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Paradox ?
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Quantum	mechanics	resolves	many	singulari3es	of	
classical	world:

•caustics
•ultraviolet catastrophe
•black hole singularities of classical GR (+information paradox)

Decoherence	returns	us	to	a	classical	world:
• Zurek, Decoherence and the Transition from Quantum to Classical, Physics Today (1991)
• Brune et al, Observing the progressive decoherence of a meter in QM, Phys. Rev. Lett. (1996)
• Myatt et al, Decoherence of quantum superpositions through coupling to engineered 

reservoirs, Nature (2000)
• ……

Do	the	singulari3es	also	return?



Outline
1. Ray singularities: caustics & catastrophes

2. Wave singularities: quantum catastrophes 
in Bose-Einstein condensates

3. Effect of decoherence on a quantum 
catastrophe: continuous weak measurement 



Natural focusing: Caustics

Kelvin’s ship wave

+twinkling of starlight (Berry 1977), wave packet dynamics at the Anderson 
transition (Lemarie 2010),…..all are singular in the ray theory

Rogue waves
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gravitational lensing



Cusp caustic

Leonardo	de	Vinci	c.	1508

fold lines

cusp point

• Structurally stable
• Generic
• Singular…light 

intensity diverges (in 
geometric theory)
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Dynamics of  N particles on a ring
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Julien Barre ́, Freddy Bouchet, Thierry Dauxois, and Stefano Ruffo, Phys. Rev. Lett. 89, 110 (2002).  T. Dauxois, V. Latora, A. 
Rapisarda, S. Ruffo, A. Torcini, “The Hamiltonian Mean Field Model: from Dynamics to Statistical Mechanics and back” in:  T. 
Dauxois, S. Ruffo, E. Arimondo, M. Wilkens (Eds.), Dynamics and Thermodynamics of Systems with Long-Range Interactions, 
Lecture Notes in Physics 602, Springer (2002).  6



Gravity-driven catastrophes

Geophys. Astrophys. Fluid 
Dynamics 20, 111 (1982)
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Structurally stable catastrophes with K≤3

Berry & Upstill, Prog. Opt. 18, 257 (1980)

fold
cusp

swallowtail

elliptic 
umbilic

hyperbolic 
umbilic
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Structurally stable caustics and their generating functions with 
K≤4

name codimension K f(s;C) [generating function]

Fold 1 s3/3+Cs
Cusp 2 s4/4+C2s2/2+C1s

Swallowtail 3 s5/5+C3s3/3+C2s2/2+C1s
Elliptic umbilic 3 s13-3s1s22- C3(s12+s22)-C2s2-C1s1

Hyperbolic umbilic 3 s13+s23- C3s1s2-C2s2-C1s1

Butterfly 4 s6/6+C4s4/4+C3s3/3+C2s2/2+C1s
Parabolic umbilic 4 s14+s1s22+C4s22+C3s12+C2s2+C1s1

R.	Thom	Structural	Stability	and	Morphogenesis	(Benjamin,	1975);			V.I.	Arnol’d,	Russ.	Math.	Survs.	30	(5)	(1975)	p.1	

Catastrophe theory describes the singularities of gradient maps
@�

@si
= 0

9



Example: the cusp
�(s;C) = s4/4 + C2s

2/2 + C1s

Ray equation (Fermat’s principle) :

@2�

@s2
= 3s2 + C2 = 0Caustic equation :

Eliminate s :

@�

@s
= s3 + C2s+ C1 = 0
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C1 = ±
r

4
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Wave theory: Feynman path integral

 (B) = N
X

paths j

eiSj/~

Richard Feynman
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Wave catastrophes

T. Pearcey, Phil. Mag. 37, 311 (1946)

 cusp(C1, C2) =
1p
2⇡

Z 1

�1
ei(s

4/4+C2s
2/2+C1s)ds

amplitude phase
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 fold(C) =
1p
2⇡

Z 1

�1
ei(s

3/3+Cs) ds

=
p
2⇡Ai[C]

Airy%func*on%

ray theory

WKB theory

G.B. Airy, Trans. Camb. Phil. 
Soc. 6, 379 (1838)

Singularities are removed by interference



Scaling exponents
Catastrophe Arnold Index b Berry Indices sj Berry Index g

Fold 1/6 2/3 2/3

Cusp 1/4 3/4, 1/2 5/4

Swallowtail 3/10 4/5, 3/5, 2/5 9/5

Elliptic umbilic 1/3 2/3, 2/3, 1/3 5/3

Hyperbolic umbilic 1/3 2/3, 2/3, 1/3 5/3

Butterfly 1/3 5/6, 2/3, 1/2, 1/3 7/3

Parabolic umbilic 3/8 5/8, 3/4, 1/2, 1/4 17/8

 (Cj ; k) =

✓
k

k0

◆�

 [(k/k0)
�jCj ; k0]
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Quantum catastrophes
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quantum catastrophegeometric catastrophe classical wave catastrophe

Fock space

Can	classical	waves	suffer	singulari;es	that	are	only	cured	by	2nd-quan;za;on?

•U.	Leonhardt,	Nature	415,	406	(2002)		
•M.V.	Berry,	Nonlinearity	21,	T19	(2008)	
• D.	O’D,	Phys.	Rev.	LeV.	109,	150406	(2012)	



Two-mode quantum field

15

â

b̂ [b̂, b̂†] = 1

[â, â†] = 1
bosonic commutation relations

Jordan-Schwinger mapping to angular momentum:

Ŝx ⌘ (â†b̂+ b̂†â)/2

Ŝy ⌘ (â†b̂� b̂†â)/2i

Ŝz ⌘ (â†â� b̂†b̂)/2

Sz

Sx Sy

Generalized Bloch/Poincaré sphere

Giant spin of length S = N/2

Ŝ2 =
N̂

2

 
N̂

2
+ 1

!

N̂ = â†â+ b̂†b̂



Example 1: BEC in a double well potential
Two external states: double well trap

Oberthaler (Heidelberg) 2005
Steinhauer (Technion) 2007

Schmiedmayer (Vienna) 2007
Hinds (Imperial College) 2010

 Thywissen (Toronto) 2011
Roati (Florence) 2015

Fattori (Florence) 2016

Two internal states

Zibold et al (2010)

OR

+ continuous measurement of number difference ➡ open quantum system



Two-mode Bose-Hubbard model
Bose-Hubbard model:
(tight-binding lattice)

Ĥ = �J

X

hi,ji

â
†
i âj +

U

2

X
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â
†
i â

†
i âiâi

Reduce to two sites:

Ĥ = �J(â†l âr + â
†
râl) +

U

4
(â†l âl � â

†
râr)

2 + constant terms

In Josephson junction language: Ĥ = �EJ

N
(â†l âr + â

†
râl) +

Ec

2
(â†l âl � â

†
râr)

2

NL NR

︸
hopping ︸on-site interactions

In spin language: Ĥ = �2JŜx + UŜ
2
z

Ŝx =
X
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ŝ(i)x Ŝz =
X

i

ŝ(i)z



Example 2:Transverse field Ising model

H = � J

N

X

i<j
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z
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Ising model with infinite-range interactions:

Sz
tot =

X

i

Sz
i Sx

tot =
X

i

Sx
iPut:

H = � J

2N
(Sz

tot)
2 � �Sx

tot + constant

Lipkin-Meshkov-Glick model (1965)
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A. Das, K. Sengupta, D. Sen, 
and B. K. Chakrabarti
Phys. Rev. B 74, 144423 ︎(2006 ︎)



Classical motion: Josephson oscillations
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Albiez	et	al,	PRL	95	
010402	(2005)	

}Josephson’s 
equations

phase 
difference

number 
difference

n = Sz

� = azimuthal angle

�̇ =
Ec

~ n+
4n/N2

p
1� 4n2/N2

EJ

~ cos�

ṅ = �EJ

~
p
1� 4n2/N2 sin�

Classical limit: 

(pendulum with ang. momentum dependent length)

n ⌘ 1

2
(nl � nr) , � ⌘ �l � �r

number difference phase difference

where:

H =
Ec

2
n
2 � EJ

p
1� 4n2/N2 cos�



Classical field dynamics following a quench
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Sudden connection of two independent BECs  (initial state = Fock state)

time

meanfield potential
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phase difference

pendulum
�

[�̂, n̂] ⇡ iquantum:

H =
Ec

2
n
2 � EJ

p
1� 4n2/N2 cos�

⇡ Ec

2
n2 � EJ cos�



Catastrophes in Fock space following a quench
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D.	O’D.,	Phys.	Rev.	LeV.	109,	150406	(2012)		

� ⌘ 2EJ

Ec

= 200

• Two independent BECs suddenly 
coupled via tunnelling junction

• Initial state is Fock state |n> = 0 
(very quantum)

• Revivals at                                   
where         

• Revivals are catastrophes!

tn = 2⇡n/!plas

!plas =
p

EcEJ/~

t=0 t>0



Effect of quantization
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Cusps in Fock space: meanfield singularities are regularized by second-quantization

Quantum catastrophes
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Classical field 
(Josephson equations)

Quantum field
(Bose-Hubbard theory)



Dynamical diffraction
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Light cones as catastrophes 
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h�z
i (t)iMeasured magnetization

Spin chain Bose Hubbard model

Cd(t) = hŝj(t)ŝj+d(t)i
�hŝj(t)ihŝj+d(t)i



TFIM following a local quench
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↵ = x↵/a �N/2  ↵  N/2 ⌧ = Jt g = h/J



Weak continuous measurement
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Ŝ2
z , ⇢̂

i
�D

⇤

N

h
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Weak continuous measurement of number difference: 

(Master equation in Lindblad form)

J. Ruostekoski and D. F. Walls, Phys. Rev. A 58, R50 (1998).  

J. F. Corney and G. J. Milburn, Phys. Rev. A 58, 2399 (1998).

⇤ =
EcN2

4EJ
D= measurement interaction strength



Decoherence of a quantum catastrophe
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⇤ = 25 N = 100

D = 0 D = 0 D = 0.1

classical
no decoherence

quantum
no decoherence

quantum
with decoherence

At long times: hq |⇢̂steady| zi =
�q,z

N + 1

fractional number difference



Time slice through number-difference probability density
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classical vs quantum
no decoherence

Effect of varying
measurement strength

Effect of varying
number of atoms

t =
1.5⇡

!pl
time slice at: ⇤ = 25

(N=400)(N=400, D=0)

D=0.025
D=0.4

fractional number difference

(D=0.1)

N=500

N=100



“Paradox” resolved: effect of quantum noise

29

t =
1.5⇡

!pl
time slice at: ⇤ = 25

Effect on caustic width of:
varying D varying N

(N=400) (D=0.1)

• Width of caustics  increases linearly with D
• Width of caustics decreases as N-2/3 
• Master equation can be mapped onto 

Fokker-Planck equation which accounts for 
increase in width (diffusion).

• Classicality would be achieved as N→∞, 
D→0, but D×N=finite.

• Number measurement effectively breaks 
symmetry (couples to odd eigenstates), 
similar to adding a stochastic tilt term to 
Hamiltonian



Summary

• Catastrophes occur generically in classical and quantum dynamics 
• Cusp is the generic singularity of a two-mode field in Fock space
• Three levels of structure: geometric, classical wave, quantum
• A quantum catastrophe is regularized by discreteness of field 

excitations (quanta)
• Continuous number difference measurements kill interference but 

simultaneously broaden caustics by quantum noise 
• Can still reach classical limit (singular) but no paradox as it requires 

N→∞
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