
Lecture I

GoaFormula

- free " inevitable
"

def
.

of W
.

We will actually use some
formulas

,

but only in a superficial
way

- they are easily removed
.

I
. p¥¥tfringe

p
=

prime
( fixed )

R -
-

ring

Def : A
ring

endo
p

: R - R is a Frobenius lift if

the R
, y ( x ) = XP mod PR

Egg. 21×7
, y : x - i x'

'

t p
. anything

global class field theory

crystalline cohomology

Adams operations ef
"

Coal : heads inevitably to Witt vectors

* I things with Fools
.

lift ) naturally Sorus a  category

. . . .

but not a good one
!

Problem :

"

lift
"

has a
hidden I :

Vx Fx ' sit
. ycxl = x'

'

xpx
!

x
'

is unique up
to

p
-torsion - no

control
over

it if R is not
p

.

for
.

free

F± : ① Category doesn't have pullbooks
,

intersections of sub
- objects ?

Solution : Provide
x

' itself
as part of the structure

,
-

rather than the property of its were
existence

.

i.  e .

want
an operator 8 : R → R modelled ou sexy = 4"p



Axioms? Write the
ring

. endo axioms for
p in terms of 8

.

* cffxtyl= pix ) t 4cg)

( xty)
"

tpscxty)
"

x'
'

+ pdx ) try
"

+ poly)
equiv .

to the

. : pescxty) =p sext t pay) t x'
'

ty
"

- Cxtyl an
additivity of

of
in Sixty) = Scratchy) - ¥ (Pi) xiy

"  - i
an

equiv .
 only ueodp.br

* cpcxyl = 9419 Cy)

Lxy)
"

tpocxy) = ( x
"

.- para) (
y

' 't pay,)
Ciii Guy ) = XP 8cg) t Sad

y
's

t p Send Sey )

Ciii , Sco ) = O

Civ I 84 ) = O

" Leibniz rules
"

for 8 under t
,

x
,

o
,

i
.

Bosom : 8 =

"

Idp
"

Def : A function 8 '
- R - i R is a p-deiou if it satisfies in - cm .

A Fringe is a ring equipped with a p
-
derivation

.

* { p - der on
R } → { Fools

.

lifts
on R }

8 - of ,

where
ycx) -

- x'
'

tpdcx)

This is a bijection if This
p

.for free ( but net in general

!
)

Eg: !Any p
.
Tor

-
free

rig
with Fools

.

lift : 7h47
,

six -
- anything

( xitxit . - . ) - ( x. +  x. t . . . )
's

R = Ko ( C )
.

8=1 - operation assoc .

to
=p

Rule :
Them is a

formula
-
free def

.

oh
a 8 -

structure
.

Exe R = Fp - dog : R admits
a p

- der
.

⇐ R -

- lo }
,

whereas all such R have Fob
.
lifts!

③ Same for 7%2 - algebras
.



2
.

Witt  
vectors

8-  rings
Goal :

tf
Tw

Rings

{differential
rings} C - mod G - sets

Compare :

e ft
"

waist
"

Go - tf J Honk
,

- I Gx -

ft J C . K

things Ab Sets

* Warm  up
with differential

rings fond placeholder
m

Wd (A) =

"

divided
power

series

"

-

- I I.an I ane A }
obvious

ring
str : IF . ¥ = (MI ) i

derivation : d I .
-

Universal
properly : de ,

R -
- - ¥5→ Wafa)

g) f
A

g Cr ) =

"

g (Taylor series oh r )
"

= Egld
"

cm ) ¥
u 70

Cheek : g is diff
. ring map lifting g

,
and is unique .

Alternative point of view :

Wd ( A) = A  x A  x - . - -

Santa! = ( ao ,
a

, .az , . . . )

d- = shift left
It

Then
g : r - i ( gas , gldcm)

, g ( doin )
,

.  - - )



We can see that
g is actually the

unique setmay lifting g
+ equivariant

.

So from this point of view
,

the
rig

str
. on

Wdiss (A) = A  × A  x - - - -

is forced to wake
of a ring map .

In feet
,

the
ring

star
.  is a

"

purely syntactic
"

re -

expression
of

the Leibniz rules for d ? :

E. ÷
.

-2¥ ;÷ .

- I
'

sails si
.

Cao
.

a
. . . . . ) . ( b

.
.

b
. ,

. . .

) = ( . . .

,
til aibj ,

. . . )
-

d
"

lxyl = (7) doicxidoicg)
§In

same

* baek to W

WCA) = Ax Ax - - - - an

ring
str

.  at the nth component
given by

the Leibniz rules Sor dm w.at
. both±and±

Cao
,

a
. .

. . .

) t ( b
. .

b
. , . . .

) = ( a. tho
,

a +
b

,
- IIHE. la :b!

. .

)
Cao

,
a

, ,
. . . ) × ( b.

,
by

. . .
) = ( a. b.

,
apb

,
+ a

,
b! + pqb , ,

. . . )
O = ( O

,

0
,  

O
,  

- - -I

I = ( I
,

o
,

0
, .  - - )

8 : Cao
, a.  ,

a
. ,

.
. . ) ~ ( 9 , as , . .

. )

or c.

RgJa
UH

girl
= ( girl , goin , glair , )

,
. . . )



g is the unique set
map lifting g

( and cowpat .

with d)
It is also

a rig map by construction
.

-
: W is the right adjoint !

Next time : Our W is canonically isom
.

to the usual Witt valor construction
: .

But not by the identity map
!

Ei : ④ Prove the poly Put l xo
, y . ,

. .

,
x. yn

) sit
.

so
 

Yxty) = Put ( x. y , . . .

,
six

, songs)
is unique . Similarly for multiplication

.



Leotard

Preferences

• Copenhagen class 2016

• §l of recent
paper

with Gurney ,
arxiv : 1905.10495

* Joyal's original paper
* Notes from there lectures

Last time :
alternative def

.

of WCA )

- change of emphasis : universal
way

of inflating A sit
.  it has

a fool lift
- equally interesting for A p

.

Tor
- free - even traditionally

,
W is born

 in  
cheer O

-

no formulas
,

no
lemmas needed (Bhatt : derived Fortunio

. lift)
- it has a few drawbacks ( later)
- A poset Itt : other def

using
deformation theory

,
wore

relevant to Fontaine theory

heapsgot 
universal property

- We're more  
interested

in the can
where A t perfect Ep - alg

.

- Why? deRham - Witt
,

foundations
,
prismatic cohomology

,

moduli
. . .

3
.

Moduli interpretation

XIA) = Hour ( R
,

A)
gR -

- 8 -

ring In I
X -

- Spee C R )
X cwent ) a Homs IR

,
WHY I

* IS a
moduli

space
has

a E- structure
,

then the objects it
classifies have a theory of canonical lifts

.
It work

over an

arbitrary base
.

E.g.

.

Canonical lifts So - arbitrary families oh ordinary elliptic curves (Gorney)



4
. p-diffeel.ie/operators

C - mod Diff . rings

CEI I JHouzk ,

- I Do .  -

qq.ly?WdiA--
divided

power
series do . fTw

I - mod Things

*

C = free C - module
ou one generator

"

I
' '

= { natural I -

any operations on C- modules)
= representing obj.

for Home CC
,

- )
CEM = generators can

,

relations
. . . .

* D= free diff
.

rig
on one gene

= IIe
,

d. do? .
- . . ]

,
d "=d" a ,

=

"

alg.

diff
. operators

"

,
e

-

- identity
5 ED defines 5 : R → R

and D I { natural I -

any
operations on diff

. rings } ( exercise )
D also represents Wet :

Hour ( Ile
,
d

,
. .  
-7

,
A) = IIA  = WAKA)

DOA  = Ild
"

Cal : at A) / ( d
"

Cab) = . . .

,
duh -

- su
. . ,

d
"

Cath - . . . ,d%I=o) = I to

* A = free 8 -

ring on one

gene
= IIe

,
E

,
802

,
.

.  .
I

,
8

"

= once )
, q

: 8
"

- , @
" I +

p
8°C

" "

=

"

p
- differential operators

"

= { natural I -

any
operations on S

A represents W :

Hour ( If
. . .

,
87 . . .

]
,

A ) → WCA )

I mi ( ale )
,

218 )
,

ales
"

)
,

.
. . )

BoA  = I 1879 : at A7/(8%6) = . . .

,
8%1=8

.
,

. ,
8 "CaxD= . . .

,
8%7=0 )



Point : Suppose 5.
 ,

5
, .

I
,

. . .

c- D is another free
gen .

at
.

Then
WCA) = Hour ( A

,
A ) I IIA

it

a ↳ (also1,215 . )
,

. . .
)

But the
ring

str
. on WCA) when expressed in terms

of the RHS will involve the Leibniz rules for the

operators I
,

which in general will have nothing to do

with those for the obvious generators 8
"

.

* Traditional description of w is the one
above for

a certain

list of free generating operators Go
,

Q , . . .

EA
.

Q = the Witt operators

8
"

= the Boi our
- Joyal operators

Go -

- 8
"

= e
,

A
,

= 8
"

,
Oz = 57 IIIpi

- YI ) EP " →  'Ji

-
order I

* Alternatively W = Spec CA )
.

Two different coordinate systems W TIA ;
Witt coordinates

,
Boom -Joyal coordinates

"

.

Boi our
- Joyal are usually better for conceptual

purposes ,

but
Witt are sometimes useful for computations .

So what
are the Witt operators ?



5.
WITcomponents

Def : On C- Al Yp ) recursively by

4 ;= Q'
"

op Off
t phQ

"

Witt polynomials
"

\
usual exponentiation

iteration

go = Oo =

e
, y

"
= Of

xp Q .
: Q = 8

u=I : EP
't

por
"

xp
' A =

of
"

= ( ePtp 8)
'

tps
'
'

xp
'S

"

.

-

-

p
' Q = p

' do

't
(7) EMP

- i '

(p
g)

e

'

Oz = 8
"

t II(h? ) pi
-

ZePCP -  it
g

i

-

order I operator

Easy : the Q freely gun . Blk ) as a 7147 - alg .
-

PI : you =p
" Q t lower-order terms

The :( Joyal / Cartier -Dieudonne - Dworh)
is On C- A

* i The Q gun
A Freely as a 7- alg .

The proof requires an argument using won - trivial
congruences

.

First time we've needed
a non

-formal argument .



Lecture 3
-

Thwarts

*

prismatic cohomology - S -

rigs (Bhatt - Schola) or WIN Sor A general ( Driufeld)

( Arnab Saha's lectures)
* WCA ) = Hour ( A

,
A) ←dearly) word

.  iudep .

def of w
.

• Ex : S -

rings
have all limits tcdimib

,

and the forgetful Senator to
rings preserves

them
.

* { Do A  → C } = I A  → Wcc ) )

X = Spa A
,

JCX ) = Spee Do A m ) JCX ) Cc) = X ( was )
" arithmetic jet space

"

Buin p
-
differential alg. geom

.



5
. WITcomponents

Def : On C- Al Yp ) recursively by

My'm
= Oo ?. poi

"  - '

t . - - + pQ
"

Witt polynomials
"

iterated composition § - . .↳ oat exponentiation

The :( Joyal / Cartier -Dieudonne - Dworh)
is On C- A

* i The On gun
A Freely as a I - dog .

KeySad
: I Coo

, . .

,
Q ] -

- Iles . . . ,8
" I ⇒ scout = Out

,
t ( terms in LIQ

,
. .

,
Q1 )

Then 8
" " "

= Out
,

t ( lower order terms) and can
conclude by induction

PIofheySet :

Expand y
" " "

in two
ways

① goat
"

= pi QP

"
"

u

p
- - i

)② plea ) =p (
IEP

iQ .

= pay CQ) t pig
'
"  "

= -  .  - t II pi +

pray
)

'
"

"

n - I zu
- e

'

induction in ,
=  -  "  - tu, -2 pitpfi too

, . . .

,Oil )
'

=

pug Coal t
EI

OF
" "

mod put
'

LIQ
, . . .

,
On]

. : pug C Q ) =

point

p
" ' Out

,
mod put

'

LIQ
,

. . ,
QI

y IQ ) = Of + pQ+ ,
mod PIIQ , . .

,
Q )

11

QtpRQ )

.
: SCA ) = Out ,

mod LIQ
,

. .

,
-07 Pa



6
. Ghostcompound

Consider the

operators
gone A

400 = e

y
"

= EP t p
8

go
'

= (EP + p 8)
P

t p JP
xp

'S
"

:
!

They do not
gen .

A
,

even mod
p

: pm = EP
"

wed pd
: . they gun

. Fp El E TILE , 8,8 ; - -
- I

But we can ignore
that and proceed as

if they did :

WCA → HIA an RHS has product
ring

str
.

I Later
, aces , accent , . . . > because you TadditIeTwo H

.

so Leibniz rules are the
easy ones

" Ghost
map

"

,

RHS =

"

ghost components
"

NI .

. the ghost map d not usually an isomorphism !

In 8 - coordinates : w ( x
. ,

x
, ,

. . . ) = L Lo
,

L
,

- .  - )
,

where Lu is the poly I ( xo
,

x
, ,

. . .) sit
. you =L (e

,

s
, . . .

,

d
" )

.

So w ( Xo , x. , Xz ) ,
=L Xo ,

XP tpx , , txotpx ,)
"

xp xp tpxz ,
. - . >

Similarly in Witt words
,

but we have nice closed forms for
the

corresponding polys
, by def

.  
of the Q !

w ( Xo , Xi ,
. . . to4 . . .

,
Iipix?

. . . >



But they do freely generate Al Yp ) as a 2%7 - dog .

PI : ooh = ( tf
'

) . ( 9¥ ) . . . . . ( 9¥ I = ¥4
"

t (lower order terms)

So Yp e A  ⇒ WCA) = Hour ( A
,

A) = Hour ( Df's ! A)
,

so w is a bijection

E ① A
p

- torso ⇒ ghost map
is injective .

.

.

. WIA ) is naturally a subring of the product  rig TIA
② WCL ) = { La

.
,

a
, ,

. . . ) e LIA I am .
= An wodp

" ' }
③ W (Ep ) E Ip and WCI ) → wat ) is Lao

,
a

, , . . . > - Quan

2

Spectrum : SM "}# .

"

C
,

* How to do a computation in WCA)
,

A general :

① Choose
p

.ton
.

free A ⇒ A

,
and lift the problem to WCA)

② Perform the computation in WEA) using ghost components (easy
! )

③ Convert the answer baek to the original component ofWCA )

④ Reduce back to WCA ) .

Ee : If Xo
, go ,

x.  , y , , .
. . am square

- hero
elements in an KI - algebra

,

compute ( Xo
, x. ,

. . . ) t I
yo , y , ,

. .  - ) ,
and x

.



? Teicherlifts

A
ring ,

FLAT = monoid alg.

on mutt
.

ueouord of A

4 i I [ AT → LIAT
U

[at - , lap )

Fools
.

lift t LIAT for
.

free ⇒ 8 - str
. Saas ) = o

.

. : ZIA ) - - ft- → WCA)

¥
In 8 - words : [ a ] - > ( a

,

0
,

o
,

- -
- )

Also true in Witt coordinates !



8
. Contusion

BoJoyal Witt Ghost

Def v v

Category - th
. props

✓ -

of
- operator ( F ) r

8 - operator
✓ -

Versehiebuy
U r

Ghost  

map
closed form V r

Teach
.

elements ✓ v r

Other topics
* pkthystic formalism

. multiple primes , rafted.

functionfield

,

Fontaine's -0
, . . .

* perfect Witt vectors WMCA) = lyin WCA)

* truncations

* de Rham - Witt interpretation


