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PART I: Risk-sensitive reward for
Markov chains*

V. Anantharam, V. S. Borkar, “A variational formula
for risk-sensitive reward” , SIAM J. Control and Optim.,
55(2), 2017, 961-968.



Courant-Fisher formula for principal eigenvalue of a

positive definite matrix A € Rxd:

L Ax
A= max A
0%£zeRY xtx

Consider an irreducible nonnegative Q € R4 Then the
Perron-Frobenius theorem guarantees a positive principal

eigenvalue with an associated positive eigenvector.

Is there a counterpart of the Courant-Fisher formula?



YES !! The Collatz-Wielandt formula for the principal

eigenvalue of an irreducible nonnegative matrix
Q = [[q(, )] € R4

: L )q
A = sup min ((Q )’>
=[x, 24]L,x;>0 Vi 1:2;>0 Ly
. X )
= inf max (Qr); .
r=[x1,xg)T,2;>0 Vi 1:2;>0 T;

An alternative characterization: write

Q
D

DP, where

diag(dy, -, dg),
P = [[p(j]i)]] stochastic.



Also define

Go := { (m,P) : m is a stationary probability for the
stochastic matrix P = [[p(5]:)]] }.

Then the following representation holds:

logA = sup (Zw(i) [d(3) — D(ﬁ(-\i)llp(-li))]> -
(m,P) € Go \ ¢
This is the Donsker-VVaradhan formula for the

principal eigenvalue of a nonnegative matrix.

(cf. the book by Dembo-Zeitouni)



Infinite dimensional generalization of Perron-Frobenius

theorem is given by the Krein-Rutman theorem: Let

1. B be a Banach space with a ‘positive cone’ K such
that K — K is dense in B,

2. T : B— B a compact positive linear operator which is

strongly positive.

Then a principal eigenvalue (unique, positive) /

eigenvector (positive) exist.



Our interest is in the following nonlinear scenario arising
in Risk-Sensitive Control: Consider

e a controlled Markov chain {X,} on a compact

metric state space S,

e an associated control process {Z,} in a compact

metric control space U,

e a per stage reward functionr : S xU xS— R
such that r e C(S x U x S),



e a2 controlled transition kernel p(dy|x,u) with full

support’, such that
and, the maps

(z,u) = [ f()p(dylz,w), feC(S), |Ifll <1,

are equicontinuous.

T his can be relaxed via an approximation argument.



The control problem is to maximize the asymptotic

growth rate of the exponential reward:

A =supsupliminf llogE ezg;%)"“(XWZm’XmHNXO = x| .
resS Ntoo N

The second supremum is over all admissible (i.e.,

non-anticipative) controls. We allow relaxed (i.e.,

probability measure valued) controls.

Define

Tf() = sup | [ pldylz, w)p(du)e" 9 £ (y),

peP(U
7" = ToTo---oT (n times), T := 14.



T - C(S) — C(S), n >0, is the Nisio semigroup,
satisfying:

1. strictly increasing: f > g == T f > T7(")g

2. strongly positive: f >0, f# 0 = T f c int(CT(9)),

3. positively 1-homogeneous: ¢ > 0 = T (¢f) = T,

4. compact.



This leads to an abstract Collatz-Wielandt formula:

Theorem There exist p > 0,v € int(CT(S)) such that

TP = py and
p = ~inf sup I T Jdu
f e int(ct(s)) mtes) [fdu
JTfdp

= sup inf .
f e int(ct(s)) Mt(S) [fdu

Furthermore, logp is the optimal reward for the

risk-sensitive control problem.

The proof uses Nussbaum-Ogiwara formulation

of a nonlinear Krein-Rutman theorem.



A variational formula:

Let G := the set of probability measures
n(dz, du,dy) € P(S x U x S)
which disintegrate as
n(dz, du, dy) = no(dz)n1(du|z)n2(dy|z, u),
such that ng is invariant under the transition kernel
/U n2(dy|z, u)n (dulz).

Let D( - | - ) denote the Kullback-Leibler divergence or

relative entropy.



Theorem Under above hypotheses,

ogp = sup ([ [ [no(de)m(dule)( [ r(z,uy)na(dyla, w)
— D(m2(dylz, w)|[p(dylz, u))]),

This generalizes the Donsker-VVaradhan formula.
Hypotheses can be relaxed to:

1. Range(r) = [~oo0,00) with " € C(S x U x S),
2. p(dy|x,u) need not have full support.

(extension via an approximation argument)



e VWe have an equivalent concave maximization
problem, as opposed to a ‘team’ problem one

would obtain from the usual ‘log transformation’.

e If p(p) denotes the asymptotic growth rate for a
randomized Markov control ¢, then p = max p(yp)

(sufficiency of randomized Markov controls).

e Related to entropy-penalized control

( Bierkens-Kapper, Guan-Raginsky-Willett, Todorov)



Applications

1. Growth rate of the number of directed paths in a
graph

(requires —oo as a possible reward).

2. Portfolio optimization in the framework of Bielecki,

Hernandez-Hernandez and Pliska.

3. Problem of minimizing the exit rate from a domain.



Another application: ‘Postponing collapse’
‘Chance constrained control problem'*:

Maximize E [SL _qr(Xm, Zm)| for given T >> 1,

subject to:
P(XmeSyvVvo<m<T)>1-96

for prescribed Sg C S,Sg# S and § € (0,1).
B. Kang, J. A. Filar, “Time consistent dynamic risk

measures’ , Mathematical Methods of Operations Re-
search 63(1), 2006, 169-186



One approach: ‘Model Predictive Control’ which:

— solves at each time n a finite horizon problem on time
interval J, .= [n,n+1,---,n+7T] to obtain optimal policy
’Un(m),m & Jn,

— uses at time n the control Z, := vn(Xn),

— repeat the procedure at time n+ 1.

Avoids extravagance at m = 1, but cumbersome for

T >> 1 == consider a ‘limiting case’ as 1" 1 oo.



Write S = SqgU{A}, A absorbing.

For stationary randomized policy ¢, set
ng(dy‘m) L= p¢(dy|217)f{y S SQ}p¢(SQ|ZIB)_1.
Let ¢, := 109 py(So|).

Control problem: Maximize liminfryo, B[S _ o r(Xm, Zm))]

subject to

1
N\ = IimsupflogP(T>T) >n

T o0

where 7 :=min{n >0 : X, = A}.



Note that:
A\ = the exponential decay rate of exit probability

— the principal eigenvalue of the substochastic kernel
Hy € So}tpy(dy|dr).

Then, with Xg € S0,

1
A= Ilimsup—IlogP(r>T)
T oo T
. 1 L
= limsup —log E I{X41 € So}p¢(Xm_|_1|Xm)]
TTOO T m=0

“%igpflogE Hoe ¢ 96 (Xm+11Xm)|
| T —

which is a risk-sensitive reward!



Equivalent optimization problem:

Maximize over {¢(dulx),&(dz,dy) = &o(dx)é1(dy|lx)} the

reward

[ r(z, y)v(d, dy)

subject to:
V(dy,U) = [~(dw, du)p(dy|z,u),
Y(SoxU) = 1, v >0,
soldm) = [ &o(dm)ér(dyle),

{(dz,dy) = 1, £ >0,
n < [ &(de,dy) (cy(x) — D(E1(dyla)lgg(dy|x))) .



Not a linear program!

‘“Team problem’ since both the decision variables need to

be chosen non-cooperatively, but with a common reward.

Alternating minimization <— alternating LP,

leads to a Nash point, but not necessarily the best.

Ref: V. S. Borkar, J. A. Filar, “Postponing collapse:
ergodic control with a probabilistic constraint”, IMA
Volume on Stochastic Control and Applications (G. Yin

and Q. Zhang, eds), Springer, to appear (2019)



Another spin-off:

Linear/dynamic programming approaches for degenerate
(i.e., reducible) finite risk-sensitive reward problems , ex-

tending corresponding results for ergodic control

V. S. Borkar, “Linear and dynamic programming ap-
proaches to degenerate risk-sensitive reward processes’,
56th IEEE Conference on Decision and Control, Dec.
12-15, 2017, Melbourne, Australia.



PART II: Risk-sensitive
cost/reward for reflected diffusions’

iA. Arapostathis, V. S. Borkar, K. Suresh Kumar, “Risk-
sensitive control and an abstract Collatz-Wielandt for-

mula”, Journal of Theoretical Probability, 29(4), 2016,
14581484.

http://arxiv.org/abs/1312.5834



Reflected diffusion:

dX(t) = b(X(¢)),v(t))dt + o(X(¢))dW (t) — ~(¢)dE(2),
dg (¢) I{X(t) € 0Q}dg(t),

for t > 0. Here:

1. Q open bounded with C3 boundary 9Q.

2. b continuous, b(-,u) Lipschitz uniformly in .

3. o is C1.P0o and uniformly non-degenerate.



4. ~:(z) = o(x)o(x)!n(x) where n(z) is the unit
outward nornal.

5. W(-) a BM, v(-) a non-anticipative control € a

compact action space.

OBJECTIVE: Minimize

lim l log E eféT(X(s),v(s))ds |
ttoo t

where r is continuous.



Nisio semigroup: For t > 0O,
Suf(2) 1= inf By [eorX ()]
v(-)
Then S;: C(Q) — C(Q) is a semigroup of strongly
continuous bounded Lipschitz, monotone operators
with infinitesimal generator G defines by

Gf@) = tr (0@ (V21 (@) +

min [(b(z,v), V f(2)) + r(z,v) f ()]

Also, supperadditive, positively 1-homogeneous, strongly

positive, completely continuous.



Let C§7+(Q) ={f:Q— [0,00) : f is C? with
(Vf(z),~v(z)) =0 for z € 0Q}.

Nonlinear Krein-Rutman theorem —= T here exists unique

pair (p, ) € R x C2 , (Q) satisfying [l¢llo 5= 1 such that
S = eflo.
T his solves

Go(z) = pp(z), € Q, (Ve(z),v(x)) =0, = € 0Q.



Abstract Collatz-Wielandt formula —

p = inf sup gdv
feC2 (Q).f>00eP(@)” f

— sup inf_ ﬂaly
feC2 L (@),f>0vEP@) 7 T

In uncontrolled case, the first formula is the convex dual
of the Donsker-VVaradhan formula for principal eigenvalue
of §:

p = VES;)J(D@) </Q r(x)v(dx) — I(u))

where



Variational formula for reward processes

Define

C3(Q) = {f: Q=R feC*Q)NC(Q),

(Vf(z),y(x)) =0 Vo € 0Q},
1

Af (@, u,w) = tr (a(az)aT(ac)sz(a:)> +

(b(z,u) + o(x)o’ (z)w, V f(2)),



1
2

r(x,u,w) = r(z,u) — ||0T(aj)w||2,

M = {peP(@xUxRY:V feCHQ),

/ngUde Af(x,u,w)u(dx, du,dw) = 0}.

T hen

P = Sup r(x,u,w)u(dr, du, dw).



Extension to R% under suitable conditions possible, though

highly technical.

Ref. A. Arapostathis, A. Biswas, V. S. Borkar, K. Suresh
Kumar,

“A variational characterization of the risk-sensitive
average reward for controlled diffusions on R,
https://arxiv.org/pdf/1903.08346.pdf



PART III: Linear/dynamic
programming approaches for
degenerate finite risk-sensitive
reward problems’

V. S. Borkar, “Linear and dynamic programming ap-
proaches to degenerate risk-sensitive reward processes’,
56th IEEE Conference on Decision and Control, Dec.
12-15, 2017, Melbourne, Australia.



Notation:

e {Xy,,n >0} : controlled Markov chain with finite state

space S :={1,2,---,s} and finite action space U.

e {Z,} : U-valued control process.

o Py = [[p(jli,u)]l; jes : controlled transition matrix.

e r(-,-,-) e C(SxUxS) : '‘per stage' reward.



Risk-sensitive reward

AlM: Maximize the ‘asymptotic growth rate’

1 N-1
A* = sup sup liminf —log E; ezm=07“(Xm’Zm’Xm+1) .
i {Zp} Ntoo N

Here:
e F,[---] ;= expectation w.r.t. Xg =1, and,

e the inner supremum is over all admissible controls.



Consider a controlled Markov chain {Y,} on S with
state-dependent action space at state 7 given by:

U; := Uyev({u} X Vi),
where
Viw = {a(li,u) 1 q(-|i,u) > 0, %jq(jli,u) = 1}.
This is isomorphic to P(S). Let
K = Ujes({i} x Uy).
The (controlled) transition probabilities of {Y,} are

p(li, (u, q(-li,w))) = q(jli, u).



Define per stage reward r : K X S — R by:

(i, (u, q(li,w)), 5) == r(i,u,5) — D(q(-li, w)||p(-|i, w)).

Let {(Z,,Qn),n >0} := the Uyn—valued control process.
Consider the problem:

Maximize the long run average reward

N-1

1
im inf nzo Ey |7 (Yn, (Zn, Qn), Yn+1)] -



Define the corresponding ergodic occupation measure
~v € P(K x S) by

V(4 (u, dg), j) = v1(0)v2(u, dgli)v3(jli, (u, q)),

where ~1 is an invariant probability distribution (not

necessarily unique) under the transition kernel

3G =3 [, 72w, dali)r3(ili, (u, 0));

Let £ ;= the set of such ~.



The above average reward control problem is equivalent

to the linear program:

PO Maximize
> [, (u,dg), 57, (u,q), 5)
7’7]7“

over &.

(Recall that £ is specified by linear constraints.)
The maximum will be attained at an extreme point of &€

corresponding to a stationary Markov policy.



This LP can be simplified as :

Maximize

> [ 7 Gy, DGy, 5) = D@ w)[[pC i, w)]
(2¥]

over

E={yeP(SxUxS):v(u,j) =~v10)puli)qg(li,uw)

where ~1(+) is invariant under the transition kernel

Y(18) = Zup(uli)q(Gli, u)}.



The dual LP is :

Minimize )\ subject to

\
A@) + V(i)

A1)

|V

A(4),
> a(le, w) (7, (u, q(-|4,w)), 7)) + V())),
J

> qGili, WAG),
J

Viels, (u,q(-]i,u)) € Uj.

1V

|V

The proof goes through finite approximations.

Note that the LP has infinitely many constraints.



Dynamic Programming

The equivalent dynamic programming formulation is:

A = max\(2),
1

A(@) + V() = gg?x)(Zq(jli,u)W(j)
u, 17, U ]
+ 7(7, (u,q(|3,u),7)))), (1)
(i) = max_ > q(jli,u) (),

Viels,

where B; is the Argmax in (f). Once again, the proof

goes through finite approximations.



The maximization over ¢ in (f) can be explicitly
performed using the ‘Gibbs variational principle’

from statistical mechanics:

For fixed 7,u, the maximum is attained at

p(li, uw)erGwi)+VE)
> p(kli, w)er (Guwk)+VI(E) -

g (jli,u) ==
Substitute back, set
o) =D AG) = e s,

and exponentiate both sides of (}).



This leads to the multiplicative dynamic programming
equations for infinite horizon risk-sensitive reward in the

general degenerate case:

A@D®GE) = max ¥ p(ili,u) (" CuDa (), (1)
J
N p(jli, u)er D) d () .
Ai) = g&%f%: (ka(kﬁ,u)er(i7“7k)¢(k)) A,

1 €5,

where D; is the Argmax in (). This is the analog of

Howard-Kallenberg results for ergodic control.

Observe the occurrence of the ‘twisted kernel’.



FUTURE PROBLEMS:

1. Extension to non-compact state spaces (cf. recent
work of Cavazos-Cadena (Math. OR, 2018))

2. Degenerate case for diffusions



THANK YOU !



