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Definitions and Motivation

• Consider the second order elliptic operator Lf of the form

Lf ϕ =
d∑

i ,j=1

aij
∂2ϕ

∂xi∂xj
+

d∑
i=1

bi ∂ϕ

∂xi
+ f ϕ . (0.1)

• When D is a smooth bounded domain, and a, b, f are regular
enough, existence of a principal eigenvalue and corresponding
eigenfunction under a Dirichlet boundary condition can be obtained
by an application of Krein-Rutman theory. This eigenvalue is the
bottom of the spectrum of −Lf with Dirichlet boundary condition.

• For unbounded domains, principal eigenvalue problems have been
recently considered by Berestycki and Rossi.



• Not surprisingly, certain properties of the principal eigenvalue which
hold in bounded domains may not be true for unbounded ones. For
instance, when D is smooth and bounded it is well known that for
the Dirichlet boundary value problem, the principal eigenvalue is
simple, and the associated principal eigenfunction is positive.
Moreover, it is the unique eigenvalue with a positive eigenfunction.

• But if D is unbounded and smooth, then there exists a constant
λ∗ = λ∗(f ) such that any λ ∈ [λ∗,∞) is an eigenvalue of Lf with a
positive eigenfunction. The lowest such value λ∗ serves as a definition
of the principal eigenvalue when D is not bounded.



• The principal eigenvalue is known to be strictly monotone as a
function of the bounded domain D (the latter ordered with respect to
set inclusion), and also strictly monotone in the coefficient f when
the domain is bounded.

• These properties fail to hold in unbounded domains. Strict
monotonicity of f 7→ λ∗(f ) and its implications are a central theme in
today’s talk.



Assumptions

(A1) Local Lipschitz continuity: The function
σ =

[
σij
]

: Rd → Rd×d is locally Lipschitz in x with a
Lipschitz constant CR > 0 depending on R > 0. In other words,
with ‖σ‖ .=

√
trace(σσT), we have

‖σ(x)− σ(y)‖ ≤ CR |x − y | ∀ x , y ∈ BR .

We also assume that b =
[
b1, . . . , bd

]T
:,Rd → Rd is locally

bounded and measurable.

(A2) Affine growth condition: b and σ satisfy a global growth
condition of the form

〈b(x), x〉+ + ‖σ(x)‖2 ≤ C0

(
1 + |x |2

)
∀ x ∈ Rd ,

for some constant C0 > 0.



(A3) Nondegeneracy: For each R > 0, it holds that

d∑
i ,j=1

aij(x)ξiξj ≥ C−1
R |ξ|

2 ∀ x ∈ BR ,

and for all ξ = (ξ1, . . . , ξd)T ∈ Rd , where, a = 1
2σσ

T.

Let (Ω,F, {Ft},P) be a given filtered probability space with a
complete, right continuous filtration {Ft}. Let W be a standard
Brownian motion adapted to {Ft}. Consider the stochastic
differential equation

Xt = X0 +

∫ t

0
b(Xs) ds +

∫ t

0
σ(Xs) dWs . (0.2)



It is well known that under (A1)–(A3), there exists a unique solution
of (0.2).

• Suppose that τ(D) denotes the first exit time of the process X
from a domain D. The process X is said be recurrent if for any
bounded domain D we have Px(τ(Dc) <∞) = 1 for all x ∈ D̄c .
Otherwise the process is called transient. A recurrent process is said
to be positive recurrent if Ex [τ(Dc)] <∞ for all x ∈ D̄c . It is known
that for a non-degenerate diffusion the property of recurrence (or
positive recurrence) is independent of D and x , i.e., if it holds for
some domain D and x ∈ D̄c , then it also holds for every domain D,
and all points x ∈ D̄c .



The generator associated to (0.2) is given by L : C 2(Rd)→ L∞loc(Rd)

Lg(x)
.

= aij(x) ∂ijg(x) + bi (x) ∂ig(x) .

Let f : Rd → R be a locally bounded, Borel measurable function,
which is bounded from below in Rd , i.e., infRd f > −∞. We refer to
a function f with these properties as a potential, and Lf = L + f .

• By an eigenpair of Lf we mean a pair (Ψ, λ), with Ψ a positive
function in W

2,p
loc(Rd), for all p ∈ [1,∞), and λ ∈ R, that satisfies

Lf Ψ = aij∂ijΨ + bi∂iΨ + f Ψ = λΨ . (0.3)

We refer to λ as the eigenvalue, and to Ψ as the eigenfunction.



Given an eigenpair (Ψ, λ), the associated twisted diffusion Y is an Itô
process as in (0.2), but with the drift b replaced by b + 2a∇(log Ψ).
When λ = λ∗(f ), the eigenfunction is denoted as Ψ∗ and is called the
ground state. The corresponding twisted diffusion, denoted by Y ∗, is
referred to as the ground-state diffusion.

Lemma
For each r ∈ (0,∞) there exists a unique pair
(Ψ̂r , λ̂r ) ∈

(
W

2,p
loc(Br ) ∩ C (B̄r )

)
× R, for any p ∈ [1,∞), satisfying

Ψ̂r > 0 on Br , Ψ̂r = 0 on ∂Br , and Ψ̂r (0) = 1, which solves

LΨ̂r (x) + f (x) Ψ̂r (x) = λ̂r Ψ̂r (x) a.e. x ∈ Br . (0.4)

Moreover, λ̂r has the following properties:

(a) The map r 7→ λ̂r is continuous and strictly increasing.

(b) In its dependence on the function f , λ̂r is nondecreasing, convex,
and Lipschitz continuous (with respect to the L∞ norm), with
Lipschitz constant 1. In addition, if f � f ′, then λ̂r (f ) < λ̂r (f ′).
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Definition
Let f be a potential. The principal eigenvalue λ∗(f ) on Rd of the
operator Lf is defined as λ∗(f )

.
= limr→∞ λ̂r (f ).

The following definition of the principal eigenvalue is commonly used
in the pde literature.

Definition

Λ̂(f ) = inf
{
λ ∈ R : ∃ϕ ∈ W2,d(Rd), ϕ > 0,

Lϕ+ (f − λ)ϕ ≤ 0, a.e. in Rd
}
.



Lemma
The following hold

(i) For any r > 0, the Dirichlet eigensolutions (Ψ̂n, λ̂n) have the
following stochastic representation

Ψ̂n(x) = Ex

[
e
∫ τ̆r

0 [f (Xt)−λ̂n] dt Ψ̂n(Xτ̆r ) 1{τ̆r<τn}

]
∀ x ∈ Bn \ B r ,

for all large enough n ∈ N.

(ii) It holds that λ∗(f ) = Λ̂(f ).



Strict Monotonicity

Let C +
o (Rd) denote the collection of all non-trivial, nonnegative,

continuous functions which vanish at infinity. We consider the
following two properties of λ∗(f ).

(P1) Strict monotonicity at f . For some h ∈ C +
o (Rd) we have

λ∗(f − h) < λ∗(f ).

(P2) Strict monotonicity at f on the right. For all h ∈ C +
o (Rd) we

have λ∗(f ) < λ∗(f + h).

It follows by the convexity of f 7→ λ∗(f ) that (P1) implies (P2).



Recall that the twisted process corresponding to an eigenpair (Ψ, λ)
of Lf is defined by the SDE

dYs = b(Ys)ds + 2a(Ys)∇ψ(Ys) ds + σ(Ys) dWs ,

where ψ = log(Ψ). A twisted process corresponding to a principal
eigenpair is called a ground state process, and the eigenfunction Ψ∗ is
called a ground state.

Definition (exponential ergodicity)

The process X governed by (0.2) is said to be exponentially ergodic if
for some compact set B and δ > 0 we have Ex

[
eδ τ(Bc )

]
<∞, for all

x ∈ Bc .



Theorem (Arapostathis, Biswas, S)

The following hold.

(a) A ground state process is recurrent if and only if λ∗(f ) is strictly
monotone at f on the right, in which case the principal
eigenvalue λ∗(f ) is also simple, and the ground state Ψ∗ satisfies

Ψ∗(x) = Ex

[
e
∫ τ̆r

0 [f (Xs)−λ∗(f )] ds Ψ∗(Xτ̆ ) 1{τ̆r<∞}

]
∀ x ∈ B̄c

r , ∀ r > 0 .

(b) The ground state process is exponentially ergodic if and only if
λ∗(f ) is strictly monotone at f .

(c) If λ > λ∗(f ), the twisted process is transient.



We define the Green’s measure Gλ, λ ∈ R, by

Gλ(g)
.

= E0

[∫ ∞
0

e
∫ t

0 [f (Xs)−λ] ds g(Xt) dt

]
for all g ∈ C +

c (Rd) .

The density of the Green’s measure with respect to the Lebesgue
measure is called the Green’s function. Existence of a Green’s
function (and Green’s measure) is used by [Pinsky, 1995,
Chapter 4.3] in his definition of the generalized principal eigenvalue of
Lf . A number λ ∈ R is said to be subcritical if Gλ possesses a
density, critical if it is not subcritical and Lf−λV = 0 has a positive
solution V , and supercritical if it is neither subcritical nor critical.



The following lemma generalizes a result of Pinsky, where, under a
regularity assumption on the coefficients, it is shown that a critical
eigenvalue λ is always simple.

Lemma
The following are equivalent.

(i) The twisted process Y corresponding to the eigenpair (Ψ, λ) is
recurrent.

(ii) Gλ(g) is infinite for some g ∈ C +
c (Rd).

(iii) For some open ball B, and with τ̆ = τ̆(B), we have

Ψ(x) = Ex

[
e
∫ τ̆

0 [f (Xs)−λ] ds Ψ(Xτ̆ ) 1{τ̆<∞}

]
, x ∈ B̄c ,

where Ψ is an eigenfunction corresponding to the eigenvalue λ.

In addition, in (ii)–(iii) “some” may be replaced by “all”, and if any
one of (i)–(iii) holds, then λ is a simple.



Sufficient Conditions for Strict Monotonicity

For a potential f we define

Ex(f )
.

= lim sup
T→∞

1

T
logEx

[
e
∫ T

0 f (Xs) ds
]
, and E(f )

.
= inf

x∈Rd
Ex(f ).

We refer to E(f ) as the risk-sensitive average of f .
We introduce the following hypothesis.

(H1) There exists a lower-semicontinuous, inf-compact function
` : Rd → [0,∞) such that E(`) <∞.



Theorem
Assume (H1), and suppose that f is a potential such that `− f is
inf-compact. Then for any continuous h ∈ C +

o (Rd) we have

λ∗(f − h) < λ∗(f ) = Ex(f ) ∀ x ∈ Rd .

Theorem
Let V ∈W

2,d
loc (Rd) such that infRd V > 0, satisfying

LV ≤ κ01K − γV on Rd ,

for some compact set K and positive constants κ0 and γ. Let f be a
nonnegative bounded measurable function with
lim supx→∞ f (x) < γ. Then for any h ∈ C +

o (Rd), we have
λ∗(f − h) < λ∗(f ) = Ex(f ) for all x ∈ Rd .



Risk-sensitive control

Consider the controlled diffusion on Rd :

dXt = b(Xt ,Ut) dt + σ(Xt) dWt .

The control process U takes values in a compact, metrizable set U.
The set U of admissible controls consists of the control processes U
that are non-anticipative: for s < t, Wt −Ws is independent of

Fs
.

= the completion of ∩y>sσ{X0,Ur ,Wr , r ≤ y} relative to (F,P) .

Let C denote the class of functions c(x , u) in C (Rd ×U,R+) that are
locally Lipschitz in x uniformly with respect to u ∈ U. Let c ∈ C
denote the running cost function.



For any admissible control U ∈ U, define the risk-sensitive objective
function EU

x (c) by

EU
x (c)

.
= lim sup

T→∞

1

T
logEx

[
e
∫ T

0 c(Xs ,Us) ds
]
.

We also define Λ∗x
.

= infU∈U EU
x (c).

A stationary Markov control is a measurable map from Rd to U. Let
USM denote the class of all such stationary Markov controls. We say
that a stationary Markov control v ∈ USM is optimal (for the
risk-sensitive criterion) if Ev

x (cv ) = Λ∗x for all x ∈ Rd , and we let U∗SM
denote the class of these controls.
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1

T
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]
.

We also define Λ∗x
.

= infU∈U EU
x (c).

A stationary Markov control is a measurable map from Rd to U. Let
USM denote the class of all such stationary Markov controls. We say
that a stationary Markov control v ∈ USM is optimal (for the
risk-sensitive criterion) if Ev

x (cv ) = Λ∗x for all x ∈ Rd , and we let U∗SM
denote the class of these controls.



Assumption 1[Uniform exponential ergodicity] There exists an
inf-compact function ` ∈ C (Rd) and a positive function

V ∈W
2,d
loc (Rd), satisfying infRd V > 0, such that

sup
u∈U
LuV ≤ κ̄ 1K − `V a.e. on Rd ,

for some constant κ̄, and a compact set K.

Example

Let σ be bounded and b : Rd × U→ Rd be such that

〈b(x , u)−b(0, u), x〉 ≤ −κ |x |α, for some α ∈ (1, 2] (x , u) ∈ Rd×U .

Then V(x) = exp(θ |x |α), for |x | ≥ 1, satisfies the above assumption
for sufficiently small θ > 0, and `(x) ∼ |x |2α−2.



We introduce the class of running costs C` defined by

C`
.

=
{

c ∈ C : `(·)−max
u∈U

c(·, u) is inf-compact
}
.

Theorem (Arapostathis, Biswas, S.)

Suppose the assumption holds, and c ∈ C`. Then Λ∗ = Λ∗x does not
depend on x, and there exists a positive solution V ∈ C 2(Rd)
satisfying

min
u∈U

[LuV + c(·, u)V ] = Λ∗V on Rd , and V (0) = 1 . (0.5)

In addition, if USM ⊂ USM denotes the class of Markov controls v
which satisfy

LvV + cvV = min
u∈U

[LuV + c(·, u)V ] a.e. in Rd ,

then the following hold.



Theorem Contd.

(a) USM ⊂ U∗SM, and it holds that λ∗v (cv ) = Λ∗ for all v ∈ USM;

(b) U∗SM ⊂ USM ;

(c) (0.5) has a unique positive solution in C 2(Rd) (up to a
multiplicative constant).

The existence of an inf-compact ` as in Assumption 1 is not possible
when a and b are bounded. So we consider the following alternative
assumption.
Assumption 2 There exists a function V ∈W

2,d
loc (Rd), such that

infRd V > 0, a compact set K, and positive constants κ0 and γ,
satisfying

max
u∈U

LuV(x) ≤ κ01K(x)− γV(x), x ∈ Rd ,

lim sup
|x |→∞

sup
u∈U

c(x , u) < γ .
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satisfying

max
u∈U

LuV(x) ≤ κ01K(x)− γV(x), x ∈ Rd ,

lim sup
|x |→∞

sup
u∈U

c(x , u) < γ .



Theorem
Under Assumption 2, there exists a positive solution V ∈ C 2(Rd)
satisfying

min
u∈U

[LuV + c(·, u)V ] = Λ∗V . (0.6)

Let USM ⊂ USM be as in previous Theorem. Then (a) and (b) of
previous Theorem hold, and (0.6) has a unique positive solution in
C 2(Rd) up to a multiplicative constant.
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