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up to a normalisation factor

m Denote by 7 a target density w.r.t. the Lebesgue measure on ®?, known

T er(z)// er(y)dy ,
Rd

m Assume that [/ is /.-smooth, i.e. continuously differentiable and there
exists a constant . such that for all =,y ¢ RY,

[VU(z) = VU()|l < Lljz —yl| -
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m Langevin SDE:

dY; = —VU(Y;)dt + V2dB, ,
where (B,),~ is a d-dimensional Brownian Motion.

m Notation: (F;);~, the Markov semigroup associated to the Langevin
diffusion:

Pi(z,A) =P(Y; € A|Yy = x)

zeR? AeBRY.
m 77(z) oc exp(—U(z)) is the unique invariant probability measure.

«O» «F>» «E»r» < > ")Q(“4/55



m Idea: Sample the diffusion paths, using the Euler-Maruyama (EM) scheme
where

X1 =Xk —yVU(Xk) + /27211
- (Zk)k21 is i.i.d. N(O,Id)
- v > 0 is a stepsize

m Closely related to the gradient descent algorithm.



m (X};),>1 is an homogeneous Markov chain with Markov kernel /7,

m Under some appropriate conditions, the Markov kernel /7. is irreducible,
positive recurrent ~» unique invariant distribution 7,

m Beware | 7, does not coincide with the target distribution 7.

«O» «F>» «E»r» < 0@(“6/55
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m Question

m Assume (w.l.o.g.)

Toxe U
where f is smooth and g not.
m Applications :

)

constrained lasso and ridge regressions

“+o00
1 —
K(z) {0
LASSO, fused-LASSO models...

«0O)>» «F»r « o > 8/56

U=f+yg,

ifx & IC,
ifzelC.

)

a

what to do if U is not C* but still convex ?



in such a way that

m To apply EM discretization, Durmus et al. (2018) suggests to regularize ¢
the convexity of U is preserved

the regularisation of [/ is continuously differentiable and gradient Lipschitz
the resulting approximation is close to 7 (e.g. in total variation norm)
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Moreau-Yosida regularization

m Assume that ¢ : R — (—o0, 40 is a |.s.c convex function and let \ > 0
m The \-Moreau-Yosida envelope ¢* : R — 2 is defined for all = ¢ R by

9’ (z) = inf {g(y) + 2N lz =y} < g(2) -

m For every = ¢ R the minimum is achieved at a unique point, proxg(;v) ,
which is characterized by the inclusion

T — proxg(m) € ’y(‘)g(proxg(x))

m The Moreau-Yosida envelope is a regularized version of ¢, which
approximates ¢ from below.

=
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m As )\ | 0, converges ¢ converges pointwise ¢, i.e. for all = ¢ R,

gMN@) Tg(x), asAlo.

m The function ¢" is convex and continuously differentiable
Ve @) = A7 (x — prox) (z))
m The proximal operator is a monotone operator, for all 2,y ¢ RY,

<pr0xg (x) — prox;, (y), = — y> >0,

which implies that the Moreau-Yosida envelope is L-smooth:
Vot () = Vg )| < A7 |z =y, for all z,y € R

«O>» < Fr «=»r 4 » “)Q("u/_r,ﬁ



m If g is not differentiable, but the proximal operator associated with ¢ is
available, its A-Moreau Yosida envelope g* can be considered.

m This leads to the approximation of the potential (/" : R? — I defined for
all 2 € RY by

UMx) = f(z) + g ()
m Does it make some sense to use U™ for targetting 7 e~

U2
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Assumptions

u ,
[ ] and are convex

m | is continuously differentiable and gradient Lipschitz with Lipschitz
constant L, i.e. for all

m ¢ is lower semi-continuous and (other conditions
exist...).
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m The function " is convex and continuously differentiable.
m ¢ is gradient-Lipschitz: for all 2,y ¢ R,

HVg*(x) - WA(”H <Az -y

gradient-Lipschitz.

m Consequence: The function (/" is convex, continuously differentiable and

«0O> «Fr «=Z)r» «=)» OQOM/ES
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Properties of proximal operators and consequences

m ldea: use ULA with instead of [/ to target 7 7

Theorem (Durmus et al. (2018))
For all ,

[ defines a regularized distribution
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Some approximation results

u defines a regularized version of

m Question: Since is an approximation of [/, is an approximation of

Theorem (Durmus et al. (2018))

Then,
Assume in addition that g is Lipschitz. Then for all ,
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p(z) o exp (—|z|)

p(z) x exp (—x4)

0

Figure: True densities (solid blue) and approximations (dashed red).

p(x) < 1{_0.5,0.5 (%)
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The MYULA algorithm

L _pUA
m Main idea: Target 7" oc e !
m Reasons:

instead of 7 = ¢ using ULA.
| 7T>\

is a "good” approximation of 7 provided that the regularization
parameter ) is small enough

m [/ is continuously differentiable, gradient Lipschitz and convex

m Given a regularization parameter A\ > 0 and a stepsize 7 > 0, the ULA
applied to 7" yields

X}‘\Ll =xM {Vf(X}‘“) +\7! (X]i\' — prox, (X} ))} + V22111

where {7, k€ N"} is a sequence of i.i.d. d-dimensional standard
Gaussian random variables.

=] 5
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Microscopy dataset
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Figure: Microscopy dataset, field of size 4um X 4um containing 100 molecules, (a)
Original Observation, (b) MAP

150

The goal of image deconvolution is to recover a high-resolution image from a
blurred and noisy observation , where H is a circulant blurring matrix and

. This inverse problem is ill-conditioned, a difficulty that Bayesian
image deconvolution methods address by exploiting prior knowledge.

Mini Course ICTS 2019
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Microscopy dataset

m The goal is to recover the image from an incomplete and noisy set
of Fourier measurements , where /' is the discrete Fourier
transform operator, A is a tomographic sampling mask, and

m This inverse problem is ill-posed, resulting in significant uncertainty about
the true value of

m ldea Use a total-variation prior promoting piecewise regular images. The
resulting posterior is

with fixed hyper-parameters and

m This density is log-concave and MAP estimation can be performed
efficiently by proximal convex optimisation (here we use the ADMM
algorithm SALSA ).
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Credible sets

m point estimators such as deliver accurate results but do not provide
information about the posterior uncertainty of = or where ¢ is a
function.

m Given the uncertainty that is inherent to ill-posed and ill-conditioned
inverse problems, it would be highly desirable to complement point
estimators with posterior credibility sets that indicate the region of the
parameter space where most of the posterior probability mass of lies.

m This is formalised in the Bayesian decision theory framework by computing
credible regions. A set is a level o credible region if

m Credible sets are random sets, since they are based on the posterior
distribution.

m It is relatively easy to obtain credible regions based on simulated samples
from the posterior, as obtained from an MCMC sample for example.

Mini Course ICTS 2019



Highest Posterior Density regions

m The definition of credible sets offers too much freedom in the choice of the

region (. Given a level & > 0, many sets will be credible sets, just like
confidence regions can be chosen in many different ways.

m Among all possible regions, the so-called highest posterior density (HPD)
region has minimum volume

Co(y) ={z: me(2ly) < ma}

where 7. (-|y) is the posterior distribution of ¢ () and 7)., € & chosen
such that [ 7.(z[y)dz =1 — o holds.

o = DA 2756
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Figure: Microscopy experiment: (a) HDP region thresholds 1, for MYULA (2 x 106
iterations A = 1,7 = 0.6) and PMALA (2 x 107 iterations), (b) relative approximation

error of MYULA.
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Sparse image deblurring
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Yy IMAP uncertainty estimates
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Figure: Live-cell microscopy data Zhu et al. (2012). Uncertainty analysis
(£78nm x +£125nm)

Computing time 4 minutes. M = 10° iterations. Estimation error 0.2%..
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We are interested now to log-concave target distribution 7:

m 7 has bounded support, log 7 = —o0 outside some domain: Supp(w) = K,
where £ R? is a convex body ?

if K,
rxe UV, U=f+1x, ]l;g(gc):{g_oo ifo ¢
where [ is smooth.

frek.’
m The Moreau-Yosida envelope of 1, is given for the regularization
parameter A\ > 0 by

1%@%=£$(hﬂ0+@M_WM—yW)—(M |z = projic (2)]|

— 2
2 .
«O>» < Fr «=»r 4 » DA 26/56



m Previous work for the Metropolis algorithm and the hit-and-run :
Applegate, Kannan, Dyer, Frieze, Polson, Simonovits, Lovasz, Vempala...

m Our approach more in the spirit of Bubeck, Eldan, and Lehec Bubeck
et al. (2015) with the Projected Langevin Monte Carlo

«O>» < Fr «=»r 4 » “)Q("T,/_r,ﬁ
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Main results - Assumptions

is convex, continuously differentiable on and gradient Lipschitz with
Lipschitz constant L, i.e. for all ,

There exist , , such that

Mini Course ICTS 2019
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Main results - Statement

Theorem (Brosse et al. (2017))

Assume H2 and H3. For all and , there exist (explicit) and
such that,
where is the Markov kernel associated to

m Similar bounds hold for the Wasserstein distance.

Mini Course ICTS 2019



The ULA algorithm for smooth logconcave densities
Non-smooth potentials
L ities with i i

Deviation inequalities
Normalizi of log: densities
References

Comparison with existing results

m Lovdsz and Vempala (2007) shows that the complexity of the RWM and
the hit-and-run algorithm are of .
However, this result requires that /C is well-rounded (which is hard to
check)
m Bubeck et al. (2015) studies the complexity of the
(PLMC):

Note that contrary to MYULA, the iterates of PLMC always belongs to
m Under similar assumptions, they get explicit bounds in total variation for

PLMC:
d — +oo e — 0 R — +oo r— 0
Bubeck et al. (2015) 7 uniform on K A(d7) (e 8) O (RY) O (r—6)
Bubeck et al. (2015) 7 log concave (’j(d12) @(5_12) (5(R1 ) @('r~_18)
MYULA O (dd) O o (r%Y o(r— %

Table: Complexity
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Application to regression with ¢; constraints

For all s > 0, consider the density m° o e~ U where

o 2
US(ﬂ)_exp<Y XBII*

202

sz(ﬂ)> JK® = {B e R%;

Dual problem of LASSO regression in optimization.

Bll, <s}.

We compute for all ¢ € {1,--- ,d}, the median of B; for different values of
s on the diabetes data set (n = 442,d = 10).
B Compute the LASSO regularization paths.

[m] = =
Mini Course ICTS 2019
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Figure: Lasso paths for (a) MYULA , (b) Wall HMC (Neal 2010)
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Computation of the volume of the cube
11 T T T

1.05 7

Volume (normalized by 2°d)

09 4

6
dimension (/10)
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Bounds for functionals

~N

N+n
T () =

m Let /- R’ — R be a Lipshitz function and (X;.);,-, be the Euler
discretization of the Langevin diffusion. We approximate jﬂw
the weighted average estimator

k=N+1

o J()m(da) by
Z wk,nf(Xk)

—1
Wk,n = ’Yk+1FN+2,N+n+1 .
where /V > 0 is the length of the burn-in period, 2 > 1 is the number of
effective samples and

def

nlszIxy

Fn — I—‘l,n
k=n

m Objective: compute an explicit bounds for the Mean Square Error (MSE)
of this estimator defined by:

MSE; (Vo) = . || () - =[]
R,

[m]

5 =
Mini Course ICTS 2019
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variance

m The MSE can be decomposed into the sum of the squared bias and the

MSE (N, n) = {Em[frif(f)] - 7r(f)}2 + Var, {frif(f)} :

m We first bound the bias. For all & € {N -+ 1,.... N 4 n}, let &, be the
optimal transference plan between 5IQ§ and 7 for 1/5. By Jensen's
inequality and using that |/ is Lipschitz:

{Eal# (1) - ()} = < b

n {7(2)
k:%kl o '/RdX]Rd )

2
— f(y)}er(dz, dy)>
N+n

<N D whm

[l ez dy)
k=N+1 R xR

«O» < Fr <> <« > DA 3656
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Lipshitz

Assume [/ is gradient Lipschitz and strongly convex. Then,

Let be a nonincreasing sequence with . For all
and ,
where
A For any , for all and ,

Mini Course ICTS 2019



The ULA algorithm for smooth logconcave densities
Non-smooth potentials

Logconcave densities with constrained domains
Deviation inequalities

Normalizi of log: densities
References

Bound on the Wasserstein distance

Assume that U is gradient Lipchitz and strongly convex. Let be a
nonincreasing sequence with . Then for all and ,
where
where and

Mini Course ICTS 2019



Gaussian Poincare inequality

m Our main tool is the Gaussian Poincaré inequality which states that if
Z = (Z,.

., Z4) is a Gaussian vector with identity covariance matrix,
then for all Lipschitz function ¢ : RY — R

Var {g(Z)} S HgHrIZAp

to

m For all y € R? and ~ > 0, the Gaussian Poincaré inequality can be applied

R = [

(477) " exp (~(49) " |ly — @ + VU (@)|*) dy
noticing that /- (y. ) is the Gaussian distribution with mean vy — VU (y)
and covariance matrix 2 [,

m For all Lipschitz function ¢ : RY — R

Ry {g() — Ryg)}* (v) < 271lgll3s, -
]

[m]

5
Mini Course ICTS 2019
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m ldea: Decompose

increments, w.r.t. (G, ), -0, the natural filtration of the EM approximation
(Xn)n20|

N+n—1
Varz{ o }

ZEm

(f) = E.[7 (f)] as the sum of martingale

[( EZ [7(1)] ~ B9 [+ (f)]ﬂ

+E | (B2 [+0)] - )]
E [#3 ()] -

m Since 7, (/) is an additive functional, the martingale increment
N
xr

17 [7)7()] has a (reasonably) simple expression !

A40>» «4F>r «=>» «=)>» 0&040/56



m For b= N +n—1,.... N+ 1, define backward in time the function

cI)'r]:I,k X wllc\,rn.f(xk) + R’Yk+1q>£:7,k+l(mk) P
where <I>£):N+n P TN4n <D7]’XN+77. (ZN4n) = WNtnn f(TN4n).

m For k € {N,...,N +n — 1}, by the Markov property,
N

¢‘n,k+1(Xk+l) o R'Yk+1(1)",k+1(Xk) - Egk-H [ﬁiy(‘f)] N Egk [ﬁg(f)] '
and \I/,I:I(XN) =ENY [ﬁrjy(f)]

m The variance may be expressed

Var, {frif ( f)} - Ni_lEx
k=N

N N 2
R’yk+1 {@n,k+1(') - R’Yk+1©n,k+l(xk)} (Xk)
+ Var, {\I/,I:I(XN)} .
«O» < Fr <> <« > DA 41756
- MimiCouseicTts20t9
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Lipshitz contraction

Assume [/ is gradient Lipschitz and strongly convex. For all Lipschitz functions
and , is a Lipschitz function with

Mini Course ICTS 2019
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Key Lemma

Assume that [/ is gradient Lipschitz and strongly convex. Let be a
nonincreasing sequence with . Let and . Then for
all , Lipschitz function | and ,

Mini Course ICTS 2019
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Mean-Square Error (wrapping-up)

Assume that [/ is |.-smooth and strongly convex. Let be a
nonincreasing sequence with . Then for all , and
Lipschitz functions

where

The upper bound is independent of the dimension and allow to construct
honest confidence bounds.

Mini Course ICTS 2019



Bound for the MSE
a=0 77+ (1n) " exp(—K71N/2)
0 €(0,1/3) | 70" + (1n'=") L exp(—in N7/ (2(1 — )))
a=1/3 i log(n)n ™% + (71n®?) " exp(—w1 N2 /4)
a (/3.0 | n T {2f 47 Texp(—rna N /(L — @)}

a=1 log(n) ! {47 + 47N ~2]
Table: Bound for the MSE for v, = y1 k™ for fixed 71 and N with
regularity on U

more

[m]

=
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Optimal choice of 41 | Bound for the MSE
=0 173 273
a € (0,1/2) no~t/3 n=2/3
a=1/2 (log(n))~1/3 log!/3(n)n=2/3
a€(1/2,1) 1/(m+ L) n'®
a=1 1/(m+ L) log(n)
Table: Bound for the MSE for i, = 1k~ for fixed n with more regularity on U

[m]

5
Mini Course ICTS 2019
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Normalizing constants

m Let . We aim at estimating

m ~ is the normalizing constant of the probability density = associated with
the potential

m Many applications in Bayesian inference (Bayes factors) and statistical
physics (free energy) .

m In Bayesian inference, models can be compared Bayes factors which is the
ratio of two normalizing constants.

m Few theoretical guarantees are available for these algorithms.

m Assumption [/ is a continuously differentiable convex function,

Mini Course ICTS 2019



Multistage sampling

easier to solve.

m |dea: decompose the original problem in a sequence of problems which are
m Multistage sampling method

Zy
where

M & N* is the number of stages,

Z is the initial normalizing constant (should be easy to compute)
Z;11/Z; are the ratios of normalisations constants (that should also be
easy to estimate).

[m] = =
Mini Course ICTS 2019
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m )/ & N* number of stages.

m Let {az} ~, be an increasing sequence of positive numbers and set
2
oy = +00.
m Consider the sequence of functions {(/;} defined for all i = {0,..., A/}
and = ¢ R by

o) = 120+ v,

with the convention 1/00 = 0.
m Note that [/y; = U, since o1y = +00.

m If o is small enough, then (/o () ~ |2]|" /(200).

«40>» «4F>» «=)>» 4 »
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re R by

m Define sequence of probability densities {7} for i {0,

TI—Z(Q?) . Zi—le—Ui(z) .

Z; = g e_Ui(y)dy
m It defines (7)., in the decomposition
z M-1 Zi
2o e 2
m Forie {0,...,M — 1}, we get

Ziv1
Z;

- /Rd gi(z)mi(z)dx = mi(gi) ,

where g, : RY — R, is defined for any = ¢ R by

- _ > 171 1
gi(z) = exp (ai ||z||*) , ai =g 22, )

«0O> «Fr «=Z)r» «=)» 0&051/56
- MimiCouseicTts20t9
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Multistage methods

m Multistage sampling type algorithms are widely used and known under
different names: multistage sampling, (extended) bridge sampling,
annealed importance sampling (AlS), thermodynamic integration, power
posterior. For the stability and accuracy of the method, the choice of the
parameters (in our case {07} ;') is crucial and is known to be difficult.
Indeed, the issue has been pointed out in several articles under the names
of tuning tempered transitions, temperature placement, annealing
sequence, temperature ladder, effects of grid size, cooling schedule. In

727?, we explicitly define the sequence {o? f‘igl.

Mini Course ICTS 2019



m Compute forall 7 € {1.... M

. ]_}v
Zit1

= [ s@mae = n()
(ULA) targeting 7.

m The quantity 7;(¢;) is estimated by the Unadjusted Langevin Algorithm
m Forallic {1, .... M}, consider

Xik+1 = Xik — VU Xik) + V27V Zikt1

Xio=0

B

m Foric {0,..., M — 1}, consider the following estimator of =, 1 /Z;,

Ni+n;
R 1
T (91) -

. Z gl(XZ»k) ’
ng
k=N;+1
where 71; > 1 is the sample size and /V; > () the burn-in period.
- MimiCouseicTts20t9
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m We want to compute for all 7 ¢ {1,... A/

Zit1

. 1},
= /Rd gi(x)mi(x)de = mi(g:) ,

Z;

m Foric {0,..., M — 1}, consider the following estimator of =, 1 /Z;,
Ni+n;
N 1
*i(gi) =

1’7 Z gl(lek) )

P =N+l

where 7; > 1 is the sample size and /V; > 0 the burn-in period.
m = the following estimator of =,

M—1
Z = 2r0d)?(1 + o2m) =2 { 11 fri(gi)} :
i=0
«O» «Fr « > « » = 0&054/56
- MimiCouseicTts20t9
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Theoretical analysis

m Denote by S the set of simulation parameters,

m = the following estimator of =,

m cost of the algorithm: cost = "M '{N; +n,}.
Theorem (Brosse et al. (2018))

Let p,e € (0,1). There exists an explicit choice of the simulation parameters S
such that the estimator Z satisfies

Moreover, the of the algorithm is polynomial in the dimension d, and

Mini Course ICTS 2019
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