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Outline of this talk

@ Degenerate stars

Magnetic degenerate stars

Equilibrium magnetic structure

Stability of magnetic equilibrium structures

Effect of shear stress in the stability

@ Summary
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Degenerate star : implications

@ Strong gravity, rotation and magnetic energy play important
role in the observational characteristics.

@ NS Mass 1-2 Mg, & Radius 10-20 km — binary accretor, GW
emitter

@ NS can rotate a few hundred times
in a second — pulsar

o NS magnetic field : up to ~ 102 T
(=10'® G) — gamma ray burst
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Magnetic degenerate star : Equilibrium structure

stellar structure eq.s (Newtonian)

@ The hydrostatic force balance eq. :
VP =-Vog,+ 2 (jxB)

@ Poisson's equation:

V2<Dg =47 Gp
o Maxwell's equation (with o — c0):
V.B=0

and V x B = poj

P = P(p)

virial condition:

3N+ W +.4 =0 ;
where, M= [PdV; W=1[pd.dV and .# = fz‘%dv
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Assumptions and method

stationary ( — O)

axisymmetric, |.e.8—¢ — 0.

non-rotating.

The source of the magnetic field (i.e. the current distribution)
is confined within the surface of degenerate star.

@ 00— 0

HSCF : integral formalism (Hachisu, 1986; Tomimura & Eriguchi, 2005)

1
Er + o, =M(u)+ C
Llemy F g (u) ”
r
here, u = Ag.rsiné, ZD) ) —Gfl’r’ r,‘
Ag(r)sing = b [elf)Sne = S,,| d3r'.
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B Field components : Poloidal & Toroidal

B=Byp+B,7 + Byf

Toroidal Poloidal

Wikipedia
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Mass distribution & Poloidal field
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Mass-Radius of Neutron Star

EoS : APR (1998)
Magnetic field geometry: Poloidal
Used code : Lorene

—A— M/W=0
MIW=10%

Mass : 2.41 M,
Bpole : 1.6 x 107 T

Radius/[km]

0.5 1.0 1.5 2.0 2.5
Mass/[Mo ]
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Deformation of magnetic Neutron Star

lho| = i—fQQTZ [Bonazzola & Gourgoulhon 1996]

- 1.4M,
1.0M,

Quadrupole moment Q/[1038 kg. m?]
o
N
o

0.00 T T T T T
0.00 0.02 0.04 0.06 0.08 0.10
MIW
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e Typical time scales (for a poloidal field configuration):

— R —4
® Tsound = =, < ™ 107* s
_ R _3
® TaAlfven = =, 5 ~ 1077 s

o Tyiscous = <L2R% 1010 s [Cutler & Lindblom 1987]

T eff

° Tohmic = nfj; ~ 103 s [Baym et al. 1969]
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Stable & Unstable system

Force

Equilibrium state

Case |

Case ll

Perturbation

Stable/Unstable

Stable oscillation

Unstable state
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Magneto-hydrodynamic Egs

@ Momentum equation : P[% + (v V)v] = =VP —pV®,; + (j x B)

o Continuity equation : % ==V (pv)

e Faraday equation : %7? =V x(vxB)

e Adiabatic condition: (% +v-V)(Pp™7)=0
@ Poisson equation : V20, = 4nGp

e EoS: P = P(p)

@ Not considered : viscosity, heating, conduction, radiation etc.
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Uniform Radial Perturbation

Conserved Values : Total Mass (px Volume) and Magnetic Flux
(Bx Area)

1 1
Length scale Lo = V7 — L = (Vlo) *lo=(1+€)Lo
— ¢ : expansion coefficient

Equilibrium Condition : VP = —pVdo + (jo X Bo)
Equation of State (EoS) : P o p'
d .
pd—‘t’ = VP — pVo +(j x B)
d?e

° ‘ I > 4/3 = Stable oscillation ‘
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MHD equations : Linear expansion

\ P=Po+ 3P, p=po+dp, B=Bg+6B, J =V xB, &, = b, \

Consider, f = pov and 8 = podB.
of V Py ] 1
— = |-VoP+ —0p| —— (Jo X Bp) dp + — (Jo X
B [ ol p(o 0)dp po(o B)

term : —%VP

1 1
+[,00(VX'6)XBO_2

(Vo x B) x Bo]
Po

/

~
perturbation of J X B

dop _ 5

W— Vf, 5P—Cs($p
aﬁ:VX(fXBo)—wx(fXBo)—/}OV@'
ot Po

9 a4/ c2+ c2

ﬁz 7AL — (652 + Cf\) V-B

ot Ar
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Linear Stability : Toroidal field [Normalized unit]

‘Tayler Instability (m = 1)‘ OM : total perturbed magnetic energy
| — grid: 16 xéz
~ R __ ol — grid:32 x64
TAlfven ™~ 7o,y = 200 B — grid: 64 x128
= -5

|
—
=)

|
—
wu

100 107 107 0

Ve—o = F(r)P x VV11(0,6 = 0) time

Talfven ~ 200, . 50

log|oM|

10° 10* 10° 10°
time
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Linear Stability
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non-Linear Stability : Poloidal field

Polytropic star : I =5/3
WD Mass = 0.8 Mg TAlfven ~ 32 seconds

Radius = 9716 km . “
MW = 8.92 % 1073 Vico = F(1)7 % VY1(6,0)]

—2[| — Non-Linear 128 x 128 x 128
Non-Linear 64 x 128 x 64
Non-Linear 64 x 64 x 64
Non-Lin no pertb

Linear

2 3

10 10

Time e [Bera & Bhattacharya 2017]



Non-linear evolution : axisymmetric poloidal configuratio

a b
time =41.6 s
10
H — grid 64 x128 x64 7 2.4e-05
10° H — grid 128 x128 x128 6 2.1e-05
. H— n.o perturbation 5 1.8e-05
10 linear
4 1.5e-05
E 3 1.2e-05
2 9.0e-06
) 6.0e-06
o 3.0e-06
0 1 2 3 4 5 6 7 0-0e+00
c |
time = 138.6 s
7 7.2e-04
6 . 6.4e-04
5 . 5.6e-04
4.8e-04
4
€ 4.0e-04
< 3 3.2e-04
2 2.4e-04
1 1.6e-04
o 8.0e-05
10° L L 0.0e+00

et ° 7% 7" * {Bera & Bhattacharya, 2017]
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..215..302F|

1977ApJ .

Flowers & Ruderman 1977

EVOLUTION OF PULSAR MAGNETIC FIELDS 303

Mg

WioL
Fic. 1.—Initially parallel bar magnets which are free to rotate about a common axis perpendicular to M are unstable. Oppositely

directed motions of the two magnets will bring N and S poles of the different magnets together, reducing the exterior magnetic field.
In general the final total M will be much less than the initial M and approximately perpendicular to it.
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A NEUTRON STAR: SURFACE and INTERIOR
® Suiss Spaghetty
CORE:

Homogeneous|
Matter

ENVELOPE
CRUST
OUTER CORE
INNER CORE

Polar cap

Cone of open n—p+e 4+,
magnetic
pt+e —n+ve

Dany Page [http://www.astroscu.unam.mx/]

Néutron Superfluid +
Neutron Vortex  Proton Superconductor|
Neutron Vortex )

Image credit :
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Shear stress in neutron star

@ The matter density within NS gradially decreases towards the
stellar surface from the core region.

@ At the outer part of NS, ionized nuclei form crystalized
structure.

@ Perturbed ionic lattice structure from its minimum energy
configuration stores electrostatic energy and, hence the
restoring force becomes active.

@ Highly densed matter at the core of NS does not get an
opportunity to form lattice. Therefore the shear effect is
mainly localized to the NS crust.
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Formulating Shear

@ Assume an applied perturbation at x displaces x — x + £(x).

@ Non-uniform £ over the space deform the system.

@ Spacial gradient of £ measures strain : S = V¢ or, S5 =&
@ Trace-less body-shear component © % (Sij + Sji) — %g,-jskk
o In curvilinear coordinate Sjx = &k = &i i + Tijké

@ For example, in spherical polar coordinate

_20¢ 2 cote 106 1 0%
Z - 3 Brr 75" - 5 T 3r 06 3rsinf 0¢

@ Stressdueto X is: T = —2u¥ = fgpesr = —VT =2V (uX)
Here, 1 is the shear modulus.

Prasanta Bera Magnetic Degenerate Stars



Shear Modulus

@ Shear modulus depends on the characteristics of the sate of
matter.

@ The studies on the crystal structure at the NS crust show [e.g.
Strohmayer et al 1991 ApJ 375, 679]

Lheff 0.1194

n(Ze)?/a 14 1.781 x (100/T)?

here, n = 1/(4m/3)a> is the ion number density, a is the radius
of the Wigner-Seitz cell containing one single ion of charge Ze.
For ®®Fess, a > 2.2 x 1071 cm.

o fiefr ~0.1% n(Ze)?/a=3.7x 10¥Jule - m~3 =
3.7 x 103%rg - cm 3
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Evolutionary set up including Shear

g

E =V (1)
of VP

Fri [ VoP + P 5/0],-

1

[—plo(Jo X Bo)5ﬂ+p10(Jo X )

#2759 B0~ (Vi < 9) Bl
0

o i
Ok
.. 2
+5Uk/8xj(‘9x, (2)
dop
ar -V G)
9B _ G (F x Bo) = Y22  (F x By) (4)
ot Po
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Local magnetic field evolution

@ Assume a cylindrical volume with incompressable plasma
having toroidal magnetic field By ~ R® in equilibrium.

@ Here the current density = jo = ﬁTJF,%Boqsf. To have a realistic
current density ao > 1.

— p— Vv .
___ Magnetic fild lines pa =J X B — Vp
— Vv =0
f————— —
e B — V x B = poj
I —] — 5
—— B G (uxB)
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Local magnetic field evolution : linear order

o Expantion of the perturbed variables as e/m¢+ikeztwt

Rpw
g (Romve + ) |
z

0 m? a+1
OR | m? + k2R? poRw

) . 0
PWVR +leBO¢ +,/02qu5 = 87/‘? {

Bo3, VR}

@ In the limit k, — 0, vg will have a bounded solution and

. Bo? I .
w? <0 if ”0052 < 0. But it is not possible.

@ Hence the pure toroidal field geometry becomes unstable.
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Local magnetic field evolution : effect of shear modulus

@ The force balance equation including shear:
p%i = [ x B]; = Vip + Sj00ix

] 8t_v’

@ In the linear order approximation having the variables with the
expansion eMPtikeztwt e, —

@ Now assuming a characteristic wavenumber k) in the
expansion of & ~ exp(iky - x), the shear term becomes
—2ptefrk3viJw

Rpw

e+ R (RORVR+ VR)}
V4

0
pwvr = —j1,Bo¢ — jo,B1s + 55 IR {

0 m? a+1
OR | m? + k2R? poRw

BoiVR] — 2pefr k3 Vi Jw

2

Bo
@ Now the stability condition becomes —%5 ok 2,ue,cka < 0.
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Local — Global field evolution

@ matter density varies over space
@ magnetic field and electric current density may be complex

e compressability (defined by EoS) can effect

B (10%2T)

- Magnetic field lines

r (km)
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Uniform shear modulus : Time evolution

1.3 Mg neutron star with 11 km radius and pure toroidal
magnetic field. M/W =8 x 1073

12 T_1nl6 .
<B>~10" T=10"" G ’Tor0|da| B; ¢ mode m=1‘
1079 /= 0e + 00, grid:32x32
u=5e—05, grid:64x64
1061 — u=>5e—-05, grid:32x32
—— u=5e—-04, grid:64x64
—— p=5e—-04,grid:32x32
1078 4
5
u\‘.’f 10-10 4
w0
Tierie ~ 1.6 - 107% x|[2.37 - 10%]Jule - m 3
10—12 4
10-14

0 20 40 60 80 100 120 140
time/[T]
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Uniform shear modulus : Growth rate

—_ 8 |n 5EB
Growth rate [y = 5,
’Toroidal B; ¢ mode m=1‘
0.141 —— M/W=0004 1.0 1 —— M/W=0004
M/W=0.008 M/W=0.008
0.124 —_— M/W=0.016 — M/W=0.016
0.8 1
= 0.101
% 0.08 T‘lm 0.6
g 0.06 =
o 0.4
0.04 4
0.02 4 0.24
0.00 T T T T T T T T T T T T T
0.00000 0.00005 0.00010 0.00015 0.00020 0.00025 0.00030 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
shear modulus (u/[u]) Mlcrit
. ; . B2
‘The scaling relation is closely followed. ‘ Lheff | crit X u—g
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growth rate (Iy)

Uniform shear modulus : Gr

o o o o
5 B b B
S 8 K &
5 8 & g

0.050

0.025

—— M/W=0.004
M/W=0.008
—— M/W=0016

0.000 ™ N
0.00000 0.00005 0.00010
shear modulus (u/[u])

0.00015

wth rate

’Poloidal B; ¢ mode m=2‘

—r— M/W=0.004
M/W=0.008
—— M/W=0.016

0.0 0.2 0.4

0.6
scaled

0.8
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Field geometry : equilibrium & perturbed components

0.8
0.6
0.4
0.2

0.0
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Crustal shear modulus

1012 A 1'0/'
108 £ 0.5

10%

0'0 - T T T
0.00 0.25 0.50 0.75 1.00

= 10° ]
w 2
= 8
& 1074 4 =
© ©
1&

1078 4 A

10-12 4

10716 1 —— Umax=6X 107, R/R= — —— Umax =6 x 107>, R/R=0.00

I /Jmax=6 X 10_5: Rt/R=0.25 — Hmax=0
10720 4 - - : - .
0 50 100 150 200 250 300
time/[T]
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Astrophysical importance

e Stability condition :: p > pcr depends on field geometry
@ short dynamical time = magnetic field stagnation at crust

@ long NS evolutionary time = magneto-thermal evolution may
bring instability in magnetic field geometry

@ Source of Event : Failure of NS crust for local B — observable
as GRB/FRB [Thompson & Duncan 1995]
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@ Coaxial magnetic field lines, produced by a free plasma
current, are unstable against perturbation.

@ The instability time scale due to the axisymmetric
magnetic field in a degenerate star is about a few Alfvén
times.

@ The inclusion of the effects due to Shear Modulus
reduces the instability growth rate and it can make the
system stable upto a limit.
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Stability : Elastic medium

Unstable state

Stability due to elastic medium

| An A 4

Force
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Outlook : stability condition

Magnetic field lines.

2 B2
@ Sear modulus : (2/1/ - 20“236““}2?) >0
A

o Compressible fluid (jwTs| > 1):
e} |: r> |0po|T1 1 :| 20242041 Bgo¢ >0

or

or [Tpo T wp? oWl o

@ Dynamical motion : 77
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Linear Stability : Poloidal field

O0M : total perturbed magnetic energy

WD Mass = 0.89 Mg, ||~ o252
Radius = 6643 km
M/W =876 x 1073 =

R
TAlfven ™~ Tc,y

= 17 seconds T 1 i
time (0.29 s)
— <B>~17x10" T
“4H <B> ~3.4x10" T
= <B>-esa0 T TAlfven ™~ 68' , 17 seconds

log|oM|

10° 10 10°
Time (sec)
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Linear Stability : Poloidal field

t=0: By(unit = 3.03 x 10° T) log[2EU=5:245<0)]
1.0 0.032
1.0,
0.028 .
F 10.024 os 1 6
10.020 |80
{ {0016 & o, | _ga
10.012 1 838
0.008 ~9.2
0.004 —96
190 02 04 06 08 10 0 02 04 06 08 10 0
&§/R, ¢/R,,
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n-linear evolution : axisymmetric toroidal configuratio

time = 34.6 s

H — grid 64 x128 x64 1.4e-04

21— rid 198 %198 %12
102 H grid 128 x128 x128
H — no perturbation 1.2e-04

linear

1.0e-04

8.0e-05
6.0e-05
4.0e-05

2.0e-05

o = N W B U O N

o
-
~
w
_b
«
o
<
T

0.0e+00

time = 83.1s

6.4e-04
5.6e-04
4.8e-04
4.0e-04
3.2e-04
2.4e-04
1.6e-04
8.0e-05
0.0e+00

O = N W B U O N

o

"

N

w
_JB

”

o

<

EEE— )
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Mass-radius relation of magnetized WDs

pure poloidal field pure toroidal field
B dependent Mass-Radius relation 0 §
—* M, — |M/W[=0%
+—+ [M/W|=10%
25 AA [M/W|=20%
E = MW|=30%
X |M/W|=40%
E 20
= €
X
— = 15 .
3 g
5 x 10|
5
20 00 1 2 4 5 6

3
M/M,

[Bera & Bhattacharya, 2014, 2016]
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Linear Stability : Numerical Method [Lander at. al. 2010]

¢-decomposition :
(5[)(1‘, r, 9) ¢) = Zrono:O [6p+(t7 r, 9) cos m¢ + 5p—(t7 r, 9) sin m¢]
e Initial condition (t=0) : Equilibrium solution + Perturbation
[function of Y]
@ Spatial Boundary : 3 — 0, 0p —0and f — 0 as
r — 0, Rsyrf. 6-boundary depends on symmetry.
e Time evolution : 2-step (predictor-corrector) MacCormack
method (1969)
e Divergence cleaning : Hyperbolic-parabolic cleaning [Dedner
et.al. (2002)]
e Numerical dissipations : resolution dependent i) fourth order
Kreiss-Oliger dissipation and ii) electrical resistivity for long
term evolution
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non-Linear Study : PLUTO setup

PLUTO : A MHD code, based on Godunov type shock-capturing
schemes, solves conservative form of equations using finite volume
formalism [Mignone et. al; 2007]

e Grid :: Spherical polar (r = [0.1, 0.82], # = [0.05, 3.1], ¢ =
[0, 2])
Initial condition :: Equilibrium Solution + Perturbation

Time evolution :: hll

Boundary :: outer radial : Fixed gradients, inner radial and
axial directions : fixed equilibrium values, ¢ : periodic

e Gravitational potential :: Assumed to be fixed (®g)
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Uniform shear and poloidal field

0.20 1 —r— M/W=0.004
© 0154 M/W=0.008
5 —— M/W=0016
£ 0.101
2
[
=007 L’\\ﬁ

0.00 A

0.000000.000020.000040.000060.000080.000100.000120.000140.00016
u

1.0 —— M/W=0.004

M/W=0.008
—— M/W=0.016

ol
©
s

scaled growth rate
=] =)
S o
L |

0.21

0.0000 0.0002 0.0004 0.0006 0.0008 0.0010 0.0012 0.0014 0.0016
scaled u
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