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Degenerate star : implications

Strong gravity, rotation and magnetic energy play important
role in the observational characteristics.

NS Mass 1-2 M� & Radius 10-20 km → binary accretor, GW
emitter

NS can rotate a few hundred times
in a second → pulsar

NS magnetic field : up to ∼ 1012 T
(=1016 G) → gamma ray burst
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Magnetic degenerate star : Equilibrium structure

stellar structure eq.s (Newtonian)

The hydrostatic force balance eq. :
1
ρ∇P = −∇Φg + 1

ρ (j × B)

Poisson’s equation:
∇2Φg = 4πGρ
Maxwell’s equation (with σ →∞):
∇.B = 0
and ∇× B = µo j

EoS:

P = P(ρ)

virial condition:

3Π + W + M = 0
where, Π =

∫
PdV ; W = 1

2

∫
ρΦgdV and M =

∫
B2

2µ0
dV
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Assumptions and method

stationary ( ∂∂t → 0)

axisymmetric, i.e. ∂∂φ → 0.
non-rotating.
The source of the magnetic field (i.e. the current distribution)
is confined within the surface of degenerate star.
σ →∞

HSCF : integral formalism (Hachisu, 1986; Tomimura & Eriguchi, 2005)

1
µemH

EF + Φg = M(u) + C

here, u = Aφ.r sin θ, Φg (r) = −G
∫ ρ(r ′)
|r−r ′|d

3r ′,

Aφ(r) sinφ = µ0
4π

∫ jφ(r ′) sinφ′

|r−r ′| d3r ′.
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B Field components : Poloidal & Toroidal

B=Bφφ̂+Br r̂ + Bθθ̂
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Toroidal Poloidal
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Mass distribution & Poloidal field
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Mass-Radius of Neutron Star
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EoS : APR (1998)
Magnetic field geometry: Poloidal
Used code : Lorene

Mass : 2.41 M�

Bpole : 1.6× 1017 T
←
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Deformation of magnetic Neutron Star
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Stability ?

Typical time scales (for a poloidal field configuration):

τsound ≡ R
<vs>

∼ 10−4 s

τAlfven ≡ R
<vA>

∼ 10−3 s

τviscous ≡ <ρ>R2

ηv eff
∼ 1010 s [Cutler & Lindblom 1987]

τohmic ≡ R2

ηmeff
∼ 1013 s [Baym et al. 1969]
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Stable & Unstable system

Equilibrium state Perturbation Stable/Unstable

Fo
rc

e

Case I

Case II

Stable oscillation

Unstable state
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Magneto-hydrodynamic Eqs

Momentum equation :

Continuity equation :

Faraday equation :

Adiabatic condition:

Poisson equation :

EoS :

ρ[∂v∂t + (v · ∇)v] = −∇P − ρ∇Φg + (j× B)

∂ρ
∂t = −∇ · (ρv)

∂B
∂t = ∇× (v × B)

(
∂
∂t + v · ∇

)
(Pρ−γ) = 0

∇2Φg = 4πGρ

P = P(ρ)

Not considered : viscosity, heating, conduction, radiation etc.
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Uniform Radial Perturbation

Conserved Values : Total Mass (ρ× Volume) and Magnetic Flux
(B× Area)

Length scale L0 ≡ V
1
3

0 → L =
(

V
V0

) 1
3
L0 = (1 + ε)L0

=⇒ ε : expansion coefficient

Equilibrium Condition : ∇0P0 = −ρ∇0Φ0 + (j0× B0)
Equation of State (EoS) : P ∝ ρΓ

ρ
dv
dt

= −∇P − ρ∇Φ + (j× B)

=⇒ ρ
d2ε

dt2
= −ε [3Γ− 4] |∇0P0|

Γ > 4/3 =⇒ Stable oscillation
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MHD equations : Linear expansion

P = P0 + δP , ρ = ρ0 + δρ, B = B0 + δB, J = ∇× B, Φg = Φg 0.
Consider, f = ρ0v and β = ρ0δB.

∂f
∂t

=

[
−∇δP +

∇P0

ρ0
δρ

]
︸ ︷︷ ︸

term : − 1
ρ
∇P

− 1
ρ0

(J0× B0) δρ+
1
ρ0

(J0× β)

+

[
1
ρ0

(∇× β)× B0 −
1
ρ2
0

(∇ρ0 × β)× B0

]
︸ ︷︷ ︸

perturbation of J × B

∂δρ

∂t
= −∇ · f; δP = c2

s δρ

∂β

∂t
= ∇× (f × B0)− ∇ρ0

ρ0
× (f × B0)− ρ0∇ψ

∂ψ

∂t
=
α
√

c2
s + c2

A

∆r
ψ − (c2

s + c2
A) ∇ · B

P = P0 + δP, ρ = ρ0 + δρ, B = B0 + δB, J = ∇× B, Φg = Φg 0
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Linear Stability : Toroidal field [Normalized unit]
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Tayler Instability (m = 1) δM : total perturbed magnetic energy

τAlfven ∼ R
〈cA〉 = 200

τAlfven ∼ 200, 100, 50

vt=0 = f (r)r̂ ×∇Y11(θ, φ = 0)
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Linear Stability : Toroidal field
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non-Linear Stability : Poloidal field
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Polytropic star : Γ = 5/3

WD Mass = 0.8 M�
Radius = 9716 km
M/W = 8.92× 10−3

τAlfven ∼ 32 seconds

vt=0 = f (r)r̂ ×∇Y11(θ, φ)

[Bera & Bhattacharya 2017]
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Non-linear evolution : axisymmetric poloidal configuration
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Why instability?

Prasanta Bera Magnetic Degenerate Stars



Neutron Star : structure
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Shear stress in neutron star

The matter density within NS gradially decreases towards the
stellar surface from the core region.

At the outer part of NS, ionized nuclei form crystalized
structure.

Perturbed ionic lattice structure from its minimum energy
configuration stores electrostatic energy and, hence the
restoring force becomes active.

Highly densed matter at the core of NS does not get an
opportunity to form lattice. Therefore the shear effect is
mainly localized to the NS crust.
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Formulating Shear

Assume an applied perturbation at x displaces x→ x + ξ(x).

Non-uniform ξ over the space deform the system.

Spacial gradient of ξ measures strain : S = ∇ξ or, Sij = ξi ;j

Trace-less body-shear component Σij = 1
2 (Sij + Sji )− 1

3gijSkk

In curvilinear coordinate Sik = ξi ;k = ξi ,k + Γijkξj

For example, in spherical polar coordinate
Σrr = 2

3
∂ξr

∂r −
2
3r ξr − cot θ

3r ξθ −
1
3r
∂ξθ
∂θ −

1
3r sin θ

∂ξφ
∂φ

Stress due to ΣΣΣ is : T = −2µΣΣΣ⇒ fff shear = −∇TTT = 2∇(µΣΣΣ)
Here, µ is the shear modulus.
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Shear Modulus

Shear modulus depends on the characteristics of the sate of
matter.

The studies on the crystal structure at the NS crust show [e.g.
Strohmayer et al 1991 ApJ 375, 679]

µeff

n(Ze)2/a
=

0.1194
1 + 1.781× (100/Γ)2

here, n = 1/(4π/3)a3 is the ion number density, a is the radius
of the Wigner-Seitz cell containing one single ion of charge Ze.
For 56Fe26, a > 2.2× 10−16 cm.

µeff ∼0.1 ∗ n(Ze)2/a = 3.7× 1029Jule ·m−3 =
3.7× 1030erg · cm−3
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Evolutionary set up including Shear

∂ξ

∂t
= v (1)

∂fi
∂t

=

[
−∇δP +

∇P0

ρ0
δρ

]
i[

− 1
ρ0

(J0× B0) δρ+
1
ρ0

(J0× β)

]
i

+

[
1
ρ0

(∇× β)× B0 −
1
ρ2
0

(∇ρ0 × β)× B0

]
i

+Sijkl
∂2ξk

∂xj∂xl
(2)

∂δρ

∂t
= −∇ · f (3)

∂β

∂t
= ∇× (f × B0)− ∇ρ0

ρ0
× (f × B0) (4)
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Local magnetic field evolution

Assume a cylindrical volume with incompressable plasma
having toroidal magnetic field B0φ ∼ Rα in equilibrium.

Here the current density ⇒ j0 = α+1
µ0R B0φẑ . To have a realistic

current density α > 1 .

R
φ

z

Magnetic field lines
ρ
dv
dt

= j× B−∇p

∇v = 0
∇× B = µ0j

∂B
∂t

= ∇× (v × B).
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Local magnetic field evolution : linear order

Expantion of the perturbed variables as e imφ+ikz z+ωt

ρωvR + j1zB0φ + j0zB1φ =
∂

∂R

{
Rρω

m2 + k2
z R

2 (R∂RvR + vR)

}
− ∂

∂R

[
m2

m2 + k2
z R

2
α + 1
µ0Rω

B0
2
φvR

]
In the limit kz → 0, vR will have a bounded solution and

ω2 < 0 if
B0

2
φ

µ0R2 < 0. But it is not possible.

Hence the pure toroidal field geometry becomes unstable.
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Local magnetic field evolution : effect of shear modulus

The force balance equation including shear:
ρdvi

dt = [j× B]i −∇ip + Sijkl∂j∂lξk

∂ξi
∂t = vi

In the linear order approximation having the variables with the
expansion e imφ+ikz z+ωt , ωξi = vi .
Now assuming a characteristic wavenumber kλ in the
expansion of ξ ∼ exp(ikkkλ · xxx), the shear term becomes
−2µeff k

2
λvi/ω

ρωvR = −j1zB0φ − j0zB1φ +
∂

∂R

{
Rρω

m2 + k2
z R

2 (R∂RvR + vR)

}
− ∂

∂R

[
m2

m2 + k2
z R

2
α + 1
µ0Rω

B0
2
φvR

]
− 2µeff k

2
λvi/ω

Now the stability condition becomes
B0

2
φ

µ0R2 − 2µeff k
2
λ < 0.
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Local → Global field evolution

matter density varies over space

magnetic field and electric current density may be complex

compressability (defined by EoS) can effect
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Uniform shear modulus : Time evolution
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1.3 M� neutron star with 11 km radius and pure toroidal
magnetic field. M/W = 8× 10−3

< B >∼ 1012 T=1016 G

µcrit ∼ 1.6 · 10−4 × [2.37 · 1035]Jule ·m−3

Toroidal B; φ mode m=1
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Uniform shear modulus : Growth rate

Growth rate Γg ≡ ∂ ln δEB
∂t
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Toroidal B; φ mode m=1
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Uniform shear modulus : Growth rate
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Field geometry : equilibrium & perturbed components
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Crustal shear modulus
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Astrophysical importance

Stability condition :: µ > µcrit depends on field geometry

short dynamical time ⇒ magnetic field stagnation at crust

long NS evolutionary time ⇒ magneto-thermal evolution may
bring instability in magnetic field geometry

Source of Event : Failure of NS crust for local B → observable
as GRB/FRB [Thompson & Duncan 1995]

Prasanta Bera Magnetic Degenerate Stars



Summary

Coaxial magnetic field lines, produced by a free plasma
current, are unstable against perturbation.

The instability time scale due to the axisymmetric
magnetic field in a degenerate star is about a few Alfvén
times.

The inclusion of the effects due to Shear Modulus
reduces the instability growth rate and it can make the
system stable upto a limit.
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Stability : Elastic medium

Fo
rc

e

Unstable state

Stability due to elastic medium
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Outlook : stability condition

R
φ

z

Magnetic field lines

Sear modulus :
(
2µ− 2α2+2α+1

k2
λ

B2
0φ
µ0

)
> 0

Compressible fluid (|ωτs | � 1):
∂
∂r

[
r2

Γp0

∣∣∣∂p0
∂r

∣∣∣ Γ1
Γ

1
|ω|2τ2

s

]
− 2α2+2α+1

ρr2|ω|2
B2

0φ
µ0

> 0

Dynamical motion : ??
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Linear Stability : Poloidal field
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<B> ~ 6.8×107  T

δM : total perturbed magnetic energy

WD Mass = 0.89 M�
Radius = 6643 km
M/W = 8.76× 10−3

τAlfven ∼ R
〈cA〉

= 17 seconds

τAlfven ∼ 68, 34, 17 seconds
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Linear Stability : Poloidal field
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Non-linear evolution : axisymmetric toroidal configuration
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Mass-radius relation of magnetized WDs
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Linear Stability : Numerical Method [Lander at. al. 2010]

φ-decomposition :
δρ(t, r , θ, φ) =

∑∞
m=0 [δρ+(t, r , θ) cosmφ+ δρ−(t, r , θ) sinmφ].

Initial condition (t=0) : Equilibrium solution + Perturbation
[function of Ylm]
Spatial Boundary : β → 0, δρ→ 0 and f → 0 as
r → 0,Rsurf . θ-boundary depends on symmetry.
Time evolution : 2-step (predictor-corrector) MacCormack
method (1969)
Divergence cleaning : Hyperbolic-parabolic cleaning [Dedner
et.al. (2002)]
Numerical dissipations : resolution dependent i) fourth order
Kreiss-Oliger dissipation and ii) electrical resistivity for long
term evolution
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non-Linear Study : PLUTO setup

PLUTO : A MHD code, based on Godunov type shock-capturing
schemes, solves conservative form of equations using finite volume
formalism [Mignone et. al; 2007]

Grid :: Spherical polar (r = [0.1, 0.82], θ = [0.05, 3.1], φ =
[0, 2π])
Initial condition :: Equilibrium Solution + Perturbation
Time evolution :: hll
Boundary :: outer radial : Fixed gradients, inner radial and
axial directions : fixed equilibrium values, φ : periodic
Gravitational potential :: Assumed to be fixed (Φ0)
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Uniform shear and poloidal field
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