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t = 1t = �1 O(t)

Keldysh Field Theory

Path Integral along reverse contour

Path Integral along fwd contour

Boundary Term
Couples + and - fields

Keeps Track of 
Boundary Terms

  A. Kamenev, Field Theory of Non Eqbm Systems



t = 1t = �1 O(t)

Keldysh Field Theory

Path Integral along reverse contour

Path Integral along fwd contour

  Density matrices natural starting point for open quantum systems

 No “adiabatic” ramp up of interactions needed —> can be used for non-eqbm dynamics

 Two field formalism makes it possible to treat effects of dissipation

 Used in quantum transport theory and to treat disordered systems

  A. Kamenev, Field Theory of Non Eqbm Systems



Classical and quantum fields t = 1t = �1 O(t)

General Quadratic action

S[ϕcl , ɸq=0] =0 holds for interacting case as well

Simple Example

Knows only about propagation

For initial thermal ensemble

Knows about distribution fn.s

  A. Kamenev, Field Theory of Non Eqbm Systems



Classical and quantum fields

Green’s functions

“Causality” structure

Upper Triangular Mat. Lower Triangular Mat.

Anti-Hermitian

Dyson Eqn. and Self Energy

  A. Kamenev, Field Theory of Non Eqbm Systems

GK is directly related to densities and currents in the system
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Open Quantum Systems
How do Quantum Systems equilibriate?

How does Statistical Mechanics emerge out of  Q. Mech?

We want to understand how large many body systems behave when coupled to external baths

Experimental Realizations:

Cavity QED 

Cold Atoms

Optomechanics

JJ arrays

Quantum 
dot arrays

tBtBtB

SNS1 S2

  g

T1, µ1 T2, µ2 TN , µN

✏ ✏ ✏

Large number of degrees of freedom 
connected to multiple external baths



A Simple Model

tBtBtB

SNS1 S2

  g

T1, µ1 T2, µ2 TN , µN

✏ ✏ ✏

 Bosons hopping on a 1-D
      lattice with amplitude g

Each site is coupled to a bath, which is a chain of non-interacting bosons in 1D 
with hopping strength tB

Each bath has its own temperature Tr and chemical potential μr

Linear coupling between system and edge site of bath with coupling strength ε

In principle, S can be optical cavity, josephson jn., 
quantum dot (fermionic version), etc.

g , ε < tB A. Purakayastha et. al, 2016



A Simple Model

tBtBtB

SNS1 S2

  g

T1, µ1 T2, µ2 TN , µN

✏ ✏ ✏

Eigenbasis of bath:

wt. of eigenvector 
α on site 1 of bath

Spectral Density of bath

controls effect of bath 
on system (in addition 
to T and μ of the bath) 

Assumption: bath much larger than system 
— no feedback on bath

Interested in steady state dynamics



Keldysh Theory for Simple Model t = 1t = �1 O(t)

GR(A) indep. of site GK has info on distribution fn.
Depends on site.

Quadratic in bath fields —> Integrate them out



Integrating out the bath Quadratic in bath fields —> Integrate them out

Spectral Density of bath
J(ω)

ω/2tB

0 1-1for linear chain bath



Self Energies and Eqn. of motion

Classical Saddle Point:

Real part : dressed
 dispersion Im part : dissipation

Complex noise

Aux
illi

ar
y F

iel
ds

( MSRJD in reverse)



Non-Markovian dynamics: Power Law Kernels

Purely imaginary ∑R —> dissipative term

Power law dissipative kernel

50010 100
t-t'

0.05

1e-06

0.001

Σ
Κ
(t-
t')

Power law noise kernel

Cannot coarse grain over 
time to obtain Markovian 
dynamics

Essentially non-Markovian 
dynamics



Origin of power law tails

J(ω)

ω/2tB

0 1-1

J(ω) non-analytic at ω=± 2tB

Power law in FT
c.f. Friedel Oscillations

Bosonic Systems with no. conservation —> spectrum bounded from below

Ubiquitous non-Markovian dynamics

Band Edges, Van Hove singularities

Kohn Anomalies

Kondo lattice

Long time behaviour sensitive to 
nature and location of non-
analyticity in bath spectral function.

Can be used to probe singularities 
in the bath DOS.



Non-Markovian dynamics: Green’s functions

Two site model with potential difference

g εε

T, μ1 T, μ2

Poles from denom .

exponential decay
“Markovian” part

G inherits non-analyticity of ∑.

Non-Markovian
power law tail

Pole structure inherited from GR and GA.

Prefactor (residue) is T dependent. 

Crossover timescale weakly temperature 
dependent. 80010 100

t-t'
1e-09

1e-06

0.001

1

G
R 1,

 2
  (

t-t
')

Crossover 
Timescale

80010 100
t-t'

1e-09

1e-06

0.001

1

Im
[G

K
] 1,

1 (t
-t'

)

A. Purakayastha et. al, 2016



non BCS

Non-Markovian dynamics: Observables

10 1000100
t-t'

1e-10

1e-05

1

1e+05

<I
(t)
I(t
')>

ε=0.2

ε=1.0

Local quantities like current do not show qualitatively different behaviour from 
Markovian dynamics

Unequal time correlators like < I(t) I(t’)> inherit the exponential +power law structure

Large system bath coupling —> faster decay, but easier to see power law behaviour

g εε

T, μ1 T, μ2

Current measured along this link

Noise measurements



Solution for the full chain

tBtBtB

SNS1 S2

  g

T1, µ1 T2, µ2 TN , µN

✏ ✏ ✏



25050 150x

1e-12

1e-09

1e-06

0.001

I(x
)

β=2.0

Exponential Decay of Current

25050 150x

1e-12

1e-09

1e-06

0.001

I(x
)

β=3.0
β=2.0
β=1.0

tBtBtB

SNS1 S2

  g

T1, µ1 T2, µ2 TN , µN

✏ ✏ ✏

Current decays with distance

Localization length increases with temp.

Steady Current as T —> ∞

Fixed T, constant gradient in μ



Localization Length

1 2 3
β

0
0.01
0.02
0.03
0.04
0.05
0.06
0.07

ζ
-1

Localization Length scales linearly with temperature of the baths



Non-Markovian Dynamics in a chain

1 10 100
t-t'

1e-15

1e-12

1e-09

1e-06

0.001

<I
(t)
I(t
')>

ε/2tB=0.2

Current -Current correlators show long time power law behaviour

Calculated between 16th and 18th links

N = 50



Summary I

Non-analyticity in bath spectral spectral functions lead to Non-Markovian dynamics in 
open Quantum Systems

This shows up as power laws in Dissipation and Noise Kernels (Self Energies)

Green’s functions and current current correlators show an exponential decay followed 
by a power law tail. Exponent controlled by nature of non-analyticity.

In a Bosonic chain coupled to individual baths, the current decays with size of system.
Even in presence of non-Markovian dynamics, localization effects are seen.
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Keldysh action for interacting Bosons

Real scalar fields (coupled to Ohmic bath)

Dissipation comes 
with opposite sign

Eqn. of motion Langevin noise

Keldysh Self Energy —> noise



Keldysh action for interacting Bosons

Real scalar fields (possibly coupled to Ohmic bath)

t = 1t = �1 O(t)

GR

GA

GK

Green’s Functions

λ1 λ2



Loop Expansion for interaction vertices

Generation of new vertices

λ1λ1 λ1

GK

GK

λ1 λ2 λ2

GR

GR GA

GA

+ …

Generated from microscopic couplings

Diagrams sum to zero for T=0 adiabatic dynamics (i.e. ground state descriptions)



Loop Expansion for interaction vertices

Generation of new vertices

g3 g3

GK

GK

λ2 λ2

GR

GK GA

GK
g3 g3

+ … λ2

g3 needs to be generated first … higher 
loop in microscopic couplings λ1 λ1



Interaction vertices and Eqn. of motion 

What does this interaction vertex represent in terms of Eq. of motion?

Noisy Mass/ Frequency

Even powers of ɸq —> Hubbard Stratanovich

Multiplicative noise

Delta correlated gaussian noise

Saddle point Eqn. of motion

Strength g3



Interaction vertices and Eqn. of motion 

Hubbard Stratanovich

Hubbard Stratanovich once more

Saddle point Eqn. of motion

Source noise with non-Gaussian distribution F[ζ]



0 5-5
ζ

0

1

2

f(ζ
)

Universal Quasiprobability Distribution

Universal Distribution at low energies

Characterized by single param g4

Distribution is negative for some 
values of ζ—> quasiprobability distrn.

This is a completely quantum term 
with no classical analogue

J. Dalibard, Y. Castin, K. Molmer, 1992
R. Dum, P. Zoller, and H. Ritsch, 1992
A. Polkovnikov, 2009

E. Wigner, 1932



Summary II

Interacting open bosonic systems can be systematically treated within Keldysh theory 

Loop Expansion generates new interaction vertices in the theory.

The new vertices are equivalent to different kind of noise in Eqn. of motion.

In addition to gaussian multiplicative noise, a “quantum” noise term is generated.

It has universal quasiprobability distribution in the low energy limit, 
which is not positive definite.

First three moments of this distribution vanish, while the fourth moment 
is negative.
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FIG. 1. Noise correlations (a) Schematic view of the ionic
Hubbard model on a honeycomb lattice at half-filling. Circles
denote lattice sites A and B, where larger circles indicate
lower potential energy. The phase diagram exhibits two lim-
iting cases: For � � U, t a CDW ordered state is expected
with two fermions of opposite spin (red, blue) on lattice sites
B, and empty sites A. In the other limit (U � �, t) a MI with
one fermion on each lattice site should appear. (b) Measured
noise correlation pictures obtained from absorption images of
the atomic momentum distribution. Comparing panel 1 with
panel 2, additional correlations appear due to broken inver-
sion symmetry in the CDW ordered phase. When introducing
strong interactions, these correlations are not observed any-
more (panel 3), indicating the restoration of inversion sym-
metry. Below each panel horizontal and diagonal cuts of the
noise correlation image are shown. For the three di↵erent
ratios of � and U , between 165 and 201 measurements were
taken each. We show the average of C(d

x

, d
y

) and C(d
x

,�d
y

),
which reflects the symmetry of the system.

a three-dimensional optical lattice within 200ms. Us-
ing interfering laser beams at a wavelength � = 1064 nm
we create a honeycomb potential in the xy-plane, which
is replicated along the z-axis [14, 30]. All tunnelling
bonds are set to t/h = 174(12)Hz. The tunable lat-
tice allows us to independently adjust the energy-o↵set
� = [0.00(4), 41(1)]t between the A and B sub-lattice
[31]. Depending on the desired interaction strength we ei-
ther use the Feshbach resonance of the m

F

= �9/2,�7/2
mixture or the m

F

= �9/2,�5/2 mixture.

We probe the spatial periodicity of the density distri-
bution in the interacting many-body state by measuring
correlations in the momentum distribution obtained after
time-of-flight expansion and absorption imaging [33–38].
After preparing the system in a shallow honeycomb lat-
tice with a given U and �, we rapidly convert the lattice

geometry to a deep simple cubic lattice. This ensures
that we probe correlations of the underlying density order
rather than a specific lattice structure. The atoms are re-
leased from the lattice and left to expand ballistically for
10ms. We then measure the density distribution, which
is proportional to the momentum distribution of the ini-
tial state n(q). From this, we compute the correlator of
the fluctuations of the momentum distribution [32],

C(d) =

R
hn(q0 � d/2) · n(q0 + d/2)idq0R
hn(q0 � d/2)ihn(q0 + d/2)idq0

� 1, (2)

where the hi brackets denote the statistical averaging over
absorption images taken under the same experimental
conditions.
Owing to the fermionic nature of the particles, this

quantity exhibits minima when d = m2⇡/�, with m a
vector of integers [31]. This is illustrated by the anti-
correlations of a repulsively interacting, metallic state
with U = 4.85(9)t and � = 0.00(4)t, shown in Fig. 1b,
left panel. There, the spatial periodicity of the atomic
density follows the structure of the lattice potential, and
minima in the correlator are observed for m = (0,±2)
and m = (±2, 0). For � = 39.8(9)t, additional minima
are observed at m = (±1,±1), see Fig. 1b, central panel.
For a simple cubic lattice potential of periodicity �/2, the
amplitude of these minima is given by [31]

C

✓
±2⇡

�
,±2⇡

�

◆
/ (NA �NB)2

(NA +NB)2
. (3)

Thus, the observation of additional peaks confirms the
presence of CDW-ordering with NA 6= NB. Finally, for
� = 20.3(5)t and U = 25.3(5)t, these additional minima
are not observed any more (see Fig. 1b, right panel),
signalling the restoration of the externally broken inver-
sion symmetry by repulsive on-site interactions. In this
case the interactions suppress the CDW-order, despite
the presence of a large �.
Based on these measurements we expect the local dis-

tribution of atoms on each lattice site to depend on
the exact values of U and �. We measure the fraction
of atoms on doubly occupied sites D using interaction-
dependent rf-spectroscopy [9]. The number of doubly oc-
cupied sites compared to the number of singly occupied
sites is directly related to the nature of the insulating
states [39, 40]: the MI state is signaled by a suppressed
double occupancy while the CDW order is formed by
atoms on alternating doubly occupied sites.
In the experiment we set an energy-o↵set � and mea-

sure D for di↵erent attractive and repulsive interactions
U = [�24.6(13),+29.1(7)]t. Fig. 2a shows D as a func-
tion of U at constant � = 16.3(4)t. For strong attrac-
tive interactions we observe a large fraction of doubly
occupied sites, which continuously decreases as U is in-
creased. When tuning from attractive to weak repulsive
interactions (� � U), we still observe a large D as ex-
pected for the CDW. For strong repulsive interactions
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Cold Atom Implementation of Ionic Hubbard Model

Measurements of energy scales U+V and U-V

M. Messer, R. Desbuquois, T. Uehlinger, G. Jotzu,
 S. Huber, D. Greif, and T. Esslinger 

PRL 115, 115303 (2015)





What do we know? J. Hubbard and J.B. Torrence, PRL 1981
       N. Nagaosa and J. Takimoto, JPSJ 19861 D Ionic Hubbard Model

S. R. Manmana et. al PRB 70, 
155115 (2004)

 A P Kampf et. al.  JPCM 15, 
         5895 (2003)
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FIG. 6: The one-particle gap ∆1 for δ = 20. (a) Results for finite systems with L = 16 through 512. (b) The finite-size scaling
behavior for L = 64, 128, 200, 256, 300, 350, 400, 450, 512. The solid lines in (b) show least-squares fits to a third-order
polynomial in 1/L.

concluded to be zero. The authors interpreted this as an
indication of a second transition point (in addition to Uc1

which they determined from the vanishing of the exciton
gap). While we have not carried out calculations at this
value of δ, our results suggest that ∆1(δ = 0.6, Umin) is
(perhaps unresolvably) small, but nonzero. Therefore, we
believe that Umin is not associated with a second phase
transition. In fact, as we have seen in Sec. II C, the spin
gap goes to zero at a substantially higher value of U than
Umin, and we associate this value with Uc2.

Up to a small difference (see Fig. 5) ∆1(L = ∞) and
∆S(L = ∞) are equal for U < Uc1. In fact, the values
are virtually identical for the largest few system sizes
and deviate only at smaller sizes. We therefore believe
that the difference in the extrapolated gaps stems from
differences in the fitting to the scaling function at smaller
system sizes and that ∆1(L = ∞) = ∆S(L = ∞) for
U < Umin ≈ Uc1 is consistent with our results. At this
coupling, ∆1(L = ∞) starts to become larger than ∆S

and as U further increases, grows approximately linearly
in U as one would expect in a Mott insulator.

To summarize the behavior of the finite-size extrapo-
lated gaps, we find that for U ≪ Uc1, ∆E = ∆S = ∆1

as in a non-interacting band insulator. As Uc1 is ap-
proached, the gaps to two (or more) S = 0 excitations
drop below ∆S and at least one of them goes to zero at
Uc1. The one-particle gap ∆1 reaches a finite minimum
around Uc1 and then increases (linearly for large U), and
the spin gap ∆S goes to zero smoothly at Uc2 > Uc1.
This smooth decay of the spin gap makes it difficult to
quantitatively estimate Uc2. Since the above behavior is
similar for the widely different potential strengths stud-
ied here, δ = 1, 4, and 20, we believe that it is generic
for all δ.

10-5
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10-3

10-2

10-1

100

 20  40  60  80  100

〈n
A

 - 
n B
〉

U

δ=1
δ=4
δ=20

FIG. 7: The ionicity ⟨nA − nB⟩ for δ = 1, 4, 20. The solid
lines indicate analytical results from Eq. (6) and the symbols
numerical DMRG results for L = 32 sites.

III. IONICITY

As argued in Sec. I B, the effective strong-coupling
model (2) predicts that the ionicity ⟨nA−nB⟩ ∼ 1/U3 for
large U . For t = 0, on the other hand, one expects a dis-
continuous jump from ⟨nA − nB⟩ = 2 to ⟨nA − nB⟩ = 0
at the single transition point Uc. Here we explore the
behavior of ⟨nA − nB⟩ for all U calculated within the
DMRG.

next-nearest neighbor couplings J ′ < 0.24J the spin gap
vanishes [25]. The coupling constants (5) satisfy the con-
dition J ′ < 0.24J at least for U > 3.6t for ∆ ≤ t and
U > 3.6∆ for ∆ > t.

The effective spin model (4) is invariant with respect to
translations by one lattice spacing, whereas the original
IHM is invariant only with respect to translations by two
lattice spacings. However, the doubling of the unit cell
is ensured due to the charge degrees of freedom. For the
standard Hubbard model at arbitrary U ̸= 0 the number
of doubly occupied sites D in the ground state is finite.
The exact Bethe-ansatz solution tells that D scales as
(t/U)2 in the strong coupling limit and is given by [26]

D =
∑

i

⟨ni↑ni↓⟩ ≃ NA(t/U)2[1 + O
(

(t/U)2
)

], (6)

where A = 4 ln 2. Contrary to the Hubbard model, where
doublons are equally distributed on all sites of the system,
the non-equivalence of sites in the IHM leads to different
probabilities for finding a doublon on even or odd sites.
Since doublons are spin singlets, their distribution is not
influenced by the spin fluctuations. Since the energy of
doublons on even and odd sites differ in ∆ and assuming
the scaling for the density of doublons as in Eq. (6), one
easily obtains for the amplitude of the ionicity induced
CDW in the strong coupling limit

1

N
(Dodd − Deven) ≃ A1

t2

U2

[

1

(1 − x)2
−

1

(1 + x)2

]

= 4A1

t2

U2

x

(1 − x2)2
[1 + O

(

(t/U)2
)

] (7)

where A1 is a constant of order unity. Thus, although
the effective spin Hamiltonian has a higher symmetry
than the original model from which it was derived, the
translational symmetry of the IHM is recovered due to
the long range CDW pattern arising from the staggered
doublon and holon distribution.

III. EXACT DIAGONALIZATION RESULTS

In order to explore the nature of the spectrum and
the phase transition, we have diagonalized numerically
small systems by the Lanczos method [27] similarly to
earlier exact diagonalization calculations [11,13]. The
energies of the few lowest eigenstates were obtained for
finite chains with L = 4n and periodic boundary condi-
tions or L = 4n + 2 with antiperiodic boundary condi-
tions.

We first analyze short chains; for chain lengths L ≤ 16
finite-size effects do not change the qualitative behavior
discussed below. In Fig. 1, the lowest eigenenergies of
the IHM for ∆ = 0.5t, L = 8 and periodic boundary
condition are shown as a function of U . At U = 1.3t, a

FIG. 1. Lowest energy eigenvalues of the IHM at half-filling
for L = 8 sites, periodic boundary conditions and ∆ = 0.5t.

level crossing of the two lowest eigenstates occurs. A non-
degenerate eigenstate of the IHM has a well defined site-
parity, so a ground-state level-crossing transition neces-
sarily corresponds to a change of the site-parity eigen-
value.

For U = 0, the IHM is easily diagonalized in momen-
tum space by introducing fermionic creation operators
γ†kσb with a band index b = 1, 2 for the lower and up-
per bands, respectively, with the dispersion E1/2(k) =

±
√

4 cos2(k) + (∆/4)2 for momenta −π/2 < k ≤ π/2.
For U = 0 the first two degenerate excited states at
half-filling always have negative site parity, because the
ground state has P = +1, and the operator γ†qσ2γqσ1 with
q = π/2 obeys

Pγ†qσ2γqσ1 = −γ†qσ2γqσ1P . (8)

The first two excited states shown in Fig. 1 are the spin
singlet (S = 0, Sz = 0) and triplet excitations (S = 1,
Sz = 0), created from the ground state by applying the
operators

1√
2

(

γ†q↑2γq↑1 − γ†q↓2γq↓1

)

,

1√
2

(

γ†q↑2γq↑1 + γ†q↓2γq↓1

)

, (9)

respectively. Thus both excited states have total momen-
tum ktot = 0 and negative site parity. For U > 0, these
degenerate excited states split in energy. Exact diagonal-
ization of finite IHM rings therefore identifies one critical
Uc > 0, separating a BI with P = +1 at U < Uc from a
CI with P = −1 for U > Uc.

3

I particle spectrum is gapped Level Crossing in ED.

2

energies Σα(iωn) are k-independent and the off-diagonal
self-energies vanish (since the latter would couple the A
and B sublattices).

We note that within the Hartree-Fock (HF) approx-
imation the self energy is ΣHF

α = U⟨nα⟩/2 and the
the difference in filling factors of the two sublattices
δn = (⟨nB⟩ − ⟨nA⟩) /2 is given by the T = 0 self-
consistent equation δn = (∆ − Uδn/2)

∑

k
E−1

k
, where

Ek =
√

ϵ2
k

+ (∆ − Uδn/2)2 is the HF excitation spec-
trum. Thus, within HF theory there is a gap (∆−Uδn/2)
for all ∆ ̸= 0 and the system is a band insulator for all U .
(For ∆ = 0, one gets δn = 0 and the system is a metal
for all U). However, a much richer, qualitatively differ-
ent phase diagram emerges when we include fluctuations
beyond HF, even at the level of the DMFT.

The DMFT approach includes local quantum fluctua-
tions by mapping [1, 2] the lattice problem onto a single-
site or “impurity” with local interaction U hybridizing
with a self-consistently determined bath as follows. (i)
We start with a guess for Σα(ω+) and δn and compute
the local Gα(iωn) =

∑

k
Gαα(k, iωn) rewritten as

Gα(iωn) = ζᾱ(iωn)

∫ ∞

−∞

dϵ
ρ0(ϵ)

ζA(iωn)ζB(iωn) − ϵ2
(3)

with α = A(B) and ᾱ = B(A) with ρ0(ϵ) is the bare
density of states (DOS) for the lattice considered (see be-
low). We actually need to solve the problem for only one
sublattice and use the relations GA(iωn) = −GB(−iωn)
and ΣA(iωn) = U − ΣB(−iωn) valid at half filling. (ii)
We next determine the “host Green’s function” [1, 2]
G0α from the Dyson equation G−1

0α (iωn) = G−1
α (iωn) +

Σα(iωn). (iii) We solve the impurity problem to obtain
Σα(iωn) = Σα [G0α(iωn)] (iv) We iterate steps (i), (ii)
and (iii) till a self-consistent solution is obtained.

We use as our “impurity solver” in step (iii) a general-
ization of the iterated perturbation theory (IPT) [1, 11]
scheme which has the merit of giving semi-analytical re-
sults directly in the real frequency (ω+ = ω + i0+) do-

main. The IPT ansatz ΣIPT
α (ω+) = ΣHF

α + AαΣ(2)
α (ω+)

is constructed to be (a) exact for U/t ≪ 1, (b) exact for
t/U = 0, and (c) exact in the large ω limit for all U/t,
which imposes various exact sum rules. Here ΣHF

α is the

HF self energy with nα = −2
∫ 0
−∞

Im Gα(ω+)dω/π, and

Σ(2)
α (ω+) = U2

∫ ∞

−∞

3
∏

i=1

[dϵiρ̃α(ϵi)]
N(ϵ1, ϵ2, ϵ3)

ω+ − ϵ1 + ϵ2 − ϵ3
.

(4)
This has the form of the second order self-energy with
ρ̃α(ϵi) = −Im[G̃0α(ϵ+i )]/π, where G̃−1

0α (ω+) = G−1
0α (ω+) −

ΣHF
α is the Hartree corrected host Green’s function and

N(ϵ1, ϵ2, ϵ3) = f(ϵ1)f(−ϵ2)f(ϵ3) + f(−ϵ1)f(ϵ2)f(−ϵ3)
where f(ϵ) is the Fermi function. From condition (c)
above we find that Aα = nα(1−nα/2)/ [n0α(1 − n0α/2)]

with n0α = −2
∫ 0
−∞

ImG̃0α(ω+)dω/π. Note that Aα is
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FIG. 1: The T = 0 phase diagram of model of eq. (1) at half-
filling obtained using DMFT for the Bethe lattice. The phase
boundary Uc1 is denoted by open circles while Uc2 by filled
circles. Inset: Detail of lower left hand corner of the phase
diagram.

same for both the sublattices. The results of this sim-
ple approximate method are expected to be in semi-
quantitative agreement with those of more exact but
numerically intensive methods [1, 2, 12]. For simplic-
ity, here we present the results for the T = 0 solution
of DMFT equations on a Bethe lattice of connectivity
z → ∞. The hopping amplitude is rescaled as t → t/

√
z

to get a non-trivial limit and the bare DOS is then given
by ρ0(ϵ) =

√
4t2 − ϵ2/(2πt2) which greatly simplifies the

integral in eq. (3). We have also solved the DMFT equa-
tions on the 2D square lattice and found that the results
are qualitatively the same[14].
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FIG. 2: (color online) Spectral functions at the Fermi energy
versus U for the ionic Hubbard model at ∆ = 0.5 in the para-
magnetic limit. Solid data points (black and red) are obtained
from DMFT iterations which start from an initial metallic in-
put whereas open points (blue and green) are obtained from
an insulating input. The band insulator to metal transition
is continuous, but the metal to Mott insulator transition is
hysteretic. Inset: charge density wave amplitude mCDW vs.
U .

sition to a metallic solution with finite spectral weight
at the Fermi energy (for U = 1 and 1.5 in Fig. 1B and
C). This metallic phase coexists with long-range charge
order, i.e. mCDW > 0. Larger interaction strengths ho-
mogenize the system and the charge density wave ampli-
tude continuously decreases (cf. the results for U = 1.5
in Fig. 1C and the inset in Fig. 2). A further increase of
U leads to a Mott-Hubbard type metal-insulator transi-
tion with hysteretic behavior.21,24 In the examples shown
in Fig. 1 for U = 2 and 2.5 we find Mott insulators with
correlation induced spectral gaps. In the Mott insulator
the charge density wave is very small but remains finite.

The two transitions are separated in the phase dia-
gram and imply the existence of two critical interaction
strengths.11,12 The transition from the metal to the Mott
insulator resembles the one, which is found within DMFT
applied to the paramagnetic Hubbard model in the ab-
sence of a staggered potential.21,24 At zero temperature
this transition is continuous, though hysteretic behav-
ior in the iterative solution is encountered; it occurs at
Uc ≈ 1.45 for a semicircular DOS.

We note that although mCDW becomes vanishingly
small for large U (see the inset in Fig. 2) it is expected
to remain finite for all interaction strengths as long as
∆ > 0. This expectation relies on the general argument
that the symmetry of the ground state cannot be higher
than the symmetry of the Hamiltonian itself.

It is understood, however, that the paramagnetic solu-
tion of the Hubbard model at half-filling is not the generic
case. Antiferromagnetism is likely to occur unless it is
prohibited e.g. by strong frustration effects. In the next
step we therefore discuss the ionic Hubbard model at
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FIG. 3: (color online) Spectral functions of the ionic Hubbard
model for ∆ = 0.5 and different interactions U allowing for
AF order. Solid and dashed lines correspond to different sub-
lattices, the color code distinguishes the spins σ = ±1/2, as
indicated in the inset. (A) Paramagnetic band insulator with
mCDW > 0 and mAF = 0. (B) – (E) Antiferromagnetic ionic
insulator with mCDW > 0 and mAF > 0. Note different scales
on vertical axis. In all cases the spectra are gapped.

half-filling on a bipartite lattice allowing for long-range
antiferromagnetism.

Both, staggered charge order, induced by the alter-
nating potential ∆, and spontaneous staggered AF or-
der may give rise to a gapped spectrum and insulating
behavior of the lattice system at half-filling. If both
staggered orders develop simultaneously, the above men-
tioned metallic phase in between the ionic band and the
Mott insulator may be insulating due to an AF induced
energy gap. Indeed, as the examples in Fig. 3 illustrate,
the spectral functions are gapped around the Fermi en-
ergy in the entire U range. At weak U the system pos-
sesses charge order only; staggered magnetization is zero
(cf. Fig. 3A). By increasing U mCDW is reduced and
AF correlations develop. The local interaction U reduces
the amount of double occupancy – needed to maintain a
finite mCDW at half-filling. On the other hand, virtual
hopping processes induce an effective exchange interac-
tion, which favors antiferromagnetism. Beyond a critical
U(∆) the system acquires Néel order (cf. Fig. 3 B - E)
accompanied by a strong reduction of the CDW ampli-
tude.

In Fig. 4 we present how the order parameters mCDW

and mAF vary with the interaction U for different ionic
potentials ∆. As discussed above, due to the suppression
of double occupancies by the on-site repulsion, the charge
density wave order parameter is reduced but mCDW > 0
for all U as inferred from symmetry arguments. Whereas
at ∆ = 0 Néel order appears at infinitesimally small U ,
at finite ∆ the interaction has to exceed a finite critical
value Uc(∆) for the onset of antiferromagnetism. This
quantum phase transition at U = Uc(∆) is continuous
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