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Lecture |: Moduli of p-divisible groups

@ Background:
@ Finite flat group schemes
@ p-divisible groups
© Isogenies
@ More background:
@ Adic rings
@ Formal groups
© Liftings
© The Lubin Tate tower ..
@ The Lubin Tate moduli space
@ Drinfeld level structure and the tower
© Thecase h=1



A an abelian variety /k field of char. #¢
Gal(k/k) ~ T/A=lim A(k)[("] ~ Z78
—

o Tate/Faltings: T;A determines isogeny class of A when k is a
finite/number field.
@ Ogg-Néron-Shafarevitch: k a number field, then T,A
unramified at v{ ¢ < A has good reduction at v.
In char.p : T;A inadequate to study deformations or variation in
families (¢-adic and p-adic topologies incompatible). On the other
hand 0 < rk T,A < g (not enough information).
Solution: Consider A[p™] as a p-divisible group !

Theorem (Serre-Tate)

Given A/k, the category of deformations of A is naturally
equivalent to the category of deformations of A[p>].
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Finite flat group schemes (ffgs)

o G/ finite flat (commutative) group scheme, G = Spec(A),
locally A~ R" as a module, n = rk(G).

@ Group structure «~ (cocommutative) Hopf algebra structure
on A . . .
AL AorA AL A ASR.

SEE

(1) T finite abelian group, A= R" = [1Iyer R, constant ' = Spec(A).
2) = Spc(RIX/(K'—1). (X = X X, (3 =X
3)R: F —algebra o, = Spec(R[X]/(XP)),
m(X)=X®1+1®X, i*(X)=-X, e(X)=0.

(4) o) abelian scheme, G = &/[m], rk(G) = m?®.

e Functor of points: G(—): Algg — Ab, S+— G(S), fppf sheaf.
Caution: G(S) need not be finite, but killed by n = rk(G).



o Cartier duality: AY = Homg(A, R) finite flat module,
coalgebra (algebra) structure of A ~~ algebra (coalgebra)
structure on AV by duality.

GY = Spec(AY), GV =G.
@ Represents the functor
GV(S) = Homsgps(Gs,Gms).

Eg u) ~Z/nZ, o) ~ o, o/ [m]" ~ o/*[m] (Weil pairing).
o Lie algebra:

| Lie(G) = ker(G(R[e]) = G(R)) |

an R-module ([r] : a+ be — a+ rbe). Check: Lie(G) ~
{derivations of G/ centered at 0} ~ Homg(®g g, R)
where (DG/R = QA/R ®A,e* R.
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Etale and connected: G is étale & wg/r=03IR—=S
finite étale s.t. Gg is constant. G is connected if A has no
idempotents other than 0,1.

R Henselian local ring (e.g. complete), lifting idempotents ~~
connected-étale exact sequence

0—-G%— G— G —0.
If R is a perfect field, the sequence splits canonically:
Gred G Gred ~ GEt.

The category Ffgsy is additive, but in general not abelian
(unless R is a field). A sequence

056 %6t e 5o

is a SES if o is a closed immersion, B is faithfully flat and
o = ker(B) (equiv. SES as fppf sheaves).



p-divisible groups

Definition

A p-divisible group of height h over R is a system (Gp, in, pn) where
G, is a ffgs of rank p™. i, : G, < Gp41 is a closed immersion
identifying G, with G,+1[p"], and pp, : G, — Gp_1 is faithfully flat
and satisfies pp+10ip = in—10pn = [p]G,-

G =Ilim_, G,, G, = G[p"] as an fppf sheaf

Examples: Qp/Zp, tp=, </[p~] hts 1,1,2¢g

Notion of SES

Cartier-Serre duality: (Gp,in,pn)" = (Gy,pyi1:in-1); €8

N,Ym ~ Qp/Zp, [p7]" = [p].
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e Lie algebra: Suppose p"’ = 0. Since G, = G 1[p"],
Lie(Gp) = Lie(Gpy1)[p"] = Lie(Gn11)

if n> N. Call this common module Lie(G).

e Facts: (1) Lie(G) is locally free of rank d < h= ht(G). Call
d =dim(G) the dimension.

(2) Lie(Gs) = Lie(G)s, (3) dim(G)+dim(G")= ht(G).
e Connected-étale exact sequence: R Henselian local ring ~~
0-+G"—=G—G*—o.
Splits if R = perfect field of char. p. Same for G¥ ~
G = Ggmult  gbiloc , et

GmUltY gtale, GPoSV connected.



Isogenies

e Hom(G,G') is a flat Z,-module. Let
gHom(G, G') = Hom(G, G')[1/p].

The category of p-divisible groups up to isogeny has the same
objects but Hom is replaced by gHom. A quasi-isogeny is an
isomorphism in this category. An isogeny is a quasi-isogeny
which is a homomorphism.

e If G and G’ are isogenous then they have the same height and
dimension, and the kernel of any isogeny is a ffgs. Any
quasi-isogeny has ht € Z and ht(f’' o f) = ht(f) + ht(f').

e Important isogenies if R is an F,-algebra: Frobenius and
Verschiebung

Fe:G—GP, ve:6P G,

Here G(P) = G xg 4 R, ¢(x) = xP, Fg = relative Frobenius
morphism, Vg = (Fgv)V.
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Adic rings

Definition
An adic ring is a complete and separated topological ring R for
which 3 ideal / s.t.

R=lmR/I

(topologically). Any such [/ is an ideal of definition, and R is
“l-adic”. Adic = category of adic rings and continuous hom’s.

e Examples: R discrete (/ =0); completion of any ring w.r.t. a
f.g. ideal; (Zp[[u]], I = (p,u)); (Zp(u), I =(p)).
o Jis also an ideal of definition if /™ C J, J" C I.

e If Ris I-adic, J C I and J" is closed for all n (e.g. R
noetherian) then R is complete and separated in the J-adic
topology as well.

e If R € Adic, Nil(R) = ideal of topologically nilpotent elements.



Formal groups

Let R € Adic, A= R[[X1,...,X4]]. A d-dimensional (commutative)
formal group law over R is ®(X,Y) € (A&rA)? such that

0 o(X,0)=X
@ O(X,Y)=d(Y,X)
0 O(V(X,Y),Z) = (X, (Y, 2)).

o 311(X) € A9 without constant term s.t. ®(X,1(X)) = 0.

o Examples: G,: &(X,Y)=X+Y; Gy ~
®(X,Y)=X+Y+XY; o) abelian scheme, A= 0.

o Yy : Adicg — Ab, Yo (S) = (Nil(S)9,[+]s). By Yoneda,
determines ® up to isomorphism.

o A formal group ¢ over R is a functor Adicg — Ab which,
locally on R, is of the form .
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p-divisible formal groups

o Let R € Adicz,. % is p-divisible if [p]* : A— Ais finite flat.
(Examples: G, because [p]*(X) = pX +---+ XP, but not G,
where [p]*(X) = pX).

o Fact: 4 p-divisible = deg[p]* = p", h = ht(¥), otherwise
ht = oo,

Theorem (Tate, Messing)

Let &4 be a p-divisible formal group. Define

G= g(p) = (g[pn]’ inapn)

as presheaves on Adicg. Then (i) G is a p-divisible group (ii) The
functor G — < (p) is fully faithful from the category “p-divisible
formal groups” onto a full subcategory “formal p-divisible groups”.
(iii) If R is local complete mg-adic then G/g is formal iff it is
connected (iv) the functor preserves height and dimension (where
we define Lie(G) = lim. n Lie(Gg/png))-




o Let R € Adicz,, S € Adicg, Is an ideal of def'n. If G is a
p-divisible group over R we re-define

G(S) =1im G(S/12).

@ Assume R local complete mg-adic. If S is discrete or G is
étale, have not changed the def'n. If G is connected, and

G =% (p) then G(S) =%(S).

o Example: p,-(0c) =lime pp-(0c/p") =lim(1+mc
mod p") =1+m¢c =Gn(O0c). Here C =C,,.

e Notation: G,G/’R. Write Homs(G, G') for Homsgps(Gs, Gg).
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Liftings of formal groups

Theorem (Lazard, 1955)

Let R € Adic, J C R a closed ideal. Then any formal group over
R/J lifts to a formal group over R.

Reason: there exists a universal d-dimensional formal group and it
is defined over a free polynomial ring over Z.

Theorem (Rigidity of quasi-isogenies )

Let 7,9 be p-divisible formal groups over R € Adicyz,, J a closed
topologically nilpotent ideal in R. Then (i)

HomR(f,g) — HomR/J(ﬁ’,%)
is injective. (ii) Assume J> =0 and pJ = 0. Then for any

o € Homg, )(7,%), pNa lifts to Homg(.F,%). (iii) If J and p are
nilpotent

qHomg(#,9) = qHomg, (7 ,9).




Caution:
o Endr(G,) — EndR/J(@a) not injective (G, not p-div).
® Endg (9) — Endg, jm(¥) not injective (mc not top. nilp.).
® gEndz,(¥) — qEndgr,(¥) not surjective (pZ, not nilpotent).

Example (One dimensional formal groups)

k algebraically closed field, char. p. For any h > 13! 1-dimensional
formal p-divisible group Hp of height h.

o Construction: H/z  Lubin-Tate formal group law with
p
[Pl = pX +XP" ~» Hoy = Hxz, k.

o Endomorphisms: Let Op = Zx[N], N" = p, Na = c(a)M, the
maximal order in the division algebra D of invariant 1/h with
center Qp. Then

Endk(Ho) = ﬁD.

o Exercise: Hp defined over F,. Find End over Fj, (F ), and

which of them lift to endomorphisms of H over Z, (Z ).
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The Lubin-Tate moduli space

@ Let k, Hy as above, W = W(k). Let €x C Adicy be the full
subcategory of local complete noetherian rings with residue
field k. Consider the deformation functor .#° : €, — Sets

AM°(R)={(G,1)|G/r1dim pdivgp, 1:GxghknHo}/~.

e Rigid: Aut(G,1)={1}

o Oy~ M° via §(G,1)=(G,801)

e Variant: t quasi-isogeny, ./# = |_|ht(1):;.//li, D* ~ A,
(') =™

Theorem (Lubin-Tate)

MO is representable by Spf(Ag) where

Ao = W[[Ul, Seley uh,l]].

(i) h=1: a unique deformation = G,. (ii) Action of &
non-trivial!



Sketch: Let vi,vs,... be variables. Define b; € p_in[vl,v2,...]

_ . p p? o ' pi1
bO 17 Pb: vi+ bl Vi q + b2 Vi_o + + bl—]. Vi

fF_ i biXP', F(X,Y)=fL(F(X)+£(Y)).
i=0

Lemma (Lazard, Hazewinkel)

(i) F € Zp|V][[X, Y]] is a universal 1-dimensional formal group law
over Zp-algebras. (ii)

|OgF:fEX+p71Vthh mod (V1,...,Vh,1,Xph+1)

h h
[plF = vpXP" mod (p,vi,...,vp_1,XP +1).

| \

Corollary

If R is an F,, algebra and G is obtained from F by v; — 0
(1 <i<h), vy~ 1 then G has height h.

\
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Let H/”/’\’(’;" be obtained from F by v; — u; (1 <i<h), vy+—1,
v; 0 (h<i). Identify H"" = Hy. Need to show that for
every (G,1) € #°(R), R €%, 3'¢ : Ay — R and a unique
isomorphism

G~ H"" xp o R

lifting 1 : Gy ~ Hy.
Infinitesimal deformations: Identify .#°(k[e]) ~

Ext(Hy, Lie(Hy)) ~ Ext'(Hy,G.) @ Lie(Ho) ~ Lie(Hy ) @y Lie(Hp)

(Ext group to be discussed later), so of dimension h—1 (in
general (h— d)d). ldentify it with the tangent space to

Ao @ k. This essentially shows that .#? is representable by a
quotient Ag/a.

Deformation problem is unobstructed: Show a =0.
Follows from Ext?(Ho,G,) = 0.

Remark: Ext'(Ho,G,) ~ H't1(Ho,G,)s, certain cohomology
groups.



Remarks on Lubin-Tate's paper

@ Lubin-Tate paper (1966) is only 10 pages long. Recommended!

e May replace formal groups by “formal A-modules” (A a
CDVR), p (uniformizer) by &, p (degree) by g etc. See
Gross-Hopkins, Drinfeld. Works in the function field case too,
theory of Drinfeld modules.

@ When all u; =0 one gets the “canonical lifting”". If R=W
get the Lubin-Tate formal group of height h over W. More
generally, for every [L: Qp] < oo and uniformizer m of L get a
unique-up-to-isomorphism “Lubin-Tate formal group” over
O associated with 7. It plays an important role in Class Field
Theory. Over L™ the dependence on 7 disappears.

o Let (G,1) € .#°(R). Let Endg(G) = € < Op = End(Ho).
The pairs (G',1') € .#°(R) with G’ ~ G are classified by
05/0* under the action of &} on .#°(R). Note € D Z,.
[L-T]= 3 elliptic curves without CM whose p-divisible group
has End 2 Zp.
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Drinfeld Level Structure

Definition

A Drinfeld level-n structure on (G,1) € .#(R) is a homomorphism
of ffgs/R
o, (Z/p"Z)" — G[p"]

such that ¥, c(z/pmz)» @n(x) = G[p"] as Cartier divisors.

e Each o,(x) : Spec(R) — G[p"] «— ideal I in the Hopf
algebra of G[p"]. The condition is [,c(z/pnz)n Ix = 0.

e Equivalently, if ¥(p) ~ G,
PT(X)~ [T (X—an(x))
x€(Z/p"L)h
in R[[X]] (generate the same ideal). Note a,(x) € mg.

o Eg. 0,:7Z/p"Z — upn is a Drinfeld structure
& ®pn(an(1l)) =0 (the cyclotomic polynomial).



The Lubin-Tate tower

o Mn(R)={(G,1,a,)|(G,1) € #(R), oy level n structure}.
o (g1,82) € D* X GLW(Z/p"Z) ~ Mn(R)

(g17g2)(G7laan) = (Gagl Ol7anog51)'

Theorem (Drinfeld)

(i) #° = Spf(A,) is representable.

(ii) An is a regular complete local ring, finite flat over Ay.

(iii) if M® = Spa(Ag, Ag) and M° = Spa(A,,A,) (the adic spaces
associated to these formal schemes) and

My = M° X spaiw,w) Spa(WI[L/p], W), M5, = -

are their generic fibers, then I\/I,?’n & Mg is Galois étale of Galois
group GLy(Z/p"7Z).

Caution: I\/Ig (I\/Igvn) is not an affinoid, but an “open polydisk’.



Aw = (lim_, A, (I-adic completion, | = (p,u1,...,Up-1))
non-noetherian but / f.g. so A is complete and separated.
Then

M2 = Spf(A) = lim M.

M? = Spa(A.., A..) is an adic space. (A point to check: its
structure presheaf is sheafy, follows from the fact that A, is a
perfectoid ring).

I\/Ig’n the generic fiber of M2 (open set of valuations where
|p| # 0), is the analytic Lubin-Tate space at the infinite
level.

In Scholze’s terminology

0 : 0
M2y ~ lim M3 .



The Lubin-Tate tower, h=1

e Ay = W, unique deformation is G-
@ ap, level-n structure iff ®,n(05(1)) =0 so

An=WIX]/(®p) = W[Cp], An= 6y, L=0Q2b.

Proposition

L is a perfectoid field, i.e. ¢ : O1/p — O /p is surjective.

Proof. ¢ is surjective on W/p and ¢({yn1) = Cpn.
o Tilt: L”=T,((t'/F7))
o First instance of: “the Lubin-Tate tower at the infinite level”

I\/Ig’n is a perfectoid space.

@ Action of & (resp. GLi(Zp)) via the (resp. inverse of)
cyclotomic character ycyc : Gal(Q2P/Qp") ~ Z.
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Lecture Il: Crystals

© The universal covering
@ The universal covering
© The Tate module
© Logarithms
O A simple description of ..,
@ A tour of crystalline Dieudonné theory
@ The universal vectorial extension
® The Grothendieck-Messing crystal
© Dieudonné modules
O F-lsocrystals



The universal covering of G

® R e Adicz,, G/g a p-div gp. Recall G(S) =lim, G(S/13).

Definition

G(S) =lim.p G(S) = {(x0,x1.-.)| % € G(S), [Ple(xi41) = xi}.
Presheaf on Adicg, values in Q,-vector spaces.

o Examples: G =Q,/Zp, é:@; G = Up=, é(ﬁc) =14+mg.
o If G~ G then G~ G

Lemma (Crystalline nature of G)

I C S closed topologically nilpotent = G(S) = G(S/1).

Proof. Let y = (yo,y1,...) € G(S/1), zi € G(S) lifting y;. Then
x; = limj.[p’](zi+,) exists, is independent of the lifting, and
defines the unique x — y.
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Corollary. Let T — S € Adicg be a (pro-)nilpotent thickening. For
any lift G' of Gto T, G'(T) = G(S). Write G'(T) = G(T).

Proposition

Assume R perfect Fp-algebra (¢ bijective), G formal. Then Gis
(locally on R) representable by a formal scheme

G = Spf(RIIXYP™ ... X2/P)).

Key idea: May replace lim_,, by lim._ . and get isomorphic
groups. For this need to consider

el il el Willel ao W

so R has to be perfect.



L R:ﬁc, k:ﬁc/mC:I_Fp

Theorem (Isotriviality)

There exists a quasi-isogeny

p: GX@C ﬁc/p——-) Gk Xkﬁc/p.

Much deeper than “rigidity of quasi-isogenies” because m¢/(p) not
nilpotent - relies on theorems of Fargues and “full-faithfullness”
result of Scholze-Weinstein. Crucial ingredient: C is perfectoid.

G ~ Spf(OclX/", ..,X;/pm]]), hence its associated analytic
space (Spa(...,...)n) is a perfectoid (a “perfectoid open unit
polydisk”).

Proof. Apply (i) crystalline nature of G (ii) isotriviality +

invariance under isogenies: G(S) = G(S/p) ~ G¢(S/p), but Gy is
already defined over a perfect field.
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The Tate module

e Tate module: T,G =lim_,,G[p"], V,G = T,G[1/p] — G.
o Example: When R is a perfect field

ToGm = Spf(RIIXP7]]/(X)) = Spec(RIXY/P"]/(X).

o Warning: If G'is a lifting to a nilpotent thickening T — S,
G'(T)= G(S), but the subspace V,G'(T) very much depends
on the lifting.

@ Goal: an exact sequence (S flat over Z,)

(LOG) [0— V,G(S)— G(S) > Lie(Gs)[1/p).

@ Spoiler: we shall later recover this sequence (when S is a
perfectoid) as the global sections of a “modification of vector
bundles” on the Fargues-Fontaine curve.



G/g formal p-div e~ & = Spf(A), A= R[[X1....,X4]].
DG /R = @RdX,‘|o ~ {CO € QA/R‘ m*(a)) = (O®1—|—1®CO} =
translation invariant differentials (al/ closed: dw = 0).

R flat over Zp: Then Vo 3'A, € A[1/p] without constant
term, diy = @, Ag € Homgyy/p)(G,Ga) (formal Poincaré
lemma).

Hom(@ . Hom(G, €,)) = Hom(G., Hom(a . C4)).
Lie(G) = Hom(®g g, G,) ~ logg € Homgyy (G, Lie(G)).
Let 6 = logg opro where pro: G — G is x — xo. Then (LOG)
Is exact.

If pro: G(S) — G(S) is surjective 6 is surjective too.

0 will be related to the “0" of Fontaine's rings.
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A simple description of ...

@ R € %k, (G,l) G%(R), 1:GXxXpk--»Hy, ht(Ho) = h. Let
H/w be the Lubin-Tate group (“canonical lifting”) of Ho.

Theorem (Hedayatzadeh, 2015)

There exists a canonical alternating multilinear A, : G[p"]" — pn
satisfying a universal property. ~ Ag : G Gh = Gm

o Via 1: G(S)= G(S/ms)~ H(S/ms) = H(S). Get
(1) € Qg ordp(A(1)) = ht(1), Aot =A(1)- Ag.

o H=Spf(W[IX'/P"]]), Gm = SpF(WI[TP7]), Ay
TUP" s compatible 87" € R[[X./P",...,. X}/P]]

S( Xi[HuXl ) =8(+, X;+) [+, 8( . X!,---) and
alternating condition.



A commutative diagram of formal schemes over Spf(W) (L = @’)

Mo —> Une()y=iSPF(OL)
(LT..) { it

~n A
Hh

Gm,W

o nght T e Tl/p” — (Iimm(Cp’" - 1)pm*"*") ic7 S HIEZ ﬁL
e
o Top (G,1,0.) € M2 = (Eon = A(1) - AnG(On1s- s Xnp)) -

o Left (G,1,00) — (Ctn1,...,004)7, € GN =~ H".

n=1

Theorem (Weinstein, 2016)

(i) The diagram is cartesian. (ii) Action of g € GLy(Qp): on Hh via
right action of g~1 on row vectors, on @m,W via detg™!, similarly
on [ nei)=iSPf(OL) (p shifts between copies, Z,, acts like inverse
cyclotomic character) (iii) Action of D*: via D = qEnd(Hy) on
H= ﬁo, via Nrd on right column.
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Remark. (i =0) Spf(0)) ~ Tp@’:.i% - Vp@,mw — @m,w. When
h =1 the bottom row is the identity. In general .#2 is the fiber of
Ay at the &) -point t of @m,W- Unlike the horizontal maps, the
vertical maps do not make sense at finite levels.

Corollary

(i) The group (GLy(Qp) x D*)4et=Nrd acts on the cartesian
diagram (trivially on G, w ).
(if) Explicitly, let t'/P" = t*(TYP"), .. = Spf(As),

Aw = OLXP X PN (8P — £,

(i) ¢(x) = xP is surjective on A /p.
(iv) Mwy is a perfectoid space.

Scholie: The Lubin-Tate tower at the infinite level is infinitely
simpler than at finite levels, and in addition is a perfectoid!



The universal vectorial extension

G/g p-div gp, p"' =0 in R. The sequence of fppf sheaves on Algg

O—>G[p”]—>Gp—n>G—>0
is exact. Applying RHom(—,G,) get a SES
0 — Hom(G,G,)/p" — Hom(G[p"],G,) — Ext(G,G,)[p"] — 0.

Hom(G,G,) = 0 since G is p-divisible but pNG, = 0.

n> N = Ext(G,G,;) = Hom(G[p"],G,) = {a € Ay m(a) =
a®l+1®a} = Lie(GY[p"]) = Lie(GY) = Hom(wgv, R).
Similarly for any R-module Ext(G, M) ~ Hom(wgv /g, M).
Taking M = wgv /g and the identity ~ “universal” extension

0—wer—EGC—G—0

from which any (fppf sheaf) extension of G by a vector-group
M is gotten by a unique push-out.
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The Grothendieck-Messing crystal MG

Take Lie(—). Get a SES of vector groups (MG = Lie(EG))

0= wgv/gr = MG — Lie(G) — 0.

e VS € Alggr, MG(S) a locally free module, rk(MG) = ht(G).

e Goal: enhance MG to a crystal of modules on the crystalline
site. Need: MG classifies rigidified extensions of GV by G,.

e A rigidification of an extension E of G by G, is a splitting
0— G, — Lie(E) = Lie(G) — 0.

Any two rigidifications differ by a homomorphism from Lie(G)
to G, i.e. by an element of wg/r. The group of rigidified
extensions Ext?(GY,G,) sits in an exact sequence

0 = wgr — Exti(GY,G,) — Ext(GY,G,) — 0

I l |
0 — wgyr — MG(R) — Lie(G) — 0.



e Big crystalline site over R € Algy Objects are diagrams
d
T % s

T
R

S € Algg, T a nilpotent divided powers thickening of S. If S
is Zp-flat: x € I =ker(T - S)=x"/nl €/, and 3N s.t.
(x*/mY) - (x/n)y=0if x; € I, Y.nj > N. Morphisms
“preserve the pd structure”.
. pd pd pd
e Coveringsof T — S: {(T; — Si) = (T - S)} s.t.
Spec(T) =JSpec(T;) a Zariski cover , S;=S®7 T;.

d
e Structure sheaf O(T it S)y=0(T).

Theorem (Grothendieck-Messing)

d
IfF(T 5 S) as above and G’ is a lifting of Gs to T then MG/
depends functorialy only on G. Denote it by MG(T — S).
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@ A locally free coherent sheaf, MG(S) = M(Gs) is MG(S — S).
Explanation (Katz): R € Adicy,, Zy-flat. Let 7 /g a p-divisible
formal group, .# = Spf(R[[X1,...,X4]])-

o Hip(F/R)={[n]Inclosed, m%(n)—n®1—1®nexact}

translation invariant cohomology classes.

o wzr={Nnmy(N)=n®1+10n} = Hix(F/R), because
R is p-adic, and .% is p-divisible, so 1 exact and translation
invariant = 11 = 0. (Logarithms need R[1/p].)

0 = wzr — HR(F/R) 5 HAFG,)s — 0

I I |
0 —- wzr — Ext'(Z#,G,) — Ext(#;G,) — 0
@ Bottom row identified, when GV «~w Z, with

0 — wgv/r — MG(R) — Lie(G) — 0.

@ We explain the map 0 :



H(FG.)s = {A(X,Y) € R[[X; Y]]|symm.,6(A) =0}
TR () = F(X[HY) = F(X) = £(Y)}
0(A)=A(Y,Z2)-AX[+H]Y,Z2)+ A(X,Y[+]Z) — A(X,Y).
The map from Hlp(#/R) is: find a primitive f(X) € R[1/p][[X]]
for n, let A =§8(f). [n] is translation invariant = A is integral:
6(n) = dA. Set J([n]) = [A].
The identification H?(.%;G,)s ~ Ext(.#;G,) is standard, that of
Hix(Z /R) ~ Ext*(.F;G,) requires only a little more work.

Lemma

Let F',F" be liftings of F to T 'S R. Let 0 - F' — F" be
morphism of pointed Lie varieties reducing to the identity on R.
Then (i) ¢* : Hi(F"/T) ~ Hi(F'/ T) (preserving the invariance
under the group law). (ii}) ¢* is independent of @. (iii) Similarly, if
¢ reduces to an endomorphism @y of %, ©* is a homomorphism
that depends only on ¢g.
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Proof
(d=1) Let n =df, f € T[1/p][[X]], represent [n] € Hix(-F"/T).

d
Let I = ker(T 2 R), @1,92 € TI[Y]], 9:(0) =0, ¢, = @» mod I.
Then by Taylor

w5(n) - (Z o gr). (=01 )

and (---) € T[[Y]] since I has divided powers and (1) is already
integral. This shows (i) @;([n]) = @;([n]). A similar argument
proves (i) and (iii). O

o Explains phrase: “MG!(T) depends functorially only on G”".
It is blatantly false that ¢* maps @z /1 to Wz /7.

°
@ The proof highlights the use of “divided powers”.

@ Also: relation between crystalline and de Rham cohomology.
°

For a proof when R is not Z,-flat see Messing's thesis.



Dieudonné modules

k perfect field, char.p, W = W(k), o the Frobenius automorphism.
G/ p-div gp. Its Dieudonné module is

D(G) = M(G")(W — k).

e Contravariant, free W-module rk h = ht(G).

e Fc: G — GP) dual isogeny Vgv: GV(P) - GV. By
functoriality of M(—) get F: D(G)P) — D(G), i.e. o-linear
D(G) — D(G). Similarly, Vg : GP) — G ~ o 1-linear V.

FoV=VoF=p.

e (D(G),F,V) - an F-crystal over k. Form an additive category.

Theorem (Dieudonné-Manin )

D(—) is an anti-equivalence between pdivgp, and Fcryst,.
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F-isocrystals

o M(GY)(K) = D(G)/pD(G) (= Hig(s/ /) if G = o/ [p"]).

o g~ VD(G)P ) /pD(G).

@ Original equivalent def'n: D(G) = Homy(G, CW) where CW
is the group of co-Witt vectors ~ F, V.

F-isocrystals (N,F,V) - N a f.dim. W[1/p]-vector space, F,V as
above. An equivalence of categories between “p-div gps up to
isogeny” and “F-isocrystals containing an invariant F-crystal”.
e Standard example: (r,s)=1,s>0, A =r/s. Let
Ny, =Y: 4 WI[1/plei, Fei=eit1 (i <s), Fes =p"e;. Call A
the (Frobenius) slope.

Let k be alg. closed. The category of F-isocrystals over k is
semisimple. Its simple objects are the N, . An F-isocrystal contains
an F-crystal iff all its slopes are contained in [0,1].




e End(N,)=D_,, division ring over Q, with invariant —4
mod 1. (If N = D(G)[1/p] this means gEnd(G) ~ D, .)

@ Lubin-Tate case A =1/h.

o Exercise: If 0 <r <s extend €/ by e
F-crystal

p™e., define the

l+ms

S
My, =Y Wej Fej=el,, Ve=c¢i,,,.
i=1
Then N, has a lattice isomorphic to M, (but there are others).
o Let k be perfect. Call N isoclinic of slope A if N @y k ~ NJ.

Proposition (Slope decomposition)

Let k be perfect and N an F-isocrystal over k. Then
N = @ycqN(A) where N(A) is isoclinic of slope A.

Let 41 <Ay < -+ < A, be the slopes of N. Then the Newton
polygon NP(N) is convex, starts at (0,0), and has slopes A; with
horizontal length rk(N(A;)). Break points are in Z2.
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Lecture IlI: Period maps

© The Grothendieck-Messing (GM) period map
@ The quasi-logarithm and a big diagram
® Rapoport-Zink deformation spaces
© The Grothendieck-Messing period map
@ Period domains and admissibility

@ The Hodge-Tate (HT) period map
® The Hodge-Tate decomposition
® Hodge-Tate period map

© Example: Drinfeld’s p-adic symmetric domain
@ Rapoport-Zink spaces with PEL structure
® The Drinfeld moduli problem



Quasi logarithms and a big diagram

d
° R,S¢€Adicz,, m:S PR S~lim, S/(kerm)". Assume S flat
over Zp, e.g. Oc — Oc/p.

e Let G/s lift Gy r. Both G and MG have a “crystalline nature”.
We relate them. Top maps to bottom via log's (not shown).

WGV /s — EGy(S) —  G(S)
/‘OCG _ /SG /‘ |
T,G(S) — Go(S) I? G(S) logg
| 4
WOGv/5.0Q — MG()(S)Q — Lie(G)Q
1 Va /" qlog /!

V,G(S) —  Gy(S) = Lie(G)g
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SG(Xo,Xl,. ) = |im[p"]Eg(§n), if EG(S) > én — Xp € G(S)
a6 = sG|T,6(s) has the following interpretation:
x € T,G(S) ~ x, € G(S)[p"] = Homs(G"[p"],G )

~ Lie(x) € Hom(Lie(G"),G.) = wgv/s.

qloge =logegosg. If G e« ¥, fix coordinates on EY, let
x = (x0,x1,...) and &, as above, then

0 = loggopryg = pr[\f’e?c) oqlogg.
The maps s¢g,qloge are morphisms of crystals; 6, o depend
on G and will be related to the GM / HT period maps.



Rapoport-Zink deformation spaces

Generalize Lubin-Tate space: k alg. closed char. p, W = W(k),
Ho/i p-div gp, ht = h, dim = d. Set

Mo = MHo(W — k) = D(Hy ) ~ W™.

e S cNilp,, = W-algebras on which p is loc. nilp., e.g. &c/p".

2(S)={(G.,1)| G5 pdivep,1: G x55/p ~-> Ho xx S/p}.

o If S = p-adic W-algebra, let 2(S) = lim_ 2(S/p").

o If S also flat over W, t induces MG(S)q ~ My ®@w Sg.

@ Lubin-Tate case: d =1, Hy formal, R€ % and S = R/mg,
9(S) = .#(S), since by rigidity of quasi-isogenies

qHoms (G, Ho) ~ gHomg /(G Ho),

but note Z(k[[u]]) # 4 (k[[u]]).



@ In general, a quasi-isogeny Gy — Hp of height 0 need not be

. . q.i.
an isomorphism, so can not replace -~ by ~, even on 2°.

SEPE
1)d=1,h=2,Hy=Qp/Zp x lp=. Since Qp/Z, and pp- do not
deform,

P°(S) = Exts(Qo/Zps =) = Gin(S)

(“Serre-Tate canonical coordinate”). Note 2°(k) is a point.

2) d=2,h=4, Hy = Hy s x Hy, where Hj, is the 1-dimensional
formal group of height 2 (the formal group of a supersingular
elliptic curve). 2°(k) will be infinite because there are P!(k)'s of
pairwise non-isomorphic G isogenous to Hy (Moret-Bailly families).

v




3) Lubin-Tate case: Hp the unique 1-dimensional ht h formal p-div
gp over k. Then 2° = .#° and again 2°(k) is a point.

A

Theorem (Drinfeld, Rapoport-Zink)

The functor 9 is “representable” by a formal scheme over W whose
ideal of definition is locally finitely generated. Every irreducible
component of its (reduced) special fiber is proper over k.

@ The period map gy will be a map of analytic spaces (over
W(1/p]) from @f”d (the generic fiber of the adic space

associated with the formal scheme 2) to Gr(d, I\/Io)f,d. For
simplicity we only describe it on (C, &¢)-points.
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The Grothendieck-Messing period map

e Take S =0c. For (G,1) € Z(0¢) we have a quotient map

-1
Mo®w C '~ MG(6¢)g — Lie(Ge)

from our fixed My @y C ~ C" onto a d-dimensional vector
space.

@ This defines a “period map” from the moduli space to a
Grassmanian

em(G,1) € Gr(d, Mp)(C) = Gr(d, h)(C).

@ Fact: The period map 7gp : 95’" — Gr(d, I\/Io)%d is an étale
analytic map.

e Example (Dwork): d =1, h=2, Hy=Qp/Zp X tp=. Then
9= @m, 9,"7’“’ is the open unit disk A around 1, and
mom A — Al C P! is g~ log(q).



o If (G,1) € (W) (unramified) the Grothendieck-Messing
theorem allows to identify the deformation with its period:

Theorem (Grothendieck-Messing)

The assignment G — Lie(G) is a bijection between the liftings G of
Ho to W (up to strict isomorphism) and the liftings of
MHo(k) — Lie(Ho) to a free quotient My — L over W.

@ As a corollary, in the Lubin-Tate case, the map sending
(G,1) € #°(W) to mom(G,1) € Gr(1, Mp)(W) =~ PP (W) is
one-to-one, and its image is the W-points of the residue disk
R. in PA=1(W) reducing to x = [MHo(k) — Lie(Hp)].
However.

@ The relation between the Lubin-Tate coordinates
(ur,...,up_1) € m{};l and the projective-space coordinates on
the residue disk Ry is the period morphism.
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e If K is a finite ramified extension of W([1/p], Ok — k is no
longer a pd thickening, so the theorem does not apply. We still
have 2°(0k) ~ .#°(Ox) ~ml !, but a quasi-isogeny of
height 0 over Ok /p is not necessarily an isomorphism, so
(G,1) € 2°(Ok) only provides a map

Mo@w K ~ MG(ﬁK)Q — Lie(GK),

i.e. a point of Gr(1,Mp)(K) ~P'1(K). Since it is not
defined integrally, we can not talk about its reduction.

o The resulting period map from 2°(0x) to P"~1(K)isnot 1:1
in general, and its image is not confined any more to a residue
disk. In the Lubin-Tate case (but not in general), when K is
replaced by C it is even surjective, and its fibers are infinite.



The period map (Lubin-Tate case)

o gy : A (Oc) — P"1(C) studied by Gross-Hopkins.

Theorem (Gross-Hopkins)

(i) mwem is D* -equivariant.

(ii) Tem(G,1) = tem(G' 1) = IF: G G, VVof =1.
(iii) 7%y, - A (Oc) — P=Y(C) is surjective.

(iv) Moy — My — P71 gives PR = M., , / GLA(Qp).

o Part (i) follows from the definitions. Action of D* on Ph~1(C)
is via the (projective) regular representation. The element [1
acts (in appropriate coordinates) like

0 p
1

= O
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Period domains and admissibility

@ The “if” part in (ii) follows from the definitions. The “only if”
follows from Grothendieck-Messing.

e Part (iii) is proved in [G-H] by a detailed analysis of mgy “in
coordinates”.

e Part (iv) follows from (ii) and (iii).

In general, the image of 7y is restricted by the notion of
“weak admissibility”. Given an exact sequence

0— Fil = Myc—W—20

with associated filtration Fil° = Mo ¢ O Fil* = Fil O Fil> =0,
N = (N, Fil) = (My,c, Fil) becomes a filtered F-isocrystal.



o If N'is a sub-F-isocrystal let Fil'’ = Fil N (N"®w1/p) C),
N' = (N',Fil").
o For any filtered F-isocrystal N define

tNeWton(N) = Vp(dEt(F))

(independent of the matrix representing F, since this matrix is
unique up to o-conjugation),

tHodge(N) = Y idim grfy. = dim Fil.

o Call N=(N,Fil) weakly admissible if for any sub F-isocrystal
N CcN
tHodge (M/) < tNewton (NI)

with equality for N = N.
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o Given Hpy, the weakly admissible period domain is an open
subspace §*? C Gr(d, /\/Io)fld such that F“?(C) consists of all
d-dimensional quotients

MO,C — W

for which N is weakly admissible.

(i) The image of mgm : @;"’d — Gr(d, Mo)ffl factors through §"°.
(ii) The image contains all the classical points of §"° (points whose
residue field is a finite extension of Ko = W[1/p]).

Remarks: (i) is easy. (ii) (Colmez-Fontaine) “weakly admissible
filtered isocrystals are admissible”. We shall later relate it to the
geometry of the Fargues-Fontaine curve. Hartl describes the
non-classical points in §2 =Im(7gp). In general §2 # §"2.



The Hodge-Tate decomposition

Recall the map oG : T,G(R) — wgv/r. Let R= ¢ and let —(1)
denote Tate twist. The following theorem was the begining of
p-adic Hodge theory, 50 years ago.

Theorem (Tate)

(i) There is an exact sequence

aly(l

0 Lie(Ge)(1) "4V T,6(0c) 9z, C % wgu/c — 0.

(ii) (Hodge-Tate decomposition) If G is defined over O where
K C C is a complete discrete valuation field, then the sequence
splits canonically (respecting I x = Gal(K/K) action)

TpG(ﬁc)@)Zp C~ (DGV/C@ Lie(Gc)(l).
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@ The map oty (1) sends Lie(Gc)(1) = Hom(wg /¢, Tpip-® C)
to
Hom(T,G" @ C, Toup-® C)~ T,G® C.

@ To get (ii) from (i) invoke Tate's theorems that
HO(Tk, C(i)) = HY (T, C(i)) =0 if i # 0 and both
cohomology groups are 1-dimensional if i = 0. In the absence
of Galois action, there is no canonical splitting of (i).

o Let G = &/[p~]. Dualizing, (i) is equivalent to the existence of
a spectral sequence (Faltings: the Hodge-Tate spectral
sequence)

EY = H(/ Y, 0)(—)) = Hal (/.Qp) 8, C.

Compare with the Hodge spectral sequence that starts with
E,-ld- = Hf(d,QfQ{/C). This applies to any proper smooth
variety over C.



The Hodge-Tate period map

@ The fact that the Hodge-Tate decomposition is not valid in
families, only the HT filtration, leads to the HT period map,
just as over C the fact that only the Hodge filtration varies
holomorphically in families lies behind the classical period map
to classifying spaces of Hodge structures.

The Hodge-Tate period map. Consider (Lubin-Tate case)
(G,1,0) € Mo(OC).

Use 0o - Z ~ T, G(O¢) ~ (0t ®1) 0 (0 ®1) : C" = 06y,
whose kernel is a line. Mapping (G,1,0) to this line is

TTHT - .//w(ﬁc) — Ph_l(C).

Unlike gy, Tyt is defined only on ... It goes canonically to
Ph=1(C) while mgp landed in P(Mp)(C) ~P"1(C).
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e Fact: myT comes from an analytic map Mw. n — (]P)hfl);’]d. In
our “basic” case (but not always), it is also étale.

e For 6 € D*, myt 08 = myt (obvious).

o 7y intertwines the actions of GLy(Qp) on Mwp and P11
(obvious).

A global detour (h=2): modular curves at the infinite level. Let
Y, be the (open) modular curve of level p” over Q, and Y., the
scheme lim,_ Y}, A point of Y. (C) is an elliptic curve E,/c
equipped with an isomorphism o, : Zf, ~ T,E. As above, we get
T ¢ Yo C) — PY(C). Let X =P(C)\P(Q,) (the Drinfeld
p-adic upper half plane).

The map Tyt : Yo C) — PY(C) is surjective. We have
T (PL(Qp)) = Yeu(C)° (the pairs (E, ) where E has bad, or
good ordinary reduction) and 71, %(X) = Yw(C)** (the pairs where
E has good supersingular reduction).




o Note the anomaly: at infinite level the “fat” set Y.,(C)° gets
mapped to the “meager” P}(Q,) and the meager Y..(C)* fills
up its complement X.

o If E is ordinary, G = E[p™] ~» T,G, the Tate module of the
“kernel of reduction”, a line in T,G, spans ker(og ®1). This
proves 7 (E, ) € P1(Qp). Conversely, if E is defined over
a CDVF K and 7 (E, 0e) € P}(Qp) then Tk ~ T,G is
potentially reducible, so E is ordinary. This proves the
theorem, except for the surjectivity. In general:

Theorem

(i) The image of myt is the Drinfeld p-adic symmetric domain

X(C)=P"Y(C)\ |J Ha
a€(Ph1)(Qy)

(ii) myT induces Mw /D> ~ X(C) (on the level of C-points, so
far).
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Rapoport-Zink spaces with PEL structure

o Recall k alg. closed field, char. p, W = W(k), Hy/, p-div gp,
dim d, ht h, My = MHo(W — k) the covariant Dieudonné
module.

o Ignore Level (L) - treated in [R-Z] by “multi-chains of lattices”.

e Endomorphisms (E) -
o Semi-simple algebra B over Q, with a maximal order
Op — Endi(Hp). Then B~V = My g (linear action)
commuting with Frobenius, and Op stabilizes the lattice
A= My
e Fix B-stable decomposition V = V& V;, dimVy =d,
dim Vi = h—d, AN Vy reducing modulo p to @py /x C MHo (k)
and AN Vo mapping onto Lie(Hp).
o Polarization (P) - a quasi-isogeny Ag : Hy -—» Hy inducing

e a non-degenerate alternating (,): V x V — Q,.
o a (“Rosati") involution * in B such that (bv,w) = (v,b*w).

@ Remark: we have simplified the set-up a little for the
exposition.



PEL deformation functor: Let S € Nilp,y,.
o 7(5)={(G,1,A)}/ ~ where:
o (G,1) as before, with a compatible action &g — Ends(G).
MG(S) should be, locally on S, isomorphic as an &g-module
to A®@w S.
o Kottwitz' condition: Va € 0 dets(a; Lie(G)) = det(a; Vo).
e A polarization condition, dropped when the data (P) is missing.

Theorem (Rapoport-Zink)

The functor 9 is “representable” by a formal scheme over W whose
ideal of definition is locally finitely generated. Every irreducible
component of its (reduced) special fiber is proper over k.

Goal: The Drinfeld p-adic symmetric domain as an example of
such a moduli space.

o Let B =D, the division algebra of invariant 1/h over Q.
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The Drinfeld moduli problem

Definition. A special formal & p-module over S € Nilp,,, is a
formal group & over S, of height h? and dimension h, equipped
with Op — Ends(¥), such that the induced representation of
Zyn C Op on Lie(9) is the regular representation (note
th cW— 5)
o Fix Hy, a special formal &p-module (all isogenous).
Explicitly:
Ho =Ho x Hg x --- x HS" "
where Hg/'Fp is “the Hp” of the Lubin-Tate moduli problem of
dim 1 and ht h with the Op-action defined over IF,» (see
Exercise) and twisted by ¢’
@ Besides the action of 0p, note a (commuting) action of
GLy(Qp) on Hp by quasi-isogenies.
oV~ D®Zp W, F=Tl,®0,... EL moduli problem gPrin_

o GLy(Qp) ~ 2Prin,



The moduli problem 2P7 had been considered by Drinfeld. It is
the moduli problem of deformations of special formal &p-modules.

Theorem (Drinfeld )

The formal scheme 2~ representing 2P is such that 272" ~ X.

In fact, the formal scheme structure on X can be “read” from a
reduction map

r:X(C)— AT
to the Bruhat-Tits building of PGLA(Q)).

@ When h = 2 the special fiber of 2" is a tree of P!’s, each
intersecting transversally p+1 others at the F,-rational
points. |#.7| is the p+ 1-regular tree; r; }(v), for a vertex v,
is an affinoid isomorphic to the affinoid obtained from P! upon
removal of the p+1 Qp-rational residue disks, and r~1(g), for
an edge &, is an open annulus.
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Lecture IV: Geometrization via the Fargues-Fontaine curve

@ The Fargues-Fontaine curve XF
@ A review of some of Fontaine's rings
® The Fargues-Fontaine curve
© Line bundles and divisors
@ Vector bundles on the Fargues-Fontaine curve
@ Vector bundles on X
® (B, V)-pairs and vector bundles
© p-divisible groups over &¢/p up to isogeny
0 Cohomology of vector bundles
© Vector bundles associated to p-divisible groups over &¢

@ Filtered F-isocrystals
® Modification of vector bundles



A review of some of Fontaine's rings

o F=C", O = limxpOc/p, complete alg. closed (in
particular perfect) non-arch. field, char.F = p.
o Gg, = Gal(Q,/Qp) acts on F.
o Fixe=(1,8p,0p2,--), p*(ppl/Pp ..)E OF.
o If x=(x x() x?)  )ec OF then x* = ||m(x(’"))’J €0¢
exists. But note that the definition of x! is not intrinsic to F:
it presumes the knowledge of F as the tilt of C !

@ oo n o n
0 Ainr = W(OF) 3 Oc, (X0 p"[xn]) = Lo p"xE,
homomorphism!

o ker(©) = (&), & = p—[p’] “primitive element of degree 1.
o Gp, acts by functoriality, compatible with ©.
o Frobenius ¢ acts on Aj,r, does not preserve ker(©).
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o Acis = p -adiccompletion of Aj,r[E7/n!] C Aine[1/p] (initial
object in the category of p-adic pd-thickenings of O¢).
o G, and @ actions extend to Acis.
o t=logle] € Acris, (t) = Xeyc(O)t, @(t) = pt, t unique up to
Zy, ©(t)=0.
o B = Awis[1/p] > C, Beris = B [1/1].

cris

The ring B = BY' =Js_ot "BH9= P" (increasing union) is a

CI'IS Ccris

PID and B.N B = Qp. I\/Ioreover, B =Qp.

cris

Remark. This came as a big surprise and was the discovery that
lead to the Fargues-Fontaine curve. See Colmez’ introduction to
Astérsique 406. “A tale of a train ride”.



o B, =lim_ Aine[1/p]/(£") D B, but much cruder.

cris’
o a CDVR, t a uniformizer, Byg = Bjg[1/t] a CDVF, vgg the
corresponding normalized valuation.
o ©:Bl,/tBlp ~ C (residue field).
o Gg, action (but not @) extends to Byg.

Theorem (Fundamental exact sequence of p-adic Hodge theory)

The following sequence is exact:

(FES) [0 — Q, — B®Z' — Byr/Bl, — 0.

cris

Remarks. (i) It is instructive to view (FES) as the analogue of
0—-C—Clz] = C((1/2))/C][[1/z]] = 0,

(C[X }/] B+ ,0=p" —s C[X’y]hom.deg.n, 7= x/y, t e y.

CfIS cris

(i1) Works for any perfectoid pair (R, R™) replacing (C,0¢).
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The Fargues-Fontaine curve

X = XFF = Proj(P), where P = @%_ BT~

Cris

Theorem

| A

(a) X is an integral, noetherian, regular, 1-dim scheme (a “curve”).
(b) © ~~ a closed point e E X with residue field C.

(c) H(X - {eo}, O) =

(d) ﬁx =2 B

(e) (FES) = HO(XﬁX) = Q.

Although X is not of finite type over Py = Q) (e) is an indication
that X is “complete”. We shall see that it has a theory of divisors
and behaves as if it had genus 0 (taken with a grain of salt...).



Remark. The closed points | X| are in bijection with “Frobenius
orbits of untilts of F”. More precisely:

@ An untilt of F is a pair (C',1") where C’ is a complete
algebraically closed non-archimedean field containing Q, and
1':(C')’ >~ F. Let |Y| be the set of untilts, up to equivalence.
(Kedlaya and Temkin have shown that untilts need not be
isomorphic to C even as abstract topological fields, ignoring 1).

@ Frobenius acts: ¢(C',1")=(C",pol’),

@ |Y| is the set of closed points of an analytic (adic) space 2)
and Y — X = X" is étale.

o If (C'V)=yelY|, 3O, : Oy, — C' just like © =O...
o If y — x € |X| then (*) ﬁxxzﬁx)(_ﬁ@y
@ The choice of C as a distinguished untilt dictates e € 9),

above oo € X. The element t is a uniformizer at o € 2), but by
(*) becomes a uniformizer at oo € X.
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Line bundles and divisors on X

If f € Frac(Be), define the divisor div(f) = ¥ x| ordy(f) - [x] as
usual. Such a divisor is called principal.

A divisor is principal if and on if it is of degree 0.

For d € Z let €(d) be the line bundle on X associated with the
graded module P(d) = @,ezB7~ P An equivalent formulation

cris

is:

Every line bundle on X is isomorphic to a unique €(d). Thus
deg : Pic(X)~Z




Vector bundles on X

Vector bundles: On IP’}C every vector bundle is a direct sum of line
bundles (Grothendieck). Here the analogy between X and PL
breaks down for the first time. Let A =d/h € Q (reduced, h > 0)
and let (1) be the vector bundle associated with the graded
module

P(X) = ®nez(N_2 @wp,p BLi)?=""

cris

(N_j, is the standard isocrystal of slope —A). Recall that the degree
of a vector bundle ¥ is the degree of the line bundle det(7).

(i) O(Q) is a vector bundle of rank h, degree d and Harder -
Narasimhan slope A.

(ii) Every vector bundle on X is @, O(A)™* for unique my € N.
(iii) End(O(A)) ~ D,,, the division algebra over Q, of invariant A.
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Theorem says that the functor & : Flsocrys, ~+ VecBuny,

g(N,(P) = (@HGZ(N®W[1/[J] Bctis)(p:pn)wv

is essentially surjective. But it is far from being an equivalence!

i (X) =~ Ga/(@p/@p)-

Key step: Theorem = if f: X' — X is finite étale, f,Ox/ ~ ﬁ;eg(f),

o Alternative description of vector bundles over P} (Beauville -
Laszlo gluing): a rk r vector bundle ¥ «~ a finite free
C[z]-module V, a finite free C[[1/z]]-module V., and

p: V& C((1/2)) = Ve @cypn /2 C((1/2)).
o If {ej} is a basis of V, €/ a basis of V., and ¢; :Za,-jej’.,

deg(7') = Veo(det(aj)).



(B, Vv)-pairs and vector bundles

A (B, v)-pair is M = (Me, M5, p) where M, is a finite free
Be-module, M, a finite free BJ.-module and

p: Me®g, Bir ~ M s ®pt Bdr = Mar-

The degree deg(M) is defined by the same procedure as above,
replacing V.. by V4g.

The category VecBuny of vector bundles over X is equivalent to
the category of (B, V)-pairs. The map is

Vs (HOX — {0}, 7), ¥ gy Ox ),

and in the opposite direction by “Beauville-Laszlo gluing”. The
correspondence respects ranks and degrees, hence slopes.
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Remark. Let N € Flsocryst,. The vector bundle &(N, @)
corresponds to the pair

((N® BcriS)(P:17 N® BjR)-

However, the Harder-Narasimhan slope of &(N, @) is the negative
of the Frobenius slope of N.

Corollary
Canonically, H*(X,&(N,p)) ~ (N® B~

Ccris

HO(X E(N,9)) = (N® Bgis)?"NN® Bjr = (N®@ B )?=! (the
last equality needs justification, even if N is trivial). OJ

)=,

’




p-div gps over O¢/p up to isogeny

Recall: The category “p-div gps over k up to isogeny” is equivalent
to the full subcategory of F-isocrystals whose slopes lie in [0,1]
(Dieudonné-Manin). We examine the same category, but over
Oc/p. Its “objects up to isomorphism” are in bijection with those
of the same category over k (a consequence of the isotriviality
theorem) but the category is much richer, and far from
semi-simple!

o If Gisa p-div gp over O¢/p let

Mcris(G) = MG(Acris - ﬁC/p)

(“crystalline Dieudonné module”). Then M.;s(G)[1/p] is a
finite projective B, -module. Let &(G) be the vector-bundle
associated to the graded P-module

EB‘:1C):0(,w<:ris( G)[l/P])(P:an .
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@ Let Hy be a p-div gp over k such that G a4 Ho xx Oc/p. The

given quasi-isogeny determines an isomorphism
Mcris(G) >~ Acris @w Mo, hence

&(G) = &(Mo(1),9)-

However, the functorial dependence of £(G) on G can not be
read from Hy alone!

o Example: Lubin-Tate case: Hp unique formal p-div gp of ht h,
dim 1: Then Mo ~ N(hfl)/h: Mo(l) ~ Nfl/h SO
&(G)~ O(1/h) (the isom. depending on the q.i. above).

Theorem (Full-faithfullness, Scholze-Weinstein)
(i) The functor Mc,s(—) is fully faithful, i.e.

Homﬁc/p(G, GI) ~ HomAcn.S,(p(I\/lC,,-s(G), Mcr,‘s(G,)).

(ii) The functor &(—) is an equivalence between the category of
“p-div gps over Oc/p up to isogeny” and the full subcategory of
vector bundles over X all of whose slopes lie in the interval [0,1].




Corollary (Universal covering as global sections)

Canonically,

G(Oc/p) ~ HY(X,&(G)), MG(Gc — 6c/p)[L/p] ~ iL&(G)(~1).

We have G(0c/p) =~ Homg, /p(Qp/Zp, G)[1/p]. By
“full-faithfulness” (in the isogeny category is enough!) this is

Homg: o (Meris(Qp/Zp)[1/p], Meris(G)[1/p])-

But M(Qp/Zp)[1/p] = D(up=)[1/p] ~ N1 so we get

g(ﬁc/p):HomBJr (B;,S®N1, Me:is(G)[1/p])

— Meris( G)[1/p]*=" = H(X,£(G)).




Cohomology of vector bundles

Let ¥ be a vector bundle on X. Then H'(X,¥) =0 fori >2, and
if (Me, M5, p) is the associated (B, V)-pair there is a
“Mayer-Vietoris” exact sequence

0— H' (X, %) = Me® M — Mgr — HY (X, %) — 0.

This enables one to calculate the cohomology. We have already
seen (i) of the following theorem.

(i) Let A = d/h (reduced, h>0). Then H(X,0(1)) =0 if A <0
and is equal to (Bctis)“’h:”d otherwise.
(i) H*(X,0(1)) =0 iff A > 0.
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Remarks. (i) Once again, H}(X,0x) = 0 may be counted as an
indication of “genus 0", but note the second time the analogy with
PL breaks down: H(PL, 0p(—1)) = 0.

(ii) The spaces HO(X, (1)) are Qp-vector spaces, but for >0
they are never finite dimensional. In fact they belong to a very
interesting category of “Banach-Colmez vector spaces’. More to
come soon, when we relate them to the (LOG) exact sequence.

e Extensions. The vector bundles &(1) are indecomposable,
but not irreducible. In general, if

0& & —->8"—>0

is a short exact sequence of vector bundles, both rk and deg
are “Euler-Poincaré characteristics” so the slope yu = deg /rk
satisfies the usual Harder-Narasimhan formalism

_ rk(&) rk(&")
HE) = %@ k(&)

&)+ 2 ey,



o Recall that & is called semistable if whenever & C & is a
sub-bundle we have u(&”) < u(&).

Proposition

A vector bundle on the Fargues-Fontaine curve is semistable if and
only if it is isoclinic (has only one slope).

Example. For n <0, Ext!(0(1—n),0(n)) =~ HY(X,0(2n—1)) #0,
so there is a non-split extension

(*) 0= 0(n)— 0(1/2) = 0(1—n) — 0.
Take n =0, fix &(Qp/Zp) = O, &(G) =~ 0(1/2), &(1p=) =~ O(1).

By the equivalence of categories, (x) «~ a unique

B
Qp/Zp %565 Hp=-

Note that a and B are only quasi-homomorphisms and that modulo
mc we have a = =0.
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Filtered F-isocrystals

Goal: Upgrade “p-div gps over ¢ /p up to isogeny” to the same
category over Oc. Insight (Grothendieck): should add a “Hodge
filtration”. We have already seen the following definition when we
discussed the weakly admissible period domain §"2. Let

Ko = W(k)[1/p] C K be a finite ext'n.

Definition

A K-filtered F-isocrystal (over k) is D = (D, @, Fil*) where (D, )
is an F-isocrystal and Fil® is a separated exhaustive descending
filtration on Dg. Define the slope u by

thewton(D) = vp(det()), thodge(D) =Y idimgrf;. D,

deg(Q) - tHodge(Q) - tNeWton(Q) (D) - deg( )/rk( )

Call D semistable if for any strict sub-object D’ (strict means that
the filtration on D) is induced by that of D) u(D') < u(D), and
weakly admissible < s.st. of slope 0.



Modifications of vector bundles

D a K-filtered F-isocrystal, &(D) = &(D, @, Fil®) v.b. associated
with the (B, v)-pair ((D ®k, Beris)?~, Fil®(Dx @k Bar))-

@ The degree (slope) of &(D) are the same as those of D.

e Fil*D = 0= Fil°(Dk ®x Bar) C D ®k, BJR ~~ exact sequence

0— &(D,@,Fil*) = &(D, @) — i (D @k, Blp/Fil®) = 0,

last term a finite length “skyscraper sheaf” supported at oo.

e Gives a modification of vector bundles at . Similarly define
modifications with “legs” at several points. Relax “Fil'D = 0"
by allowing the first arrow to go backwards. Notion (similar to
Drinfeld’s “shtukas”) is key to the geometrization of LLC
(Scholze and Fargues).
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Lecture V: Applications: Classification over ¢, Galois

representations and duality

@ p-divisible groups over O¢ up to isogeny
® The big diagram revisited
0 A classification
@ Applications to Galois representations of Gk
@ Crystalline Galois representations
0@ Weakly admissible is admissible
© Duality between the Lubin-Tate and Drinfeld towers

@ The Drinfeld tower
0 A simple proof of a theorem of Faltings



p-div gps over O¢ up to isogeny

e G - p-divgpover O¢c, Gg= G Xg.Oc/p, and as in RZ

12 Go -5 Hy % Oc/p, h=ht, d =dim.
e My = D(Hy) covariant Dieudonné module of Hy. Then

&(Go) = &(Mo(1)g, @) :=&.
Define the trivial vector bundle

F = VpG(ﬁc) ®Qp Ox.

Theorem (Scholze-Weinstein)

(i) There is a natural modification of vector bundles associated with
(G,1)

0= % =& — iws(LlieGc) — 0.

Furtheremore, if G is defined over Oy for a finite K /Ko,
F ~&(D, @, Fil*) where D = My(1)q, Fil! = Dk, Fil® is of rank
h—d, Fill =0, and (D, @, Fil*) is weakly admissible.
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The big diagram revisited

Theorem (continued)

(i) The global sections of the exact sequence in (i) are identified
canonically with the exact seqence

LOG) |0 = V,G(6c) — G(Oc) > LieGe — 0.
P

(iii) The fiber at oo of the exact sequence in (i) (i.e. taking
—®oy..C)is

VpG(Oc)®q, C — MG(Oc)[1/p] — Lie Gc — 0.

The first arrow factors through the Hodge-Tate map

(07
V,G(0c)®g, C = wgv)c — MG(O¢)[L/p].

(iv) The map “global sections to fiber at " is “qlog”.




A classification

Example. Back to Lubin-Tate, (G,1) € #(0¢). As already seen,
~ ~ h_
G(0c) = Go(Oc/p) = H'(X,6) = BT,

and 1-dim’l Lie Gc may be identified with C (choice of a
parameter). The map 0 is then identified with

©:B "= _, C.

cris

The relation between “p-divisible groups” and “modifications”
allows to give a complete classification of p-div gps over O
up to isogeny.

o Let ¥ be the category of modifications

() 0= F - & = iws(W)—0

where (i) .7 and & are vector bundles over X (ii) # ~ &% for
some h € N (iii) W is a f. dim’l C-vector space (B z-module
killed by t, modification is minuscule).
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o Let ¢’ be the category of pairs (V, W) where V is a Qp-v.sp.
and W C V¢ a sub C-v.sp. (no extra structure!).

Theorem (Scholze-Weinstein, Fargues-Fontaine)

The categories of p-divisible groups over O¢ up to isogeny, € and
&' are all naturally equivalent.

sketch.

To pass from € to € let V = H(X,.7). To go backwards let
F =V ®&Ox. In both directions, we relate the extension (x) to
W < V(¢ as follows. A basic computation shows that
Ext(iw+C,O0x) ~ C, hence Ext(iw (W), #) ~ Homc(W, Vc).
Here, the extension (x) associated to a homomorphism

u: W — V¢ is the pull-back of

02 VR0Ox - VROx(l) > V®iws(C) =0

under j. u. Note & is locally free < u is injective. O




cont’d.

The above construction also shows that in any extension like (*) we

have
0% c & c Ox(1)"

so all the slopes of & lie in [0,1], by semistability of isoclinic vector
bundles. Thus & = &(Gp) for a p-div gp Gy over Oc¢/p, unique up
to isogeny. We wish to upgrade the equivalence Gy ~» &(Gp) to an
equivalence between p-div gps (up to isogeny) over ¢ and the
category of modifications % .

We have already seen how to associate with a p-div gp G over O¢
a modification in ¢ with V = V,G(0¢), W = Lie(Gc),
F=V®0x, &= E&(Gy). This is functorial, and the key steps are
to prove (i) that it is fully faithful (ii) that it is essentially
surjective. For the details, see [S-W], §5.2. ]

Ehud de Shalit Moduli of p-divisible groups



cont'd.

We only remark that one works first at the generic fiber of the adic
spaces, building Gﬁd out of the multiplicative group
G'= T,G(—~1) ®z, ly- mimicking the construction of the
modification (%) out of W < V(. Namely, one defines Gﬁd as the
fiber product
G — WG,
1 3

(G/)%d — VC ®Ga

The special features of C are involved in the reconstruction of the
formal group G from its generic fiber G29, which is pretty
delicate. Ol

Remark. A remarkable feature of the classification over &¢ is that
it is in terms of linear algebra alone, and not semi-linear algebra as
Dieudonné theory over k.



@ Given G, the pair W < V( is identified with the Hodge-Tate
map ay : Lie(Ge) = V,G(Oc)®q, C (we've ignored Tate
twists).

o Example: Assume h=2, d =1. The only possibilities for
02 CECOx(1)2are E~0®0(1) or &~ 0(1/2). As we
have seen before, the first occurs if W = L¢ for a Qp-rat’l line
L C V and the second otherwise.

e Exercise: Write all the possibilities when h =5, d =2 (there
are 7 such) and the corresponding Newton polygons.
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Crystalline Galois representations

o k=T, Ko=W(k)[1/p], Ko C K C C a finite extension.
o V - h-dim’l continuous Qp-rep’n of Gk = Gal(K/K).

o Define
Deris(V) = (V ® Beris) K, Dar(V) = (V © Bgr)°X.

The first is a Kp-v.sp. and inherits an action of ¢, the second
is a K-v.sp. and inherits a filtration Fil®.

o dimKo Dcris(v) < h, dimK DdR(V) <h and V is called
crystalline (resp. de-Rham) if equalities hold. We have
Deris(V)k C Dgr(V) (with equality if V is crystalline), so with
the induced filtration D(V) = (Dgis(V), @, Fil*) becomes a
K-filtered ¢-module.

e If V is crystalline, D = D¢,s(V), one recovers (Fontaine)

V= (D ®K0 Bcris)q):1 N F’IO(DK ® BdR)-



o Interpretation via the Fargues-Fontaine curve: Assume V
is crystalline.

V ~s E(V) = E(Deris(V), @, Fil*), V = H(X,&(V)).

V crystalline = D(V') weakly admissible.

Proof.

Write D = D(V) and &(V) ~ ®0(4;). dimg, H*(X,&(V)) < e
implies all 4; <0. Since this dimension is exactly h = rk&(V), all
Ai =0 and &(V) is trivial. This implies u(D) = 0.

Suppose D' C D is a strict sub-object. Then &(D') C &(D) ~ @’)h(
is a sub-bundle. But &(D) isoclinic = semi-stable, so

u(D') = pu(&(D')) <0, showing that D is semi-stable. O

v

@ The converse is the celebrated “weakly admissible =
admissible” theorem.
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Weakly admissible is admissible

Theorem (Colmez-Fontaine)

Every weakly admissible K-filtered @-module is D(V) for a
crystalline representation V.

Proof.

Suppose D is weakly admissible. Then &(D) is semistable of slope
0, so by the classification of vector bundles on X must be trivial.
i.e. isomorphic to ﬁ)’}. This means (using the language of

(B, V4r)-pairs) that

V = H%(X,&(D)) ~ (D @k, Beris)*~* N Fil®(Dk @ Bar)

is h-dimensional. But it is known that this equality of dimensions
forces D = D,is(V'), hence V is crystalline. O




The Drinfeld tower

o Change notation: MLT = Mpn = ///ad the generic fiber of the
Lubin-Tate tower, similarly MLT = ///j‘il, a perfectoid space
over Spa(W[1/p], W).

o MpPrin = (.@D”'");"‘]d the generic fiber of the formal scheme
representing the Drinfeld moduli problem, over
Spa(WIL/p], W).

@ As in the Lubin-Tate case, there is a finite étale cover
MPrin s MPrin (in the category of adic spaces) representing
triples (H,1, o) where (H,1) € M{"™ and o, : Op/p" — H[p"]
is an “analytic Op level p” structure” (meaning that at any
geometric point it induces an isomorphism onto the p"-torsion,
compatible with the action of 0p).
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The role of the groups D* and GLj, is interchanged: GL,(Qp)
acts on each MP". The Galois group of MPrim — pmPrin is
(Op/p")"

Fact: 3IMPrin | adic space over Spa(W([1/p], W), representing
the functor on complete affinoid (W[1/p], W) algebras
(R.RT)

MErin(R,RTY = {(H,1,)|(H,1) € MP"™™(R,RY), at...} ) =~

where o : Op — TpH;';'d ~ lim._ H[p"] is Op-compatible and
induces an isomorphism on any geometric point of Spa(R,R™).
Fact: MP" is (pre)perfectoid, MEr" ~ lim, MPrin,
There are analytic maps defined as in LT case

ﬂg/\r/i[n . Mog)rin N MODrin — |_| ¥ o X~ Mgrin/DX

i€Z

Drm . MDrln ([P)h 1) ~ /\/ID”n/GLh 1(Qp)



The duality theorem

Theorem (Faltings, Fargues, Scholze-Weinstein)

There is a canonical isomorphism of adic spaces MLT ~ MPrir,
compatible with the action of GL,(Qp) x D*, under which the
period maps are interchanged:

Drin __ LT LT __ __Drin
oM = TuT) Tom = AT -

The original proof was difficult, partly because of missing language.
[S-W], Theorem 7.2.3 and [F-F] 8.3.5 gave a conceptual proof
using the equivalence of the moduli problems represented by the
towers with categories of modifications of vector bundles on the FF
curve. We shall outline the main construction at the level of

(C, O¢)-points, as usual.
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o Let (G,1,0t.) € MET(C,0¢). This gives a trivialized
modification
0= 0% =& = iwW =0

where W = Lie(G¢), & = &(Hp) = O(1/h) and &(Gp) is
identified with & using 1. The trivialization is the identification
of the kernel of the map to the Lie algebra, canonically given
as V,,G(0c)® Ox, with O%. It uses Q.

o The group GLx(Qp) =~ Aut(O%) acts on such a trivialized
modification by push-out of the first factor. It does not change
the modification class, but only its trivialization. The group
D* acts by changing the identification of & with &(Gp). This
action yields a new modification.

o Apply the sheaf-hom functor Z.7#om(—,0(1/h)). Get an
exact sequence

0— &nd(0(1/h)) = O(1/h)" = Extt (i W,0(1/h)) — 0.



o We used &xtl(0(1/h),0(1/h)) =0 (easy).

@ The first factor is canonically D® Ox, D acting naturally.
@ D acts on the second factor via D ~ End(0'(1/h)).

°

The last factor is a skyscraper sheaf at . Since W is
1-dimensional it is i . W' where

W' ~ Extl,lg;rR(C, (Bip)") =~ Ch

and Qph C D acts with h distinct characters, each with
multiplicity 1.

@ ~ a “special trivialized modification of vector bundles with
D-action”, which (by an analogue of the main theorem with

PEL structure) corresponds to a triple
(G',V,al) e MPrin(C,0¢).
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@ The D action described above was obtained from the action of
D on 0(1/h) when we took Z.7# om(—,0(1/h)) and
therefore did not change the new trivialized modification, but
enhanced it to correspond to a “moduli problem with
endomorphisms in D". It was an algebra action.

e We still have the D* x GL,(Qp) group action on the set of all
“special trivialized modifications with D-action” and one
checks that the functor Z¢ om(—,(1/h)) between the two
categories of modifications preserves these actions.

@ Finally, one constructs in a similar way a quasi-inverse,
establishing the duality between M2""(C, & ¢) and
MLT(C,0¢).



