in the design the 
estimated Var(A) 





Mutation and Drift 

•  When considering the variance introduced 
into a trait by new mutation, have to 
weight the mutation rate times the effect 
of a new mutation 

•  The result is the mutational variance Vm 
(also denoted by σm

2) 
•  This can be estimated by the rate of 

divergence between a set of inbred lines 
•  Typically, Vm/VE ~ 1/1000 



At equilibrium,  

Additive variance within a population is 2NeVm 

Divergence = 2Vmt 

These are the neutral trait analogs to the neutral 
allele values 4Neu and 2ut  



Brownian Motion tests 

•  A standard model for divergence is Brownian 
motion, 
– E[Δx] = 0, Var[Δx] = b 
– Under this model, x(t) ~ N(x0,bt), where x0 is the 

initial value 
– The variance becomes unbounded in t 

•  Lande (1976):   
– Assumed b = VA/Ne = h2Vz/Ne 

•  Turelli et al (1988)   
– VA is function of Ne, with VA = 2NeVm, giving 
– b = VA/Ne = 2NeVm/Ne = 2Vm 



Tests using d are thus based on the normal 

•  Let U ~ N(0,1) denote the unit normal. 
•  Pr( |U| < 1.96) = 0.05 

Hence, tests of excessive divergence 
relative to drift (at p = 0.05) when  
 1.96 < d/σt or d > 1.96 σt 



Tests of divergence 

•  Tests start with some assumed value of Ne or 
Vm 

•  Since divergence is caused by either small Ne 
or large Vm, directional selection on the 
mean suggested if too much divergence 
– Assumed Ne is too large or Vm too small 

•  Likewise, divergence is retarded with Ne 
large or Vm small.  Hence, stabilizing 
selection indicated by too little divergence 
– Assumed Ne is too small or Vm too large 



Where U ~ N(0,1) is a unit normal, where Pr( |U| < 1.95) = 0.05 

Lande’s MDE test (mutation-drift equilibrium)  finds the largest 
Ne that could account for the amount of observed divergence 





Turelli et al. test  

•  VA a function of Ne, so test using Vm 
•  Neutrality is not rejected (at a test of level 
α) if 

Not too small = 
stabilizing 

Not too large = 
directional 



Hence, Ne-based test rejects drift, when Vm-based fails to  
reject.  One issue is that  VA is usually MUCH less than 2NeVm, 
due to new mutations influencing the trait being slightly 
deleterious.  Hence I prefer Ne-based tests. 



Ornstein-Uhlenbeck Models 

•  Brownian motion with a restoring force 
towards a value θ (model for stabilizing 
selection) 
– E[Δx] =-a(x-θ), Var[Δx] = b 
– Under this model, x(t) is again normal, but 

with 



Mean à θ, Variance à b/(2a) 

BM 

OU 

Var 



Application to expression data 
Under a Brownian-motion model, the expected divergence 
(measured by the between-group variance) scales linearly with 
divergence time t.  

In contrast, under an Ornstein-Uhlenbeck process (drift 
countered by stabilizing selection), the divergence approaches 
an asymptotic value.  

Bedford and Hartl (2009) used such a process to fit the pattern 
of expression divergence within a clade of seven species of 
Drosophila. In accordance with the OU model (and consistent 
with stabilizing selection), they found that the divergence 
variance does not linearly increase with time, but rather 
quickly approaches an asymptotic value. 



Fst vs Qst 



Idea 
•  For additive traits, VA = 2a2p(1-p) 
•  FST also scales as p(1-p) 
•   Dominance causes QST  and FST  to 

deviate under neutrality, with the 
directional of the inequality a function of 
the population structure. 

•  Requires estimates of genetic variances 
– Often done using phenotypic variances (PST), 

but this is VERY error-prone and should not 
be used 



What do the data show? 

	
  Leinonen	
  et	
  al.	
  (2008)	
  



Lots! Of pitfalls with this approach 

•  Whitlock:  It will always be possible to choose a 
set of traits that have higher than average QST 
values. Traits chosen in this way cannot reliably 
be used to infer the extent of spatially 
heterogeneous selection. Examination of the 
traits chosen for many QST studies makes one 
wonder whether traits are fact always chosen 
with previous knowledge of the likely results. 



QTL-based tests: Orr’s method 
•  When we have QTLs for a trait, we can also to for 

departures from randomness.   
•  Key idea:  If divergence is due to only drift, the 

distribution of allelic effects is random (i.e, no 
directionality for selecting + or – QTL alleles) 

•  Two versions of Orr’s test 
–  QTL sign test for equal effects (QTLST-EE) 

•  QTL alleles assumed to have equal (magnitude) effects 
–  QTL sign test (QTLST) 

•  QTL effects from some distribution 
–  The ideal of either test is whether, conditional on a line 

being high, it has an excess number of + alleles 



QTL sign test for equal effects (QTLST-EE) 

The high lines must have at least [n/2] equal + alleles 

The probability of seeing n+ plus alleles, conditioned on  
at [n/2] plus alleles is 



	
  Anderson and Slatkin (2003) note that this test can be highly biased 
by trait ascertainment (where the investigator, often unconsciously, chooses  
traits showing excessive divergence, further biasing traits for an excess of  
plus alleles). 



	
  Let R  be the difference between lines, either the actual observed difference, 
or the difference based on summing the effects over all detected QTLs. 
With a distribution of QTL effects in hand, one can then conditional on the  
number of plus alleles given  that the high line is R in excess of the low line. 

QTL sign test (QTLST) 





Divergence in expression 

•  Gene expression level is now widely used 
as a quantitative trait.  A number of 
workers have tested for whether this 
pattern is neutral 
– Fitting Brownian vs. OU models to the data 
– Comparisons of  within- vs. between-group 

variance 
– eQTL (expression QTLs)-based tests 



Between 

Within 

Comparing within vs. between group variation 

Expected values under neutrality 

Consider the test statistic 

This follows an F distribution under netutrality 





Cis vs trans 
•  Cis vs trans: Historically 
–  Cis refers to sites that must be on the same DNA 

molecule as the region it influences (DNA binding 
sites ,etc.) 

–  Trans refers to diffusible factors (i.e., protein) 
–  Cis-acting factors only operates on linked sites 
–  Trans-acting factors can act throughout the genome 

•  eQTL mappers use 
–  Cis:  site close to the target gene whose expression is 

impacted 
–  Trans:  site is distance to the target of expression 
–  Local and distant are better terms 



Allele-specific expression (ASE) 
•  Occasionally, the gene products (alleles) can be 

disquieted, allow one to follow the specific 
expression of each. 

•  Use of hybrids when ASE is present can 
distinguish true cis from trans 

•  Take two parent lines that differ in expression for 
a particular locus 
–  If this difference persists in the hybrid, at least part of 

the difference in expression is due to cis 
–  If trans-acting factors determine the difference, then 

the expression levels in the F1 should reflect levels in 
the trans-supplying parent 



eQTLs and sign tests 

•  Need at least six QTLs for Orr’s sign test 
•  Typically, not that many eQTLs for a given transcript are detected. 

Hence, pool eQTLs over genes 
•  Bullard et al. (2010) used this approach in a cross of two closely 

related yeast species, Saccharomyces cerevisiae  and S. bayanus . 
One key requirement is that each eQTL is independent, as a single 
eQTL that simultaneously influences k  genes should be weighted 
as one change, not k  changes in the same direction. The use of cis 
-regulatory alleles ensures independence over a set of loosely-
linked genes. Bullard et al. accomplished this by only considering 
alleles showing ASE. An excessive number of up-regulated ASEs 
from one species indicates lineage-specific selection, and a number 
of pathways were detected showing this feature. 




