
π(f) =
∫
d f(x)π(x) =

∫
d f(x)π(x)xGenericproblem : estimationofanintegralπ(f)

π
π
π(f)byn−1

∑n
i=1 f(Xi),where(Xi)i≥0isaMarkovchainassociatedwithaMarkovkernelPwithinvariantdistributionπ.

π
Q
X0 ∼ν
k ≥
0
Xk
Yk+1 ∼
Q(Xk, ·)

Xk+1 = {Y k+1 probability α(Xk, Yk+1) , Xk probability 1− α(Xk, Yk+1) .

α(x, y) = 1 ∧ π(y)

π(x)
.

P
x ∈d∈
d∫

1 ∧ π(y)
π(x)Q(x, y)+x

()
∫
d 1− 1 ∧ π(y)

π(x)Q(x, y).
Pππ∫
xπ(x)P (x, ) =∫
xπ(x)P (x, )

Q∫
x
∫
π(x) ∧ π(y)Q(x, y) =∫

x
∫
π(x) ∧ π(y)Q(x, y),

,∈
d
q
Q
q(x, y) =
q(y, x)
x, y ∈2d

q(x, y) = q(x−y) = q(y−x), Yk+1 = Xk+Zk+1.

δϕ(x)(y)?
ϕ
ϕ ∈
C1(d,d ), ϕ◦
ϕ =
, Jacϕ(x) =
1.ϕ
δϕ(x)(y)ϕ ∈ C1(d,d ), ϕ ◦ ϕ =, Jacϕ(x) = 1.
y =
ϕ(x)
Jacϕ(x) =
1∫
x
∫
π(x) ∧ π(y)Q(x, y) =∫

π(x)∧
π(ϕ(x))(ϕ(x))x
=∫
d{π(ϕ(ϕ(x)))∧
π(ϕ(x))}(ϕ(x))(ϕ(ϕ(x)))x
=∫
d{π(ϕ(y))∧
π(y)}(y)(ϕ(y))y
=∫
x
∫
π(x) ∧ π(y)Q(x, y).

π∝
−U

U :d→
C1

∇ log π∇U.
U
d
d×d
2d

π̃(q, p) ∝
exp(−H(q, p)).
Hq
p
U
p2/2
(q(t), p(t))t≥0

{˙ (t) =
∂

∂
((t), (t)) = (t), (̇t) = −∂

∂
((t), (t)) = −∇((t)).

(1)
odehasauniquesolutionon+
(q(t), p(t))t≥0
(q0, p0)
(q(t), p(t))t≥0

{˙ (t) =
∂

∂
((t), (t)) = (t), (̇t) = −∂

∂
((t), (t)) = −∇((t)).

(2)
odeIIdefineaone−
parametersemigroupof1(2d,2d )
(ϕt)t≥0
t ≥
0
(q0, p0) ∈2d
ϕt(q0, p0) =
(q(t), p(t)), (q(0), p(0)) =
(q0, p0).
ϕt+s =
ϕt◦ϕs
t, s ∈+
odeII,7→
(q(t+
s), p(t+



s))
odeIIstartingfrom.ϕt :2d→2d

C1(2d,2d )
(ϕt)t≥0
(ϕt)t≥0
t 7→
(q(t), p(t))

∂H
∂q(q(t),p(t))

q(t)
t + ∂H

∂p (q(t),p(t))
p(t)
t =0,

t ≥
0

0, p0).

set.pdfPathoftheHamiltoniandynamicsfordifferentinitialconditions

(ϕt)t≥0
t 7→
(q(t), p(t))
s 7→
(q(−s),−p(−s))
odeIIon−
(q0,−p0)
s 7→
(q(s), p(s))
odeIIon+
(q0, p0)
t ≥
0
odeIIϕt(q(−t),−p(−t)) = ϕtϕ−t(q0,−p0) = (q0,−p0),whichimpliesthatϕ−1t (q0, p0) = (ϕ

(1)
t (q0,−0),−ϕ(2)

t (0,−0)).
(ϕt)t≥0
t 7→
(q(t), p(t))
sym-
plec-
tic
t ∈+
BTt JBt =
J
Btϕt[

0d d−d0d
]
.

det(Bt) =
1
f :2d→∫
2d f(ϕt(q, p))qp =∫
2d f(q, p)qp.
π̃̃π(, ) ∝
exp(−(, )).

(ϕt)t≥0
f :2d→∫
2d f(ϕt(q, p)) exp−H(q, p)qp

=∫
2d f(q, p) exp−H(ϕ−1t (q, p))qp

=∫
2d f(q, p) exp−H(ϕ−t(q, p))qp

=∫
2d f(q, p) exp−H(q, p)qp.
π̃
(ϕt)t≥0
(ϕt)t≥0
odewhichpreservereversibilityandsymplectiness :
Symplecticintegrators, liketheleap-frog(orStörmer − V erlet)integrator.
h ∈∗+
T ∈∗
(0,0 ) ∈d
×d
k =
0, . . . , T
{ k+1/2 =k

−(h/2)∇(k)
k+1 =k
+hk+1/2
k+1 =k+1/2

−(h/2)∇(k+1).
(k,k )k∈{0,...,T}
odeattimes{

∈
{0, . . . , T}}
(0,0 )

h
T
T

inte.pdf
(k,k )k∈{0,...,T}
k ∈
{0, . . . , T−
1}
k+1,k+1 ) =

(1)
h/2

◦(2)h ◦
(1)
h/2

(k,k ) =
(1)
h

(k,k ),
(1)
h (, ) =

(,−(h/2)∇()),
(2)
h (, ) =

(+h, ).
{[h][k] :d

×d →d

×d :
k ∈∗
}
k ≥
1
◦[h][1].
k ∈
{1, . . . , T}
k,k ) =
[h][k](0,0 ).
h
k
[h][k]
1(q0,−p0),−([h][k])2(q0,−p0)) =
(q0, p0).
[h][k]
π̃ ∝
exp(−(, ))
[h][k]
[h][T ] :2d→2d

0, p0) =
(([h][T ])1(q0, p0),−([h][T ])2(q0, p0)) =
(qT ,−pT ).
[h][T ]
0, p0) =
(q0, p0).
[h][T ]
[h][T ]
1((q0, p0), wz) =
δ[h][T ](q0,p0)(wz),
π̃
min 1, exp (, )− (w, z).
1((q0, p0), wz) =
(, ), [h][T ](q0, p0)δ[h][T ](q0,p0)(wz)
+
1− (, ), [h][T ](q0, p0)δ(q0,p0)(wz).
1
π̃
2((q0, p0), wz) =
δ(q0)(w)⊗
N (0, Id).
0
p̃0
N (0, Id)
π̃p
h ∈∗+
T ∈∗
(0,0 ) ∈d
×d
n =
0, . . .
(Qn, Pn)
P̃n ∼
N (0, Id)
(q0, p0) =
(Qn, P̃n)

k =
0, . . . , T
{ k+1/2 =k

−(h/2)∇(k)

k+1 =k

+hk+1/2

k+1 =k+1/2

−(h/2)∇(k+1).

inte.pdf

(Qn+1, Pn+1) =
(qT ,−pT )
min 1, exp (Qn, Pn)− (qT ,−pT ),
(Qn+1, Pn+1) =
(Qn, P̃n)
?
?
?
?
?
?
?
(Qn, Pn)n≥0
(Qn, Pn)n≥0
π̃π
(Qn)n≥0
π
[h][T ]
(Qn)n≥0
h >
0
T ∈∗∫
d [h][T ](,̃ )(,̃ ), [h][T ](,̃ )

−[2]̃/2

(2)d/2̃

+
()

∫
d 1− (,̃ ), [h][T ](,̃ )

−[2]̃/2

(2)d/2̃
.

[h][T ] =
projq◦
[h][T ]
[h][T ]
U
[h][T ]
limn→ q[h][T ]n − π =
0.µ, ν
(d,B(d))
µ−
ν =
sup∈B(d) µ()− ν().
[h][T ]
C ≥
0, ρ ∈
0, 1
V :d→
1,
q[h][T ]n−
π ≤
CρnV (x).
?
?
?≥
0
,̃ ∈d
∇()−
∇(̃) ≤
−̃.
≥
0
β ∈
0, 1
∈d
∇() ≤
1 + .
[h][T ]
[h][T ]
[h][T ]
∈
B(d)
() >
0
n ∈∗
n(, ) >
0.
1
R ≥
0
δ >
0≥
δ(∩0R), forall∈
0R∈
B(d)
[h][T ]
∈
0, 1
S̄ >
0
T ∈
h ∈
0, S̄/T
[h][T ]
[h][T ]
1
[h][T ]
∈d
limn→ δ[h][T ]n − π =
0.
S̄
c ≥
0
S̄ =
cL
−1/2
1∈

0, 1
()
<
1
h >
0
T ∈∗
[h][T ]
[h][T ]
1=
1
S̄ >
0
T ∈∗
h ∈
0, S̄/T
[h][T ]
π
q ∈d

lim
n→

δq[h][T ]n − π = 0.

harrisisstrongerthattheo : irredD.
Drelaxtheconditionsonthestep−
sizeforβ <
1
U
h,a =∑
i∈∗ ai[hi][i].

T
i.
?
∇∫
d [h][T ](,̃ )(,̃ ), [h][T ](,̃ )

−[2]̃/2

(2)d/2̃

+
()

∫
d 1− (,̃ ), [h][T ](,̃ )

−[2]̃/2

(2)d/2̃
.

[h][T ] =
projq◦
[h][T ]
−d/2 ∫

d [h][T ](,̃ )
−[2]̃/2

.̃
[h][T ]
[h][T ]
[h][T ]
[h][T ]
≤
λV+
b,
λ ∈
0, 1
b ∈
V :d→
1,
limq→ V (q) =
[h][T ]
−d/2 ∫

d [h][T ](,̃ )
−[2]̃/2

.̃
[h][T ]
[h][T ]
[h][T ]
1q
m
A1 ∈∗+
A2 ∈
∈d

∇() ≥ A1
m−A2.

(3)
∗
+

[:d→
1,
∈d
[a]() = exp .

(4)
(m−
1)
()
∈
1, 2
h ∈∗+
T ∈
λ ∈
0, 1
∈
[̄h][T ][≤ λ[+

¯
.

(5)
(1)
(2)
S̄ >
0
T ∈
h ∈
0, S̄/T
λ ∈
0, 1
∈
l̄em.
[h][T ]
[h][T ]
∈
C3(d)
A3 ∈∗+
∈d
k =
2, 3

Dk() ≤ A31 + −k.
(6)
A4 ∈∗+∈+
∈d
q ≥

D2()∇()⊗∇() ≥ A4
3−4.

(7)
0m
t ≥
1
q ∈d
≥

0(t) = t0().

∈d≥

thelevelsets

{
0() ≤0
()}
m ∈
1, 2
∈+
() =0 ()+G(),

∈d≥
wherethefunctions

0, G ∈3
(d)
0
lim→ 0() =∞
k =
2, 3
lim→DkG()/−k =
0∈
1, 2
γ ∈
0,−1
∈
(1, 2)
T ∈
h ∈∗+
R ∈+
0,0 ∈d
q0 ≥
R
p0 ≤
0
γ

α((q0, p0), [h][T ](q0, p0)) = 1.
(8)

=
2
S̄ >
0
T ∈
h ∈
0, S̄/T 3/2

R >
0
0,0 ∈d
q0 ≥
R
p0 ≤
0
γ

ratiotalkequal1holds.m =
2
h ∈
0, S̄/T 3/2

2
U
Ũ :d→
U(q) =
qq/2+
Ũ(q)
A5 ≥
0
% ∈
1, 2
q, x ∈d
Ũ(q) ≤
A5(1+
q%),∇Ũ(q) ≤
A5(1+
q%−1),
∇Ũ(q)−∇Ũ(x) ≤
A5q − x.
γ ∈
0, 1
S̄ >
0
T ∈
h ∈
0, S̄/T
R ∈+
0,0 ∈d
q0 ≥
R
p0 ≤
0
γ

α((q0, p0), [h][T ](q0, p0)) =
1.
()
(m)
∈
(1, 2)
a ∈∗+
T ∈∗
h >
0
[h][T ]
[
[a]
V a.Ifassum : potential : candassum : potentialhold, thenthereexistsS̄ >
0
a ∈∗+
T ∈∗
h ∈
0, S̄/T 3/2

[h][T ]
[
S̄ >
0
a ∈∗+
T ∈∗
h ∈
0, S̄/T
[h][T ]
[


