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• Couple it to two baths 

Ganeshan et	al,	PRL	(2015)



Motivation	and	Experiments

Nature	Letters	2008



Non-interacting  AAH

Science 349, 842 (2015)
and other experiments from Bloch group
(including controlled open system)

Motivation	and	Experiments



Deformations of the Aubry-Andre-Harper Model 

↵E = 2sgn(�)(a� | � |) mobility	edge
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• Imbalance,	both	dynamics	and	steady	state	

• NESS	Current		and	scaling	with	system	size

• P(x,	t),	moments

Purkayastha, Dhar, Kulkarni (arXiv:1707.03749)
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Hamiltonian

Bath

ĤSB = �(â†1b̂
(1)
1 + â†N b̂(N)

1 + h.c.) System-Bath Coupling

Our	non-equilibrium	setup	and	methods

• Each bath (left and right)  has its own temperature and chemical potential 

• Our method valid for arbitrary system-bath coupling  (unlike Lindblad)

• Our method valid for arbitrary inter-system coupling  (unlike Local-Lindblad)
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Generalized Aubry-Andre-Harper

Purkayastha, Dhar, Kulkarni (arXiv:1707.03749)
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Wave function matching between GAAH and AAH  

Pth state of GAAH (near self-dual
point) matches with the pth state
of critical AAH 
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(also	arXiv:1703.05844,	Verma,	Mulatier,	Znidaric)
arXiv:1702.05228,	(2017) Purkayastha,	Sanyal,	Dhar,	Kulkarni
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• AAH	showed	1.4

• GAAH	shows	2.0

• Scaling	exponent	on	the	line	is	
remarkably	different		than	the	
AAH	critical	point



Reason for 1/N2 scaling in GAAH 
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Closed System Properties of GAAH

Experiments	in	a	different	context:

PNAS	2009,	“Anamolous
yet	Brownian”	

Nature	Materials	2012,	“When
Brownian	diffusion	is	not	Gaussian”

Phase	Co-existence	
Prelimnary experiments	on	a	similar
Model	(I.	Bloch,	private	communication)	



GAAH Model  is Anomalous yet Brownian for all irrational numbers

Experiment,	PNAS,	2009

Closed System  Properties

Experiment,	Nature	Materials,	2012

We	will	now	discuss	traditional	AAH	model,	i.e,		 ↵ = 0



• Current Scaling with 
system Size at critical 
point

• Sub-diffusive for all 
irrational number 
and experimental 
incommensurate 
lattice

• Experimental 
numbers shows 
eventual flattening

• Different scaling at 
Fibonacci 

arXiv:1702.05228,	(2017)
AAH
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NESS particle density profile 
for the three regimes 

• Remarkably	different	
behavior	in	the	regimes

• NESS	particle	spatial	density	
profile	provides	a	novel	
real-space	experimentally	
measurable	probe	of	the	
localized,	critical	and	
de-localized	phases.	

Purkayastha,	Sanyal,	Dhar,	Kulkarni

AAH



Closed System 
Properties

AAH



All Mostly follow:

We	find	that	Kurtosis

K = m4/(m2)
2 > 3

K	>3		means	non-Gaussian

Kurtosis	is	time-dependent	
signifying	multi-scaling

arXiv:1702.05228,	(2017)
Purkayastha,	Sanyal,	Dhar,	Kulkarni

AAH



Conclusions
• Interesting	phase	diagram	GAAH	model.	

• Open	quantum	system	set-up	of	the	GAAH	model	captures	
rich	and	interesting	physics	which	are	missed	by	the	standard	closed	system	description.	

• NESS	particle	spatial	density	profile	provides	a	novel	real-space	
experimentally	measurable	probe	of	the	localized,	critical	and	de-localized	phases.	

• Sub-diffusive	nature	of	critical	line	cannot	be	obtained	from	closed	system	
calculations.		

• Phys.	Rev.	A	93,	062114,	(2016),	Purkayastha,	Dhar,	Kulkarni	(extensive	analysis	of
Local	Lindblad,	Eigenbasis lindblad,	Redfied,	brute-force	numercs,		NEGF	for	
ordered	systems,	both	Steady	State	and	Time	Dynamics)

arXiv:1702.05228
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