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Abstract:
This essay presents a theoretical description of the superradiance phenomenon, in which both the quantal and the classical aspects are discussed.

Starting from the simple two-level atom-small sample Dicke model, we successively introduce various complications inherent to a realistic
superradiance experiment: effects of Van der Waals interaction between the atoms, propagation and diffraction of the electromagnetic field in the
sample and finally the effects related to atomic level degeneracy or near degeneracy. We recall how to calculate the field radiated by a superradiant
system in a single experiment and how to determine, for a series of identically prepared superradiant samples, the large shot to shot fluctuations of the
emitted light properties. The presentation tries to unify various points of view and formalisms developed in previous works and to introduce simply
and progressively the basic physical concepts relevant to the superradiance phenomenon.

1. Introduction. Motivation of this essay

In “ordinary” fluorescence experiments, a gas of atoms (or molecules) initially prepared in the upper
level of an electronic transition decays by spontaneous emission of light towards lower states according
to a process in which the atoms (or molecules) of the sample can be considered as interacting
independently from each other with the radiation field. The emission, obeying an exponential law, takes
a characteristic time r~,equal to the reciprocal of the radiative decay rate F of the initially excited level
and the radiation pattern of the atomic sample is essentially isotropic (see fig. la). These features are
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Fig. 1. Comparison between the general characteristics of ordinary fluorescence and superradiance experiments. (a)Ordinary spontaneous emission
is essentially isotropic with an exponentially decaying intensity (time constant ;~,).(b) Superradiance is anisotropic with an emission occurring in a short
burst of duration ~~rw/N.
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R. H. Dicke, Phys. Rev. 93, 99 (1954).  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Introducing the collective operators:

D~=~D~ (2.8)

D3=~D~ (2.9)

and

= ~(D~D~+ DD~)+D~, (2.10)

the fM) states are of course defined as the eigenstates of D3 and D
2 with the eigenvalues M and

J(J+ 1):

D
3fJM) = MIJM) (2.11)

D
2jJM) = J(J + 1)jJM) (2.12)

and they obviously obey the following relation:

(JMj~D~DIjJM)—J+M; (JMj~DTD’iJM)=J—M (2.13)

in which ~, D~DTand ~, DID~respectively appear as the operators representing the number of atoms
in the upper and lower state.
The energy of the JM) state is Mhw

0, with the energy of the half-deexcited system (M = 0) being
taken as origin.
With these definitions, the atomic system evolution simply appears as a cascade emission down a

“ladder” of 2J + 1 = N + 1 equidistant levels, quite analogous to the problem of spontaneous emission
of an angular momentum J (see fig. 3).
We proceed to qualitatively analyse this emission in the next subsection.

IJ,M=J> Ie,e e>
IJ,M=J-l> S jlg,e e>j
IJ,M=J-2> S jlg,ge

lJ,M~O> S ~Ig,qg,e,~e,e>~
N/2 N/2

)J,M=1-J> S 119,9,9 e>1
lJ,M~—J> lg,g,g

Fig. 3. The “ladder” of N + I symmetrical states fM): the atomic system starts at time t = t) from the J,M = J) e, e, e. . . e) state and cascades
down to the J,M=—J)~g,g. . . g) state. The intermediate state J,M) is the fully symmetrical state in which J+M atoms are in state e)
and J—M in state g).

Emission Rates
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G. S. Agarwal, Springer Tracts in Modern Physics, 70, 1-128 (1974)
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�hŜ+Ŝ�i = �(J +M)(J �M + 1)

! �N(N + 2)/4

! �N

! �N

J = N/2

G. S. Agarwal, Springer Tracts in Modern Physics, 70, 1-128 (1974)
M. Gross and S. Haroche, Phys. Repts. 93, 301 (1982).



Permutation Symmetry - Dicke Basis

M. Gross and S. Haroche, Superradiance: An essay on the theory of collective spontaneous emission 309

Introducing the collective operators:

D~=~D~ (2.8)

D3=~D~ (2.9)

and

= ~(D~D~+ DD~)+D~, (2.10)

the fM) states are of course defined as the eigenstates of D3 and D
2 with the eigenvalues M and

J(J+ 1):

D
3fJM) = MIJM) (2.11)

D
2jJM) = J(J + 1)jJM) (2.12)

and they obviously obey the following relation:

(JMj~D~DIjJM)—J+M; (JMj~DTD’iJM)=J—M (2.13)

in which ~, D~DTand ~, DID~respectively appear as the operators representing the number of atoms
in the upper and lower state.
The energy of the JM) state is Mhw

0, with the energy of the half-deexcited system (M = 0) being
taken as origin.
With these definitions, the atomic system evolution simply appears as a cascade emission down a

“ladder” of 2J + 1 = N + 1 equidistant levels, quite analogous to the problem of spontaneous emission
of an angular momentum J (see fig. 3).
We proceed to qualitatively analyse this emission in the next subsection.

IJ,M=J> Ie,e e>
IJ,M=J-l> S jlg,e e>j
IJ,M=J-2> S jlg,ge

lJ,M~O> S ~Ig,qg,e,~e,e>~
N/2 N/2

)J,M=1-J> S 119,9,9 e>1
lJ,M~—J> lg,g,g

Fig. 3. The “ladder” of N + I symmetrical states fM): the atomic system starts at time t = t) from the J,M = J) e, e, e. . . e) state and cascades
down to the J,M=—J)~g,g. . . g) state. The intermediate state J,M) is the fully symmetrical state in which J+M atoms are in state e)
and J—M in state g).
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•  Vacuum induced interactions, many body physics

•  Connections to Laser Physics

•  Optical lattice clocks and subradiance
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Collective Effects with Artificial AtomsS ince Dicke’s original work in 1954 (ref. 1), enhanced
superradiant decay has been observed in many different
physical systems2–6. The obtained results are consistent

with Dicke’s prediction that the emitted power of large ensembles
depends on the square of the density of the emitters rather than
showing a linear dependence. However, for large numbers of
atoms or atom-like systems, a direct observation of superradiance
may be hindered by numerous impeding effects, such as
nonlinear propagation and diffraction which occur in dense
ensembles7.

Striving to realize ideal conditions for its observation, a number
of experiments were designed to explore the microscopic regime
of superradiance by employing a small number of two-level
emitters8–11. In particular, experiments involving two trapped
ions were able to show that their collective decay rate varied by a
few percent depending on their separation8,9. These experiments
presented clear evidence of an enhanced decay, but were unable
to resolve the dynamics by directly measuring the intensity of the
emitted radiation as a function of time. Although the ions could
be driven directly into either sub- or superradiant states, arbitrary
initial states could not be directly prepared. In addition, the
observed superradiant decay did not dominate over other decay
mechanisms, because of the too large distance R between the
emitters exceeding the wavelength l of the emitted radiation.

In the quickly developing field of circuit quantum electro-
dynamics12, in which artificial atoms realized as superconducting
qubits are coupled to microwave photons, the condition RBl or
even ool is realized. Moreover experiments take advantage of
the fact that emitters can be localized in a one-dimensional (1D)
architecture instead of in three dimensions. In particular, for 1D
superconducting transmission lines, single microwave photons
can propagate with small loss in forward or backward direction
while strong interactions can be maintained over larger
distances11,13. As a consequence, in circuit QED experiments,
super- and subradiant states have been selectively prepared in the
strong coupling regime of cavity QED10 as well as in 1D free
space11. The yet largely unexplored bad (or fast) cavity limit14,
where the cavity decay rate k is much larger than the coupling
strength g and the rates for non-radiative atomic decay Gnr and
pure dephasing G* (k44g44Gnr,G*) extends between those two
regimes.

Here, we present experimental results on superradiance of a
pair of emitters in the bad cavity limit of circuit QED as discussed
theoretically in references15–17 (Fig. 1) with two transmon qubits
coupled to a single coplanar waveguide resonator (see Methods
for details) with experimentally extracted parameters Gnr/
2p(A,B)E(0.040, 0.042) MHz, G*/2p(A,B)E(0.25, 0.27) MHz, g/
2p(A,B)E(3.5, 3.7) MHz and k/2pE43 MHz.

Results
Sample characterization. For a first characterization of the sys-
tem properties we have measured the average transmittance of
the cavity with the transition frequency oA of qubit A tuned to
the centre frequency of the resonator or/2pE7.064 GHz while
the second qubit B is kept off-resonant at oB,0E7.41 GHz. The
measured transmission spectrum is plotted versus the frequency
op of a weak external probe field (Fig. 2). It fits well to the
expected steady-state transmission function18. The width of the
broad Lorentzian peak is set by the cavity decay rate k/2p while
the narrow Lorentzian dip has a width of w¼ 2G2þ 4g2/
(k# 2G2) with G2¼Gnr/2þG* governed by the non-radiative
qubit decay rate Gnr and pure dephasing rate G*. The minimum
transmission d on resonance (oA¼or) is given by G2/(GkþG2)
where Gk¼ 4g2/k is defined as the Purcell induced decay rate on
resonance in the bad cavity limit. Physically, the distinct shape of

the measured spectrum is understood in terms of atom enhanced
absorption19, which is closely related to electromagnetically
induced transparency20 or cavity induced transparency21.
Intuitively, the coherent scattering of the probe field detuned by
the same frequency but with opposite sign from the excited state
doublet (|1þS,|1#S) formed by the long-lived qubit resonantly
coupled to the bad cavity (Fig. 2) leads to the dip in the spectrum
due to destructive interference20. It is worth noting that the
spectrum can also be fully explained by the linear response of a
driven resonator mode in the presence of dispersion and
absorption22 and does not necessarily require a quantum
mechanical treatment.

Spontaneous decay of individual emitters. In a next step, we
have explored the Purcell-enhanced spontaneous decay of the
individual qubits. For this purpose the qubits were prepared in
their excited state |eS by applying a p-pulse through a separate
gate line (green in Fig. 1) and tuned into resonance with the
cavity by applying a magnetic field pulse using a dedicated flux
line (red in Fig. 1). In the limit k44g44Gnr, the single excited
qubit shows exponential decay of the detected power P (Fig. 3a)
with a rate of Gk¼kg2/|(k)/(2)þ iDr|2 (refs 17,18,23). To slow
down the qubit decay with respect to the bandwidth of our
acquisition system, we have performed the measurements at a

Γnr

g
!

150 µm

+ +
+ +

A
+ +

+

+ +

+

B

1 mm

Figure 1 | Schematic and sample. (a) Optical equivalent of the setup. Two
two-level systems (yellow) are coupled with identical rate g and intrinsic
decoherence rate Gnr to a cavity mode with photon decay rate k (blue). The
two-level systems are excited by radiation applied orthogonal to the cavity
mode (green). (b,c) Optical microscope false color image of the sample
with two qubits (A,B) (yellow) capacitively coupled to an asymmetric
waveguide resonator (blue). Each qubit is equipped with a local charge gate
(green) and a flux bias line (red) to create initial states and tune transition
frequencies independently.
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Dipole force on nano-diamonds + NV

M. L. Juan et.al., Nature Physics, 
Nature Physics 13, 241–245 (2017)

LETTERS NATURE PHYSICS DOI: 10.1038/NPHYS3940

0.2a

0.1

0.0

Ra
tio

 d
i�

er
en

ce
, Ξ

−0.1

−0.2

−3
−2
−1
0
1

1

2

Sk
ew

ne
ss

Sk
ew

ne
ss

3

−3
−2
−1
0

2
3

630 640
Wavelength (nm)

High density

Low density

650

630 640
Wavelength (nm)

650

630 640
Wavelength (nm)

650

b

Figure 3 | Cooperative dipole force. a, Di�erence of the mean values
from Fig. 2a and b. This di�erence, 4=(�)/(�ref)|highNV �(�)/
(�ref)|lowNV, is a close approximation of the ratio of the sti�ness from
the NV centres, NVs(�), over the sti�ness from the diamond matrix,
Diamond(�) (see Methods). The standard error from the experimental
data is indicated by the error bars in grey. The black curve shows the
theoretically predicted sti�ness ratio accounting for cooperative e�ects on
the force obtained for cooperative sub-ensembles with a spectral width of
100 GHz (residual sum of square: 2.4⇥ 10�2). For comparison, the dashed
line showing the theoretical prediction for independent NVs was magnified
40 times to reach comparable magnitude (residual sum of square:
3.3⇥ 10�2). b, Skewness as a function of wavelength. Top panel:
experimental skewness (open squares) from high-density NV sample
measurements. Bottom panel: experimental skewness from the low-density
NV sample. In a,b, the Monte Carlo model was used to obtain an average
expected skewness (solid line) as well as the 1� interval where 68.2% of
the experimental value should lie.

Information). It is important to note that we have not explicitly
taken into account additional e�ects that can limit the cooperativity
between NV centres. These e�ects, such as the NV0 $ NV�

ionization, will directly impact the average size of the cooperative
domains and significantly reduce them as they become prevalent.
To quantitatively compare the quality of the fits obtained for the two
di�erent models, independent and cooperatively enhanced forces,
we used the Akaike information criterion28. This criterion provides
an evidence ratio allowing for the direct comparison of the fit
quality from two distinct models. By using the expected average
number of NV centres for both models, the evidence ratio for
the cooperatively enhanced forces compared with the independent
forces is 7.5 while the usual bound for identifying the best model
with strong confidence is 2.7 (see Supplementary Information). In
terms of magnitude, the cooperatively enhanced model predicts
an increase of the sti�ness 65 times larger than the model for
independent NVs (3.8% compared with 0.06%). In addition, the

dispersive shape described by the experimental data is also better
fitted by the cooperatively enhanced force model. In parallel to the
average trap sti�ness, we alsomodelled the expected skewness along
with the 1� interval (Fig. 3b). Our model is in good quantitative
agreement with the skewness obtained from the experiment with
the high-NV-density sample. For comparison, the skewness of the
experimental data obtained for the reference nanodiamond sample
is presented in the lower panel of Fig. 3b.

In conclusion, our observations open the door to a wealth of
new research directions. The cooperative e�ects arising from a
large number of NV centres in an individual nanocrystal provide
a mechanism to significantly increase the optical forces. While our
simplified model is in good agreement with the experiment, a more
complete description accounting for dipole–dipole interactions27
constitutes an interesting future research direction. In addition,
the observed change of up to 10% in trap sti�ness could be
further increased by using defects such as silicon–vacancy centres
that are characterized by higher densities29 and stronger transition
dipole moment30. These centres could o�er the opportunity to
access a regime in which the resonant trapping forces would
actually dominate the dynamics of the system, with the nanocrystal
essentially behaving like a very large atom, or ‘superatom’. In
the context of quantum optomechanics, this could allow for
single-photon strong coupling and sideband cooling at room
temperature31. In addition, the presence of these quantum emitters
could enable state-dependent optical forces that have already
been successfully employed, for example, to implement quantum
logic gates with atomic ions32 or create large-scale multiparticle
entanglement of neutral atoms in optical lattices33. With all of these
exciting possibilities at hand, this work opens the door to applying
the powerful quantum technologies developed for atom trapping
and cooling to themanipulation of small nanoparticles, introducing
an unprecedented degree of control at the nanoscale.

Methods
Methods, including statements of data availability and any
associated accession codes and references, are available in the
online version of this paper.

Received 25 February 2016; accepted 29 September 2016;
published online 14 November 2016
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3.3⇥ 10�2). b, Skewness as a function of wavelength. Top panel:
experimental skewness (open squares) from high-density NV sample
measurements. Bottom panel: experimental skewness from the low-density
NV sample. In a,b, the Monte Carlo model was used to obtain an average
expected skewness (solid line) as well as the 1� interval where 68.2% of
the experimental value should lie.

Information). It is important to note that we have not explicitly
taken into account additional e�ects that can limit the cooperativity
between NV centres. These e�ects, such as the NV0 $ NV�

ionization, will directly impact the average size of the cooperative
domains and significantly reduce them as they become prevalent.
To quantitatively compare the quality of the fits obtained for the two
di�erent models, independent and cooperatively enhanced forces,
we used the Akaike information criterion28. This criterion provides
an evidence ratio allowing for the direct comparison of the fit
quality from two distinct models. By using the expected average
number of NV centres for both models, the evidence ratio for
the cooperatively enhanced forces compared with the independent
forces is 7.5 while the usual bound for identifying the best model
with strong confidence is 2.7 (see Supplementary Information). In
terms of magnitude, the cooperatively enhanced model predicts
an increase of the sti�ness 65 times larger than the model for
independent NVs (3.8% compared with 0.06%). In addition, the

dispersive shape described by the experimental data is also better
fitted by the cooperatively enhanced force model. In parallel to the
average trap sti�ness, we alsomodelled the expected skewness along
with the 1� interval (Fig. 3b). Our model is in good quantitative
agreement with the skewness obtained from the experiment with
the high-NV-density sample. For comparison, the skewness of the
experimental data obtained for the reference nanodiamond sample
is presented in the lower panel of Fig. 3b.

In conclusion, our observations open the door to a wealth of
new research directions. The cooperative e�ects arising from a
large number of NV centres in an individual nanocrystal provide
a mechanism to significantly increase the optical forces. While our
simplified model is in good agreement with the experiment, a more
complete description accounting for dipole–dipole interactions27
constitutes an interesting future research direction. In addition,
the observed change of up to 10% in trap sti�ness could be
further increased by using defects such as silicon–vacancy centres
that are characterized by higher densities29 and stronger transition
dipole moment30. These centres could o�er the opportunity to
access a regime in which the resonant trapping forces would
actually dominate the dynamics of the system, with the nanocrystal
essentially behaving like a very large atom, or ‘superatom’. In
the context of quantum optomechanics, this could allow for
single-photon strong coupling and sideband cooling at room
temperature31. In addition, the presence of these quantum emitters
could enable state-dependent optical forces that have already
been successfully employed, for example, to implement quantum
logic gates with atomic ions32 or create large-scale multiparticle
entanglement of neutral atoms in optical lattices33. With all of these
exciting possibilities at hand, this work opens the door to applying
the powerful quantum technologies developed for atom trapping
and cooling to themanipulation of small nanoparticles, introducing
an unprecedented degree of control at the nanoscale.

Methods
Methods, including statements of data availability and any
associated accession codes and references, are available in the
online version of this paper.
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In a closely packed ensemble of quantum emitters, cooperative e�ects are typically suppressed due
to the dephasing induced by the dipole-dipole interactions. Here, we show that by adding su�ciently
strong collective dephasing cooperative e�ects can be restored. In particular, we show that the dipole
force on a closely packed ensemble of strongly driven two-level quantum emitters, which collectively
dephase, is enhanced in comparison to the dipole force on an independent non-interacting ensemble.
Our results are relevant to solid state systems with embedded quantum emitters such as colour
centers in diamond and superconducting qubits in microwave cavities and waveguides.

A collection of two-level quantum emitters (TLEs) with
sub-wavelength average separations can show remarkable co-
operative behaviour like superradiant emission [1–3]. The
study of optical response in such systems has predominantly
been restricted to the emission properties or the propaga-
tion of light within the TLE ensemble. This is because the
systems usually considered in the early days [2, 4], as well
as in some recent works [5–8], are gaseous clouds of atoms.
With the advent of artificial atoms in solid state systems,
e.g. quantum dots [9], superconducting qubits [10, 11] and
colour centers in diamond [12, 13, 33], it is now possible to
study the impact of cooperative e�ects on other aspects of
the optical response. In particular, a recent experiment [13]
studied the dipole force on optically trapped nanodiamonds
containing a high density of Nitrogen vacancy (NVs) centers.
An intriguing result in [13] was that the observed dipole
force originating from the emitters could not be correctly
accounted for by considering the emitters to respond inde-
pendently.

In this work, we focus on cooperative e�ects in a small and
closely packed ensemble of TLEs subject to strong coherent
driving and collective dephasing. In particular, we show that
the dipole force on such an ensemble can be larger than on an
equivalent one where each TLE spontaneously emits indepen-

dently. For the emitter separations that we consider here, the
dipole-dipole interaction can be larger than the line-width of
the individual emitters. Furthermore, spontaneous emission
is not perfectly collective. In this situation, one typically ex-
pects cooperative e�ects to be suppressed [2, 14]. We show
here that the combination of strong driving and large col-
lective dephasing can restore cooperative e�ects, even in the
presence of dipole interaction shifts and non-collective spon-
taneous emission. While there have been previous studies of
cooperative e�ects with strong driving fields [15–21], the role
of collective dephasing has received less attention [10, 13].

Let us consider a collection of N identical TLEs with res-
onance frequency Ê0 © ck0 © 2fic/⁄0. The matrix element
of the dipole moment operator d̂ is given by Èe|d̂|gÍ © ‘ad,
where |gÍ (|eÍ) denotes the ground (excited) state and |‘a| =
1. For simplicity, we assume ‘a and d to be real. The

TLEs, each with position rm (m = 1, . . . , N), are fixed on
a background matrix with center-of-mass position x, namely
r

Õ
m © rm ≠ x for all m is a constant of motion. We consider

the TLEs to be driven by a classical electromagnetic field
of the form E(r, t) = E(r) cos (Êdt) © ‘dE0f(r) cos (Êdt),
where ‘d and E0 are real and |‘d| = 1. We assume that
f(rm) ¥ f(x) for all m. In a frame rotating with the drive
and assuming the rotating wave approximation, the hamil-
tonian describing the interaction of the identical TLEs with
E(r, t) is given by

ĤA © ~�(x)
2 Ŝx ≠ ~�

2 Ŝz. (1)

Here, �(x) © ≠2dE0(‘a · ‘d)f(x)/~ is the Rabi frequency
and � © Êd ≠ Ê0 the detuning. Hereafter, we use the
following notation for the spin operators: ‡̂–

m denotes the
Pauli matrix (for – = x, y, z) and the ladder operator (for
– = ±) of the mth TLE, collective operators are denoted by
Ŝ– ©

qN
m=1 ‡̂–

m. Apart from the dynamics induced by the
interaction with the external driving, we assume the TLEs to
experience collective dephasing (whose physical origin is left
unspecified) as well as dipole-dipole interaction and sponta-
neous emission due to the interaction with free electromag-
netic field modes in the vacuum state. The overall dynam-
ics of such an ensemble of identical TLEs can be then de-
scribed by the master equation fl̇ = Lfl̂ © (LH + L� + L“) fl̂,
where [1–3]

LH fl̂ © 1
i~ [ĤA + ĤI , fl̂], (2)

L�fl̂ ©
ÿ

mn

�mn

!
2‡̂≠

mfl̂‡̂+
n ≠ ‡̂+

m‡̂≠
n fl̂ ≠ fl̂‡̂+

m‡̂≠
n

"
, (3)

L“ fl̂ © ≠“c

4 [Ŝz, [Ŝz, fl̂]]. (4)

The term LH describes coherent dynamics given by the inter-
action with the external field, Eq. (1), and the dipole-dipole
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In a closely packed ensemble of quantum emitters, cooperative e�ects are typically suppressed due
to the dephasing induced by the dipole-dipole interactions. Here, we show that by adding su�ciently
strong collective dephasing cooperative e�ects can be restored. In particular, we show that the dipole
force on a closely packed ensemble of strongly driven two-level quantum emitters, which collectively
dephase, is enhanced in comparison to the dipole force on an independent non-interacting ensemble.
Our results are relevant to solid state systems with embedded quantum emitters such as colour
centers in diamond and superconducting qubits in microwave cavities and waveguides.

A collection of two-level quantum emitters (TLEs) with
sub-wavelength average separations can show remarkable co-
operative behaviour like superradiant emission [1–3]. The
study of optical response in such systems has predominantly
been restricted to the emission properties or the propaga-
tion of light within the TLE ensemble. This is because the
systems usually considered in the early days [2, 4], as well
as in some recent works [5–8], are gaseous clouds of atoms.
With the advent of artificial atoms in solid state systems,
e.g. quantum dots [9], superconducting qubits [10, 11] and
colour centers in diamond [12, 13, 33], it is now possible to
study the impact of cooperative e�ects on other aspects of
the optical response. In particular, a recent experiment [13]
studied the dipole force on optically trapped nanodiamonds
containing a high density of Nitrogen vacancy (NVs) centers.
An intriguing result in [13] was that the observed dipole
force originating from the emitters could not be correctly
accounted for by considering the emitters to respond inde-
pendently.

In this work, we focus on cooperative e�ects in a small and
closely packed ensemble of TLEs subject to strong coherent
driving and collective dephasing. In particular, we show that
the dipole force on such an ensemble can be larger than on an
equivalent one where each TLE spontaneously emits indepen-

dently. For the emitter separations that we consider here, the
dipole-dipole interaction can be larger than the line-width of
the individual emitters. Furthermore, spontaneous emission
is not perfectly collective. In this situation, one typically ex-
pects cooperative e�ects to be suppressed [2, 14]. We show
here that the combination of strong driving and large col-
lective dephasing can restore cooperative e�ects, even in the
presence of dipole interaction shifts and non-collective spon-
taneous emission. While there have been previous studies of
cooperative e�ects with strong driving fields [15–21], the role
of collective dephasing has received less attention [10, 13].

Let us consider a collection of N identical TLEs with res-
onance frequency Ê0 © ck0 © 2fic/⁄0. The matrix element
of the dipole moment operator d̂ is given by Èe|d̂|gÍ © ‘ad,
where |gÍ (|eÍ) denotes the ground (excited) state and |‘a| =
1. For simplicity, we assume ‘a and d to be real. The

TLEs, each with position rm (m = 1, . . . , N), are fixed on
a background matrix with center-of-mass position x, namely
r

Õ
m © rm ≠ x for all m is a constant of motion. We consider

the TLEs to be driven by a classical electromagnetic field
of the form E(r, t) = E(r) cos (Êdt) © ‘dE0f(r) cos (Êdt),
where ‘d and E0 are real and |‘d| = 1. We assume that
f(rm) ¥ f(x) for all m. In a frame rotating with the drive
and assuming the rotating wave approximation, the hamil-
tonian describing the interaction of the identical TLEs with
E(r, t) is given by

ĤA © ~�(x)
2 Ŝx ≠ ~�

2 Ŝz. (1)

Here, �(x) © ≠2dE0(‘a · ‘d)f(x)/~ is the Rabi frequency
and � © Êd ≠ Ê0 the detuning. Hereafter, we use the
following notation for the spin operators: ‡̂–

m denotes the
Pauli matrix (for – = x, y, z) and the ladder operator (for
– = ±) of the mth TLE, collective operators are denoted by
Ŝ– ©

qN
m=1 ‡̂–

m. Apart from the dynamics induced by the
interaction with the external driving, we assume the TLEs to
experience collective dephasing (whose physical origin is left
unspecified) as well as dipole-dipole interaction and sponta-
neous emission due to the interaction with free electromag-
netic field modes in the vacuum state. The overall dynam-
ics of such an ensemble of identical TLEs can be then de-
scribed by the master equation fl̇ = Lfl̂ © (LH + L� + L“) fl̂,
where [1–3]

LH fl̂ © 1
i~ [ĤA + ĤI , fl̂], (2)
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The term LH describes coherent dynamics given by the inter-
action with the external field, Eq. (1), and the dipole-dipole
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In a closely packed ensemble of quantum emitters, cooperative e�ects are typically suppressed due
to the dephasing induced by the dipole-dipole interactions. Here, we show that by adding su�ciently
strong collective dephasing cooperative e�ects can be restored. In particular, we show that the dipole
force on a closely packed ensemble of strongly driven two-level quantum emitters, which collectively
dephase, is enhanced in comparison to the dipole force on an independent non-interacting ensemble.
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A collection of two-level quantum emitters (TLEs) with
sub-wavelength average separations can show remarkable co-
operative behaviour like superradiant emission [1–3]. The
study of optical response in such systems has predominantly
been restricted to the emission properties or the propaga-
tion of light within the TLE ensemble. This is because the
systems usually considered in the early days [2, 4], as well
as in some recent works [5–8], are gaseous clouds of atoms.
With the advent of artificial atoms in solid state systems,
e.g. quantum dots [9], superconducting qubits [10, 11] and
colour centers in diamond [12, 13, 33], it is now possible to
study the impact of cooperative e�ects on other aspects of
the optical response. In particular, a recent experiment [13]
studied the dipole force on optically trapped nanodiamonds
containing a high density of Nitrogen vacancy (NVs) centers.
An intriguing result in [13] was that the observed dipole
force originating from the emitters could not be correctly
accounted for by considering the emitters to respond inde-
pendently.

In this work, we focus on cooperative e�ects in a small and
closely packed ensemble of TLEs subject to strong coherent
driving and collective dephasing. In particular, we show that
the dipole force on such an ensemble can be larger than on an
equivalent one where each TLE spontaneously emits indepen-

dently. For the emitter separations that we consider here, the
dipole-dipole interaction can be larger than the line-width of
the individual emitters. Furthermore, spontaneous emission
is not perfectly collective. In this situation, one typically ex-
pects cooperative e�ects to be suppressed [2, 14]. We show
here that the combination of strong driving and large col-
lective dephasing can restore cooperative e�ects, even in the
presence of dipole interaction shifts and non-collective spon-
taneous emission. While there have been previous studies of
cooperative e�ects with strong driving fields [15–21], the role
of collective dephasing has received less attention [10, 13].

Let us consider a collection of N identical TLEs with res-
onance frequency Ê0 © ck0 © 2fic/⁄0. The matrix element
of the dipole moment operator d̂ is given by Èe|d̂|gÍ © ‘ad,
where |gÍ (|eÍ) denotes the ground (excited) state and |‘a| =
1. For simplicity, we assume ‘a and d to be real. The

TLEs, each with position rm (m = 1, . . . , N), are fixed on
a background matrix with center-of-mass position x, namely
r

Õ
m © rm ≠ x for all m is a constant of motion. We consider

the TLEs to be driven by a classical electromagnetic field
of the form E(r, t) = E(r) cos (Êdt) © ‘dE0f(r) cos (Êdt),
where ‘d and E0 are real and |‘d| = 1. We assume that
f(rm) ¥ f(x) for all m. In a frame rotating with the drive
and assuming the rotating wave approximation, the hamil-
tonian describing the interaction of the identical TLEs with
E(r, t) is given by

ĤA © ~�(x)
2 Ŝx ≠ ~�

2 Ŝz. (1)

Here, �(x) © ≠2dE0(‘a · ‘d)f(x)/~ is the Rabi frequency
and � © Êd ≠ Ê0 the detuning. Hereafter, we use the
following notation for the spin operators: ‡̂–

m denotes the
Pauli matrix (for – = x, y, z) and the ladder operator (for
– = ±) of the mth TLE, collective operators are denoted by
Ŝ– ©

qN
m=1 ‡̂–

m. Apart from the dynamics induced by the
interaction with the external driving, we assume the TLEs to
experience collective dephasing (whose physical origin is left
unspecified) as well as dipole-dipole interaction and sponta-
neous emission due to the interaction with free electromag-
netic field modes in the vacuum state. The overall dynam-
ics of such an ensemble of identical TLEs can be then de-
scribed by the master equation fl̇ = Lfl̂ © (LH + L� + L“) fl̂,
where [1–3]
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FIG. 1. (a) Schematic illustration of a driven ensemble of ran-
domly distributed identical TLEs in a 3D volume. (b) ÷ is plotted
as a function of r̄/⁄0 for N = 6. The thick lines are the mean ÷
over 1000 random distributions and the shaded areas represent re-
gions where 68% of the values for ÷ lie (see [22] for further details).
Solid (dotted) line corresponds to “c/� = 1.3 ◊ 104 (“c = 0) for
�0/� = 103. Inset plots the mean and the 68% confidence interval
of g/� and 2�̄/� as a function of r̄/⁄0.

interaction given by ĤI ©
q

m”=n ~gmn‡̂+
m‡̂≠

n , where

gmn © ≠3�
4

#!
1 ≠ cos2 ◊mn

"
j≠1(k0rmn)

+
!
1 ≠ 3 cos2 ◊mn

" j≠2(k0rmn)
k0rmn

6
.

(5)

Here, rmn © |rm ≠ rn|, cos ◊mn © (rm ≠ rn) · ‘a/rmn, and
jp is the pth order spherical Bessel function of the first kind.
The term L� describes the spontaneous emission of the TLEs
with correlated emission rates given by

�mn © 3�
4

#!
1 ≠ cos2 ◊mn

"
j0(k0rmn)

≠
!
1 ≠ 3 cos2 ◊mn

" j1(k0rmn)
k0rmn

6
.

(6)

The diagonal term �mm © �/2 = 2d2Ê3
0/(3~c3) is the in-

dividual spontaneous emission rate of the TLEs. The term

L“ describes collective dephasing with a rate given by “c. It
is convenient to introduce the rate ḡ © minm

q
n ”=m |gmn|,

which parameterizes the strength of the dipole-dipole inter-
action, and � © minm

q
n ”=m �mn/(N ≠ 1), which parame-

terizes the cooperativity of the spontaneous emission.
We are interested in the closely packed regime defined by

k0rmn Æ 1 for any pair of TLEs. While in this regime the
spontaneous emission is predominantly collective, namely
�̄ . �/2, the strong dipole-dipole interaction ḡ ∫ � typi-
cally suppresses any cooperative e�ect. However, we show
below that strong collective dephasing “c ∫ � together with
strong driving �(x) ∫ � can recover cooperative e�ects. In
particular, we concentrate on the steady state value of Ŝx,
namely ÈŜxÍ © tr[Ŝxfl̂s], where Lfl̂s = 0. This is related to
the dipole force exerted by the driving field to the matrix
hosting the TLEs. Indeed, assuming that the motion of the
background matrix in the applied field is slow compared to
the emitter dynamics, the dipole force is given by

Fdp = ≠~Ò�(x)|
x0

2 ÈŜxÍ, (7)

where x0 is the equilibrium position of the matrix. For an
ensemble of N independent TLEs, namely with gmn © 0 and
�mn © 0 (for m ”= n), one has that

ÈŜxÍind = N
4��0�

� (4�2 + “2
‹) + 2�2

0“‹

Æ N
�0�

�“‹ (�“‹ + 2�2
0)

.

(8)

Here, �0 © �(x0), “‹ © (� + 2“c), and the upper bound is
achieved at the optimal detuning

�0 © ≠
Ú

“‹ (�“‹ + 2�2
0)

4� . (9)

We are interested in the parameter ÷ © ÈŜxÍ/ÈŜxÍind evalu-
ated at � = �0 (note that ÈŜxÍ is not maximized at �0). In
particular, we refer to situations when ÷ > 1 as cooperative

enhancement (CE).
Let us consider N identical TLEs, randomly positioned in

a three dimensional volume with an average separation given
by r̄ ©

q
m>n rmn/N , see Fig. 1a. We generate multiple ran-

dom configurations at a fixed r̄ using the procedure described
in [23] (see [22] for details) and numerically calculate fl̂s in
each case using [24]. The average ÷ over 1000 configurations
is plotted in Fig. 1b as a function of r̄/⁄0 for N = 6 with
(solid line) and without (dotted line) collective dephasing.
The shaded regions correspond to the interval where a ma-
jority, 68%, of the values for ÷ lie. In the absence of collective
dephasing (“c = 0), there is no CE (÷ Æ 1). However, in the
presence of strong collective dephasing (“c/� ¥ 104) and
strong driving (�0/� = 103) there is a range of separations
r̄ where there is CE (÷ > 1). This is the main finding of
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FIG. 1. (a) Schematic illustration of a driven ensemble of ran-
domly distributed identical TLEs in a 3D volume. (b) ÷ is plotted
as a function of r̄/⁄0 for N = 6. The thick lines are the mean ÷
over 1000 random distributions and the shaded areas represent re-
gions where 68% of the values for ÷ lie (see [22] for further details).
Solid (dotted) line corresponds to “c/� = 1.3 ◊ 104 (“c = 0) for
�0/� = 103. Inset plots the mean and the 68% confidence interval
of g/� and 2�̄/� as a function of r̄/⁄0.
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#!
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+
!
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k0rmn

6
.

(5)
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1 ≠ 3 cos2 ◊mn

" j1(k0rmn)
k0rmn

6
.
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action, and � © minm
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n ”=m �mn/(N ≠ 1), which parame-

terizes the cooperativity of the spontaneous emission.
We are interested in the closely packed regime defined by

k0rmn Æ 1 for any pair of TLEs. While in this regime the
spontaneous emission is predominantly collective, namely
�̄ . �/2, the strong dipole-dipole interaction ḡ ∫ � typi-
cally suppresses any cooperative e�ect. However, we show
below that strong collective dephasing “c ∫ � together with
strong driving �(x) ∫ � can recover cooperative e�ects. In
particular, we concentrate on the steady state value of Ŝx,
namely ÈŜxÍ © tr[Ŝxfl̂s], where Lfl̂s = 0. This is related to
the dipole force exerted by the driving field to the matrix
hosting the TLEs. Indeed, assuming that the motion of the
background matrix in the applied field is slow compared to
the emitter dynamics, the dipole force is given by

Fdp = ≠~Ò�(x)|
x0

2 ÈŜxÍ, (7)

where x0 is the equilibrium position of the matrix. For an
ensemble of N independent TLEs, namely with gmn © 0 and
�mn © 0 (for m ”= n), one has that
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Here, �0 © �(x0), “‹ © (� + 2“c), and the upper bound is
achieved at the optimal detuning
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We are interested in the parameter ÷ © ÈŜxÍ/ÈŜxÍind evalu-
ated at � = �0 (note that ÈŜxÍ is not maximized at �0). In
particular, we refer to situations when ÷ > 1 as cooperative

enhancement (CE).
Let us consider N identical TLEs, randomly positioned in

a three dimensional volume with an average separation given
by r̄ ©

q
m>n rmn/N , see Fig. 1a. We generate multiple ran-

dom configurations at a fixed r̄ using the procedure described
in [23] (see [22] for details) and numerically calculate fl̂s in
each case using [24]. The average ÷ over 1000 configurations
is plotted in Fig. 1b as a function of r̄/⁄0 for N = 6 with
(solid line) and without (dotted line) collective dephasing.
The shaded regions correspond to the interval where a ma-
jority, 68%, of the values for ÷ lie. In the absence of collective
dephasing (“c = 0), there is no CE (÷ Æ 1). However, in the
presence of strong collective dephasing (“c/� ¥ 104) and
strong driving (�0/� = 103) there is a range of separations
r̄ where there is CE (÷ > 1). This is the main finding of
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In a closely packed ensemble of quantum emitters, cooperative e�ects are typically suppressed due
to the dephasing induced by the dipole-dipole interactions. Here, we show that by adding su�ciently
strong collective dephasing cooperative e�ects can be restored. In particular, we show that the dipole
force on a closely packed ensemble of strongly driven two-level quantum emitters, which collectively
dephase, is enhanced in comparison to the dipole force on an independent non-interacting ensemble.
Our results are relevant to solid state systems with embedded quantum emitters such as colour
centers in diamond and superconducting qubits in microwave cavities and waveguides.

A collection of two-level quantum emitters (TLEs) with
sub-wavelength average separations can show remarkable co-
operative behaviour like superradiant emission [1–3]. The
study of optical response in such systems has predominantly
been restricted to the emission properties or the propaga-
tion of light within the TLE ensemble. This is because the
systems usually considered in the early days [2, 4], as well
as in some recent works [5–8], are gaseous clouds of atoms.
With the advent of artificial atoms in solid state systems,
e.g. quantum dots [9], superconducting qubits [10, 11] and
colour centers in diamond [12, 13, 33], it is now possible to
study the impact of cooperative e�ects on other aspects of
the optical response. In particular, a recent experiment [13]
studied the dipole force on optically trapped nanodiamonds
containing a high density of Nitrogen vacancy (NVs) centers.
An intriguing result in [13] was that the observed dipole
force originating from the emitters could not be correctly
accounted for by considering the emitters to respond inde-
pendently.

In this work, we focus on cooperative e�ects in a small and
closely packed ensemble of TLEs subject to strong coherent
driving and collective dephasing. In particular, we show that
the dipole force on such an ensemble can be larger than on an
equivalent one where each TLE spontaneously emits indepen-

dently. For the emitter separations that we consider here, the
dipole-dipole interaction can be larger than the line-width of
the individual emitters. Furthermore, spontaneous emission
is not perfectly collective. In this situation, one typically ex-
pects cooperative e�ects to be suppressed [2, 14]. We show
here that the combination of strong driving and large col-
lective dephasing can restore cooperative e�ects, even in the
presence of dipole interaction shifts and non-collective spon-
taneous emission. While there have been previous studies of
cooperative e�ects with strong driving fields [15–21], the role
of collective dephasing has received less attention [10, 13].

Let us consider a collection of N identical TLEs with res-
onance frequency Ê0 © ck0 © 2fic/⁄0. The matrix element
of the dipole moment operator d̂ is given by Èe|d̂|gÍ © ‘ad,
where |gÍ (|eÍ) denotes the ground (excited) state and |‘a| =
1. For simplicity, we assume ‘a and d to be real. The

TLEs, each with position rm (m = 1, . . . , N), are fixed on
a background matrix with center-of-mass position x, namely
r

Õ
m © rm ≠ x for all m is a constant of motion. We consider

the TLEs to be driven by a classical electromagnetic field
of the form E(r, t) = E(r) cos (Êdt) © ‘dE0f(r) cos (Êdt),
where ‘d and E0 are real and |‘d| = 1. We assume that
f(rm) ¥ f(x) for all m. In a frame rotating with the drive
and assuming the rotating wave approximation, the hamil-
tonian describing the interaction of the identical TLEs with
E(r, t) is given by

ĤA © ~�(x)
2 Ŝx ≠ ~�

2 Ŝz. (1)

Here, �(x) © ≠2dE0(‘a · ‘d)f(x)/~ is the Rabi frequency
and � © Êd ≠ Ê0 the detuning. Hereafter, we use the
following notation for the spin operators: ‡̂–

m denotes the
Pauli matrix (for – = x, y, z) and the ladder operator (for
– = ±) of the mth TLE, collective operators are denoted by
Ŝ– ©

qN
m=1 ‡̂–

m. Apart from the dynamics induced by the
interaction with the external driving, we assume the TLEs to
experience collective dephasing (whose physical origin is left
unspecified) as well as dipole-dipole interaction and sponta-
neous emission due to the interaction with free electromag-
netic field modes in the vacuum state. The overall dynam-
ics of such an ensemble of identical TLEs can be then de-
scribed by the master equation fl̇ = Lfl̂ © (LH + L� + L“) fl̂,
where [1–3]

LH fl̂ © 1
i~ [ĤA + ĤI , fl̂], (2)

L�fl̂ ©
ÿ

mn

�mn

!
2‡̂≠

mfl̂‡̂+
n ≠ ‡̂+

m‡̂≠
n fl̂ ≠ fl̂‡̂+

m‡̂≠
n

"
, (3)

L“ fl̂ © ≠“c

4 [Ŝz, [Ŝz, fl̂]]. (4)

The term LH describes coherent dynamics given by the inter-
action with the external field, Eq. (1), and the dipole-dipole
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In a closely packed ensemble of quantum emitters, cooperative e�ects are typically suppressed due
to the dephasing induced by the dipole-dipole interactions. Here, we show that by adding su�ciently
strong collective dephasing cooperative e�ects can be restored. In particular, we show that the dipole
force on a closely packed ensemble of strongly driven two-level quantum emitters, which collectively
dephase, is enhanced in comparison to the dipole force on an independent non-interacting ensemble.
Our results are relevant to solid state systems with embedded quantum emitters such as colour
centers in diamond and superconducting qubits in microwave cavities and waveguides.

A collection of two-level quantum emitters (TLEs) with
sub-wavelength average separations can show remarkable co-
operative behaviour like superradiant emission [1–3]. The
study of optical response in such systems has predominantly
been restricted to the emission properties or the propaga-
tion of light within the TLE ensemble. This is because the
systems usually considered in the early days [2, 4], as well
as in some recent works [5–8], are gaseous clouds of atoms.
With the advent of artificial atoms in solid state systems,
e.g. quantum dots [9], superconducting qubits [10, 11] and
colour centers in diamond [12, 13, 33], it is now possible to
study the impact of cooperative e�ects on other aspects of
the optical response. In particular, a recent experiment [13]
studied the dipole force on optically trapped nanodiamonds
containing a high density of Nitrogen vacancy (NVs) centers.
An intriguing result in [13] was that the observed dipole
force originating from the emitters could not be correctly
accounted for by considering the emitters to respond inde-
pendently.

In this work, we focus on cooperative e�ects in a small and
closely packed ensemble of TLEs subject to strong coherent
driving and collective dephasing. In particular, we show that
the dipole force on such an ensemble can be larger than on an
equivalent one where each TLE spontaneously emits indepen-

dently. For the emitter separations that we consider here, the
dipole-dipole interaction can be larger than the line-width of
the individual emitters. Furthermore, spontaneous emission
is not perfectly collective. In this situation, one typically ex-
pects cooperative e�ects to be suppressed [2, 14]. We show
here that the combination of strong driving and large col-
lective dephasing can restore cooperative e�ects, even in the
presence of dipole interaction shifts and non-collective spon-
taneous emission. While there have been previous studies of
cooperative e�ects with strong driving fields [15–21], the role
of collective dephasing has received less attention [10, 13].

Let us consider a collection of N identical TLEs with res-
onance frequency Ê0 © ck0 © 2fic/⁄0. The matrix element
of the dipole moment operator d̂ is given by Èe|d̂|gÍ © ‘ad,
where |gÍ (|eÍ) denotes the ground (excited) state and |‘a| =
1. For simplicity, we assume ‘a and d to be real. The

TLEs, each with position rm (m = 1, . . . , N), are fixed on
a background matrix with center-of-mass position x, namely
r

Õ
m © rm ≠ x for all m is a constant of motion. We consider

the TLEs to be driven by a classical electromagnetic field
of the form E(r, t) = E(r) cos (Êdt) © ‘dE0f(r) cos (Êdt),
where ‘d and E0 are real and |‘d| = 1. We assume that
f(rm) ¥ f(x) for all m. In a frame rotating with the drive
and assuming the rotating wave approximation, the hamil-
tonian describing the interaction of the identical TLEs with
E(r, t) is given by

ĤA © ~�(x)
2 Ŝx ≠ ~�

2 Ŝz. (1)

Here, �(x) © ≠2dE0(‘a · ‘d)f(x)/~ is the Rabi frequency
and � © Êd ≠ Ê0 the detuning. Hereafter, we use the
following notation for the spin operators: ‡̂–

m denotes the
Pauli matrix (for – = x, y, z) and the ladder operator (for
– = ±) of the mth TLE, collective operators are denoted by
Ŝ– ©

qN
m=1 ‡̂–

m. Apart from the dynamics induced by the
interaction with the external driving, we assume the TLEs to
experience collective dephasing (whose physical origin is left
unspecified) as well as dipole-dipole interaction and sponta-
neous emission due to the interaction with free electromag-
netic field modes in the vacuum state. The overall dynam-
ics of such an ensemble of identical TLEs can be then de-
scribed by the master equation fl̇ = Lfl̂ © (LH + L� + L“) fl̂,
where [1–3]

LH fl̂ © 1
i~ [ĤA + ĤI , fl̂], (2)

L�fl̂ ©
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�mn
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2‡̂≠

mfl̂‡̂+
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n fl̂ ≠ fl̂‡̂+

m‡̂≠
n

"
, (3)

L“ fl̂ © ≠“c

4 [Ŝz, [Ŝz, fl̂]]. (4)

The term LH describes coherent dynamics given by the inter-
action with the external field, Eq. (1), and the dipole-dipole
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In a closely packed ensemble of quantum emitters, cooperative e�ects are typically suppressed due
to the dephasing induced by the dipole-dipole interactions. Here, we show that by adding su�ciently
strong collective dephasing cooperative e�ects can be restored. In particular, we show that the dipole
force on a closely packed ensemble of strongly driven two-level quantum emitters, which collectively
dephase, is enhanced in comparison to the dipole force on an independent non-interacting ensemble.
Our results are relevant to solid state systems with embedded quantum emitters such as colour
centers in diamond and superconducting qubits in microwave cavities and waveguides.

A collection of two-level quantum emitters (TLEs) with
sub-wavelength average separations can show remarkable co-
operative behaviour like superradiant emission [1–3]. The
study of optical response in such systems has predominantly
been restricted to the emission properties or the propaga-
tion of light within the TLE ensemble. This is because the
systems usually considered in the early days [2, 4], as well
as in some recent works [5–8], are gaseous clouds of atoms.
With the advent of artificial atoms in solid state systems,
e.g. quantum dots [9], superconducting qubits [10, 11] and
colour centers in diamond [12, 13, 33], it is now possible to
study the impact of cooperative e�ects on other aspects of
the optical response. In particular, a recent experiment [13]
studied the dipole force on optically trapped nanodiamonds
containing a high density of Nitrogen vacancy (NVs) centers.
An intriguing result in [13] was that the observed dipole
force originating from the emitters could not be correctly
accounted for by considering the emitters to respond inde-
pendently.

In this work, we focus on cooperative e�ects in a small and
closely packed ensemble of TLEs subject to strong coherent
driving and collective dephasing. In particular, we show that
the dipole force on such an ensemble can be larger than on an
equivalent one where each TLE spontaneously emits indepen-

dently. For the emitter separations that we consider here, the
dipole-dipole interaction can be larger than the line-width of
the individual emitters. Furthermore, spontaneous emission
is not perfectly collective. In this situation, one typically ex-
pects cooperative e�ects to be suppressed [2, 14]. We show
here that the combination of strong driving and large col-
lective dephasing can restore cooperative e�ects, even in the
presence of dipole interaction shifts and non-collective spon-
taneous emission. While there have been previous studies of
cooperative e�ects with strong driving fields [15–21], the role
of collective dephasing has received less attention [10, 13].

Let us consider a collection of N identical TLEs with res-
onance frequency Ê0 © ck0 © 2fic/⁄0. The matrix element
of the dipole moment operator d̂ is given by Èe|d̂|gÍ © ‘ad,
where |gÍ (|eÍ) denotes the ground (excited) state and |‘a| =
1. For simplicity, we assume ‘a and d to be real. The

TLEs, each with position rm (m = 1, . . . , N), are fixed on
a background matrix with center-of-mass position x, namely
r

Õ
m © rm ≠ x for all m is a constant of motion. We consider

the TLEs to be driven by a classical electromagnetic field
of the form E(r, t) = E(r) cos (Êdt) © ‘dE0f(r) cos (Êdt),
where ‘d and E0 are real and |‘d| = 1. We assume that
f(rm) ¥ f(x) for all m. In a frame rotating with the drive
and assuming the rotating wave approximation, the hamil-
tonian describing the interaction of the identical TLEs with
E(r, t) is given by

ĤA © ~�(x)
2 Ŝx ≠ ~�

2 Ŝz. (1)

Here, �(x) © ≠2dE0(‘a · ‘d)f(x)/~ is the Rabi frequency
and � © Êd ≠ Ê0 the detuning. Hereafter, we use the
following notation for the spin operators: ‡̂–

m denotes the
Pauli matrix (for – = x, y, z) and the ladder operator (for
– = ±) of the mth TLE, collective operators are denoted by
Ŝ– ©

qN
m=1 ‡̂–

m. Apart from the dynamics induced by the
interaction with the external driving, we assume the TLEs to
experience collective dephasing (whose physical origin is left
unspecified) as well as dipole-dipole interaction and sponta-
neous emission due to the interaction with free electromag-
netic field modes in the vacuum state. The overall dynam-
ics of such an ensemble of identical TLEs can be then de-
scribed by the master equation fl̇ = Lfl̂ © (LH + L� + L“) fl̂,
where [1–3]
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s

]

Cooperative Enhancement ⌘ > 1

⌘ ⌘ hŜxi
hŜxiind



Dipole Force & Cooperative Enhancement

Fdp = �~r⌦(x)|
x0

2
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3

this work. In the inset of Fig. 1b, the parameters ḡ/� and
2�̄/� as a function of r̄ (averaged over 1000 configurations)
are plotted. Note that CE vanishes both at large average
separations due to the non-collective nature of spontaneous
emission and at small distances due to the large dipole-dipole
interaction.

Let us analytically support these statements for the sim-
plest N = 2 case [14]. The hamiltonian including the dipole
interaction is

LH fl̂ © 1
2i [�0Ŝx ≠ (�0 + ḡ)Ŝz + 2ḡŜ+Ŝ≠, fl̂]. (10)

In this case, the hamiltonian is collective and commutes with
Ŝ

2. In contrast, in the finite emitter separation regime, where
the so-called small sample limit [1, 2, 15, 21, 25] can not be
used, the spontaneous emission Eq. (3) is still non-collective
i.e. ‰ © 2�/� < 1. Following [14] and as shown in [22],
one can analytically calculate ÷. Fig. 2 plots the CE region
(÷ > 1) in the plane (�0/�, “c/�) for di�erent r̄. Note that
CE requires both large dephasing and large driving. Fur-
thermore, from the lengthy analytical expression for ÷, one
can obtain that in the limit of large dephasing ÷ reads

lim
“c/�æŒ

(÷ ≠ 1) ≥ �
“c
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2 (1 + ‰)

3
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0
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4
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In this limit, CE (÷ > 1) requires su�ciently large driving
�0 >


�2 + 2��. Alternatively, one can also show that in

the limit of no dephasing (“c = 0) and large driving, ÷ reads
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(÷ ≠ 1) ≥ ≠ �2
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and hence there is no CE (÷ < 1). This is in agreement
with previous studies of resonance fluorescence [15–17, 21] at
strong driving, which results from the increased occupation
of the bright Dicke subspace in the small sample limit. It
was shown in [14] that when ‰ < 1 such an enhancement
is absent. Interestingly, we claim here that large collective
dephasing can restore cooperative e�ects.

Returning to Fig. 1b, N = 6, we observe that there is an
optimal separation distance r̄/⁄0 where ÷ reaches a maxi-
mum. The dipole-dipole interactions for N > 2 do not con-
serve permutation symmetry in general. As a result, large
dipole interactions induce strong local dephasing apart from
providing energy shifts that prevent the TLEs to be polar-
ized at the chosen detuning �0. We see in Fig. 1b that in
regions with CE the dipole interactions satisfy “c ∫ g ≥ �.
In this manner we can understand the maximum ÷ in Fig. 1b
as occurring at separations where the dipole interactions are
small enough to not dephase the collective behaviour fostered
by the cooperative spontaneous emission and collective de-
phasing. This statement can be quantified by noting that
the product g12(1≠2�12/�), for a pair of TLEs with parallel

FIG. 2. Regions of CE for N = 2 in the plane (�0/�, “c/�) for
di�erent r̄/⁄0. The contour line corresponds to ÷ = 1.

FIG. 3. È÷Í is plotted as a function r̄/⁄0 for di�erent N using a
rate equation approximation for r̄/⁄0 < 10≠1 (averaged over 400
random configurations) and using a trajectory method simulation
(averaged over 200 configurations) r̄/⁄0 > 10≠1. Inset is the
zoomed-in region of CE.

moments and ◊12 = fi/2, is locally minimized at r12 ¥ 0.2⁄0.
This is consistent with the position of the peak in Fig. 1b.
Furthermore, this also agrees with the observation that the
location of the peak remains in the same density region for
various ensemble sizes (see Fig. 3) and driving strengths �0
(see [22]).

For N > 6, an exact numerical calculation of fl̂s becomes
rapidly intractable with standard resources. State-of-the
art approximation methods in the field, such as Holstein-
Primako� [26] or extended mean-field [27], are not valid in
the strong driving (�0 ∫ �) and strong dipole-dipole interac-
tion (ḡ ∫ �) regime. The separation of time scales between
the spontaneous emission and collective dephasing “c ∫ �
also makes trajectory methods [28] unsuitable. For small
emitter separations up to r̄/⁄0 ≥ 10≠1, we find that a nu-
merical diagonalization of the hamiltonian ĤA +ĤI followed
by a secular approximation to convert the master equation
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strong driving, which results from the increased occupation
of the bright Dicke subspace in the small sample limit. It
was shown in [14] that when ‰ < 1 such an enhancement
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mum. The dipole-dipole interactions for N > 2 do not con-
serve permutation symmetry in general. As a result, large
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This is consistent with the position of the peak in Fig. 1b.
Furthermore, this also agrees with the observation that the
location of the peak remains in the same density region for
various ensemble sizes (see Fig. 3) and driving strengths �0
(see [22]).

For N > 6, an exact numerical calculation of fl̂s becomes
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art approximation methods in the field, such as Holstein-
Primako� [26] or extended mean-field [27], are not valid in
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the spontaneous emission and collective dephasing “c ∫ �
also makes trajectory methods [28] unsuitable. For small
emitter separations up to r̄/⁄0 ≥ 10≠1, we find that a nu-
merical diagonalization of the hamiltonian ĤA +ĤI followed
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Conclusions & Outlook

• Collective dephasing and strong driving can restore cooperative 
effects

• In NV + nano diamond system - Collective dephasing T dependent

• Superconducting qubit implementation?



Thank you!


