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Integrable vs Chaotic: Billiards as examples

ρ(φ) = 1 + cos(φ)

From Arnd Bäcker, Habilitationsschrift, 2007.
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Coexistence of regular and chaotic

Limacon billiards

ρ(φ) = 1 + 0.3 cos(φ)

From Arnd Bäcker, Habilitationsschrift, 2007.
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Eigenfunctions of Chaos: Quantum ergodicity

From Arnd Bäcker, Habilitationsschrift, 2007.
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Neill et. al., Nature Physics 2016
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Bipartite pure states: Reduced Density Matrices

H = HA
N ⊗HB

M , N ≤ M |ψAB〉 =
N∑

i=1

M∑
α=1

aiα|i〉 ⊗ |α〉

A = [aiα]i=1,...,N;α=1,...,M : N ×M matrix.

ρA = TrB(|ψAB〉〈ψAB |) = AA† : N × N matrix

|ψAB〉 unentangled iff ρA (and hence ρB) are pure state
density matrices
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Bipartite pure states

ρA =
∑

j

λj |φA
j 〉〈φA

j |, ρB =
∑

j

λj |φB
j 〉〈φB

j |

Schmidt decomposition:

|ψAB〉 =
N∑

j=1

√
λj |φA

j 〉|φB
j 〉. λ1 ≤ · · · ≤ λN

({λi}: eigenvalues of RDM, log(λi ) : entanglement spectrum)

Entanglement in |ψAB〉 =
S(ρA) = −Tr(ρA log ρA) = −∑N

i=1 λi log λi ∈ [0, logN]

Other entropies: Tsallis 1

Sα =
1− Tr(ραA)

α− 1
=

1−∑N
j=1 λ

α
j

α− 1
1Arnold’s law: Everything that is discovered is named after someone

else (including Arnold’s law).
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Typical entanglement
Random bipartite pure state |ψAB〉 sampled uniformly from
the Hilbert space 2 ( δ(

∑ |aiα|2 − 1)) −→ induced reduced
density matrix

ρA =
MM†

TrMM†

M has i.i.d. Gaussian random numbers. Trace constrained
Laguerre ensemble.
Typical Entanglement =average entanglement =

−〈Tr(ρA log ρA)〉 =
NM∑

k=N+1

1

k
− M − 1

2N
≈ log(N)− N

2M

Eg.: 2 qubits: N = M = 2, 〈S〉 = 1/3

(Seth Lloyd, Heinz Pagels ’88; Don Page ’93;
Sidhartha Sen ’94; Elihu Lubkin ’78)

2Hilbert space is a big place – C. Caves
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Applications of typical / random states

1. Complex quantum systems

2. Equilibriation of quantum states

3. Foundations of statistical physics

4. Encoding protocols for quantum channels

5. Encryption & Quantum data hiding

6. Information locking

7. Process tomography

8. State distinguishability

P. Hayden, D. Leung, P. W. Shor, and A. Winter,
Communications in Mathematical Physics, 250, 371 (2004)
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Typical entanglement and quantum chaos3

A simple model: Kicked pendulum a.k.a standard map

K = 0, .3, 1, 2, 4, 7

H =
p2

2
−K cos q

∞∑
n=−∞

δ(t−n)

Classical Map: (q, p)→
(q + p, p + K sin(q + p))
Figure:K = 0, .3, 1, 2, 4, 7
Quantum Map
(Floquet operator):

U = exp(−i p̂2/2~) exp(iK cos q̂/~)

(Berry et. al. 1979, Casati et. al.
1979)

3Studying non-linear dynamics is like studying non-elephant biology. –
Stanislaw Ulam
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Two coupled kicked pendula

H =
p2

2
− [K1 cos q1 +K2 cos q2 +b cos(q1 +q2)]

∞∑
n=−∞

δ(t−n)

Classical: 4D symplectic maps (Froeschlé, Astron. Astrophysics,

1970, Richter et. al. Phys. Rev. E., 2014)

Quantize to get unitary Floquet propagator U :

U = [U1(K1)⊗ U2(K2)]U12(b)

Compactify phase space as Torus:
U1,2 : N × N matrices. U : N2 × N2

N = 1/heff

Entanglement in Eigenstates: U|φk〉 = exp(iφk)|φk〉 as a
function of Ki and b??
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Entanglement growth 4

Use K1 = 0.1,K2 = 0.15 Left: Avg. ent. for N = 15, 20, 25.
Right: ent. across a spectrum N = 40, b = 2.0.

Saturating S = logN − 1/2

(AL, Entangling power of quantum chaos, Phys. Rev. E, vol. 64, 2001)
4Entropy is not what it used to be – Anon
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Noninteracting to Interacting entanglement

transitions, when all limits are nonintegrable.

Examples:

• Interacting particles in a quantum dot or billiard:
Circular (no) vs Stadium (yes)?

• Spin chains/ladders each is in ETH/Random phase

• Coupled kicked rotors: K1 and K2 large.

(1) Noninteracting limit still has Poisson statistics and small
level spacings are highly likely. (2) Resonances can dominate
in the small interaction regime. (3) Eigenvalues are like that of
an integrable system, eigenfunctions are randomized.
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Case of coupled kicked rotors vs Theory

Λ[USM(b)] =
N4b2

32π4
, 〈Sk〉 for k = 1, 2, 3, 4.

K1 = 9,K2 = 10, N = 50.

0.0

0.5

1.0

0.0 0.5 1.0 1.5 2.0√
Λ

〈Sk(Λ)〉
〈S∞

k
〉

0.0

0.5

0.0 0.1
√
Λ

URMT: Triangles USM: Circles
(AL, Srivastava, Ketzmerick, Bäcker, Tomsovic Phys. Rev. E. (R) 2016)
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Universal entanglement for weakly interacting

strongly chaotic systems

〈Sα(Λ)〉 = π
Γ(α− 1/2)

Γ(α)

√
Λ + h.o.t..

Entanglement: von Neumann and Linear entropies

〈S1〉 = π3/2
√

Λ + h.o.t., 〈S2〉 =
1

2
π3/2
√

Λ + h.o.t.

Nonpertubative regime: a simple law emerges

〈Sα(Λ)〉 =

(
1− exp

(
− c(α)

〈S∞α 〉
√

Λ

))
〈S∞α 〉,
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Ent. spectrum across the transition

From perturbation theory to random matrices and
“thermalization”:

0.0

0.5

1.0

0 1 2√
Λ

〈λi〉

0.0

0.1

0.2

0 1 2
√
Λ

〈λi〉
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Perturbation theory and entanglement

H(ε) = HA ⊗ 1B + 1A ⊗ HB + εHAB , |j0k0〉 → |φj0k0〉
Largest eigenvalue of the reduced densty matrix of |φj0k0〉

λ1 ≈ 1− ε2
∑

jk 6=j0k0

|〈j0k0|HAB |jk〉|2
(E 0

jk − E 0
j0k0

)2
,

Second largest

λ2 ≈ ε2
|〈j0k0|HAB |j1k1〉|2

(E 0
j1k1
− E 0

j0k0
)2

.

IF subsystems are chaotic, then 〈j0k0|HAB |j1k1〉 := N(0, v 2).

ε2|〈j0k0|HAB |j1k1〉|2
(E 0

j1k1
− E 0

j0k0
)2

∼ ε2v 2

D2

w

s2
=

Λw

s2
.

Λ: Dimensionless transition parameter
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... and it blows up in our face

w := exp(−w).

〈λ2〉 = Λ

∫ ∞
0

w

s2
e−w Pt(s) dw ds =∞.

With the “truly nearest neighbor” Pt(s) = 2 exp(−2s).
Problem: s = 0, needs regularization.

Λw

s2
7→ 1

2

1− 1√
1 +

4Λw

s2

 .

Accounts for binary resonances at all orders. (Also in Symmetry
breaking and Nuclear spectra: French, Kota, Pandey, Tomsovic, Ann.of
Phys. 1988)
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Moments tamed

〈λ1〉 = 1−
√
πΛ +O(Λ),

〈λ2〉 =
√
πΛ +O(Λ ln Λ)

P2 =

〈
N∑

j=1

λ2j

〉
= 1− π3/2

2

√
Λ + h.o.t.

Pα =

〈
N∑

j=1

λαj

〉
= 1−C (α)

√
Λ+h.o.t.. C (α) = π

Γ(α− 1/2)

Γ(α− 1)
.

Valid for α > 1/2
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Distributions of λ1,2

0

5

10

15

0.0 0.5 1.0

(a)
√
Λ = 0.01

λ2 λ1

0.01

0.1

1

10

100

1000

0.0 0.5 1.0λ2 λ1

P (λi)

P (λi)

Eigenstates of coupled standard maps; K1 = 9,K2 = 10,
N = 100
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Distributions of λ2: Power laws

u2 =
λ2(1− λ2)

Λ(1− 2λ2)2
≈ λ2

Λ

P(u2) =
1

4

∫ ∞
0

t2e−u2t2/4e−t dt → 1/u
3/2
2

10−8

10−6

10−4

10−2

10−1 100 101 102 103 104 105

√
Λ = 10−4 (a)

u2

P (u2)

0.0

0.5

0 1 2 3 4
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Distribution of λ1:= Lévy distribution
On Regularization: 1− λ1=Sum of fat tailed variables
∼ 1/x3/2. Generalized versions of the CLT leads to

u1 =
λ1(1− λ1)

Λ(1− 2λ1)2
≈ 1− λ1

Λ
. P(u1 = x) =

√
π

2x3/2
exp

(
−π

2

4x

)
.

0.00

0.05

0.10

0 10 20

√
Λ = 0.01000

u1

P (u1)
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Strong interactions: λ1 := Tracy-Widom

〈λ1〉 −→ 4/N as Λ −→� 1, x =
λ1 − 4/N

24/3N−5/3

For Λ� 1 x := Extreme value statistics of Tracy-Widom
universality class. Very late “thermalization”.
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Summary

• When fully chaotic subsystems start to weakly interact,
entanglement production is rapid, analytically calculable,
and governed by the same transition parameter as the
level fluctuations. (AL et. al., PRE, 2016)

• In the perturbative regimes the distribution of significant
Schmidt coefficients, as well as entropies are heavy
tailed and λ1 is Levy distributed.

• Transition of λ1, largest eigenvalue of the RDM, is most
sensitive and thermalizes last

• Coupling integrable systems, or intermediate ones?

• Many-body systems?

Thank you
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level fluctuations. (AL et. al., PRE, 2016)

• In the perturbative regimes the distribution of significant
Schmidt coefficients, as well as entropies are heavy
tailed and λ1 is Levy distributed.

• Transition of λ1, largest eigenvalue of the RDM, is most
sensitive and thermalizes last

• Coupling integrable systems, or intermediate ones?

• Many-body systems?

Thank you
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Random waves, Normal distribution of amplitudes

From Arnd Bäcker, Habilitationsschrift, 2007.
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Other examples: Coupled quartic oscillators

H = p2 + x4 + y 4 + α x2y 2

Two highly excited eigenstate intensities in position
representation.

(Santhanam, Sheorey, AL, Pramana ’97, Phys. Rev. E. ’98)
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Continuous variables: Coupled quartic oscillators

H = p2 +x4 +y 4 +α x2y 2. Neff =
√
D, 〈S〉 = logNeff − 1/2

Entanglement in the first 1000 eigenstates

(Santhanam, Sheorey, AL, Phys. Rev. E. 2008)
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MBL: Ising spins with NNN interactions

H = −
L−1∑
i=1

Jiσ
z
i σ

z
i+1 + J2

L−2∑
i=1

σz
i σ

z
i+2 + h

L∑
i=1

σx
i

(a)

(b)

(Ent. of L/2 block vs disorder strength)

Saturating 〈S〉 = log 2L/2 − 1/2 = (L/2) log 2− 1/2.
“Volume law” is typical entanglement

(Kjall, Bardarsson, Pollmann, PRL, 2014).
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