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Coupling of three-spin qubits to their electric environment
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We investigate the behavior of qubits consisting of three electron spins in double and triple quan-
tum dots subject to external electric fields. Our model includes two independent bias parameters, "
and "

M

, which both couple to external electromagnetic fields and can be controlled by gate voltages
applied to the quantum dot structures. By varying these parameters one can switch the qubit type
by shifting the energies in the single quantum dots thus changing the electron occupancy in each
dot. Starting from the asymmetric resonant (ARX) exchange qubit with a (2,0,1) and (1,0,2) charge
admixture one can smoothly cross over to the resonant exchange (RX) qubit with a detuned (1,1,1)
charge configuration, and to the exchange-only (EO) qubit with the same charge configuration but
equal energy levels down to the hybrid qubits with (1,2,0) and (0,2,1) charge configurations. Here,
(l,m, n) describes a configuration with l electrons in the left dot, m electrons in the center dot,
and n electrons in the right dot. We first focus on random electromagnetic field fluctuations, i.e.,
“charge noise”, at each quantum dot resulting in dephasing of the qubit and provide a complete
map of the resulting dephasing time as a function of the bias parameters. We pay special attention
to the so-called sweet spots and double sweet spots of the system which are least susceptible to
noise. In the second part we investigate the coupling of the qubit system to the coherent quantized
electromagnetic field in a superconducting strip-line cavity and also provide a complete map of the
coupling strength as a function of the bias parameters. We analyze the asymmetric qubit-cavity
coupling via " and the symmetric coupling via "

M

.

I. INTRODUCTION

Qubits based on the spin of electrons trapped in quan-
tum dots (QDs)1 are a leading candidate for enabling
quantum information processing. They provide long co-
herence times2–12, together with a scaleable architec-
ture for a dense qubit implementation. Semiconductor
materials like gallium arsenide (GaAs)13 and silicon14

are the most common choices as the host material for
QDs. One common feature of these implementations is
the need for control with electric fields at the nanoscale
which unavoidably couples the qubit system to electrical
noise1. Dominating sources of decoherence are nuclear
spins15–17, spin-orbit interaction18,19, and charge noise
from either the environment or the confining gates20–25.
The e↵ect of the first and second source of decoherence
can be drastically reduced by using silicon as the host
material due to its highly abundant nuclear spin free
isotope and a weak spin-orbit interaction21. Using ac-
tive noise suppression methods such as quantum error
correction26 and composite pulse sequences27–29 leaves
charge noise coupled to the spin as the remaining prob-
lem to be taken care of. Thus, additional passive suppres-
sion methods are needed such as optimal working points
(sweet spots)30,31 which vary in e↵ectiveness for di↵erent
qubit implementations.

Qubit implementations using single or multiple QDs
to encode a single qubit show high-fidelity gate opera-
tions, long decoherence times together with fast qubit
control allowing for many operations during the qubit
lifetime6,32–35. An advantage of multi-spin qubit encod-
ings consists in their improved protection against certain
types of noise36 together with faster gate operations37–41.
This ultimately leads to the three-spin- 12 qubits (see
Fig. 1); the exchange-only (EO) qubit allowing for full

FIG. 1. Schematic illustration of a three-spin qubit coupled to
a noisy electric environment. The environment can a↵ect the
electron spins directly through the gate voltages V

i

with i 2
{1, 2, 3} of each quantum dot (QD) or the exchange coupling
(green cloud) between the electron spins through the gate-
controlled tunnel hopping (t

l

and t

r

).

qubit control with only the exchange interaction37, the
resonant exchange (RX) qubit with permanently act-
ing exchange interaction and control through resonant
driving22,24,34, and the always-on exchange-only (AEON)
qubit with symmetric gate control25. Robustness against
charge noise can be achieved by operating the qubit on
sweet spots22 where the qubit energy splitting is ex-
tremal with respect to one noisy parameter or double
sweet spots25,42 where both noisy parameters are opti-
mized. In this paper we provide a full analysis of charge
noise for three-spin- 12 qubits (Fig. 1) and present opti-
mal working points. We go beyond previous work24,25

by exploring the full (", "
M

) parameter space. Moreover,
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Single spins as controllable open quantum systems

➤ spin of subatomic particle (electron, atomic nucleus)

➤ spin 1/2: “ideal” quantum bits (qubit)

➤ “smallest” quantum system

➤ localized electron spins in semiconductor quantum dots 

➤ spin is an open quantum system |"i

|#i

|0i = |"i |1i = |#i

fluctuating 
electric fields

fluctuating 
magnetic 

fields

phonons

other spins

?



Spin Qubits

lecture 1 
Introduction into Spin Qubits


lecture 2 
Multi-spin qubits 
Coupling Spins to Electric Fields  
Spin and Valley 1: Exchange  

lecture 3 
Spin and Valley 2: Spin Relaxation 
Defect Spins



Wolfgang Pauli Niels Bohr

~

classical spin



Spin



Spin

Wolfgang Pauli [Z. Phys. 31, 373 (1924)]:

"... According to this standpoint, the 
doublet structure of the alkali [atom] 
spectra as well as the violation of 
Larmor's theorem originates from a 
peculiar, non-classical
two-valuedness of the quantum 
theoretical
properties of the outer electron."

qubit
spin



Spin

Ralph Kronig
(1904–1995)

• two-valued degree of freedom of the 
electron: angular momentum (spin) 1/2  

• proposed by Ralph Kronig in Jan 1925 
(then at Columbia U.)  

• strong reservations 
from Heisenberg and Pauli  

• Sept 1925: Uhlenbeck and Goudsmit 
discovered the spin of the electron



Pauli exclusion principle

• explanation of atomic spectra, periodic table of elements 

• electron spin as quantum bit:
read out (via charge detection)
interaction (“exchange”) 
preparation (initialization)
measurement of entanglement

Two Fermions (e.g. electrons) cannot occupy the 
same quantum state.

impossible OK OK
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Quantum Computing

one-qubit gatestwo-qubit gates

qubits

Arbitrary quantum computations can in principle be built 
from these elementary operations.

time

space



Quantum Bits (Qubits)

• atoms in ion traps
• superconducting circuits
• electron spins in solids
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Spin Qubits

➤ typically spin 1/2 of subatomic particle  
(electron, atomic nucleus)


➤ quantum bit (qubit)  

➤ electron spins in semiconductor quantum dots

➤ long coherence, robust against charge noise

|"i

|#i

|0i = |"i |1i = |#i

A Reconfigurable Gate Architecture for Si/SiGe Quantum Dots
D. M. Zajac,1 T. M. Hazard,1 X. Mi,1 K. Wang,1, a) and J. R. Petta1, 2
1)
Department of Physics, Princeton University, Princeton, NJ 08544, USA

2)
Department of Physics, University of California, Santa Barbara, CA 93106,

USA

(Dated: 6 February 2015)

We demonstrate a reconfigurable quantum dot gate architecture that incorporates two interchangeable trans-
port channels. One channel is used to form quantum dots and the other is used for charge sensing. The
quantum dot transport channel can support either a single or a double quantum dot. We demonstrate
few-electron occupation in a single quantum dot and extract charging energies as large as 6.6 meV. Magne-
tospectroscopy is used to measure valley splittings in the range of 35–70 µeV. By energizing two additional
gates we form a few-electron double quantum dot and demonstrate tunable tunnel coupling at the (1,0) to
(0,1) interdot charge transition.

PACS numbers: 73.21.La, 85.40.-e, 85.35.Gv

Quantum dots have considerable potential for the real-
ization of spin-based quantum devices.1,2 Extremely long
spin coherence times3–5 and the ability to utilize exist-
ing fabrication processes make silicon an attractive host
material for quantum dot qubits.6–8 Existing depletion
mode designs use gate electrode patterns that are much
larger than the spatial extent of the resulting electron
wavefunctions.9 As a result, it is di�cult to precisely
control the electronic confinement potential. Successful
scaling to a larger number of quantum dots will require
fine control of the confinement potential on 20 nm length
scales. Accumulation mode designs,10,11 where electrons
are accumulated under small positively biased gates (in-
stead of depleted using large “stadium” gate designs12)
allow control of the confinement potential on a much
smaller length scale and merit further development.

In this letter we present a reconfigurable accumulation
mode device architecture that utilizes three overlapping
aluminum gate layers. The device architecture has two
parallel (and interchangeable) transport channels. One
of the channels is used to create single and double quan-
tum dots, while the other channel is used to define a
charge sensor quantum dot.13 The natural length scale
of this gate architecture is comparable to the resulting
dot size, allowing a higher degree of control compared to
depletion mode devices.12 Direct local accumulation also
reduces capacitive cross-coupling, simplifying the forma-
tion of double quantum dots and tuning of the relevant
tunnel rates. The architecture demonstrated here pro-
vides a straightforward method for scaling to a larger
series array of N quantum dots, with the required num-
ber of gate electrodes in each channel growing linearly as
2N+1.

The device is fabricated on an undoped Si/SiGe het-
erostructure with the growth profile shown in Fig. 1(a).
A SiGe relaxed bu↵er substrate is grown on a Si wafer
by linearly varying the Ge concentration from 0 to 30%
over 3 µm. The surface of this virtual substrate is
then polished before growing an additional 225 nm thick
Si

0.7Ge
0.3 layer, followed by an 8 nm Si quantum well

a)Department of Physics, Harvard University, Cambridge, MA
02138, USA

S1 D1

S2 D2

FIG. 1. (a) Schematic and cross-sectional transmission
electron micrograph showing the growth profile of the het-
erostructure. An 8 nm Si quantum well is grown on top of
a 225 nm Si0.7Ge0.3 layer, followed by a 50 nm Si0.7Ge0.3
spacer and a 2 nm protective Si cap. (b) False-color scanning
electron micrograph of a device identical to the one measured
(see text for details). (c) COMSOL simulation of the electron
density in the QW with the gate voltages tuned to form a
single dot under L1 in the upper channel and (d) with a dou-
ble dot under L1 and R1 in the upper channel. In (c–d), the
lower channel is configured as a charge sensor, with a single
dot formed beneath L2.

(QW), a 50 nm Si
0.7Ge

0.3 spacer and a 2 nm protec-
tive Si cap. The Si QW is uniaxially strained by the
Si/Si

0.7Ge
0.3 lattice mismatch, breaking the six-fold val-

ley degeneracy.14,15 The degeneracy of the two lowest
lying valleys is further lifted by quantum confinement
in the growth direction.16 Accumulation mode Hall bar
samples fabricated on this wafer yield a two-dimensional
electron gas (2DEG) carrier mobility µ = 1.76 ⇥ 105

cm2/Vs at an electron density n = 2⇥1011/cm2 and tem-
perature T = 350 mK. A valley splitting �

v

= 170 µeV
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500 nm

D. M. Zajac et al., APL 2015 SiGe six quantum dot device  
(Petta group, Princeton)

Loss & DiVincenzo, PRA 1998

Hanson et al., RMP 2007

Tarucha group 
Ito et al., arXiv:1604.04426   5 QD charge control 
Noiri et al., APL 2016   3 QD 3 single spin control 
 
Dzurak group 
Veldhorst et al., Nature 2015  2 QD 2 spin qubit gate 

Eriksson group /  Guo group 
Kim et al., Nature 2014  2 QD 3 spin hybrid qubit 
Cao et al., PRL 2016  2 QD 5 spin hybrid qubit 

https://arxiv.org/abs/1604.04426
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Quantum Gates
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U1

U2

quantum gate
U1 ∈ SU(2)

U3 ∈ SU(4)

U2 ∈ SU(2)

A universal set of quantum gates: {CNOT} ∪ SU(2)
DiVincenzo, Phys. Rev. A (1995),     Barenco et al., Phys Rev. A (1995)
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Controlled NOT gate (CNOT gate)

UCNOT : |c, t⌅ �⇤ |c, c ⇥ t⌅

|0�
c

t|0�

|0�

|0�



Controlled NOT gate (CNOT gate)

UCNOT : |c, t⌅ �⇤ |c, c ⇥ t⌅

c

t|0�

|0�|1�

|1�



Controlled NOT gate (CNOT gate)

UCNOT : |c, t⌅ �⇤ |c, c ⇥ t⌅

c

t|0�

|0� + |1�

|00� + |11�}
c

t



Spin Qubits

=

=
Loss & DiVincenzo, 1998

1 2

2D electron gas

gate electrodesquantum dot

exchange coupling from virtual 
electron hopping

H =
�

�i,j⇥

Jij(t)Si · Sj +
�

i

gi(t)µBBi(t) · Si

exchange coupling

H =
�

�i,j⇥

Jij(t)Si · Sj +
�

i

gi(t)µBBi(t) · Si

local Zeeman effect

one-qubit gates, SU(2)
Koppens et al. 2006

U

two-qubit gates 
(sqrt-SWAP, CNOT)
Petta et al. 2005

universal quantum 
computation



Exchange coupling
Pauli exclusion principle

spin singlet

spin triplet

t Esinglet = E0 � 4t2/U

Etriplet = E0

J = Etriplet � Esinglet = �4t2/U

H = �JPsinglet + E0

H = JS1 · S2 + const.

s = 0

s = 1

Psinglet = |SihS| = 1

2
(2� S2) = 1� 1

2
(S2

1 � S2
2 � 2S1 · S2) =

1

4
� S1 · S2

S2 = s(s+ 1)

= Pas



Spin-spin interactions

1 2 1 2
J

J = J
on

t = ⇡~/J
on

t = 0
J = 0 t

SWAP

Loss & DiVincenzo, Phys. Rev. A (1998).

B
H = JS1 · S2

Petta et al., Science (2005).

� = Jt/~

� = ⇡

= 1� 2Pas

= �JPas + const.

U(�) = e�
i
~
R t
0 dt0H(t0) = e�i�Pas = 1l + (ei� � 1)Pas



Spin-spin interactions

1 2 1 2 1 2

entangled state
EPR pair

Petta et al., Science (2005).

J

J = J
on

t = ⇡~/J
on

t = 0
J = 0 t

t = ⇡~/2J
on

p
SWAP| i + i| i

B
H = JS1 · S2

Loss & DiVincenzo, Phys. Rev. A (1998).

� = ⇡/2

New Semiconductors D4.11

Graphene: Valley degeneracy

p

E

direct-gap semiconductor graphene

valley degeneracy

K K’

K’K K’K

QD1 QD2

Pauli principle, exchange coupling

J = t2/U

Fig. 8: The exchange coupling between spins is modified in the presence of an additional orbital
degeneracy, in this case the valley degeneracy arising from the existence of two inequivalent
touching points K and K0 in the band structure of graphene. Left: Virtual hopping processes
between non-degenerate sites are possible for the spin singlet, while being forbidden by the
Pauli exclusion principle for the spin triplet. As a consequence, the energy of the singlet is
reduced by the energy J = t2/4U while that of the triplet is unchanged. This singlet-triplet
splitting manifests itself in the Heisenberg exchange Hamiltonian H = JS1 · S2. Right: In
graphene, the valley degeneracy allows for hopping even in the spin triplet in some cases, and
leads to an effective spin-valley coupling.

with i, j = 0, 1, 2, 3, �0 = ⌧0 = 1l, and the Pauli matrices �1 = ⌧1 =

✓
0 1

1 0

◆
, �2 = ⌧2 =

✓
0 �i

i 0

◆
, and �3 = ⌧3 =

✓
1 0

0 �1

◆
. Using this notation, the Hamiltonian (20) becomes

H0 = vF

✓
p · � 0

0 p · �⇤

◆
, (27)

with � = (�x, �y) and �⇤
= (�x,��y).

The existence of the valley degeneracy invalidates one of the assumptions that goes into the
derivation of the spin exchange coupling J in (1), namely that the orbital states in each quantum
dot are non-degenerate and thus double occupation with the same spin is forbidden (see Fig. 8).

This problem can be avoided if the valley degeneracy is lifted by a term h · ⌧ in the Hamilto-
nian. In some of the graphene quantum dot schemes enumerated above, the valley degeneracy
is in some cases already lifted (1 and 2), while in others it can be lifted in a magnetic field
perpendicular to the graphene sheet (3 and 4).
Despite the fact the valley-degeneracy problem can be circumvented, it is interesting to think
about ways to perform universal quantum computation with spin qubits in the presence of the
valley degeneracy. For this purpose, one can first derive the exchange Hamiltonian in the pres-
ence of valley degeracy [25],

H = �JPas =
J

8

h
(S1 · S2)(⌧1 · ⌧2) + S1 · S2 + ⌧1 · ⌧2 � 3

i
, (28)

where Pas denotes the projection operator on the subspace of the six completely antisymmetric
spin-valley states. To generate a CNOT gate from this coupling, we define the time-evolution
operator

U(�) = e�i
R te
0 dt0 H(t0)

= 1l +

�
ei� � 1

�
Pas, (29)

� = Jt/~

=
1 + i

2
1l +

1� i

2
SWAP

= �JPas + const.



Spin-spin interactions

1 2 1 2 1 2

entangled state
EPR pair

Petta et al., Science (2005).

J

J = J
on

t = ⇡~/J
on

t = 0
J = 0 t

t = ⇡~/2J
on

p
SWAP| i + i| i
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H = JS1 · S2

Loss & DiVincenzo, Phys. Rev. A (1998).
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Parallel pulsing

J = 0 t GB, Loss, DiVincenzo & Smolin, Phys. Rev. B (1999).

J = 0 t

J = 0 t

1 2

H = JS1 · S2 +B1S
z
1 +B2S

z
2

B1 B2

B1 =
J

2

⇣
1 +

p
3
⌘

B2 =
J

2

⇣
1�

p
3
⌘

t
op

⇠ ~/J

B1

B2

J



Early experimental breakthroughs in GaAs

T 1
 (s

-1
)

long T1 at low fields

Amasha et al. PRL (2008)

sqrt-swap, spin echo, T2*

Petta et al., Science (2005).	

single spin read-out, T1 
Elzerman et al., PRB (2003); 	    
---  Nature (2004)

single-spin ESR 
Koppens et al., Nature (2006).

Nowack et al., Science (2007).

LETTERS NATURE PHYSICS DOI: 10.1038/NPHYS1856
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10 π-pulses

0 50 100 150 200

0 50 100 150 200

16 π-pulses

P S
P S

P S

 (µs)τ

 (µs)τ

 (µs)τ

Figure 3 | CPMG decoupling experiments with 6, 10 and 16 ⇡-pulses at
Bext =0.4T. The blue dots show the readout signal of the CPMG pulses;
the red circles represent reference measurements with the same evolution
time without any ⇡-pulses (equivalent to T2

⇤ measurements), which
produce a completely dephased state. PS is the sensor signal normalized by
the d.c. contrast associated with the transfer of an electron from one dot to
the other, so that a singlet corresponds to PS = 1 (see Supplementary
Information). Inelastic decay during the readout phase and possibly other
visibility loss mechanisms increase PS compared with the actual singlet
probability p(S), so that the value for the mixed state exceeds the ideal
value of 0.5. The linear trends in the reference and the initial decay of the
CPMG signal possibly reflect leakage out of the logical subspace. The linear
fits to the 16-pulse data (black lines) intersect at ⌧ = 276 µs, which can be
taken as a rough estimate or lower bound of the coherence time.

sequence18, which consists of an n-fold repetition of the Hahn echo,
thus requiring n ⇡-pulses, as shown in Fig. 1d. Figure 3 shows data
for n = 6, 10 and 16. For n = 16, the echo signal clearly persists
for more than 200 µs. The field dependence for n = 4 is reported
in the Supplementary Information. To verify the interpretation of
the data, we have measured the dependence of the echo on small
changes in the final free-precession time and the duration of the ex-
change pulses for n=10, ⌧ =5 and 120 µs (Supplementary Informa-
tion). As a result of the large number of potential tuning parameters,
we have not optimized these CPMG pulses. We expect that with
improved pulses the same extension of the coherence time could be
achieved with fewer pulses. The initial linear decay of the signal in
Fig. 3 is not well understood. The similar variation of the reference
signal corresponding to a completely mixed state is suggestive of a
single-electronT1 process causing leakage into theT+ andT� states
(see Supplementary Information). The decay time constant sets a
lower bound for the largest achievable coherence time.

Our measurements demonstrate coherence times of GaAs
spin qubits of at least 200 µs, two orders of magnitude larger
than previously shown. The duration of each of the ⇡-pulses
could easily be reduced below the 6 ns used here. One may
hope to achieve millisecond-scale coherence times with improved

decoupling sequences17 without adding complexity. Thus, 105–106
operations could be carried out on one qubit while maintaining
the state of another. However, more effort is required to realize
pulses that use decoupling to improve the fidelity of short, non-
trivial operations29,30, which seems feasible at least to lowest order.
The excellent agreement with the model for the field and time
dependence of the Hahn-echo revivals shows that many aspects
of the dephasing of electron spins due to the nuclear hyperfine
interaction are now well understood. The insight gained may also
help pave the way towards probing macroscopic quantum effects in
amesoscopic ensemble of a fewmillion nuclear spins.

Received 10 June 2010; accepted 20 October 2010;
published online 12 December 2010
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GaAs quantum dots [8]. This number is related to the fact that in GaAs (as in all common
III/V semiconductors), every atomic nucleus has a nonzero spin. In other words, even if the
quantum dots are emptied down to a single electron, there are as many other spins present as
there are atoms in the quantum dot, typically about 105 to 10

6 (Fig. 2). The nuclear spins have
only a small magnetic moment, and thus interact with the electron spin via the relatively weak
hyperfine coupling. (Therefore, more precisely, the number of relevant nuclear spins is given by
those who are within the volume where the electron wavefunction is sizeable.) The hyperfine
coupling to the nuclear spins gives rise to an additional term in the Hamiltonian,

Hhf =

X

ik

SiAikIk =
X

i

Si · bn
i , (2)

where Ik denotes the operator of the k-th nuclear spin and Aik is the hyperfine tensor de-
scribing the coupling of the spin of electron i to the spin of the atomic nucleus k (in GaAs,
A ⇡ 90µeV). In the case of contact hyperfine interaction the hyperfine tensor is isotropic and
Aik = ak| i(rk)|21l, where ak is a hyperfine coupling constant characteristic for the nuclear
species of atom k and  i(rk) is the wavefunction of the i-th electron at the site of the k-th
atomic nucleus. We neglect the nuclear Zeeman splitting since it is much smaller than both
the electronic Zeeman splitting and the hyperfine interaction. We can describe the effect of the
nuclear spin on the electron spin Si as an effective magnetic field, called the Overhauser field,
bn
i =

P
k AikIk. The Hamiltonian for a single spin S can thus be written as

H = Sz

⇣
b+ˆbnz

⌘
, (3)

where we have chosen the magnetic field to lie along the z direction and where we have used
that since b � bn the spin flip processes described by Sx and Sy are suppressed. What is
important here is that while b is a number, ˆbnz is an operator. The value assigned to a quantum
operator is fluctuating if the system is not in one of its eigenstates. Such (quantum and thermal)
flucutuations lead to the dephasing of the electron spin.
Let us start at some time t = 0 with an electron spin 1/2 in a quantum superposition of spin
up and down, i.e., a spin prepared perpendicular to the external field, | (0)i =

1p
2
(| "i + | #

i)⌦ | ni, where | ni denotes the state of the nuclear spins. As a first simple case, let us further
assume that the nuclear spins are in an eigenstate of the operator ˆbnz with eigenvalue bnz , i.e.,
ˆbnz | ni = bnz | ni. In this case, the state after a time t has the form,

| (t)i = e�itH | (0)i = | e
(t)i ⌦ | ni, (4)Nuclear spin induced decoherence

Coish & Loss, PRB 2005
Petta et al., Science 2005
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Fig. 2: Even if only one electron is present in each quantum dot, there may be a large number
of spins from the nuclei of the atoms forming the solid.
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or expressed as in terms of the (pure-state) electron spin density matrix,
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In a real quantum dot, the nuclear spins typically won’t be in an eigenstate of ˆbnz , but in a thermal
equilibrium state. Since the temperature is typically much larger than the nuclear Zeeman
energy, we can assume that the nuclear spins are in a fully mixed state, ⇢n / 1l. We can now
average over the probability distribution for the nuclear spins which in the limit of many nuclear
spins and isotropic hyperfine coupling approaches a Gaussian for N � 1,
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where the width of the distribution given as � ⇡ A/
p
N with N the number of nuclear spins.

Averaging Eq. (6) over this probability distribution for the Overhauser field, we obtain the
electron spin density matrix after time t in contact with an unpolarized nuclear spin system as
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The spin coherence is decaying, as can be seen from the transverse spin components, e.g.,

hSxi = Tr [Sx⇢(t)] = cos(bt)e�(t/⌧)2/2, (9)

with the coherence time ⌧ = ~/� ⇡ ~
p
N/A. For GaAs and N ⇡ 10

6, we recover ⌧ ⇡ 10 ns.
Typical gate operation times for two-qubit gates are roughly 200 ps [8], but single qubit gates
have typically required much longer times, about 100 ns [9] for single-spin qubits, and down to
about 10 ns for two-spin singlet-triplet qubits [10].

3 Carbon as a material for spin qubits
Various strategies towards extending the spin coherence time have been investigated, including
nuclear-spin preparation with electric control [10, 11, 12, 13], or optically [14, 15]. The goal
of those strategies is to reach the first case discussed above, where the nuclear spins are in
an eigenstate of ˆbnz which would make the electron spin decoherence-free. A more radical
measure would be to replace GaAs with a nuclear-spin free material, or at least one with a
low concentration of nuclear spins. Such materials can be found in the fourth (IV) group of
the periodic table: carbon, silicon, and germanium. These elements all occur naturally in an
isotope mixture, but with the dominant isotope being nuclear-spin free. In the case of carbon,
the natural isotope mixture is approximately 99% of 12C with nuclear spin I = 0 and 1% of
13C with nuclear spin I = 1/2. In addition, the elements mentioned above (and in particular
carbon) are all much lighter than Ga and As, and thus we can also expect spin-orbit effects to
be weaker. This appears to be the case for carbon, however, the strength of the spin-orbit effects
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isotope mixture, but with the dominant isotope being nuclear-spin free. In the case of carbon,
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carbon) are all much lighter than Ga and As, and thus we can also expect spin-orbit effects to
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| (t)i = e�itH | (0)i = | e
(t)i ⌦ | ni, (4)Nuclear spin induced decoherence
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Fig. 2: Even if only one electron is present in each quantum dot, there may be a large number
of spins from the nuclei of the atoms forming the solid.
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6, we recover ⌧ ⇡ 10 ns.
Typical gate operation times for two-qubit gates are roughly 200 ps [8], but single qubit gates
have typically required much longer times, about 100 ns [9] for single-spin qubits, and down to
about 10 ns for two-spin singlet-triplet qubits [10].

3 Carbon as a material for spin qubits
Various strategies towards extending the spin coherence time have been investigated, including
nuclear-spin preparation with electric control [10, 11, 12, 13], or optically [14, 15]. The goal
of those strategies is to reach the first case discussed above, where the nuclear spins are in
an eigenstate of ˆbnz which would make the electron spin decoherence-free. A more radical
measure would be to replace GaAs with a nuclear-spin free material, or at least one with a
low concentration of nuclear spins. Such materials can be found in the fourth (IV) group of
the periodic table: carbon, silicon, and germanium. These elements all occur naturally in an
isotope mixture, but with the dominant isotope being nuclear-spin free. In the case of carbon,
the natural isotope mixture is approximately 99% of 12C with nuclear spin I = 0 and 1% of
13C with nuclear spin I = 1/2. In addition, the elements mentioned above (and in particular
carbon) are all much lighter than Ga and As, and thus we can also expect spin-orbit effects to
be weaker. This appears to be the case for carbon, however, the strength of the spin-orbit effects

D4.4 Guido Burkard

with the pure electron spin state

| e
(t)i = 1p

2

⇢
exp

✓
� it

2~ (b+ bnz)

◆
|"i+ exp

✓
it

2~ (b+ bnz)

◆
|#i

�
, (5)

or expressed as in terms of the (pure-state) electron spin density matrix,

⇢(t) = | e
(t)ih e

(t)| = 1

2

✓
1 exp(�it(b+ bnz)/~)

exp(it(b+ bnz)/~) 1

◆
. (6)

In a real quantum dot, the nuclear spins typically won’t be in an eigenstate of ˆbnz , but in a thermal
equilibrium state. Since the temperature is typically much larger than the nuclear Zeeman
energy, we can assume that the nuclear spins are in a fully mixed state, ⇢n / 1l. We can now
average over the probability distribution for the nuclear spins which in the limit of many nuclear
spins and isotropic hyperfine coupling approaches a Gaussian for N � 1,

p(bnz) = Tr

h
�(ˆbnz � bnz)⇢

n
i
⇡ (2⇡�2

)

�1/2
exp(�(bnz)

2/2�2
), (7)

where the width of the distribution given as � ⇡ A/
p
N with N the number of nuclear spins.

Averaging Eq. (6) over this probability distribution for the Overhauser field, we obtain the
electron spin density matrix after time t in contact with an unpolarized nuclear spin system as

⇢(t) =
1

2

✓
1 exp

�
�itb/~� 1

2~2�
2t2

�

exp

�
itb/~� 1

2~2�
2t2

�
1

◆
. (8)

The spin coherence is decaying, as can be seen from the transverse spin components, e.g.,

hSxi = Tr [Sx⇢(t)] = cos(bt)e�(t/⌧)2/2, (9)

with the coherence time ⌧ = ~/� ⇡ ~
p
N/A. For GaAs and N ⇡ 10
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Typical gate operation times for two-qubit gates are roughly 200 ps [8], but single qubit gates
have typically required much longer times, about 100 ns [9] for single-spin qubits, and down to
about 10 ns for two-spin singlet-triplet qubits [10].

3 Carbon as a material for spin qubits
Various strategies towards extending the spin coherence time have been investigated, including
nuclear-spin preparation with electric control [10, 11, 12, 13], or optically [14, 15]. The goal
of those strategies is to reach the first case discussed above, where the nuclear spins are in
an eigenstate of ˆbnz which would make the electron spin decoherence-free. A more radical
measure would be to replace GaAs with a nuclear-spin free material, or at least one with a
low concentration of nuclear spins. Such materials can be found in the fourth (IV) group of
the periodic table: carbon, silicon, and germanium. These elements all occur naturally in an
isotope mixture, but with the dominant isotope being nuclear-spin free. In the case of carbon,
the natural isotope mixture is approximately 99% of 12C with nuclear spin I = 0 and 1% of
13C with nuclear spin I = 1/2. In addition, the elements mentioned above (and in particular
carbon) are all much lighter than Ga and As, and thus we can also expect spin-orbit effects to
be weaker. This appears to be the case for carbon, however, the strength of the spin-orbit effects
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have typically required much longer times, about 100 ns [9] for single-spin qubits, and down to
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of those strategies is to reach the first case discussed above, where the nuclear spins are in
an eigenstate of ˆbnz which would make the electron spin decoherence-free. A more radical
measure would be to replace GaAs with a nuclear-spin free material, or at least one with a
low concentration of nuclear spins. Such materials can be found in the fourth (IV) group of
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have typically required much longer times, about 100 ns [9] for single-spin qubits, and down to
about 10 ns for two-spin singlet-triplet qubits [10].
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of those strategies is to reach the first case discussed above, where the nuclear spins are in
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Typical gate operation times for two-qubit gates are roughly 200 ps [8], but single qubit gates
have typically required much longer times, about 100 ns [9] for single-spin qubits, and down to
about 10 ns for two-spin singlet-triplet qubits [10].
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of those strategies is to reach the first case discussed above, where the nuclear spins are in
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average over the probability distribution for the nuclear spins which in the limit of many nuclear
spins and isotropic hyperfine coupling approaches a Gaussian for N � 1,

p(bnz) = Tr

h
�(ˆbnz � bnz)⇢

n
i
⇡ (2⇡�2

)

�1/2
exp(�(bnz)

2/2�2
), (7)

where the width of the distribution given as � ⇡ A/
p
N with N the number of nuclear spins.

Averaging Eq. (6) over this probability distribution for the Overhauser field, we obtain the
electron spin density matrix after time t in contact with an unpolarized nuclear spin system as

⇢(t) =
1

2

✓
1 exp

�
�itb/~� 1

2~2�
2t2

�

exp

�
itb/~� 1

2~2�
2t2

�
1

◆
. (8)

The spin coherence is decaying, as can be seen from the transverse spin components, e.g.,

hSxi = Tr [Sx⇢(t)] = cos(bt)e�(t/⌧)2/2, (9)

with the coherence time ⌧ = ~/� ⇡ ~
p
N/A. For GaAs and N ⇡ 10

6, we recover ⌧ ⇡ 10 ns.
Typical gate operation times for two-qubit gates are roughly 200 ps [8], but single qubit gates
have typically required much longer times, about 100 ns [9] for single-spin qubits, and down to
about 10 ns for two-spin singlet-triplet qubits [10].

3 Carbon as a material for spin qubits
Various strategies towards extending the spin coherence time have been investigated, including
nuclear-spin preparation with electric control [10, 11, 12, 13], or optically [14, 15]. The goal
of those strategies is to reach the first case discussed above, where the nuclear spins are in
an eigenstate of ˆbnz which would make the electron spin decoherence-free. A more radical
measure would be to replace GaAs with a nuclear-spin free material, or at least one with a
low concentration of nuclear spins. Such materials can be found in the fourth (IV) group of
the periodic table: carbon, silicon, and germanium. These elements all occur naturally in an
isotope mixture, but with the dominant isotope being nuclear-spin free. In the case of carbon,
the natural isotope mixture is approximately 99% of 12C with nuclear spin I = 0 and 1% of
13C with nuclear spin I = 1/2. In addition, the elements mentioned above (and in particular
carbon) are all much lighter than Ga and As, and thus we can also expect spin-orbit effects to
be weaker. This appears to be the case for carbon, however, the strength of the spin-orbit effects

b
tot

New Semiconductors D4.3

GaAs quantum dots [8]. This number is related to the fact that in GaAs (as in all common
III/V semiconductors), every atomic nucleus has a nonzero spin. In other words, even if the
quantum dots are emptied down to a single electron, there are as many other spins present as
there are atoms in the quantum dot, typically about 105 to 10

6 (Fig. 2). The nuclear spins have
only a small magnetic moment, and thus interact with the electron spin via the relatively weak
hyperfine coupling. (Therefore, more precisely, the number of relevant nuclear spins is given by
those who are within the volume where the electron wavefunction is sizeable.) The hyperfine
coupling to the nuclear spins gives rise to an additional term in the Hamiltonian,

Hhf =

X

ik

SiAikIk =
X

i

Si · bn
i , (2)

where Ik denotes the operator of the k-th nuclear spin and Aik is the hyperfine tensor de-
scribing the coupling of the spin of electron i to the spin of the atomic nucleus k (in GaAs,
A ⇡ 90µeV). In the case of contact hyperfine interaction the hyperfine tensor is isotropic and
Aik = ak| i(rk)|21l, where ak is a hyperfine coupling constant characteristic for the nuclear
species of atom k and  i(rk) is the wavefunction of the i-th electron at the site of the k-th
atomic nucleus. We neglect the nuclear Zeeman splitting since it is much smaller than both
the electronic Zeeman splitting and the hyperfine interaction. We can describe the effect of the
nuclear spin on the electron spin Si as an effective magnetic field, called the Overhauser field,
bn
i =

P
k AikIk. The Hamiltonian for a single spin S can thus be written as

H = Sz

⇣
b+ˆbnz

⌘
, (3)

where we have chosen the magnetic field to lie along the z direction and where we have used
that since b � bn the spin flip processes described by Sx and Sy are suppressed. What is
important here is that while b is a number, ˆbnz is an operator. The value assigned to a quantum
operator is fluctuating if the system is not in one of its eigenstates. Such (quantum and thermal)
flucutuations lead to the dephasing of the electron spin.
Let us start at some time t = 0 with an electron spin 1/2 in a quantum superposition of spin
up and down, i.e., a spin prepared perpendicular to the external field, | (0)i =

1p
2
(| "i + | #

i)⌦ | ni, where | ni denotes the state of the nuclear spins. As a first simple case, let us further
assume that the nuclear spins are in an eigenstate of the operator ˆbnz with eigenvalue bnz , i.e.,
ˆbnz | ni = bnz | ni. In this case, the state after a time t has the form,

| (t)i = e�itH | (0)i = | e
(t)i ⌦ | ni, (4)Nuclear spin induced decoherence

Coish & Loss, PRB 2005
Petta et al., Science 2005

T �
2 =

~
�(z)

Fig. 2: Even if only one electron is present in each quantum dot, there may be a large number
of spins from the nuclei of the atoms forming the solid.



Nuclear spin induced electron spin dephasing
• nuclear spins unavoidable in GaAs & other III-V materials 

• coherence time of mobile  
   electrons in GaAs ~100 ns  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• even proton (neutron) numbers Z (N) more stable than odd Z (N)
• Z odd: odd-odd stable isotopes very rare, typically odd-even
• even (odd) Z implies (even) odd M for most abundant stable isotopes
• lower spin nuclei typically more stable
• even Z: zero nuclear spin most likely
• odd Z: nonzero nuclear spin (odd number of spin-1/2 nucleons)
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I. INTRODUCTION

Carbon is the materia prima for life and the basis of all
organic chemistry. Because of the flexibility of its bond-
ing, carbon-based systems show an unlimited number of
different structures with an equally large variety of
physical properties. These physical properties are, in
great part, the result of the dimensionality of these
structures. Among systems with only carbon atoms,
graphene—a two-dimensional !2D" allotrope of
carbon—plays an important role since it is the basis for
the understanding of the electronic properties in other
allotropes. Graphene is made out of carbon atoms ar-
ranged on a honeycomb structure made out of hexagons
!see Fig. 1", and can be thought of as composed of ben-
zene rings stripped out from their hydrogen atoms
!Pauling, 1972". Fullerenes !Andreoni, 2000" are mol-
ecules where carbon atoms are arranged spherically, and
hence, from the physical point of view, are zero-
dimensional objects with discrete energy states.
Fullerenes can be obtained from graphene with the in-
troduction of pentagons !that create positive curvature
defects", and hence, fullerenes can be thought as
wrapped-up graphene. Carbon nanotubes !Saito et al.,
1998; Charlier et al., 2007" are obtained by rolling
graphene along a given direction and reconnecting the
carbon bonds. Hence carbon nanotubes have only hexa-
gons and can be thought of as one-dimensional !1D" ob-
jects. Graphite, a three dimensional !3D" allotrope of
carbon, became widely known after the invention of the
pencil in 1564 !Petroski, 1989", and its usefulness as an
instrument for writing comes from the fact that graphite
is made out of stacks of graphene layers that are weakly
coupled by van der Waals forces. Hence, when one
presses a pencil against a sheet of paper, one is actually
producing graphene stacks and, somewhere among
them, there could be individual graphene layers. Al-
though graphene is the mother for all these different
allotropes and has been presumably produced every
time someone writes with a pencil, it was only isolated
440 years after its invention !Novoselov et al., 2004". The
reason is that, first, no one actually expected graphene
to exist in the free state and, second, even with the ben-

efit of hindsight, no experimental tools existed to search
for one-atom-thick flakes among the pencil debris cov-
ering macroscopic areas !Geim and MacDonald, 2007".
Graphene was eventually spotted due to the subtle op-
tical effect it creates on top of a chosen SiO2 substrate
!Novoselov et al., 2004" that allows its observation with
an ordinary optical microscope !Abergel et al., 2007;
Blake et al., 2007; Casiraghi et al., 2007". Hence,
graphene is relatively straightforward to make, but not
so easy to find.

The structural flexibility of graphene is reflected in its
electronic properties. The sp2 hybridization between one
s orbital and two p orbitals leads to a trigonal planar
structure with a formation of a ! bond between carbon
atoms that are separated by 1.42 Å. The ! band is re-
sponsible for the robustness of the lattice structure in all
allotropes. Due to the Pauli principle, these bands have
a filled shell and, hence, form a deep valence band. The
unaffected p orbital, which is perpendicular to the pla-
nar structure, can bind covalently with neighboring car-
bon atoms, leading to the formation of a " band. Since
each p orbital has one extra electron, the " band is half
filled.

Half-filled bands in transition elements have played
an important role in the physics of strongly correlated
systems since, due to their strong tight-binding charac-
ter, the Coulomb energies are large, leading to strong
collective effects, magnetism, and insulating behavior
due to correlation gaps or Mottness !Phillips, 2006". In
fact, Linus Pauling proposed in the 1950s that, on the
basis of the electronic properties of benzene, graphene
should be a resonant valence bond !RVB" structure
!Pauling, 1972". RVB states have become popular in the
literature of transition-metal oxides, and particularly in
studies of cuprate-oxide superconductors !Maple, 1998".
This point of view should be contrasted with contempo-
raneous band-structure studies of graphene !Wallace,
1947" that found it to be a semimetal with unusual lin-
early dispersing electronic excitations called Dirac elec-
trons. While most current experimental data in
graphene support the band structure point of view, the
role of electron-electron interactions in graphene is a
subject of intense research.

It was P. R. Wallace in 1946 who first wrote on the
band structure of graphene and showed the unusual
semimetallic behavior in this material !Wallace, 1947".
At that time, the thought of a purely 2D structure was
not reality and Wallace’s studies of graphene served him
as a starting point to study graphite, an important mate-
rial for nuclear reactors in the post–World War II era.
During the following years, the study of graphite culmi-
nated with the Slonczewski-Weiss-McClure !SWM" band
structure of graphite, which provided a description of
the electronic properties in this material !McClure, 1957;
Slonczewski and Weiss, 1958" and was successful in de-
scribing the experimental data !Boyle and Nozières
1958; McClure, 1958; Spry and Scherer, 1960; Soule et
al., 1964; Williamson et al., 1965; Dillon et al., 1977".
From 1957 to 1968, the assignment of the electron and
hole states within the SWM model were opposite to

FIG. 1. !Color online" Graphene !top left" is a honeycomb
lattice of carbon atoms. Graphite !top right" can be viewed as
a stack of graphene layers. Carbon nanotubes are rolled-up
cylinders of graphene !bottom left". Fullerenes !C60" are mol-
ecules consisting of wrapped graphene by the introduction of
pentagons on the hexagonal lattice. From Castro Neto et al.,
2006a.
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Coherent singlet-triplet oscillations in a
silicon-based double quantum dot
B. M. Maune1, M. G. Borselli1, B. Huang1, T. D. Ladd1, P. W. Deelman1, K. S. Holabird1, A. A. Kiselev1, I. Alvarado-Rodriguez1,
R. S. Ross1, A. E. Schmitz1, M. Sokolich1, C. A. Watson1, M. F. Gyure1 & A. T. Hunter1

Silicon is more than the dominant material in the conventional
microelectronics industry: it also has potential as a host material
for emerging quantum information technologies. Standard fabrica-
tion techniques already allow the isolation of single electron spins in
silicon transistor-like devices. Although this is also possible in other
materials, silicon-based systems have the advantage of interacting
more weakly with nuclear spins. Reducing such interactions is
important for the control of spin quantum bits because nuclear
fluctuations limit quantum phase coherence, as seen in recent
experiments in GaAs-based quantum dots1,2. Advances in reducing
nuclear decoherence effects by means of complex control3–5 still
result in coherence times much shorter than those seen in experi-
ments on large ensembles of impurity-bound electrons in bulk
silicon crystals6,7. Here we report coherent control of electron spins
in two coupled quantum dots in an undoped Si/SiGe hetero-
structure and show that this system has a nuclei-induced dephasing
time of 360 nanoseconds, which is an increase by nearly two orders
of magnitude over similar measurements in GaAs-based quantum
dots. The degree of phase coherence observed, combined with
fast, gated electrical initialization, read-out and control, should
motivate future development of silicon-based quantum informa-
tion processors.
Coherent control of single, isolated quantum bits (qubits) has now

been demonstrated in a large variety of physical systems8, but not in
silicon. Silicon qubits have garnered interest for over a decade in part
owing to thepotential to exploit techniques and infrastructure fromthe
established microelectronics industry9,10. Interest in silicon is further
supported by the expectation of the material’s superior spin coherence
times relative to other semiconductors, a result of both the reduced
hyperfine coupling to nuclear spins in the semiconducting hostmaterial
and the reducednumber ofnuclear spins.Despite the significant interest
in silicon-based electrically gated qubits, progress has beenhampered by
several fabrication and design challenges. For example, the larger in-
plane effective electronmass in silicon (which is nearly three times larger
than in GaAs) shrinks the electron wavefunctions where the quantum
dots are formed. Smaller wavefunctions necessitate the fabrication of
correspondingly smaller devices to facilitate the isolation of a single
electron in each dot. Another concern is the valley degeneracy present
in bulk silicon, which is removed by an appropriate combination of
strain, spatial confinement and interface properties. Considerable
progress has been made in overcoming these and other obstacles, and
has led to recent measurements demonstrating sufficiently large valley
splitting and sufficiently long spin relaxation times for spin-qubit
initialization and read-out operations11–19.
In the present work, we form quantum dots by depleting charge

froma two-dimensional electron gas within a Si/SiGe undoped hetero-
structure with lithographically patterned electrostatic gates (Fig. 1).
We adjust the carrier concentration within the silicon quantum well
using an isolated global gate above the device, and we control the
charge states of the two quantum dots using the other gate electrodes.
After initially depleting the double dot of all but two electrons (with

one in each dot), we optimize the coupling of the quantum dots and
electron-bath tunnel barriers to allow coherent dot manipulations.
This and similar devices and the design advances that have facilitated
coherent operation are further described in ref. 11; the work presented
here used device C of that report.
Aspreviouslydescribed1 for aGaAsdoublequantumdot, the coherent

electronmanipulationswe discuss involve operating the silicon double
dot in the (1,1) charge configuration, where two electrons are
separated with one in each dot. In this configuration and at a finite
magnetic field, which splits off them561 spin triplet states, (1,1)T6,
the spin singlet state, (1,1)S, and the m5 0 spin triplet state, (1,1)T0,
may be treated as the two states of a qubit (Supplementary Informa-
tion). To measure these states, we rely on spin-to-charge conversion
based on Pauli spin blockade. Figure 2a shows a spin blockade sig-
nature at the (0,2)–(1,1) anticrossing obtained by cyclically pulsing the
gates to transfer the double dot through the (0,1)R (1,1)R (0,2)
sequence. During the (0,1)R (1,1) transition, an electron is loaded
from the bath into the left-hand dot. Both singlet and triplet states,
including states formed from different valleys, are populated.Whereas
the lowest-energy singlet state is able to freely transfer into (0,2), other
states, including the lowest-energy triplet, are blocked by the Pauli
exclusion principle15,20–22. This blockade is indicated by a change in
the conductance of a nearby quantum point contact (QPC), which
discriminates between the (1,1) and (0,2) dot charge states. The mea-
sured (0,2) signal level is used to define 100% singlet probability in
subsequent experiments. The conductance change between (1,1) and
(0,2), together with the known fractional time spent in the measure
phase and an experimentally estimated amount of blockade relaxation
during measurement, allows us directly to convert measured signal
to singlet probability for all data presented here (Supplementary
Information).
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I. INTRODUCTION

Carbon is the materia prima for life and the basis of all
organic chemistry. Because of the flexibility of its bond-
ing, carbon-based systems show an unlimited number of
different structures with an equally large variety of
physical properties. These physical properties are, in
great part, the result of the dimensionality of these
structures. Among systems with only carbon atoms,
graphene—a two-dimensional !2D" allotrope of
carbon—plays an important role since it is the basis for
the understanding of the electronic properties in other
allotropes. Graphene is made out of carbon atoms ar-
ranged on a honeycomb structure made out of hexagons
!see Fig. 1", and can be thought of as composed of ben-
zene rings stripped out from their hydrogen atoms
!Pauling, 1972". Fullerenes !Andreoni, 2000" are mol-
ecules where carbon atoms are arranged spherically, and
hence, from the physical point of view, are zero-
dimensional objects with discrete energy states.
Fullerenes can be obtained from graphene with the in-
troduction of pentagons !that create positive curvature
defects", and hence, fullerenes can be thought as
wrapped-up graphene. Carbon nanotubes !Saito et al.,
1998; Charlier et al., 2007" are obtained by rolling
graphene along a given direction and reconnecting the
carbon bonds. Hence carbon nanotubes have only hexa-
gons and can be thought of as one-dimensional !1D" ob-
jects. Graphite, a three dimensional !3D" allotrope of
carbon, became widely known after the invention of the
pencil in 1564 !Petroski, 1989", and its usefulness as an
instrument for writing comes from the fact that graphite
is made out of stacks of graphene layers that are weakly
coupled by van der Waals forces. Hence, when one
presses a pencil against a sheet of paper, one is actually
producing graphene stacks and, somewhere among
them, there could be individual graphene layers. Al-
though graphene is the mother for all these different
allotropes and has been presumably produced every
time someone writes with a pencil, it was only isolated
440 years after its invention !Novoselov et al., 2004". The
reason is that, first, no one actually expected graphene
to exist in the free state and, second, even with the ben-

efit of hindsight, no experimental tools existed to search
for one-atom-thick flakes among the pencil debris cov-
ering macroscopic areas !Geim and MacDonald, 2007".
Graphene was eventually spotted due to the subtle op-
tical effect it creates on top of a chosen SiO2 substrate
!Novoselov et al., 2004" that allows its observation with
an ordinary optical microscope !Abergel et al., 2007;
Blake et al., 2007; Casiraghi et al., 2007". Hence,
graphene is relatively straightforward to make, but not
so easy to find.

The structural flexibility of graphene is reflected in its
electronic properties. The sp2 hybridization between one
s orbital and two p orbitals leads to a trigonal planar
structure with a formation of a ! bond between carbon
atoms that are separated by 1.42 Å. The ! band is re-
sponsible for the robustness of the lattice structure in all
allotropes. Due to the Pauli principle, these bands have
a filled shell and, hence, form a deep valence band. The
unaffected p orbital, which is perpendicular to the pla-
nar structure, can bind covalently with neighboring car-
bon atoms, leading to the formation of a " band. Since
each p orbital has one extra electron, the " band is half
filled.

Half-filled bands in transition elements have played
an important role in the physics of strongly correlated
systems since, due to their strong tight-binding charac-
ter, the Coulomb energies are large, leading to strong
collective effects, magnetism, and insulating behavior
due to correlation gaps or Mottness !Phillips, 2006". In
fact, Linus Pauling proposed in the 1950s that, on the
basis of the electronic properties of benzene, graphene
should be a resonant valence bond !RVB" structure
!Pauling, 1972". RVB states have become popular in the
literature of transition-metal oxides, and particularly in
studies of cuprate-oxide superconductors !Maple, 1998".
This point of view should be contrasted with contempo-
raneous band-structure studies of graphene !Wallace,
1947" that found it to be a semimetal with unusual lin-
early dispersing electronic excitations called Dirac elec-
trons. While most current experimental data in
graphene support the band structure point of view, the
role of electron-electron interactions in graphene is a
subject of intense research.

It was P. R. Wallace in 1946 who first wrote on the
band structure of graphene and showed the unusual
semimetallic behavior in this material !Wallace, 1947".
At that time, the thought of a purely 2D structure was
not reality and Wallace’s studies of graphene served him
as a starting point to study graphite, an important mate-
rial for nuclear reactors in the post–World War II era.
During the following years, the study of graphite culmi-
nated with the Slonczewski-Weiss-McClure !SWM" band
structure of graphite, which provided a description of
the electronic properties in this material !McClure, 1957;
Slonczewski and Weiss, 1958" and was successful in de-
scribing the experimental data !Boyle and Nozières
1958; McClure, 1958; Spry and Scherer, 1960; Soule et
al., 1964; Williamson et al., 1965; Dillon et al., 1977".
From 1957 to 1968, the assignment of the electron and
hole states within the SWM model were opposite to

FIG. 1. !Color online" Graphene !top left" is a honeycomb
lattice of carbon atoms. Graphite !top right" can be viewed as
a stack of graphene layers. Carbon nanotubes are rolled-up
cylinders of graphene !bottom left". Fullerenes !C60" are mol-
ecules consisting of wrapped graphene by the introduction of
pentagons on the hexagonal lattice. From Castro Neto et al.,
2006a.
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Silicon is more than the dominant material in the conventional
microelectronics industry: it also has potential as a host material
for emerging quantum information technologies. Standard fabrica-
tion techniques already allow the isolation of single electron spins in
silicon transistor-like devices. Although this is also possible in other
materials, silicon-based systems have the advantage of interacting
more weakly with nuclear spins. Reducing such interactions is
important for the control of spin quantum bits because nuclear
fluctuations limit quantum phase coherence, as seen in recent
experiments in GaAs-based quantum dots1,2. Advances in reducing
nuclear decoherence effects by means of complex control3–5 still
result in coherence times much shorter than those seen in experi-
ments on large ensembles of impurity-bound electrons in bulk
silicon crystals6,7. Here we report coherent control of electron spins
in two coupled quantum dots in an undoped Si/SiGe hetero-
structure and show that this system has a nuclei-induced dephasing
time of 360 nanoseconds, which is an increase by nearly two orders
of magnitude over similar measurements in GaAs-based quantum
dots. The degree of phase coherence observed, combined with
fast, gated electrical initialization, read-out and control, should
motivate future development of silicon-based quantum informa-
tion processors.
Coherent control of single, isolated quantum bits (qubits) has now

been demonstrated in a large variety of physical systems8, but not in
silicon. Silicon qubits have garnered interest for over a decade in part
owing to thepotential to exploit techniques and infrastructure fromthe
established microelectronics industry9,10. Interest in silicon is further
supported by the expectation of the material’s superior spin coherence
times relative to other semiconductors, a result of both the reduced
hyperfine coupling to nuclear spins in the semiconducting hostmaterial
and the reducednumber ofnuclear spins.Despite the significant interest
in silicon-based electrically gated qubits, progress has beenhampered by
several fabrication and design challenges. For example, the larger in-
plane effective electronmass in silicon (which is nearly three times larger
than in GaAs) shrinks the electron wavefunctions where the quantum
dots are formed. Smaller wavefunctions necessitate the fabrication of
correspondingly smaller devices to facilitate the isolation of a single
electron in each dot. Another concern is the valley degeneracy present
in bulk silicon, which is removed by an appropriate combination of
strain, spatial confinement and interface properties. Considerable
progress has been made in overcoming these and other obstacles, and
has led to recent measurements demonstrating sufficiently large valley
splitting and sufficiently long spin relaxation times for spin-qubit
initialization and read-out operations11–19.
In the present work, we form quantum dots by depleting charge

froma two-dimensional electron gas within a Si/SiGe undoped hetero-
structure with lithographically patterned electrostatic gates (Fig. 1).
We adjust the carrier concentration within the silicon quantum well
using an isolated global gate above the device, and we control the
charge states of the two quantum dots using the other gate electrodes.
After initially depleting the double dot of all but two electrons (with

one in each dot), we optimize the coupling of the quantum dots and
electron-bath tunnel barriers to allow coherent dot manipulations.
This and similar devices and the design advances that have facilitated
coherent operation are further described in ref. 11; the work presented
here used device C of that report.
Aspreviouslydescribed1 for aGaAsdoublequantumdot, the coherent

electronmanipulationswe discuss involve operating the silicon double
dot in the (1,1) charge configuration, where two electrons are
separated with one in each dot. In this configuration and at a finite
magnetic field, which splits off them561 spin triplet states, (1,1)T6,
the spin singlet state, (1,1)S, and the m5 0 spin triplet state, (1,1)T0,
may be treated as the two states of a qubit (Supplementary Informa-
tion). To measure these states, we rely on spin-to-charge conversion
based on Pauli spin blockade. Figure 2a shows a spin blockade sig-
nature at the (0,2)–(1,1) anticrossing obtained by cyclically pulsing the
gates to transfer the double dot through the (0,1)R (1,1)R (0,2)
sequence. During the (0,1)R (1,1) transition, an electron is loaded
from the bath into the left-hand dot. Both singlet and triplet states,
including states formed from different valleys, are populated.Whereas
the lowest-energy singlet state is able to freely transfer into (0,2), other
states, including the lowest-energy triplet, are blocked by the Pauli
exclusion principle15,20–22. This blockade is indicated by a change in
the conductance of a nearby quantum point contact (QPC), which
discriminates between the (1,1) and (0,2) dot charge states. The mea-
sured (0,2) signal level is used to define 100% singlet probability in
subsequent experiments. The conductance change between (1,1) and
(0,2), together with the known fractional time spent in the measure
phase and an experimentally estimated amount of blockade relaxation
during measurement, allows us directly to convert measured signal
to singlet probability for all data presented here (Supplementary
Information).

1HRL Laboratories LLC, 3011 Malibu Canyon Road, Malibu, California 90265, USA.
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30-nm Si0.67Ge0.33

2-nm Si 

100-nm Al2 O3

Field gate metala b

Figure 1 | Device design. a, Device cross-section showing undoped
heterostructure, dielectric and gate stack. b, Scanning electron micrograph of
actual device before dielectric isolation and field gate deposition. Electrostatic
gates are labelled L (left), T, R (right), PL, M, PR and Q; gates L and R are used
for fast pulsing. The straight arrows show current paths for transport
experiments (Supplementary Information), whereas the curved arrow shows
the path of current through the QPC. A numerical simulation of the electron
density for the two-electron (1,1) state is superimposed on the micrograph.
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HGS ¼ μBB · gGS · SþDGSS2z

þ
X

j

γjB · Ij þ S ·Aj;GS · Ij; ð1Þ

where S is the vector of spin-1matrices,gGS is the electronic
g tensor, μB the Bohr magneton, B is the external magnetic
field,DGS is the electronic zero-field splitting parameter, and
Aj;GS the hyperfine tensor coupling the j’th nearby nucleus
with spin Ij and gyromagnetic ratio γj. From left to right, the
four terms in Eq. (1) represent the electronic Zeeman effect,
the electronic crystal-field splitting, the nuclear Zeeman
effect, and the hyperfine interaction between electronic and
nuclear spins. At elevated temperatures, the form of the ES
Hamiltonian is similar to that of theGS,with gES substituting

for gGS, DES substituting for DGS, and Aj;ES substituting
for Aj;GS.
Silicon’s dominant isotope is 28Si, with zero nuclear spin,

but the spin-1=2 isotope 29Si also has a fairly high natural
abundance of 4.7%. We denote the state of a hyperfine-
coupled spin pair as jmS;mIi, where mS ∈ f−1; 0; 1g is
the electronic spin state andmI ∈ f↑;↓g is the 29Si nuclear
spin state. Before any optical pumping, the spin pairs are
in a statistical mixture of all six jmS;mIi states.
Optical illumination polarizes the color centers’ elec-

tronic spins into the mS ¼ 0 sublevel [44], a consequence
of a spin-dependent intersystem crossing [8,14,18,21]. The
degree of optically pumped electronic polarization for
divacancies in SiC is at least 60% [14]. Without hyperfine

FIG. 1 (color). (a) An illustration of the k1k1 divacancy (green circles) in 6H-SiC. The calculated spin density is represented by
orange-lobe isosurfaces and is primarily localized at the dangling bonds of the Si vacancy’s nearest C atoms. We measure the DNP of
29Si nuclei at the SiIIa and SiIIb sites. (b) Evolution of the ES and GS spin-sublevel energies with B, showing hyperfine-mediated
hybridization of the electronic and nuclear spin sublevels at the ESLAC and GSLAC. The states drawn in gray do not hybridize. (c) For
ESLAC-derived DNP, a hyperfine interaction in the ES causes j0;↓i to partially evolve into j−1;↑i every optical cycle. Together with
the electron-spin polarization provided by the intersystem crossing (green arrows), this interaction causes optical cycling (black arrows)
to polarize arbitrary jmS;mIi states into j0;↑i (highlighted). The ms ¼ þ1 electronic spin states do not participate in this process.
(d) For GSLAC-derived DNP, the mechanism is the same as in (c), but the relevant hyperfine interaction is in the GS.

TABLE I. Parameters for the c-axis-oriented neutral divacancies, PL6 defects, and coupled 29Si nuclei. ZPL stands for the zero-
phonon line. BothDGS andDES are positive [44]. All experimental parameters are measured at T ¼ 20 K, except forDES of PL6, where
the room-temperature value is provided. The DGS and Azz parameters are calculated at T ¼ 0 K, using the method in Ref. [16]. We
match the divacancy forms in 6H-SiC with their corresponding spin transitions by comparing the experimentally determined and
calculated DGS parameters. The SiIIa sites all have threefold degeneracy per defect, and the SiIIb sites all have sixfold degeneracy per
defect.

Defect
ZPL
(eV)

Sign of
ΔPL

DES
(GHz)

DGS
(GHz)

AzzðSiIIaÞ
(MHz)

AzzðSiIIbÞ
(MHz)

DGS
(GHZ)

AzzðSiIIaÞ
(MHz)

AzzðSiIIbÞ
(MHz)

4H-SiC experiment 4H-SiC calculation
hh diV 1.095 þ 0.84 1.336 12.3 9.2 1.358 11.6 9.3
kk diV 1.096 − 0.78 1.305 13.2 10.0 1.320 12.4 10.2
PL6 1.194 − 0.94 1.365 12.5 9.6 % % % % % % % % %

6H-SiC experiment 6H-SiC calculation
hh diV 1.092 þ 0.85 1.334 12.5 9.2 1.350 11.8 9.6
k1k1 diV 1.088 − 0.75 1.300 12.7 10.0 1.300 12.7 10.5
k2k2 diV 1.134 − 0.95 1.347 13.3 9.2 1.380 11.8 9.7

PRL 114, 247603 (2015) P HY S I CA L R EV I EW LE T T ER S week ending
19 JUNE 2015

247603-2

A. L. Falk et al., 
PRL (2015)

99% 12C (I=0)
  1% 13C (I=1/2)



Experimental breakthrough: Silicon Spin Qubits
GaAs Si 28Si

T2
* ~ 10 ns T2

* ~ 1 µs T2
* ~ 100-250 µs

Petta et al, 
Science 2005

Kawakami, 
Scarlino, et al, 

Nature Nano 2014

Veldhorst, et al, 
Nature Nano 2014

T2
DD ~ 0.2 ms T2

DD ~ 0.5 ms T2
DD ~ 28-500 ms

31P:28Si

T2
* ~ 0.6 s

T2
DD ~ 35 s

Muhonen et al,
Nature Nano 2014

Experimental breakthrough: Silicon qubits

adapted from L. Vandersypen (TU Delft)



Valley degeneracy (more in lecture 2)

graphene

|"i, |#i|" Ki, |# Ki, |" K 0i, |# K 0i

K K’

H =
J

8

⇣
(S1 · S2)(⌧1 · ⌧2) + S1 · S2 + ⌧1 · ⌧2

⌘
H = JS1 · S2 + const.
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Coupling of three-spin qubits to their electric environment

Maximilian Russ, Florian Ginzel, and Guido Burkard
Department of Physics, University of Konstanz, D-78457 Konstanz, Germany

We investigate the behavior of qubits consisting of three electron spins in double and triple quan-
tum dots subject to external electric fields. Our model includes two independent bias parameters, "
and "

M

, which both couple to external electromagnetic fields and can be controlled by gate voltages
applied to the quantum dot structures. By varying these parameters one can switch the qubit type
by shifting the energies in the single quantum dots thus changing the electron occupancy in each
dot. Starting from the asymmetric resonant (ARX) exchange qubit with a (2,0,1) and (1,0,2) charge
admixture one can smoothly cross over to the resonant exchange (RX) qubit with a detuned (1,1,1)
charge configuration, and to the exchange-only (EO) qubit with the same charge configuration but
equal energy levels down to the hybrid qubits with (1,2,0) and (0,2,1) charge configurations. Here,
(l,m, n) describes a configuration with l electrons in the left dot, m electrons in the center dot,
and n electrons in the right dot. We first focus on random electromagnetic field fluctuations, i.e.,
“charge noise”, at each quantum dot resulting in dephasing of the qubit and provide a complete
map of the resulting dephasing time as a function of the bias parameters. We pay special attention
to the so-called sweet spots and double sweet spots of the system which are least susceptible to
noise. In the second part we investigate the coupling of the qubit system to the coherent quantized
electromagnetic field in a superconducting strip-line cavity and also provide a complete map of the
coupling strength as a function of the bias parameters. We analyze the asymmetric qubit-cavity
coupling via " and the symmetric coupling via "

M

.

I. INTRODUCTION

Qubits based on the spin of electrons trapped in quan-
tum dots (QDs)1 are a leading candidate for enabling
quantum information processing. They provide long co-
herence times2–12, together with a scaleable architec-
ture for a dense qubit implementation. Semiconductor
materials like gallium arsenide (GaAs)13 and silicon14

are the most common choices as the host material for
QDs. One common feature of these implementations is
the need for control with electric fields at the nanoscale
which unavoidably couples the qubit system to electrical
noise1. Dominating sources of decoherence are nuclear
spins15–17, spin-orbit interaction18,19, and charge noise
from either the environment or the confining gates20–25.
The e↵ect of the first and second source of decoherence
can be drastically reduced by using silicon as the host
material due to its highly abundant nuclear spin free
isotope and a weak spin-orbit interaction21. Using ac-
tive noise suppression methods such as quantum error
correction26 and composite pulse sequences27–29 leaves
charge noise coupled to the spin as the remaining prob-
lem to be taken care of. Thus, additional passive suppres-
sion methods are needed such as optimal working points
(sweet spots)30,31 which vary in e↵ectiveness for di↵erent
qubit implementations.

Qubit implementations using single or multiple QDs
to encode a single qubit show high-fidelity gate opera-
tions, long decoherence times together with fast qubit
control allowing for many operations during the qubit
lifetime6,32–35. An advantage of multi-spin qubit encod-
ings consists in their improved protection against certain
types of noise36 together with faster gate operations37–41.
This ultimately leads to the three-spin- 12 qubits (see
Fig. 1); the exchange-only (EO) qubit allowing for full

FIG. 1. Schematic illustration of a three-spin qubit coupled to
a noisy electric environment. The environment can a↵ect the
electron spins directly through the gate voltages V

i

with i 2
{1, 2, 3} of each quantum dot (QD) or the exchange coupling
(green cloud) between the electron spins through the gate-
controlled tunnel hopping (t

l

and t

r

).

qubit control with only the exchange interaction37, the
resonant exchange (RX) qubit with permanently act-
ing exchange interaction and control through resonant
driving22,24,34, and the always-on exchange-only (AEON)
qubit with symmetric gate control25. Robustness against
charge noise can be achieved by operating the qubit on
sweet spots22 where the qubit energy splitting is ex-
tremal with respect to one noisy parameter or double
sweet spots25,42 where both noisy parameters are opti-
mized. In this paper we provide a full analysis of charge
noise for three-spin- 12 qubits (Fig. 1) and present opti-
mal working points. We go beyond previous work24,25

by exploring the full (", "
M

) parameter space. Moreover,
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Spin Qubits: summary of lecture 1

Spin, Qubits, Spin Qubits

Exchange coupling

Decoherence

Nuclear spins (magnetic noise):  
very long coherence in dilute nuclear spin materials

Materials issues
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Electric Dipole of an Electron

➤ coupling of EM fields to electron spin

➤ permanent magnetic dipole moment 

➤ permanent electric dipole moment 

 
 

➤ here: orbital electric dipole

➤ coupling between position and spin?

➤ 1 electron: spin-orbit coupling 

       or inhomogeneous B-field 
 
>1 electrons: Fermi statistics

H = �µ ·B� d ·E

ACME collab., Science 2014

d = er

d =
de
~/2S

|de| < 10�30emgµB ⇠ 10�4eV/T

µ = �gµBS

HHeisenberg ⇠ J(E)S1 · S2

HSOC ⇠ (e/2m2c2)S · (E⇥ p)
HrB ⇠ �er ·E� gµBr ·r(B · S)



➤ exchange coupling: fast 2-qubit gates  (0.1-1 ns)   Petta et al., Science 2005

➤ 1-qubit gates: slower and harder  (10-100 ns)   Koppens et al., Nature 2006


➤ increase single-qubit gate efficiency: EDSR   Nowack et al., Science 2007  
using spin-orbit coupling, nuclear spins, magnetic field gradient


➤ electric dipole leads to increased sensitivity to charge noise

Spin 1/2 Qubits

H =
�

�i,j⇥

Jij(t)Si · Sj +
�

i

gi(t)µBBi(t) · Si

exchange coupling electron spin resonance

S4S3S2S1



Two-spin (singlet-triplet) qubits

S = 0, 1
Sz = 0 |⇥⇤⌅ � |⇤⇥⌅ |�⇥⇤ + |⇥�⇤

S = 0, Sz = 0

S = 1, Sz = 1 |⇥⇤⌅ � |⇤⇥⌅

S =
1
2

Sz =
1
2

|⇥⇤⇥⌅ � |⇤⇥⇥⌅ 2|⇥⇥⇤⌅ � |⇥⇤⇥⌅ � |⇤⇥⇥⌅

qubit realization spin

S-T0 2 QDs, 2 electrons

S-T+ 2 QDs, 2 electrons 

three 
QDs, 3 
electron
single 
QD, 3 

electron

|0� |1�

|S�

|T �

|�⇥⇤ |⇥�⇤

J

�B

�B = BL �BR

BL
BR

J



➤ use three spins 1/2 to represent one qubit


➤ exchange alone can navigate this subspace (many qubits)

All-electric control: “Exchange only” qubits

|0i = 1p
2
(| " " #i � | # " "i)

|1i = 1p
6
(2| " # "i � | " " #i � | # " "i)

Bacon, Kempe, Lidar, and Whaley, Phys. Rev. Lett. 85, 1758 (2000) 
DiVincenzo, Bacon, Kempe, Burkard, and Whaley, Nature 408, 339 (2000)

H1/2 ⇥ H1/2 ⇥ H1/2 = H1/2 � H1/2 � H3/2

S = Sz = 1/2

H =
�

�i,j⇥

Jij(t)Si · Sj +
�

i

gi(t)µBBi(t) · Si

|0i

|1i

|"i

|#i

|"i

|#i

|"i

|#i



➤ exchange couplings rotate qubit  
about two non-collinear axes Jl and Jr


➤ generate arbitrary qubit rotations with exchange pulse sequences 
DiVincenzo, Bacon, Kempe, Burkard, Whaley, Nature 408, 339 (2000)


➤ experimental realization 
Laird et al.,  PRB 82, 075403 (2010)  
Gaudreau et al., Nature Phys. 8, 54 (2012)  
Medford et al.,  Nature Nano. 8, 654 (2013)  
Eng et al., Sciences Adv. e1500214 (2015)

One-qubit gates 
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At this detuning a fraction of r2 is in the excited qubit state, which
is energetically close to the |Ql state, allowing the Overhauser gradi-
ents to rotate that fraction out of the qubit space. This leakage into the
|Ql state occurs on a 10 ns timescale in both the data and theory,
which increases the decay of the Bloch vector r towards the centre
of the Bloch sphere in Fig. 6e,f,h as the probability exits the qubit sub-
space. The leakage is seen clearly in the rise of the |Ql population, PQ,
in Fig. 6g. The qubit state vector length in Fig. 6h acts as a measure of
qubit coherence and population, and it decays with T2*≈ 16 ns,
which is consistent with previous measurements.

In conclusion, we have demonstrated initialization, two-axis
electrical control, and self-consistent state reconstruction of an
exchange-only spin qubit. The exchange interaction allows extremely
fast qubit operation. Themethod of tomographic calibration we devel-
oped can be applied directly to other qubit systems to quantify
measurement errors. Future work will include investigating regimes

where Jl and Jr are simultaneously much larger than the nuclear gra-
dient Zeeman energy, which would suppress leakage into |Ql, and
structures comprising six dots that implement a fast two-qubit gate11.

Methods
Measurement tomography requires a choice of five input states, rj , which span the
qubit subspace. The initialization states |Sll and |Srl provide r1 and r2, respectively.
We create two additional states r3 and r4 by rotating |Sll around Jr at 1

S
3 and |Srl

around Jl at 1
S
4, respectively. These four input states span the qubit space. The rotated

states are subject to rotation errors, dephasing and leakage, which we need to
characterize using a phenomenological model for the dynamics and fit the
parameters of this model using experimental data.

To facilitate this, we use a series of states for r3 and r4. The noisy evolution of r3
and r4 is then modelled with a generalization of HJ(1) to the larger manifold of |0l,
|1l and |Ql, including the effects of DBl and DBr (see Supplementary Section SE
for details). During the calibration of the Ei values, we compare the model of this
evolution to the series of states r3(t3) created by initializing |Sll and rotating around
Jr at 1

S
3 for a set of times t3 before measuring. The series of states r4(t4) was produced
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Figure 6 | Measurement and state tomography. a–h, State tomography of the qubit during evolution around Jl. Measurement outcome probabilities for four
measurement bases for initial states r1 (red) and r2 (blue), pulsed towards 1S near the 201–111 charge transition, producing rotation mostly around Jl. The
solid curves in a–d are a fit to the model (Supplementary Section SF). Solid curves in g and h are generated from the model in a–d. a–d, Schematic and
measurements of P1(r1) (red) and P1(r2) (blue) (a), P2(r1) (red) and P2(r2) (blue) (b), P3(r1) (red) and P3(r2) (blue) (c) and P4(r1) (red) and P4(r2) (blue)
(d). e,f, Views of Bloch sphere with measurement axes. Graphical representation of the qubit portion of E1 (red), E2 (blue), E3 (green) and E4 (black).
g, Population of the leakage state as a function of separation time. h, Length of the Bloch vector as a function of separation time data (blue triangles), model
(blue curve) and Gaussian fit (width 16.4+0.9 ns) (dashed blue curve).
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➤ numerical solution for CNOT 
19 pulses in series in 13 time steps  
DiVincenzo et al., Nature 408, 339 (2000)


➤ exact analytical solution 
(roots of 96th degree polynomial) 
Kawano et al., Q. Inf. Proc. (2005)


➤ 8-parallel-pulse subsystem solution 
DiVincenzo et al., Nature 408, 339 (2000)


➤ subsystem: 22 serial pulses (13 steps)  
Fong & Wandzura, QI & QC (2011);    Zeuch & Bonesteel, PRA (2016)

Two-qubit gates: Controlled NOT
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JrJl➤ exchange-only: Jl=0, Jr=0  in idle state 
(low-bandwidth) pulse Jl or Jr for gates 
robust against charge noise (off state) 

➤ hybrid qubit: 3 electrons in 2 quantum dots  

➤ resonant exchange (RX): Jl, Jr always “on” 
radio-frequency pulse for gates: Jx or Jz 
 

➤ asymmetric RX (ARX) qubit 

➤ always-on exchange-only (AEON) qubit

Exchange-only, RX, hybrid, and AEON qubits

|1i = 1p
6
(2| " # "i � | " " #i � | # " "i)

Medford et al., PRL (2013);  Taylor et al., PRL (2013)  
Doherty and Wardrop, PRL (2013)

Y.-P. Shim and C. Tahan, PRB (2016)

|0i = 1p
2
(| " " #i � | # " "i)

|0i

|1i

Jl Jr

J
x

Jz

M. Russ and G. Burkard, PRB (2015)

Shi et al., PRL (2012);  Kim et al., Nature (2014) 



Exchange-only, RX, hybrid, and AEON qubits

S =
1
2

Sz = ±1
2
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qubit realization spin

spin 1/2
 

Loss & DiVincenzo 1998

1 QD, 1electron
Petta et al. 2005

singlet-triplet  
Levy 2002         Taylor et al. 2005  

Hanson & Burkard 2007

2 QDs, 2 electrons
Petta et al. 2005

exchange-only 
DiVincenzo, Kempe, Bacon, Burkard, Whaley 2000

RF-exchange (RFX)  
Medford et al.; Taylor et al.; Doherty et al., PRL 2013

3 QDs, 3 electrons

spin-charge 
(hybrid)
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Coupling of three-spin qubits to their electric environment
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We investigate the behavior of qubits consisting of three electron spins in double and triple quan-
tum dots subject to external electric fields. Our model includes two independent bias parameters, "
and "

M

, which both couple to external electromagnetic fields and can be controlled by gate voltages
applied to the quantum dot structures. By varying these parameters one can switch the qubit type
by shifting the energies in the single quantum dots thus changing the electron occupancy in each
dot. Starting from the asymmetric resonant (ARX) exchange qubit with a (2,0,1) and (1,0,2) charge
admixture one can smoothly cross over to the resonant exchange (RX) qubit with a detuned (1,1,1)
charge configuration, and to the exchange-only (EO) qubit with the same charge configuration but
equal energy levels down to the hybrid qubits with (1,2,0) and (0,2,1) charge configurations. Here,
(l,m, n) describes a configuration with l electrons in the left dot, m electrons in the center dot,
and n electrons in the right dot. We first focus on random electromagnetic field fluctuations, i.e.,
“charge noise”, at each quantum dot resulting in dephasing of the qubit and provide a complete
map of the resulting dephasing time as a function of the bias parameters. We pay special attention
to the so-called sweet spots and double sweet spots of the system which are least susceptible to
noise. In the second part we investigate the coupling of the qubit system to the coherent quantized
electromagnetic field in a superconducting strip-line cavity and also provide a complete map of the
coupling strength as a function of the bias parameters. We analyze the asymmetric qubit-cavity
coupling via " and the symmetric coupling via "

M

.

I. INTRODUCTION

Qubits based on the spin of electrons trapped in quan-
tum dots (QDs)1 are a leading candidate for enabling
quantum information processing. They provide long co-
herence times2–12, together with a scaleable architec-
ture for a dense qubit implementation. Semiconductor
materials like gallium arsenide (GaAs)13 and silicon14

are the most common choices as the host material for
QDs. One common feature of these implementations is
the need for control with electric fields at the nanoscale
which unavoidably couples the qubit system to electrical
noise1. Dominating sources of decoherence are nuclear
spins15–17, spin-orbit interaction18,19, and charge noise
from either the environment or the confining gates20–25.
The e↵ect of the first and second source of decoherence
can be drastically reduced by using silicon as the host
material due to its highly abundant nuclear spin free
isotope and a weak spin-orbit interaction21. Using ac-
tive noise suppression methods such as quantum error
correction26 and composite pulse sequences27–29 leaves
charge noise coupled to the spin as the remaining prob-
lem to be taken care of. Thus, additional passive suppres-
sion methods are needed such as optimal working points
(sweet spots)30,31 which vary in e↵ectiveness for di↵erent
qubit implementations.

Qubit implementations using single or multiple QDs
to encode a single qubit show high-fidelity gate opera-
tions, long decoherence times together with fast qubit
control allowing for many operations during the qubit
lifetime6,32–35. An advantage of multi-spin qubit encod-
ings consists in their improved protection against certain
types of noise36 together with faster gate operations37–41.
This ultimately leads to the three-spin- 12 qubits (see
Fig. 1); the exchange-only (EO) qubit allowing for full

FIG. 1. Schematic illustration of a three-spin qubit coupled to
a noisy electric environment. The environment can a↵ect the
electron spins directly through the gate voltages V

i

with i 2
{1, 2, 3} of each quantum dot (QD) or the exchange coupling
(green cloud) between the electron spins through the gate-
controlled tunnel hopping (t

l

and t

r

).

qubit control with only the exchange interaction37, the
resonant exchange (RX) qubit with permanently act-
ing exchange interaction and control through resonant
driving22,24,34, and the always-on exchange-only (AEON)
qubit with symmetric gate control25. Robustness against
charge noise can be achieved by operating the qubit on
sweet spots22 where the qubit energy splitting is ex-
tremal with respect to one noisy parameter or double
sweet spots25,42 where both noisy parameters are opti-
mized. In this paper we provide a full analysis of charge
noise for three-spin- 12 qubits (Fig. 1) and present opti-
mal working points. We go beyond previous work24,25

by exploring the full (", "
M

) parameter space. Moreover,
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We investigate the behavior of qubits consisting of three electron spins in double and triple quan-
tum dots subject to external electric fields. Our model includes two independent bias parameters, "
and "

M

, which both couple to external electromagnetic fields and can be controlled by gate voltages
applied to the quantum dot structures. By varying these parameters one can switch the qubit type
by shifting the energies in the single quantum dots thus changing the electron occupancy in each
dot. Starting from the asymmetric resonant (ARX) exchange qubit with a (2,0,1) and (1,0,2) charge
admixture one can smoothly cross over to the resonant exchange (RX) qubit with a detuned (1,1,1)
charge configuration, and to the exchange-only (EO) qubit with the same charge configuration but
equal energy levels down to the hybrid qubits with (1,2,0) and (0,2,1) charge configurations. Here,
(l,m, n) describes a configuration with l electrons in the left dot, m electrons in the center dot,
and n electrons in the right dot. We first focus on random electromagnetic field fluctuations, i.e.,
“charge noise”, at each quantum dot resulting in dephasing of the qubit and provide a complete
map of the resulting dephasing time as a function of the bias parameters. We pay special attention
to the so-called sweet spots and double sweet spots of the system which are least susceptible to
noise. In the second part we investigate the coupling of the qubit system to the coherent quantized
electromagnetic field in a superconducting strip-line cavity and also provide a complete map of the
coupling strength as a function of the bias parameters. We analyze the asymmetric qubit-cavity
coupling via " and the symmetric coupling via "

M

.

I. INTRODUCTION

Qubits based on the spin of electrons trapped in quan-
tum dots (QDs)1 are a leading candidate for enabling
quantum information processing. They provide long co-
herence times2–12, together with a scaleable architec-
ture for a dense qubit implementation. Semiconductor
materials like gallium arsenide (GaAs)13 and silicon14

are the most common choices as the host material for
QDs. One common feature of these implementations is
the need for control with electric fields at the nanoscale
which unavoidably couples the qubit system to electrical
noise1. Dominating sources of decoherence are nuclear
spins15–17, spin-orbit interaction18,19, and charge noise
from either the environment or the confining gates20–25.
The e↵ect of the first and second source of decoherence
can be drastically reduced by using silicon as the host
material due to its highly abundant nuclear spin free
isotope and a weak spin-orbit interaction21. Using ac-
tive noise suppression methods such as quantum error
correction26 and composite pulse sequences27–29 leaves
charge noise coupled to the spin as the remaining prob-
lem to be taken care of. Thus, additional passive suppres-
sion methods are needed such as optimal working points
(sweet spots)30,31 which vary in e↵ectiveness for di↵erent
qubit implementations.

Qubit implementations using single or multiple QDs
to encode a single qubit show high-fidelity gate opera-
tions, long decoherence times together with fast qubit
control allowing for many operations during the qubit
lifetime6,32–35. An advantage of multi-spin qubit encod-
ings consists in their improved protection against certain
types of noise36 together with faster gate operations37–41.
This ultimately leads to the three-spin- 12 qubits (see
Fig. 1); the exchange-only (EO) qubit allowing for full

FIG. 1. Schematic illustration of a three-spin qubit coupled to
a noisy electric environment. The environment can a↵ect the
electron spins directly through the gate voltages V

i

with i 2
{1, 2, 3} of each quantum dot (QD) or the exchange coupling
(green cloud) between the electron spins through the gate-
controlled tunnel hopping (t

l

and t

r

).

qubit control with only the exchange interaction37, the
resonant exchange (RX) qubit with permanently act-
ing exchange interaction and control through resonant
driving22,24,34, and the always-on exchange-only (AEON)
qubit with symmetric gate control25. Robustness against
charge noise can be achieved by operating the qubit on
sweet spots22 where the qubit energy splitting is ex-
tremal with respect to one noisy parameter or double
sweet spots25,42 where both noisy parameters are opti-
mized. In this paper we provide a full analysis of charge
noise for three-spin- 12 qubits (Fig. 1) and present opti-
mal working points. We go beyond previous work24,25

by exploring the full (", "
M

) parameter space. Moreover,
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We investigate the behavior of qubits consisting of three electron spins in double and triple quan-
tum dots subject to external electric fields. Our model includes two independent bias parameters, "
and "

M

, which both couple to external electromagnetic fields and can be controlled by gate voltages
applied to the quantum dot structures. By varying these parameters one can switch the qubit type
by shifting the energies in the single quantum dots thus changing the electron occupancy in each
dot. Starting from the asymmetric resonant (ARX) exchange qubit with a (2,0,1) and (1,0,2) charge
admixture one can smoothly cross over to the resonant exchange (RX) qubit with a detuned (1,1,1)
charge configuration, and to the exchange-only (EO) qubit with the same charge configuration but
equal energy levels down to the hybrid qubits with (1,2,0) and (0,2,1) charge configurations. Here,
(l,m, n) describes a configuration with l electrons in the left dot, m electrons in the center dot,
and n electrons in the right dot. We first focus on random electromagnetic field fluctuations, i.e.,
“charge noise”, at each quantum dot resulting in dephasing of the qubit and provide a complete
map of the resulting dephasing time as a function of the bias parameters. We pay special attention
to the so-called sweet spots and double sweet spots of the system which are least susceptible to
noise. In the second part we investigate the coupling of the qubit system to the coherent quantized
electromagnetic field in a superconducting strip-line cavity and also provide a complete map of the
coupling strength as a function of the bias parameters. We analyze the asymmetric qubit-cavity
coupling via " and the symmetric coupling via "

M

.

I. INTRODUCTION

Qubits based on the spin of electrons trapped in quan-
tum dots (QDs)1 are a leading candidate for enabling
quantum information processing. They provide long co-
herence times2–12, together with a scaleable architec-
ture for a dense qubit implementation. Semiconductor
materials like gallium arsenide (GaAs)13 and silicon14

are the most common choices as the host material for
QDs. One common feature of these implementations is
the need for control with electric fields at the nanoscale
which unavoidably couples the qubit system to electrical
noise1. Dominating sources of decoherence are nuclear
spins15–17, spin-orbit interaction18,19, and charge noise
from either the environment or the confining gates20–25.
The e↵ect of the first and second source of decoherence
can be drastically reduced by using silicon as the host
material due to its highly abundant nuclear spin free
isotope and a weak spin-orbit interaction21. Using ac-
tive noise suppression methods such as quantum error
correction26 and composite pulse sequences27–29 leaves
charge noise coupled to the spin as the remaining prob-
lem to be taken care of. Thus, additional passive suppres-
sion methods are needed such as optimal working points
(sweet spots)30,31 which vary in e↵ectiveness for di↵erent
qubit implementations.

Qubit implementations using single or multiple QDs
to encode a single qubit show high-fidelity gate opera-
tions, long decoherence times together with fast qubit
control allowing for many operations during the qubit
lifetime6,32–35. An advantage of multi-spin qubit encod-
ings consists in their improved protection against certain
types of noise36 together with faster gate operations37–41.
This ultimately leads to the three-spin- 12 qubits (see
Fig. 1); the exchange-only (EO) qubit allowing for full

FIG. 1. Schematic illustration of a three-spin qubit coupled to
a noisy electric environment. The environment can a↵ect the
electron spins directly through the gate voltages V

i

with i 2
{1, 2, 3} of each quantum dot (QD) or the exchange coupling
(green cloud) between the electron spins through the gate-
controlled tunnel hopping (t

l

and t
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).

qubit control with only the exchange interaction37, the
resonant exchange (RX) qubit with permanently act-
ing exchange interaction and control through resonant
driving22,24,34, and the always-on exchange-only (AEON)
qubit with symmetric gate control25. Robustness against
charge noise can be achieved by operating the qubit on
sweet spots22 where the qubit energy splitting is ex-
tremal with respect to one noisy parameter or double
sweet spots25,42 where both noisy parameters are opti-
mized. In this paper we provide a full analysis of charge
noise for three-spin- 12 qubits (Fig. 1) and present opti-
mal working points. We go beyond previous work24,25

by exploring the full (", "
M

) parameter space. Moreover,
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Charge noise in the RX qubit
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1

2
(V1 � V3)
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1

2
(V1 + V3 � 2V2) + U � 2Uc

Robustness against ε and Δ noise: 
“double sweet spot” (DSS) in (ε,Δ) space?

5

FIG. 5. a) Plot of the energy gap between the lowest eigenenergies ~! = E2 � E1 as a function of the detuning parameters
", �. We set the hopping parameters to tl = 0.022meV and tr = 0.015meV. The black point marks the position of the sweet
spot (",�) = (0.0074meV, 0.0015meV) with the resonant frequency ~! = 9.2µeV, which is a saddle point. In b) the position
of the sweet spot for the detuning parameters " and � is plotted as a function of the hopping di↵erence �t = tl � tr, with
tr = 0.015meV.

where we have used

@J

@"
=

@j

@�
=

1

!

1

�2 � "2
("J ��j) , (13)

@J

@�
=

@j

@"
=

1

!

1

�2 � "2
(��J + "j) . (14)

The condition @!

@"

= @!

@� = 0 cannot be fulfilled for " 6=
�. Therefore, we cannot find a sweet spot in the non-
degenerate regime.

B. Degenerate regime (exact solution)

Since no sweet spot is found within the scope of the SW
approximation, we now investigate the degenerate regime
|" ±�| . t

l,r

, which is outside the scope of the SW ap-
proximation, and in particular the low bias regime�, " !
0. For this purpose, we directly calculate the eigenener-
gies of the subspace Hubbard Hamiltonian, Eq. (3). We
denote the eigenenergies E1  E2  E3  E4 and note
that they are functions of the two detuning parameters "
and � as well as the two hopping parameters t

l

and t
r

.
Analytical expressions for E

i

can be obtained, and are
shown in Appendix A. The qubit states are defined as
the two lowest energy levels which match the RX qubits
states in the (1,1,1) charge sector, with energy separation
~! = E2 �E1. In Fig. 5(a) we plot ~! for fixed hopping
parameters. Here, we indeed find a sweet spot (indicated
with a black dot) near but not exactly at " = � = 0.
The position of the sweet spot in (",�) space is shown
in Fig. 5(b) for t

r

= 0.015meV as a function of the hop-
ping strength di↵erence �t ⌘ t

l

� t
r

. The formula used
to calculate the energy gap and the sweet spot is given
in Appendix A. The resulting sweet spots always fulfill

the condition " � |�|, hence they are located outside the
strict (1,1,1) charge configuration and the qubit states
acquire a component of states with a double occupation
of the right dot (1,0,2) and the left dot (2,0,1). However,
being a sweet spot, the qubit at this working point is
only weakly coupled to charge noise. In the special case
of symmetric hopping, t

l

= t
r

, we find a sweet spot at
" = � = 0.

C. Leakage discussion

One could expect that leakage is a problem in the de-
generate regime because unlike in the RX regime, where
the energy gap between the two logical qubit states is
much smaller than to the leakage states, at the sweet spot
the energy gap between the qubit states and between one
qubit state and the leakage states have the same order
of magnitude. However the energy gaps are not compa-
rable, e.g. for the symmetric case t

l

= t
r

the energy gap
to the nearest leakage state is approximately three times
the qubit resonance frequency and even larger for other
leakage states, resulting in very small Rabi amplitudes
to leakage states. Furthermore, the dynamics also show
greatly suppressed leakage if only one parameter " or �
is driven with the resonant frequency !(",�). E.g., Rabi
transitions between the qubit states are much faster if " is
periodically driven in contrast to transitions between the
energy levels E2, E3, where the detuning parameter �
needs to be driven. The reason for the sensitivity to only
one parameter is the curvature of the energy di↵erence
with respect to the detuning parameters, which gives the
Rabi frequency, since at the sweet spot the first order
coupling vanishes. In other words we have to compare

|s1,1/2i ⌘ |si11 |"i3 = |"#, "i

|s3,1/2i ⌘ |"i1 |si33 = |", "#i

|0i ⌘ 1p
2

�
|""#i � |#""i

�

|1i ⌘ 1p
6

�
2 |"#"i � |""#i � |#""i

�

qubitASYMMETRIC RESONANT EXCHANGE QUBIT UNDER THE . . . PHYSICAL REVIEW B 91, 235411 (2015)

FIG. 5. (Color online) (a) Plot of the energy gap between the lowest eigenenergies !ω = E2 − E1 as a function of the detuning parameters
ε, #. We set the hopping parameters to be tl = 0.022 meV and tr = 0.015 meV. The black point marks the position of the sweet spot
(ε,#) = (0.0074 meV, 0.0015 meV) with the resonant frequency !ω = 9.2 µeV, which is a saddle point. In (b) the position of the sweet spot
for the detuning parameters ε and # is plotted as a function of the hopping difference δt = tl − tr , with tr = 0.015 meV.

the energy gap between the qubit states and between one qubit
state and the leakage states have the same order of magnitude.
However, the energy gaps are not comparable, e.g., for the
symmetric case tl = tr the energy gap to the nearest leakage
state is approximately 3 times the qubit resonance frequency
and even larger for other leakage states, resulting in very small
Rabi amplitudes to leakage states. Furthermore, the dynamics
also show greatly suppressed leakage if only one parameter
ε or # is driven with the resonant frequency ω(ε,#), e.g.,
Rabi transitions between the qubit states are much faster if
ε is periodically driven in contrast to transitions between the
energy levels E2, E3, where the detuning parameter # needs to
be driven. The reason for the sensitivity to only one parameter
is the curvature of the energy difference with respect to the
detuning parameters, which determines the Rabi frequency,
since the first-order coupling vanishes at the sweet spot. In
other words, we have to compare the second derivatives of the
resonance frequency with respect to ε and # to estimate the
Rabi frequencies. For the energy gap between the qubit states
ε dominates since ∂2ω

∂ε2 |ε0,#0 ≫ ∂2ω
∂#2 |ε0,#0 , while for transitions

between the energy levels E2, E3 driving with respect to #

dominates due to ∂2ω
∂#2 |ε0,#0 ≫ ∂2ω

∂ε2 |ε0,#0 .

IV. PURE DEPHASING

In this section we investigate the effects of charge noise
on the RX qubit at the sweet spot in the asymmetric charge
configuration (degenerate regime) in comparison to the effects
on the RX qubits [19,20] within the nondegenerate (standard
RX regime) with symmetric (1,1,1) charge configuration.
Since no sweet spot can be found within the RX regime,
the eigenenergies couple linearly to both noisy parameters
δε and δ#, giving rise to a dephasing time which scales
inversely proportional with the noise amplitude. However,
within the RX regime, one can find the best working points,
where one parameters is minimized, e.g., # ≈ −(8/7) y ε or
ε ≈ −(8/5) y #, which corresponds to a sweet spot for one
parameter, where the dephasing time is inversely proportional
in the other parameter. At the real sweet spot found in
this work this scaling is at least inversely quadratic. This
characteristic trait can be observed in Fig. 6(a), where the

estimated dephasing time is plotted as a function of the noise
level. For a current noise level on the order of µeV [35,36], the
RX regime appears to be the better choice, since the resulting
dephasing times in the RX regime are two orders of magnitudes
longer than at the sweet spots. However, below a noise level on
the order of 10−2 µeV, it becomes advantageous to choose the
sweet spots due to the better scaling. In the subsection below,
we resent the free decay model used for the calculation of Tϕ .

A. Dephasing model

To study dephasing, we start from the noisy RX qubit
Hamiltonian Eq. (5) and focus on the longitudinal noise δωz.
The time evolution operator U (t,t0) from an initial time t0 to
some later time t can be written as

U (t,t0) = exp [−iφ(t)σz] (15)

with the accumulated phase

φ(t) =
∫ t

t0

dt ′δωz(t ′)

=
∫ t

t0

dt ′
[
ωεδε(t ′) + ω#δ#(t ′) + 1

2
ωε,εδε(t ′)2

+1
2
ω#,#δ#(t ′)2 + ωε,#δε(t ′)δ#(t ′)

]
. (16)

The time ordering operator is not needed, because only
longitudinal coupling (σz) is considered. Considering the
effects of an initial coherent superposition of the qubit |+⟩ =

1√
2
(|0⟩ + |1⟩) we find

|)(t)⟩ = 1√
2

[|0⟩ + eiφ(t)|1⟩]. (17)

One observable of interest is the mapping on the initial state
P = |+⟩⟨+|, which leads to the free decay ansatz [37]

⟨P ⟩ = |⟨+|U (t,t0)|+⟩|2 = 1
2 [1 + f̃ (t)]. (18)

The function f̃ (t) describes the dephasing in a free decay
model and is given for Gaussian distributed noise by

f̃ (t) ≡ ⟨eiφ⟩ ≈ exp
[
− 1

2 ⟨φ(t)2⟩
]
. (19)
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I. INTRODUCTION

Qubits based on the spin of electrons trapped in quan-
tum dots (QDs)1 are a leading candidate for enabling
quantum information processing. They provide long co-
herence times2–12, together with a scaleable architec-
ture for a dense qubit implementation. Semiconductor
materials like gallium arsenide (GaAs)13 and silicon14

are the most common choices as the host material for
QDs. One common feature of these implementations is
the need for control with electric fields at the nanoscale
which unavoidably couples the qubit system to electrical
noise1. Dominating sources of decoherence are nuclear
spins15–17, spin-orbit interaction18,19, and charge noise
from either the environment or the confining gates20–25.
The e↵ect of the first and second source of decoherence
can be drastically reduced by using silicon as the host
material due to its highly abundant nuclear spin free
isotope and a weak spin-orbit interaction21. Using ac-
tive noise suppression methods such as quantum error
correction26 and composite pulse sequences27–29 leaves
charge noise coupled to the spin as the remaining prob-
lem to be taken care of. Thus, additional passive suppres-
sion methods are needed such as optimal working points
(sweet spots)30,31 which vary in e↵ectiveness for di↵erent
qubit implementations.

Qubit implementations using single or multiple QDs
to encode a single qubit show high-fidelity gate opera-
tions, long decoherence times together with fast qubit
control allowing for many operations during the qubit
lifetime6,32–35. An advantage of multi-spin qubit encod-
ings consists in their improved protection against certain
types of noise36 together with faster gate operations37–41.
This ultimately leads to the three-spin- 12 qubits (see
Fig. 1); the exchange-only (EO) qubit allowing for full

FIG. 1. Schematic illustration of a three-spin qubit coupled to
a noisy electric environment. The environment can a↵ect the
electron spins directly through the gate voltages V

i

with i 2
{1, 2, 3} of each quantum dot (QD) or the exchange coupling
(green cloud) between the electron spins through the gate-
controlled tunnel hopping (t

l

and t

r

).

qubit control with only the exchange interaction37, the
resonant exchange (RX) qubit with permanently act-
ing exchange interaction and control through resonant
driving22,24,34, and the always-on exchange-only (AEON)
qubit with symmetric gate control25. Robustness against
charge noise can be achieved by operating the qubit on
sweet spots22 where the qubit energy splitting is ex-
tremal with respect to one noisy parameter or double
sweet spots25,42 where both noisy parameters are opti-
mized. In this paper we provide a full analysis of charge
noise for three-spin- 12 qubits (Fig. 1) and present opti-
mal working points. We go beyond previous work24,25

by exploring the full (", "
M

) parameter space. Moreover,
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FIG. 2. (Color online) Schematic representation of a triple quan-
tum dot confined by a potential V (x) occupied by three electrons
(red dots). There are 20 possible configurations for the electrons if
only one orbital per QD is considered. The hopping matrix element
of electrons between the quantum dots is denoted by tl and tr . Here
we describe the response of the system to two noisy energy bias
parameters: (a) the energy difference ε between the outer dots, with
noise amplitude δε, and (b) the energy difference # between the
middle dot and the mean energy of the outer dots, with the noise
amplitude δ#.

an inconsequential global phase of the qubit wave function.
More precisely, we define the noisy voltage difference ε =
(Ṽ1 − Ṽ3)/2 = ε0 + δε and the noisy effective center voltage
# = U − 2Uc − Vm,0 − δ# = #0 − δ# which also accounts
for fluctuations in the Coulomb energies U and Uc. Here
the variables with subscript 0 indicate the parameters in the
absence of noise.

We define the RX qubit as the subspace spanned by the two
eigenvectors corresponding to the smallest two eigenvalues
of H̄ . In its eigenbasis, the qubit Hamiltonian can then be
expressed as

HRX = !ω

2
σz, (4)

with the Pauli σz matrix and the energy splitting !ω. The
effect of the fluctuations δε and δ# in the parameters ε and #
described by H̄ in Eq. (3) leads to fluctuating terms in the RX
qubit Hamiltonian. In the eigenbasis of the unperturbed RX
qubit, these terms have the form

HRX = !
2

[(ω0 + δωz)σz + δωxσx + δωyσy] (5)

with the unperturbed eigenfrequency ω0 and the longitudinal
corrections (up to second order)

δωz = ωεδε + ω#δ# + ωε,ε

2
δε2 + ω#,#

2
δ#2 + ωε,#δεδ#.

(6)

Here the first derivatives of the qubit frequency ωp = ∂ω
∂p

|ε0,#0

determine the location of the sweet spot via the condition
ωε = ω# = 0 (see below), while the second derivatives ωp,q =
∂2ω
∂p∂q

|ε0,#0 with p,q = ε,# limit the phase coherence of the RX
qubit at the sweet spot. The transverse contributions δωx,y are
needed to calculate the qubit relaxation time, which is not our
concern here. The longitudinal contribution δωz represents the
strength of the coupling between the qubit and the noise in
first order and thus should be eliminated. Hence, the points
(ε,#) in parameter space where δωz = 0 are known as “sweet
spots.” This becomes clear when expanding the eigenenergy
difference from Eq. (5),

ω =
√

(ω0 + δωz)2 + δω2
x + δω2

y

≃ ω0 + δωz + δω2
x

2ω0
+

δω2
y

2ω0
+ O(δω3). (7)

Away from the degeneracy lines ε = ±#, the effect of the
coupling to the (2,0,1), (1,0,2) states |s1,1/2⟩, |s3,1/2⟩ can be
taken into account using an effective Hamiltonian in the low-
energy (1,1,1) subspace which can be obtained by applying
a Schrieffer-Wolff (SW) transformation Heff = eSH̄ e−S such
that the resulting matrix is block-diagonal in lowest order S ∼
tl,tr . As a result, we find the Heisenberg Hamiltonian,

HHeis = Jl S1 · S2 + Jr S2 · S3, (8)

with the exchange energies Jl = t2
l /(# + ε) and Jr = t2

r /(# −
ε). In the logical subspace spanned by |0⟩ and |1⟩, the
Heisenberg Hamiltonian becomes

H = −J

2
|0⟩⟨0| − 3J

2
|1⟩⟨1| −

√
3

2
j (|0⟩⟨1| + |1⟩⟨0|) (9)

with the mean exchange parameter J = (Jl + Jr )/2 and the
exchange difference j = (Jl − Jr )/2. Diagonalizing H , we
can write the RX qubit Hamiltonian in its eigenbasis, Eq. (4),
with

!ω =
√

J 2 + 3j 2. (10)

III. DEPHASING OF THE RX QUBIT

A. Nondegenerate regime (SW approximation)

In our analysis, we first investigate the special case of only
one noisy detuning parameter, e.g., setting either δ# = 0 or
δε = 0. Our results in this simple case are plotted in Fig. 3
and show a minimum of ω(ε,#) at (a) εmin ≈ −(8/5) y #0
for fixed #0 and (b) #min ≈ −(8/7) y ε0 for fixed ε0, where
y = (tr − tl)/(tr + tl) denotes the hopping asymmetry. These
minima are sweet spots for one fluctuating parameter; one
of them has been studied previously [19]. The qubit energy
splitting is in general a function of both ε and #, as shown in
Fig. 4.

In the nondegenerate regime |# ± ε| ≫ tl,r , we can study
the influence of the electric charge noise on the RX qubit
by expanding the low-energy Hamiltonian Eq. (9) to first
order in δε and δ#. We transform the result into the
eigenbasis of the unperturbed Hamiltonian, leading us to
Eq. (5), with δωx =

√
3(J δj − jδJ )/2ω, δωy = 0, assuming
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FIG. 5. (Color online) (a) Plot of the energy gap between the lowest eigenenergies !ω = E2 − E1 as a function of the detuning parameters
ε, #. We set the hopping parameters to be tl = 0.022 meV and tr = 0.015 meV. The black point marks the position of the sweet spot
(ε,#) = (0.0074 meV, 0.0015 meV) with the resonant frequency !ω = 9.2 µeV, which is a saddle point. In (b) the position of the sweet spot
for the detuning parameters ε and # is plotted as a function of the hopping difference δt = tl − tr , with tr = 0.015 meV.

the energy gap between the qubit states and between one qubit
state and the leakage states have the same order of magnitude.
However, the energy gaps are not comparable, e.g., for the
symmetric case tl = tr the energy gap to the nearest leakage
state is approximately 3 times the qubit resonance frequency
and even larger for other leakage states, resulting in very small
Rabi amplitudes to leakage states. Furthermore, the dynamics
also show greatly suppressed leakage if only one parameter
ε or # is driven with the resonant frequency ω(ε,#), e.g.,
Rabi transitions between the qubit states are much faster if
ε is periodically driven in contrast to transitions between the
energy levels E2, E3, where the detuning parameter # needs to
be driven. The reason for the sensitivity to only one parameter
is the curvature of the energy difference with respect to the
detuning parameters, which determines the Rabi frequency,
since the first-order coupling vanishes at the sweet spot. In
other words, we have to compare the second derivatives of the
resonance frequency with respect to ε and # to estimate the
Rabi frequencies. For the energy gap between the qubit states
ε dominates since ∂2ω

∂ε2 |ε0,#0 ≫ ∂2ω
∂#2 |ε0,#0 , while for transitions

between the energy levels E2, E3 driving with respect to #

dominates due to ∂2ω
∂#2 |ε0,#0 ≫ ∂2ω

∂ε2 |ε0,#0 .

IV. PURE DEPHASING

In this section we investigate the effects of charge noise
on the RX qubit at the sweet spot in the asymmetric charge
configuration (degenerate regime) in comparison to the effects
on the RX qubits [19,20] within the nondegenerate (standard
RX regime) with symmetric (1,1,1) charge configuration.
Since no sweet spot can be found within the RX regime,
the eigenenergies couple linearly to both noisy parameters
δε and δ#, giving rise to a dephasing time which scales
inversely proportional with the noise amplitude. However,
within the RX regime, one can find the best working points,
where one parameters is minimized, e.g., # ≈ −(8/7) y ε or
ε ≈ −(8/5) y #, which corresponds to a sweet spot for one
parameter, where the dephasing time is inversely proportional
in the other parameter. At the real sweet spot found in
this work this scaling is at least inversely quadratic. This
characteristic trait can be observed in Fig. 6(a), where the

estimated dephasing time is plotted as a function of the noise
level. For a current noise level on the order of µeV [35,36], the
RX regime appears to be the better choice, since the resulting
dephasing times in the RX regime are two orders of magnitudes
longer than at the sweet spots. However, below a noise level on
the order of 10−2 µeV, it becomes advantageous to choose the
sweet spots due to the better scaling. In the subsection below,
we resent the free decay model used for the calculation of Tϕ .

A. Dephasing model

To study dephasing, we start from the noisy RX qubit
Hamiltonian Eq. (5) and focus on the longitudinal noise δωz.
The time evolution operator U (t,t0) from an initial time t0 to
some later time t can be written as

U (t,t0) = exp [−iφ(t)σz] (15)

with the accumulated phase

φ(t) =
∫ t

t0

dt ′δωz(t ′)

=
∫ t

t0

dt ′
[
ωεδε(t ′) + ω#δ#(t ′) + 1

2
ωε,εδε(t ′)2

+1
2
ω#,#δ#(t ′)2 + ωε,#δε(t ′)δ#(t ′)

]
. (16)

The time ordering operator is not needed, because only
longitudinal coupling (σz) is considered. Considering the
effects of an initial coherent superposition of the qubit |+⟩ =

1√
2
(|0⟩ + |1⟩) we find

|)(t)⟩ = 1√
2

[|0⟩ + eiφ(t)|1⟩]. (17)

One observable of interest is the mapping on the initial state
P = |+⟩⟨+|, which leads to the free decay ansatz [37]

⟨P ⟩ = |⟨+|U (t,t0)|+⟩|2 = 1
2 [1 + f̃ (t)]. (18)

The function f̃ (t) describes the dephasing in a free decay
model and is given for Gaussian distributed noise by

f̃ (t) ≡ ⟨eiφ⟩ ≈ exp
[
− 1

2 ⟨φ(t)2⟩
]
. (19)
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FIG. 5. a) Plot of the energy gap between the lowest eigenenergies ~! = E2 � E1 as a function of the detuning parameters
", �. We set the hopping parameters to tl = 0.022meV and tr = 0.015meV. The black point marks the position of the sweet
spot (",�) = (0.0074meV, 0.0015meV) with the resonant frequency ~! = 9.2µeV, which is a saddle point. In b) the position
of the sweet spot for the detuning parameters " and � is plotted as a function of the hopping di↵erence �t = tl � tr, with
tr = 0.015meV.

where we have used

@J

@"
=

@j

@�
=

1

!

1

�2 � "2
("J ��j) , (13)

@J

@�
=

@j

@"
=

1

!

1

�2 � "2
(��J + "j) . (14)

The condition @!

@"

= @!

@� = 0 cannot be fulfilled for " 6=
�. Therefore, we cannot find a sweet spot in the non-
degenerate regime.

B. Degenerate regime (exact solution)

Since no sweet spot is found within the scope of the SW
approximation, we now investigate the degenerate regime
|" ±�| . t

l,r

, which is outside the scope of the SW ap-
proximation, and in particular the low bias regime�, " !
0. For this purpose, we directly calculate the eigenener-
gies of the subspace Hubbard Hamiltonian, Eq. (3). We
denote the eigenenergies E1  E2  E3  E4 and note
that they are functions of the two detuning parameters "
and � as well as the two hopping parameters t

l

and t
r

.
Analytical expressions for E

i

can be obtained, and are
shown in Appendix A. The qubit states are defined as
the two lowest energy levels which match the RX qubits
states in the (1,1,1) charge sector, with energy separation
~! = E2 �E1. In Fig. 5(a) we plot ~! for fixed hopping
parameters. Here, we indeed find a sweet spot (indicated
with a black dot) near but not exactly at " = � = 0.
The position of the sweet spot in (",�) space is shown
in Fig. 5(b) for t

r

= 0.015meV as a function of the hop-
ping strength di↵erence �t ⌘ t

l

� t
r

. The formula used
to calculate the energy gap and the sweet spot is given
in Appendix A. The resulting sweet spots always fulfill

the condition " � |�|, hence they are located outside the
strict (1,1,1) charge configuration and the qubit states
acquire a component of states with a double occupation
of the right dot (1,0,2) and the left dot (2,0,1). However,
being a sweet spot, the qubit at this working point is
only weakly coupled to charge noise. In the special case
of symmetric hopping, t

l

= t
r

, we find a sweet spot at
" = � = 0.

C. Leakage discussion

One could expect that leakage is a problem in the de-
generate regime because unlike in the RX regime, where
the energy gap between the two logical qubit states is
much smaller than to the leakage states, at the sweet spot
the energy gap between the qubit states and between one
qubit state and the leakage states have the same order
of magnitude. However the energy gaps are not compa-
rable, e.g. for the symmetric case t

l

= t
r

the energy gap
to the nearest leakage state is approximately three times
the qubit resonance frequency and even larger for other
leakage states, resulting in very small Rabi amplitudes
to leakage states. Furthermore, the dynamics also show
greatly suppressed leakage if only one parameter " or �
is driven with the resonant frequency !(",�). E.g., Rabi
transitions between the qubit states are much faster if " is
periodically driven in contrast to transitions between the
energy levels E2, E3, where the detuning parameter �
needs to be driven. The reason for the sensitivity to only
one parameter is the curvature of the energy di↵erence
with respect to the detuning parameters, which gives the
Rabi frequency, since at the sweet spot the first order
coupling vanishes. In other words we have to compare
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FIG. 5. (Color online) (a) Plot of the energy gap between the lowest eigenenergies !ω = E2 − E1 as a function of the detuning parameters
ε, #. We set the hopping parameters to be tl = 0.022 meV and tr = 0.015 meV. The black point marks the position of the sweet spot
(ε,#) = (0.0074 meV, 0.0015 meV) with the resonant frequency !ω = 9.2 µeV, which is a saddle point. In (b) the position of the sweet spot
for the detuning parameters ε and # is plotted as a function of the hopping difference δt = tl − tr , with tr = 0.015 meV.

the energy gap between the qubit states and between one qubit
state and the leakage states have the same order of magnitude.
However, the energy gaps are not comparable, e.g., for the
symmetric case tl = tr the energy gap to the nearest leakage
state is approximately 3 times the qubit resonance frequency
and even larger for other leakage states, resulting in very small
Rabi amplitudes to leakage states. Furthermore, the dynamics
also show greatly suppressed leakage if only one parameter
ε or # is driven with the resonant frequency ω(ε,#), e.g.,
Rabi transitions between the qubit states are much faster if
ε is periodically driven in contrast to transitions between the
energy levels E2, E3, where the detuning parameter # needs to
be driven. The reason for the sensitivity to only one parameter
is the curvature of the energy difference with respect to the
detuning parameters, which determines the Rabi frequency,
since the first-order coupling vanishes at the sweet spot. In
other words, we have to compare the second derivatives of the
resonance frequency with respect to ε and # to estimate the
Rabi frequencies. For the energy gap between the qubit states
ε dominates since ∂2ω

∂ε2 |ε0,#0 ≫ ∂2ω
∂#2 |ε0,#0 , while for transitions

between the energy levels E2, E3 driving with respect to #

dominates due to ∂2ω
∂#2 |ε0,#0 ≫ ∂2ω

∂ε2 |ε0,#0 .

IV. PURE DEPHASING

In this section we investigate the effects of charge noise
on the RX qubit at the sweet spot in the asymmetric charge
configuration (degenerate regime) in comparison to the effects
on the RX qubits [19,20] within the nondegenerate (standard
RX regime) with symmetric (1,1,1) charge configuration.
Since no sweet spot can be found within the RX regime,
the eigenenergies couple linearly to both noisy parameters
δε and δ#, giving rise to a dephasing time which scales
inversely proportional with the noise amplitude. However,
within the RX regime, one can find the best working points,
where one parameters is minimized, e.g., # ≈ −(8/7) y ε or
ε ≈ −(8/5) y #, which corresponds to a sweet spot for one
parameter, where the dephasing time is inversely proportional
in the other parameter. At the real sweet spot found in
this work this scaling is at least inversely quadratic. This
characteristic trait can be observed in Fig. 6(a), where the

estimated dephasing time is plotted as a function of the noise
level. For a current noise level on the order of µeV [35,36], the
RX regime appears to be the better choice, since the resulting
dephasing times in the RX regime are two orders of magnitudes
longer than at the sweet spots. However, below a noise level on
the order of 10−2 µeV, it becomes advantageous to choose the
sweet spots due to the better scaling. In the subsection below,
we resent the free decay model used for the calculation of Tϕ .

A. Dephasing model

To study dephasing, we start from the noisy RX qubit
Hamiltonian Eq. (5) and focus on the longitudinal noise δωz.
The time evolution operator U (t,t0) from an initial time t0 to
some later time t can be written as

U (t,t0) = exp [−iφ(t)σz] (15)

with the accumulated phase

φ(t) =
∫ t

t0

dt ′δωz(t ′)

=
∫ t

t0

dt ′
[
ωεδε(t ′) + ω#δ#(t ′) + 1

2
ωε,εδε(t ′)2

+1
2
ω#,#δ#(t ′)2 + ωε,#δε(t ′)δ#(t ′)

]
. (16)

The time ordering operator is not needed, because only
longitudinal coupling (σz) is considered. Considering the
effects of an initial coherent superposition of the qubit |+⟩ =

1√
2
(|0⟩ + |1⟩) we find

|)(t)⟩ = 1√
2

[|0⟩ + eiφ(t)|1⟩]. (17)

One observable of interest is the mapping on the initial state
P = |+⟩⟨+|, which leads to the free decay ansatz [37]

⟨P ⟩ = |⟨+|U (t,t0)|+⟩|2 = 1
2 [1 + f̃ (t)]. (18)

The function f̃ (t) describes the dephasing in a free decay
model and is given for Gaussian distributed noise by

f̃ (t) ≡ ⟨eiφ⟩ ≈ exp
[
− 1

2 ⟨φ(t)2⟩
]
. (19)
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tl = tr [32]. In this paper, we address the question of whether
coherent operation at a sweet spot of the RX qubit is still
possible in these realistic conditions. To address this question,
we study a noise model with each quantum dot coupled to
independent stochastic charge fluctuations.

This paper is organized as follows. In Sec. II, we introduce
the model for the qubit under the influence of electrical noise
investigated in this paper. Subsequently, in Sec. III, the noise
model is derived and the dephasing times are calculated. We
first show that a sweet spot, if it exists, needs to lie beyond the
scope of a perturbative Schrieffer-Wolff (SW) approximation.
To go beyond the SW approximation, we also include the
low-bias regime in our calculations. To this end, we calculate
the spectrum of the exact Hamiltonian and find a sweet spot in
a hybridized charge configuration of the triple dot. In Sec. IV,
the pure dephasing times of the qubit at the sweet spot and in
the RX regime are calculated in a Ramsey free decay setting.
We conclude in Sec. V with a summary and an outlook.

II. MODEL

We consider three quantum dots with a single available
orbital state in a linear arrangement (Fig. 1), described by the
three-site extended Hubbard Hamiltonian,

HHub =
∑

i

[
U

2
ni(ni − 1) + Vini

]

+
∑

⟨i,j ⟩

[
Ucninj +

∑

σ=↑↓
(tij c

†
i,σ cj,σ + H.c.)

]
, (1)

with the electron creation and annihilation operators c
†
i,σ and

ci,σ on the site (dot) i with spin σ , the number operator ni =∑
σ c

†
i,σ ci,σ , and the pairwise hopping matrix elements tij with

i,j ∈ {1,2,3} which can be controlled through variation of the
gate voltages. Here we consider symmetric nearest-neighbor
hopping (tij = tj i) and set t13 = t31 = 0, tl ≡

√
2 t12 = t̄(1 −

y), and tr ≡
√

2 t23 = t̄(1 + y). Here we have also introduced
the mean hopping matrix element t̄ and the hopping asymmetry
parameter y.

The first term in Eq. (1) describes the Coulomb energy U
required when adding a second electron to one of the dots.
The influence of the external gate electrodes is characterized
by the second term Vini , whereas Uc denotes the Coulomb
interaction between electrons in nearest-neighbor dots. Filling
the triple quantum dot with three electrons allows for 20 charge
and spin configurations. There are two states each with a

FIG. 1. (Color online) Three quantum dots in an (approximately)
linear arrangement, coupled by virtual hopping between the quantum
dots 1 and 2 and the quantum dots 2 and 3. Hopping between the
first and the third quantum dots is neglected due the nearly linear
arrangement. Each quantum dot can be occupied by a maximum of
two electrons with opposite spins due the Pauli exclusion principle.

charge configuration (2,1,0), (2,0,1), (1,2,0), (1,0,2), (0,2,1),
(0,1,2) and eight states with (1,1,1), where (m,n,l) denotes a
charge state with m electrons on the left, n in the center, and
l in the right dot. Defining the voltage difference ε between
the outer dots as ε ≡ (V1 − V3)/2 and the voltage difference
Vm between the outer dots and the middle dot as Vm ≡
(V3 + V1 − 2V2)/2, we note that charge transitions between
(1,0,2) and (1,1,1) and between (2,0,1) and (1,1,1) occur at
ε = ±# ≡ ±(U − 2Uc + Vm).

We work in a parameter regime of applied gate voltages
Vi where only the charge states (1,1,1), (2,0,1), and (1,0,2)
are accessible and restrict ourselves to the subspace with total
spin S = 1/2 and spin z projection Sz = 1/2, spanned by the
states [15]

|0⟩ ≡ |s⟩13|↑⟩2 = 1√
2

(c†1,↑c
†
2,↑c

†
3,↓ − c

†
1,↓c

†
2,↑c

†
3,↑)|vac⟩,

|1⟩ ≡ 1√
6

(2c
†
1,↑c

†
2,↓c

†
3,↑ − c

†
1,↑c

†
2,↑c

†
3,↓

− c
†
1,↓c

†
2,↑c

†
3,↑)|vac⟩,

|s1,1/2⟩ ≡ |s⟩11|↑⟩3 = c
†
1,↑c

†
1,↓c

†
3,↑|vac⟩,

|s3,1/2⟩ ≡ |↑⟩1|s⟩33 = c
†
1,↑c

†
3,↑c

†
3,↓|vac⟩, (2)

where |vac⟩ denotes the vacuum state. Here, the states |0⟩ and
|1⟩ are the logical qubit states of the exchange-only qubit in
the (1,1,1) charge sector, while |s1,1/2⟩ and |s1,1/2⟩ denote the
accessible states with the same spin but one doubly occupied
quantum dot. This four-dimensional subspace can be separated
from the remaining states by applying a large uniform external
magnetic field Bext such that the states with spin projection
ms = ±1/2,±3/2 along the z axis are split by the Zeeman
energy. The remaining ms = 1/2 states have either a total
spin S = 1/2 or S = 3/2. The states with S = 3/2 and charge
configuration (1,1,1) are almost completely decoupled from
the S = 1/2 states if the exchange interaction is ongoing
and much stronger than the Overhauser field gradients [33].
Different states than the four defined above can be neglected
if one assumes a strong Coulomb repulsion between electrons
in neighboring dots (large UC) and large energy gap between
the orbital levels in such a manner that only the lowest orbitals
are occupied. In the relevant subspace

{
0,1,s1,1/2,s3,1/2

}
, the

Hamiltonian can be expressed as the 4 × 4 matrix,

H̄ =

⎛

⎜⎜⎜⎜⎝

0 0 tl/2 tr/2

0 0
√

3tl/2 −
√

3tr/2

tl/2
√

3tl/2 # + ε 0

tr/2 −
√

3tr/2 0 # − ε

⎞

⎟⎟⎟⎟⎠
. (3)

We use a simple model for the description of electrical
noise in the gate voltages Vi by adding an independent noise
term δVi to each gate voltage, Ṽi = Vi + δVi . Since only
voltage differences affect the relevant spin dynamics, these
three noise parameters can be reduced to two parameters.
One noise parameter δε = (δV1 − δV3)/2 represents noise in
the voltage difference between the outer dots ε, as shown in
Fig. 2(a). The second parameter is δ# = (δV3 + δV1)/2 − δV2
and applies to the center voltage Vm = (V3 + V1 − 2V2)/2, see
Fig. 2(b). A third independent noise variable only leads to
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IV. PURE DEPHASING

In this section we investigate the e↵ects of charge noise
on the RX qubit at the sweet spot in the asymmet-
ric charge configuration (degenerate regime) in compari-
son to the e↵ects on the RX-qubits19,20 within the non-
degenerate (standard RX regime) with symmetric (1,1,1)
charge configuration. Since no sweet spot can be found
within the RX regime the eigenenergies couple linearly
to both noisy parameters �" and �� giving rise to a de-
phasing times which scales inversely proportional with
the noise amplitude. However within the RX regime, one
can find the best working points, where one parameters is
minimized, e.g. � ⇡ �(8/7) y " or " ⇡ �(8/5) y�, which
corresponds to a sweet spot for one parameter, where the
dephasing time is inversely proportional in the other pa-
rameter. At the real sweet spot found in this work this
scaling is at least inversely quadratic. This characteristic
trait can be observed in Fig. 6 (a), where the estimated
dephasing time is plotted as a function of the noise level.
For a current noise level on the order of µeV35,36, the
RX regime appears to be the better choice, since the re-
sulting dephasing times in the RX regime are two orders
of magnitudes longer than at the sweet spots. However,
below a noise level on the order of 0.1µeV , it becomes
advantageous to choose the sweet spots due to the better
scaling. In the subsection below, we resent the free decay
model used for the calculation of T

'

.

A. Dephasing model

To study dephasing, we start from the noisy RX qubit
Hamiltonian Eq. (5) and focus on the longitudinal noise
�!

z

. The time evolution operator U(t, t0) from an initial
time t0 to some later time t can be written as

U(t, t0) = exp [�i�(t)�
z

] (15)

with the accumulated phase

�(t) =

Z

t

t0

dt0�!
z

(t0)

=

Z

t

t0

dt0


!
"

�"(t0) + !���(t0) +
1

2
!
","

�"(t0)2

+
1

2
!�,���(t0)2 + !

",��"(t
0)��(t0)

�

. (16)

The time ordering operator is not needed, because only
longitudinal coupling (�

z

) is considered. Considering the

e↵ects of an initial coherent superposition of the qubit
|+i = 1p

2
(|0i+ |1i) we find

| (t)i = 1p
2

h

|0i+ ei�(t) |1i
i

. (17)

One observable of interest is the mapping on the initial
state P = |+i h+| which leads to the free decay ansatz37

hP i = |h+|U(t, t0) |+i|2 =
1

2

h

1 + f̃(t)
i

. (18)

The function f̃(t) describes the dephasing in a free decay
model and is given for Gaussian distributed noise by

f̃(t) ⌘ ⌦

ei�
↵ ⇡ exp



�1

2
h�(t)2i

�

. (19)

The detailed formula for the decay and the derivation can
be found in Appendix B. For t ! 1 the superposition
is destroyed and the expectation value is 1/2 for both
states, as expected.

B. Approaching real systems

For further calculations, such as evaluating the inte-
gral in Eq. (19), we require the knowledge of the power
spectral density S(!̃) of the noise, hence we have to
consider electric charge noise in a more detailed man-
ner. Here, we consider Gaussian distributed noise with
a power spectral density S(!̃) = A|!̃|�� with variance
A = �2

",(�) of the noise �" (��) and � = 1 which resem-

bles charge noise in double quantum dots.5 The analysis
of Eq. (19) leads to Gaussian behavior38 for the decay

rate, f̃
l
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with r as the quotient of upper and lower cuto↵, which
is needed for ensuring convergence of the integral. The
detailed derivation of the formula above can be found
in Appendix B. Since at the sweet spot the terms lin-
early coupled to the noise vanish, one should expect long
dephasing times T

'

.

C. Results

However, our findings shown in Fig. 6 (e) exhibit
shorter dephasing times in comparison with the RX
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IV. PURE DEPHASING

In this section we investigate the e↵ects of charge noise
on the RX qubit at the sweet spot in the asymmet-
ric charge configuration (degenerate regime) in compari-
son to the e↵ects on the RX-qubits19,20 within the non-
degenerate (standard RX regime) with symmetric (1,1,1)
charge configuration. Since no sweet spot can be found
within the RX regime the eigenenergies couple linearly
to both noisy parameters �" and �� giving rise to a de-
phasing times which scales inversely proportional with
the noise amplitude. However within the RX regime, one
can find the best working points, where one parameters is
minimized, e.g. � ⇡ �(8/7) y " or " ⇡ �(8/5) y�, which
corresponds to a sweet spot for one parameter, where the
dephasing time is inversely proportional in the other pa-
rameter. At the real sweet spot found in this work this
scaling is at least inversely quadratic. This characteristic
trait can be observed in Fig. 6 (a), where the estimated
dephasing time is plotted as a function of the noise level.
For a current noise level on the order of µeV35,36, the
RX regime appears to be the better choice, since the re-
sulting dephasing times in the RX regime are two orders
of magnitudes longer than at the sweet spots. However,
below a noise level on the order of 0.1µeV , it becomes
advantageous to choose the sweet spots due to the better
scaling. In the subsection below, we resent the free decay
model used for the calculation of T

'

.

A. Dephasing model

To study dephasing, we start from the noisy RX qubit
Hamiltonian Eq. (5) and focus on the longitudinal noise
�!

z

. The time evolution operator U(t, t0) from an initial
time t0 to some later time t can be written as

U(t, t0) = exp [�i�(t)�
z

] (15)

with the accumulated phase

�(t) =

Z
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The time ordering operator is not needed, because only
longitudinal coupling (�

z

) is considered. Considering the

e↵ects of an initial coherent superposition of the qubit
|+i = 1p

2
(|0i+ |1i) we find

| (t)i = 1p
2

h

|0i+ ei�(t) |1i
i

. (17)

One observable of interest is the mapping on the initial
state P = |+i h+| which leads to the free decay ansatz37

hP i = |h+|U(t, t0) |+i|2 =
1

2

h

1 + f̃(t)
i

. (18)

The function f̃(t) describes the dephasing in a free decay
model and is given for Gaussian distributed noise by

f̃(t) ⌘ ⌦

ei�
↵ ⇡ exp
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2
h�(t)2i
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. (19)

The detailed formula for the decay and the derivation can
be found in Appendix B. For t ! 1 the superposition
is destroyed and the expectation value is 1/2 for both
states, as expected.

B. Approaching real systems

For further calculations, such as evaluating the inte-
gral in Eq. (19), we require the knowledge of the power
spectral density S(!̃) of the noise, hence we have to
consider electric charge noise in a more detailed man-
ner. Here, we consider Gaussian distributed noise with
a power spectral density S(!̃) = A|!̃|�� with variance
A = �2

",(�) of the noise �" (��) and � = 1 which resem-

bles charge noise in double quantum dots.5 The analysis
of Eq. (19) leads to Gaussian behavior38 for the decay

rate, f̃
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with r as the quotient of upper and lower cuto↵, which
is needed for ensuring convergence of the integral. The
detailed derivation of the formula above can be found
in Appendix B. Since at the sweet spot the terms lin-
early coupled to the noise vanish, one should expect long
dephasing times T

'

.

C. Results

However, our findings shown in Fig. 6 (e) exhibit
shorter dephasing times in comparison with the RX
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IV. PURE DEPHASING

In this section we investigate the e↵ects of charge noise
on the RX qubit at the sweet spot in the asymmet-
ric charge configuration (degenerate regime) in compari-
son to the e↵ects on the RX-qubits19,20 within the non-
degenerate (standard RX regime) with symmetric (1,1,1)
charge configuration. Since no sweet spot can be found
within the RX regime the eigenenergies couple linearly
to both noisy parameters �" and �� giving rise to a de-
phasing times which scales inversely proportional with
the noise amplitude. However within the RX regime, one
can find the best working points, where one parameters is
minimized, e.g. � ⇡ �(8/7) y " or " ⇡ �(8/5) y�, which
corresponds to a sweet spot for one parameter, where the
dephasing time is inversely proportional in the other pa-
rameter. At the real sweet spot found in this work this
scaling is at least inversely quadratic. This characteristic
trait can be observed in Fig. 6 (a), where the estimated
dephasing time is plotted as a function of the noise level.
For a current noise level on the order of µeV35,36, the
RX regime appears to be the better choice, since the re-
sulting dephasing times in the RX regime are two orders
of magnitudes longer than at the sweet spots. However,
below a noise level on the order of 0.1µeV , it becomes
advantageous to choose the sweet spots due to the better
scaling. In the subsection below, we resent the free decay
model used for the calculation of T

'

.

A. Dephasing model

To study dephasing, we start from the noisy RX qubit
Hamiltonian Eq. (5) and focus on the longitudinal noise
�!

z

. The time evolution operator U(t, t0) from an initial
time t0 to some later time t can be written as

U(t, t0) = exp [�i�(t)�
z

] (15)

with the accumulated phase
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The time ordering operator is not needed, because only
longitudinal coupling (�

z

) is considered. Considering the

e↵ects of an initial coherent superposition of the qubit
|+i = 1p

2
(|0i+ |1i) we find

| (t)i = 1p
2

h

|0i+ ei�(t) |1i
i

. (17)

One observable of interest is the mapping on the initial
state P = |+i h+| which leads to the free decay ansatz37

hP i = |h+|U(t, t0) |+i|2 =
1
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1 + f̃(t)
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. (18)

The function f̃(t) describes the dephasing in a free decay
model and is given for Gaussian distributed noise by
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The detailed formula for the decay and the derivation can
be found in Appendix B. For t ! 1 the superposition
is destroyed and the expectation value is 1/2 for both
states, as expected.

B. Approaching real systems

For further calculations, such as evaluating the inte-
gral in Eq. (19), we require the knowledge of the power
spectral density S(!̃) of the noise, hence we have to
consider electric charge noise in a more detailed man-
ner. Here, we consider Gaussian distributed noise with
a power spectral density S(!̃) = A|!̃|�� with variance
A = �2

",(�) of the noise �" (��) and � = 1 which resem-

bles charge noise in double quantum dots.5 The analysis
of Eq. (19) leads to Gaussian behavior38 for the decay
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with r as the quotient of upper and lower cuto↵, which
is needed for ensuring convergence of the integral. The
detailed derivation of the formula above can be found
in Appendix B. Since at the sweet spot the terms lin-
early coupled to the noise vanish, one should expect long
dephasing times T

'

.

C. Results

However, our findings shown in Fig. 6 (e) exhibit
shorter dephasing times in comparison with the RX
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FIG. 6. (Color online) (a) Doubly logarithmic plot of the dephasing time Tϕ as a function of the rms (root mean square) value of the noise
at the best working points (Sec. III A) in the RX regime (red) and at the sweet spot (blue). The parameters are chosen as " = 0.32 meV, tl =
22 µeV, tr = 15 µeV, and ε = −(8/5)y" for the RX regime plot and ε = 7.4 µeV, " = 1.5 µeV, tl = 22 µeV, and tr = 15 µeV for the plot
at the sweet spot, which are the same parameters as in Fig. 5(a), while for the dashed line we chose the tunneling strengths to be 10 times larger
(tl = 0.22 meV and tr = 0.15 meV), and adjusted the values ε = 74 µeV, " = 15 µeV accordingly, to remain at the sweet spot. [(b)–(e)]
Density plots of dephasing time Tϕ as a function of parameter space for different noise amplitudes [black circles in (a)]. The tunneling strengths
are chosen as in the solid lines in (a), tl = 22 µeV, tr = 15 µeV. The black points indicate the position of the best working points plotted in
the left (upper) and the sweet spot (lower). The black squares in the upper plots marks the space plotted in the lower ones.

The detailed formula for the decay and the derivation can
be found in Appendix B. For t → ∞ the superposition is
destroyed and the expectation value is 1/2 for both states, as
expected.

B. Approaching real systems

For further calculations, such as evaluating the integral in
Eq. (19), we require the knowledge of the power spectral
density S(ω̃) of the noise, hence we have to consider electric
charge noise in a more detailed manner. Here, we consider
Gaussian distributed noise with a power spectral density
S(ω̃) = A|ω̃|−γ with variance A = σ 2

ε,(") of the noise δε
(δ") and γ = 1 which resembles charge noise in double
quantum dots [5]. The analysis of Eq. (19) leads to Gaussian
behavior [38] for the decay rate, f̃l(t) ∝ exp[−( t

Tϕ
)2 + O(t3)],

with
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with r as the quotient of upper and lower cutoff, which is
needed for ensuring convergence of the integral. The detailed
derivation of the formula above can be found in Appendix B.
Since at the sweet spot the terms linearly coupled to the noise
vanish, one should expect long dephasing times Tϕ .

C. Results

However, our findings shown in Fig. 6(e) exhibit shorter
dephasing times in comparison with the RX regime [Fig. 6(c),
area with long Tϕ times] due to a strong contribution of
the second-order couplings. This contribution, especially ωε,ε,
strongly limits the dephasing time Tϕ at a realistic noise level in
the order of µ eV [35,36]. Small improvements can be made by
considering larger hopping parameters because ωε,ε ∝ 1

tl,r
or

(to a small extent) with a stronger asymmetry, but nonetheless,
the dephasing times remain several orders of magnitude shorter
than the best points of operation within the RX regime.
Overall, for the currently available noise level, we find that
the sweet spots do not lead to an improvement in coherence
and the standard RX regime should be favored instead. Those
best operation points can be achieved by fine-tuning ε and
" in such a manner that either of the two parameters is
minimized (typically ε), while staying within the (1,1,1) charge
configuration regime. This limits the pure dephasing time to a
maximum at ε ≈ ±4 meV since overly large parameters " and
ε give rise to other charge configurations, effectively reducing
the benefit gained by leaving the RX regime [19]. Importantly,
the situation changes completely when lower noise levels
become available, because of the quadratic scaling behavior
of the dephasing times Tϕ at the sweet spot compared to the
linear scaling of Tϕ in the RX regime. This different scaling
is outlined in Fig. 6(a). For a noise level of 3 × 10−3 µeV we
find Tϕ at the sweet spot at least 2 times greater than in the
RX regime [Fig. 6(b) and 6(d)]. The crossover between the
two regimes occurs at approximately two orders [one order
for larger parameter settings (dashed line)] of magnitude less
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FIG. 5. (Color online) (a) Plot of the energy gap between the lowest eigenenergies !ω = E2 − E1 as a function of the detuning parameters
ε, #. We set the hopping parameters to be tl = 0.022 meV and tr = 0.015 meV. The black point marks the position of the sweet spot
(ε,#) = (0.0074 meV, 0.0015 meV) with the resonant frequency !ω = 9.2 µeV, which is a saddle point. In (b) the position of the sweet spot
for the detuning parameters ε and # is plotted as a function of the hopping difference δt = tl − tr , with tr = 0.015 meV.

the energy gap between the qubit states and between one qubit
state and the leakage states have the same order of magnitude.
However, the energy gaps are not comparable, e.g., for the
symmetric case tl = tr the energy gap to the nearest leakage
state is approximately 3 times the qubit resonance frequency
and even larger for other leakage states, resulting in very small
Rabi amplitudes to leakage states. Furthermore, the dynamics
also show greatly suppressed leakage if only one parameter
ε or # is driven with the resonant frequency ω(ε,#), e.g.,
Rabi transitions between the qubit states are much faster if
ε is periodically driven in contrast to transitions between the
energy levels E2, E3, where the detuning parameter # needs to
be driven. The reason for the sensitivity to only one parameter
is the curvature of the energy difference with respect to the
detuning parameters, which determines the Rabi frequency,
since the first-order coupling vanishes at the sweet spot. In
other words, we have to compare the second derivatives of the
resonance frequency with respect to ε and # to estimate the
Rabi frequencies. For the energy gap between the qubit states
ε dominates since ∂2ω

∂ε2 |ε0,#0 ≫ ∂2ω
∂#2 |ε0,#0 , while for transitions

between the energy levels E2, E3 driving with respect to #

dominates due to ∂2ω
∂#2 |ε0,#0 ≫ ∂2ω

∂ε2 |ε0,#0 .

IV. PURE DEPHASING

In this section we investigate the effects of charge noise
on the RX qubit at the sweet spot in the asymmetric charge
configuration (degenerate regime) in comparison to the effects
on the RX qubits [19,20] within the nondegenerate (standard
RX regime) with symmetric (1,1,1) charge configuration.
Since no sweet spot can be found within the RX regime,
the eigenenergies couple linearly to both noisy parameters
δε and δ#, giving rise to a dephasing time which scales
inversely proportional with the noise amplitude. However,
within the RX regime, one can find the best working points,
where one parameters is minimized, e.g., # ≈ −(8/7) y ε or
ε ≈ −(8/5) y #, which corresponds to a sweet spot for one
parameter, where the dephasing time is inversely proportional
in the other parameter. At the real sweet spot found in
this work this scaling is at least inversely quadratic. This
characteristic trait can be observed in Fig. 6(a), where the

estimated dephasing time is plotted as a function of the noise
level. For a current noise level on the order of µeV [35,36], the
RX regime appears to be the better choice, since the resulting
dephasing times in the RX regime are two orders of magnitudes
longer than at the sweet spots. However, below a noise level on
the order of 10−2 µeV, it becomes advantageous to choose the
sweet spots due to the better scaling. In the subsection below,
we resent the free decay model used for the calculation of Tϕ .

A. Dephasing model

To study dephasing, we start from the noisy RX qubit
Hamiltonian Eq. (5) and focus on the longitudinal noise δωz.
The time evolution operator U (t,t0) from an initial time t0 to
some later time t can be written as

U (t,t0) = exp [−iφ(t)σz] (15)

with the accumulated phase

φ(t) =
∫ t

t0

dt ′δωz(t ′)

=
∫ t

t0

dt ′
[
ωεδε(t ′) + ω#δ#(t ′) + 1

2
ωε,εδε(t ′)2

+1
2
ω#,#δ#(t ′)2 + ωε,#δε(t ′)δ#(t ′)

]
. (16)

The time ordering operator is not needed, because only
longitudinal coupling (σz) is considered. Considering the
effects of an initial coherent superposition of the qubit |+⟩ =

1√
2
(|0⟩ + |1⟩) we find

|)(t)⟩ = 1√
2

[|0⟩ + eiφ(t)|1⟩]. (17)

One observable of interest is the mapping on the initial state
P = |+⟩⟨+|, which leads to the free decay ansatz [37]

⟨P ⟩ = |⟨+|U (t,t0)|+⟩|2 = 1
2 [1 + f̃ (t)]. (18)

The function f̃ (t) describes the dephasing in a free decay
model and is given for Gaussian distributed noise by

f̃ (t) ≡ ⟨eiφ⟩ ≈ exp
[
− 1

2 ⟨φ(t)2⟩
]
. (19)
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FIG. 1. Schematic illustration of a three-spin qubit coupled to a
noisy electric environment. The environment can affect the electron
spins directly through the gate voltages Vi with i ∈ {1,2,3} of each
quantum dot (QD) or the exchange coupling (green cloud) between
the electron spins through the gate-controlled tunnel hopping (tl
and tr ).

to a cavity is possible for two distinct setups: a longitudinal90

coupling or asymmetric setup and a transversal or symmetric91

coupling [42]. In this paper, both of these setups are discussed,92

going beyond previous work for the asymmetric implemen-93

tation [42] and providing a microscopic description for both94

implementations.95

This paper is organized as follows. In Sec. II, we define96

the three-spin qubit states, and we discuss the different97

regimes in parameter space where each qubit implementation98

is located and their conversion into each other. In Sec. III,99

we analyze in detail the optimal working points best suitable100

for operating the qubit in the presence of charge noise101

coupled to the qubit through detuning and tunnel parameters.102

Subsequently in Sec. IV, we present two setups for coupling103

three-spin qubits to a superconducting strip-line cavity in104

order to find operation points with a strong and controllable105

coupling. We conclude in Sec. V with a summary and106

outlook.107

II. QUBIT108

We consider the spins of three electrons in a linearly109

arranged triple quantum dot (TQD) (Fig. 1) where each110

QD has a single available orbital, whereas higher orbitals111

are energetically unfavorable due to a strong confinement.112

Additionally, we restrict ourselves to the spin degree of113

freedom (DOF) only, hence we either consider a material114

with no valley DOF or a strong valley splitting surpassing115

the energy of the exchange splittings and then treat the116

valley as an orbital DOF. Further, we assume that the117

TQD is connected to an electric environment (schematically118

illustrated in Fig. 1) via the gate voltages Vi of QD i with119

i ∈ {1,2,3} and via the gate-controlled tunnel barriers, which,120

in addition to a static classical part, consist of random electric121

fluctuations and a coherent quantized electric field. As a122

model of the TQD, we use the three-site extended Hubbard123

model 124

HHub =
3∑

i=1

[
Ũ

2
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†
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⎦, (1)

where c
†
i,σ (ci,σ ) creates (annihilates) an electron in QD i 125

with spin σ . We define the number operator ni =
∑

σ c
†
i,σ ci,σ 126

and the gate-controlled pairwise hopping matrix elements 127

tij with i,j ∈ {1,2,3}. Here, we consider symmetric, spin- 128

conserving nearest-neighbor hopping, t13 = t31 = 0, t12 = 129

t21 ≡ tl/
√

2, and t23 = t32 ≡ tr/
√

2. We also include the 130

Coulomb repulsion of two electrons in the same QD Ũ and in 131

neighboring QDs UC , which leads to a static energy shift in the 132

dots. 133

Restricting ourselves to the subspace of the three-spin 134

Hilbert space with total spin S = Sz = 1/2, we identify six 135

relevant states, two states with a (1,1,1) charge configuration, 136

and one each with a (2,0,1), (1,0,2), (1,2,0), and (0,2,1) charge 137

configuration, 138
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|5⟩ ≡ c
†
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†
2,↓c

†
3,↑ |vac⟩ = |s⟩22 |↑⟩3 , (7)

where |vac⟩ denotes the vacuum state, |s⟩ij denotes the 139

singlet state, |t0⟩ij denotes the Sz = 0 triplet state, and |t+⟩ij 140

denotes the Sz = +1 triplet state. Here, (l,m,n) describes a 141

configuration with l electrons in the left dot, m electrons in 142

the center dot, and n electrons in the right dot. An additional 143

leakage state with S = 3/2 and Sz = 1/2 is not coupled since 144

charge noise conserves the total spin S. 145

We introduce a new set of detuning parameters Vtot = 146

(V1 + V2 + V3)/3, ε ≡ (V1 − V3)/2, and εM ≡ V2 − (V1 + 147

V3)/2 + UC . The parameter Vtot merely shifts the total energy, 148

hence it contributes to neither the dynamics of the qubit nor 149

the decoherence. The asymmetric detuning ε is the energy 150

difference between the left QD and the right QD, and the 151
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Charge-noise induced dephasing
➤ e.g., only ε charge noise

➤ left: strong noise Aε=(1 μeV)2, weak tunneling (tl = 22 μeV, tr = 15 μeV)

➤ right: weak noise Aε=(10-2 μeV)2, strong tunneling (tl = 220 μeV, tr = 150 μeV)
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Coupling of three-spin qubits to their electric environment

Maximilian Russ, Florian Ginzel, and Guido Burkard
Department of Physics, University of Konstanz, D-78457 Konstanz, Germany

We investigate the behavior of qubits consisting of three electron spins in double and triple quan-
tum dots subject to external electric fields. Our model includes two independent bias parameters, "
and "

M

, which both couple to external electromagnetic fields and can be controlled by gate voltages
applied to the quantum dot structures. By varying these parameters one can switch the qubit type
by shifting the energies in the single quantum dots thus changing the electron occupancy in each
dot. Starting from the asymmetric resonant (ARX) exchange qubit with a (2,0,1) and (1,0,2) charge
admixture one can smoothly cross over to the resonant exchange (RX) qubit with a detuned (1,1,1)
charge configuration, and to the exchange-only (EO) qubit with the same charge configuration but
equal energy levels down to the hybrid qubits with (1,2,0) and (0,2,1) charge configurations. Here,
(l,m, n) describes a configuration with l electrons in the left dot, m electrons in the center dot,
and n electrons in the right dot. We first focus on random electromagnetic field fluctuations, i.e.,
“charge noise”, at each quantum dot resulting in dephasing of the qubit and provide a complete
map of the resulting dephasing time as a function of the bias parameters. We pay special attention
to the so-called sweet spots and double sweet spots of the system which are least susceptible to
noise. In the second part we investigate the coupling of the qubit system to the coherent quantized
electromagnetic field in a superconducting strip-line cavity and also provide a complete map of the
coupling strength as a function of the bias parameters. We analyze the asymmetric qubit-cavity
coupling via " and the symmetric coupling via "

M

.

I. INTRODUCTION

Qubits based on the spin of electrons trapped in quan-
tum dots (QDs)1 are a leading candidate for enabling
quantum information processing. They provide long co-
herence times2–12, together with a scaleable architec-
ture for a dense qubit implementation. Semiconductor
materials like gallium arsenide (GaAs)13 and silicon14

are the most common choices as the host material for
QDs. One common feature of these implementations is
the need for control with electric fields at the nanoscale
which unavoidably couples the qubit system to electrical
noise1. Dominating sources of decoherence are nuclear
spins15–17, spin-orbit interaction18,19, and charge noise
from either the environment or the confining gates20–25.
The e↵ect of the first and second source of decoherence
can be drastically reduced by using silicon as the host
material due to its highly abundant nuclear spin free
isotope and a weak spin-orbit interaction21. Using ac-
tive noise suppression methods such as quantum error
correction26 and composite pulse sequences27–29 leaves
charge noise coupled to the spin as the remaining prob-
lem to be taken care of. Thus, additional passive suppres-
sion methods are needed such as optimal working points
(sweet spots)30,31 which vary in e↵ectiveness for di↵erent
qubit implementations.

Qubit implementations using single or multiple QDs
to encode a single qubit show high-fidelity gate opera-
tions, long decoherence times together with fast qubit
control allowing for many operations during the qubit
lifetime6,32–35. An advantage of multi-spin qubit encod-
ings consists in their improved protection against certain
types of noise36 together with faster gate operations37–41.
This ultimately leads to the three-spin- 12 qubits (see
Fig. 1); the exchange-only (EO) qubit allowing for full

FIG. 1. Schematic illustration of a three-spin qubit coupled to
a noisy electric environment. The environment can a↵ect the
electron spins directly through the gate voltages V

i

with i 2
{1, 2, 3} of each quantum dot (QD) or the exchange coupling
(green cloud) between the electron spins through the gate-
controlled tunnel hopping (t

l

and t

r

).

qubit control with only the exchange interaction37, the
resonant exchange (RX) qubit with permanently act-
ing exchange interaction and control through resonant
driving22,24,34, and the always-on exchange-only (AEON)
qubit with symmetric gate control25. Robustness against
charge noise can be achieved by operating the qubit on
sweet spots22 where the qubit energy splitting is ex-
tremal with respect to one noisy parameter or double
sweet spots25,42 where both noisy parameters are opti-
mized. In this paper we provide a full analysis of charge
noise for three-spin- 12 qubits (Fig. 1) and present opti-
mal working points. We go beyond previous work24,25

by exploring the full (", "
M

) parameter space. Moreover,
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FIG. 1. Schematic illustration of a three-spin qubit coupled to a
noisy electric environment. The environment can affect the electron
spins directly through the gate voltages Vi with i ∈ {1,2,3} of each
quantum dot (QD) or the exchange coupling (green cloud) between
the electron spins through the gate-controlled tunnel hopping (tl
and tr ).
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arranged triple quantum dot (TQD) (Fig. 1) where each110

QD has a single available orbital, whereas higher orbitals111
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Hilbert space with total spin S = Sz = 1/2, we identify six 135

relevant states, two states with a (1,1,1) charge configuration, 136

and one each with a (2,0,1), (1,0,2), (1,2,0), and (0,2,1) charge 137

configuration, 138

|0⟩ ≡ 1√
2

(c†1,↑c
†
2,↑c

†
3,↓ − c

†
1,↓c

†
2,↑c

†
3,↑) |vac⟩

= |s⟩13 |↑⟩2 , (2)

|1⟩ ≡ 1√
6

(2c
†
1,↑c

†
2,↓c

†
3,↑−c

†
1,↑c

†
2,↑c

†
3,↓−c

†
1,↓c

†
2,↑c

†
3,↑) |vac⟩

=
√

2
3

|t+⟩13 |↓⟩2 − 1√
3

|t0⟩13 |↑⟩2 , (3)

|2⟩ ≡ c
†
1,↑c

†
1,↓c

†
3,↑ |vac⟩ = |s⟩11 |↑⟩3 , (4)

|3⟩ ≡ c
†
1,↑c

†
3,↑c

†
3,↓ |vac⟩ = |↑⟩1 |s⟩33 , (5)

|4⟩ ≡ c
†
1,↑c

†
2,↑c

†
2,↓ |vac⟩ = |↑⟩1 |s⟩22 , (6)

|5⟩ ≡ c
†
2,↑c

†
2,↓c

†
3,↑ |vac⟩ = |s⟩22 |↑⟩3 , (7)

where |vac⟩ denotes the vacuum state, |s⟩ij denotes the 139

singlet state, |t0⟩ij denotes the Sz = 0 triplet state, and |t+⟩ij 140

denotes the Sz = +1 triplet state. Here, (l,m,n) describes a 141

configuration with l electrons in the left dot, m electrons in 142

the center dot, and n electrons in the right dot. An additional 143

leakage state with S = 3/2 and Sz = 1/2 is not coupled since 144

charge noise conserves the total spin S. 145

We introduce a new set of detuning parameters Vtot = 146

(V1 + V2 + V3)/3, ε ≡ (V1 − V3)/2, and εM ≡ V2 − (V1 + 147

V3)/2 + UC . The parameter Vtot merely shifts the total energy, 148

hence it contributes to neither the dynamics of the qubit nor 149

the decoherence. The asymmetric detuning ε is the energy 150

difference between the left QD and the right QD, and the 151
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Cavity-mediated coupling between spin qubits
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➤ double quantum dot with 2 electrons

➤ electric dipole

➤ singlet-triplet qubit


➤ need to break conservation to make electric 
dipole transition from singlet to triplet


➤ need to break spatial inversion symmetry 
(ε≠0) to make transition


➤ cavity coupling

J
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Cavity-mediated coupling between spin qubits

➤ large electric dipoles of multi-QD spin qubits  
interacts with cavity electric field 
 
 

➤ basis for two-qubit coupling


➤ cavity QED with RX qubits 
 

➤ experiments showing strong coupling
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Lorentzian line to the reflectance spectrum at each value
of �. When varying �, the experimentally extracted shift
�⌫r = ⌫̃r�⌫r reaches up to ⇠ 100MHz close to resonance
(blue dots, Fig. 3b). The measured values of �⌫r are in
excellent agreement with the results of a master equation
simulation (solid line) analyzed in the same way find-
ing the parameters (g

0

, �b
1

, �b
')/(2⇡) = (155, 35, 63)MHz

while keeping the bare resonator linewidth  fixed at its
independently determined value stated above. In the
Jaynes-Cummings model we use to describe the cou-
pled system, both the coupling rate and the decoher-
ence rates depend on the mixing angle ✓. The e↵ec-
tive coupling strength g is given by g = g

0

sin ✓, where
sin ✓ = 2t/

p
(2t)2 + �2, while the decay and decoher-

ence rates are given by �
1

= sin2 ✓�b
' + cos2 ✓�b

1

and

�' = cos2 ✓�b
' + sin2 ✓�b

1

. Using the same set of pa-
rameters we also find excellent agreement with the ef-
fective linewidth ̃ of the resonator as renormalized by
the hybridization with the DQD charge qubit. Detuned
from the quantum dot, the resonator displays the bare
linewidth . When approaching resonance, it is increased
by more than a factor of 4 due to the interaction with the
qubit with significantly larger linewidth �

2

� . Near
resonance ⌫q ⇠ ⌫r the resonator reflectance does not dis-
play a single Lorentzian line shape in probe frequency
but develops two well resolved spectral lines.

Tuning the DQD into resonance with the resonator
(⌫q = ⌫r), indicated by arrows in Fig. 3a, we observe
a clear vacuum Rabi mode splitting (blue dots) in the
reflectance spectrum of the resonator (Fig. 3d). A fit
(dashed green line) of the spectrum to a superposition
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FIG. 2. Characterization of the SQUID array resonator and
double quantum dot. (a) Reflectance spectrum |S11| of the
resonator as a function of probe frequency ⌫p and applied
magnetic flux �m/�0. (b) Hexagonal charge stability diagram
of the DQD detected in the phase � of the microwave tone at
frequency ⌫p reflected of the resonator close to its resonance
frequency ⌫r as a function of the applied side gate voltages
VRSG, LSG.

of two Lorentzian lines yields a splitting of 2g/2⇡ ⇠
238MHz, with an e↵ective linewidth of 93MHz. The
vacuum Rabi mode splitting is found to be in good
agreement with the spectrum evaluated from the master
equation simulation (red solid line) with the parameters
(g

0

, �b
1

, �b
')/(2⇡) = (155, 35, 63)MHz, which is consistent

with the analysis of the dispersive frequency shift dis-
cussed above. We note that the small amplitude of the
signal in reflection is a direct consequence of the fact that
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FIG. 3. Dispersive and strong resonant interaction. (a) Res-
onator reflectance |S11| as a function of probe frequency ⌫p
and DQD detuning �. Resonance (⌫q = ⌫r) occurring at �± is
indicated by arrows. (b) Extracted resonator frequency shift
�⌫r (dots) and (c) linewidth ̃ (dots) vs. DQD detuning � in
comparison to results of a master equation simulation (line)
for (g0, �

b
1, �

b
')/(2⇡) = (155, 35, 63)MHz. (d) Measured res-

onator reflectance |S11| (dots) vs. probe frequency ⌫p at res-
onance (⌫q = ⌫r) displaying a strong coupling vacuum Rabi
mode splitting. The solid line is the result of the master equa-
tion simulation, the dashed line is a fit to a superposition of
two Lorentzian lines. (e) Resonator reflectance spectrum |S11|
with a Lorentzian fit (dashed line) in the dispersive regime
vs. probe frequency ⌫p.
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Cavity-mediated coupling of RX qubits
➤ 2 RX qubits in a microwave cavity 

➤ quantum dot Hamiltonian 

➤ cavity Hamiltonian 

➤ qubit-cavity interaction 
 

➤ simple model 

➤ microscopic
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For the qubit-cavity interaction, we consider the minimal
coupling Hamiltonian in the dipole approximation near the
resonance [42]

Hint = − e

meff

(
!

2ϵ0ϵV ωph

)1/2

ϵp · p(a + a†), (6)

where ϵ (ϵ0) describes the dielectric constant of the material
(vacuum), V is the volume of the cavity, and ϵp is the
polarization of the photons. In the logical qubit subspace, the
dipole matrix element of interest is

gr ≡ − e

2m

(
!

2ϵ0ϵV ωph

)1/2

⟨0| ϵp · p |1⟩ , (7)

which describes the photon-induced transition between our
two qubit states |0⟩ and |1⟩.

III. QUBIT-CAVITY COUPLING

A. Phenomenological approach

To describe the coupling of a qubit to the cavity, we
quantize the two detuning parameters ε,$. This yields ε →
ε + κ(a + a†) and $ → $ + κ ′(a + a†), where κ and κ ′ are
parameters that include both the amplitude seen by the qubit for
a given polarization and the vacuum amplitude of the electric
field and a† (a) is again the creation (annihilation) operator
of a photon in the cavity with frequency ωph. Assuming
κ⟨a + a†⟩ ≪ ε and κ ′⟨a + a†⟩ ≪ $, we can expand the RX
Hamiltonian in terms of κ(a + a†) and κ ′(a + a†). As a result,
we find [24]

HRX = 1
2 [(!ωRX + δωz)σz + δωxσx], (8)

represented in the eigenbasis of the unperturbed sys-
tem with the longitudinal coupling δωz = −(J δJ +
3jδj )(a + a†)/ωRX and the transversal coupling δωx =√

3(J δj − jδJ )(a + a†)/ωRX. Here, we used J ≡ (Jl +
Jr )/2, δJ ≡ ∂εJ κ + ∂$J κ ′, j ≡ (Jl − Jr )/2, δj ≡ ∂εj κ +
∂$j κ ′ and the derivatives ∂εJ = ∂$j = (εJ − $j )/($2 −
ε2), ∂εj = ∂$J = (εj − $J )/($2 − ε2). Neglecting higher-
order terms of the expansion which correspond to two-photon
processes and higher, we obtain

HJC = !ωs

2
σz + gs σx(a + a†) + !ωph(a†a + 1/2), (9)

with the coupling parameter

gs =
√

3(J δj − jδJ )/ωRX (10)

and a photon-dependent resonance frequency ωs ≡ ωRX −
(J δJ + 3jδj )(a + a†)/ωRX. For certain alignments of the
TQD and the cavity, the coupling parameters can be set; for
example, for an alignment as in Fig. 3(a) we expect κ ′ ≈ 0 due
to the long wavelengths of the cavity photons, while for the
alignments in Fig. 3(b) κ is negligible. In the case κ ′ = 0, we
obtain

gs =
√

3κ
$

ωRX

t2
l t2

r

($2 − ε2)2
, (11)

and in the case κ = 0, we find

gs =
√

3κ ′ ε

ωRX

t2
l t2

r

($2 − ε2)2
. (12)

(a) (b)

FIG. 3. (Color online) Two possible arrangements of the electric
field E (blue arrow) in a cavity. (a) The TQD is arranged parallel to
the electric field, resulting in a finite coupling κ to the parameter ε

and in a vanishing transversal qubit-cavity coupling κ ′ to $ due to
the long wavelength of the cavity photons compared to al,r . (b) The
opposite case in which the two outer gates of the QDs are connected
to the same potential and the electric field E is aligned from the center
QD, which results in vanishing qubit-cavity coupling κ due to a static
ε and a finite κ ′.

Considering incoherent and broadband electromagnetic
fields, we find the same expression, Eq. (8), for the RX
qubit under the influence of charge noise [24]. This is not
surprising since in both cases the RX qubit is disturbed
by electromagnetic fields. Hence, increasing the qubit-cavity
coupling also increases the coupling to charge noise, and
moving to a sweet spot, where the qubit is robust against
this noise [22,24], we expect a weak qubit-cavity coupling as
a trade-off. This phenomenological model does not provide
a microscopic description of the coupling parameters κ and
κ ′. We consider a more realistic model for an alignment as in
Fig. 3(a) in Sec. III B, which will also allow us to estimate κ .

B. Microscopic theory

Coupling the qubit states of the RX qubit in the TQD to
the cavity via the emission and absorption of a cavity photon
requires a strong electric-dipole transition element gr between
the two qubit states. We consider an alignment of the TQDs
as shown in Fig. 3(a) with the electric field in the cavity
pointing in the x direction. To find a finite electric-dipole
transition in this system, the following conditions have to be
fulfilled. First, the TQD has to be coupled by interdot exchange
interactions, i.e., hopping between neighboring QDs. We find
that the matrix element is approximately proportional to the
energy splitting between the qubit states (≃tl tr ) which matches
with past calculations with a double quantum dot (DQD) [28].
However, there are still two independent symmetries which
have to be broken for a nonvanishing matrix element.

The first symmetry arises from the spin-conserving nature
of the electric-dipole transitions and corresponds to inversion
symmetry. To distinguish the product states of three electrons
in a linearly arranged TQD we use three quantum num-
bers [43]. The first two are the total spin S and its z component
Sz, which are identical for the qubit states, while the third
quantum number is the total spin SO of the two electrons in
the outer QDs 1 and 3, which distinguishes them, SO |0⟩ = 0
and SO |1⟩ = 1; hence, they cannot be transferred into each
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points due to softening of the charge transitions challeng-
ing the center DSS.

For the case �t
r

= 0 (see Fig. 6 (e)-(f) in Appendix A)
we find single sweet spots nearby the charge transi-
tion associated with t

r

, thus, (1, 1, 1) $ (1, 0, 2) and
(1, 1, 1) $ (1, 2, 0) since at these lines in parameter space
hopping from the left QD to the center QD is energet-
ically highly unfavorable. The opposite case �t

l

= 0 is
shown in Fig. 6 (g)-(h) in Appendix A.

Inside the (1,1,1) charge configuration regime taking
only noisy tunneling into account the sweet spot condi-
tion can be simplified to

J
l

(2J
l

� J
r

) = J
r

(2J
r

� J
l

) = 0. (22)

This condition is only fulfilled in the trivial case J
l

=
J
r

= 0, thus, there exist no DSS for tunneling noise. Sin-
gle sweet spot corresponding to the tunneling parameter
t
l

(t
r

) require J
r,(l) = 2J

l,(r) which simplifies for " = 0

to t
r,(l) = ±

p
2t

l,(r). However, the best working points
are given for an overall symmetric configuration includ-
ing both tunneling and detuning. Since the DSS are all
located at high symmetry points, the optimal working
points are given by t

l

= t
r

. Preferring points of opera-
tion nearby the states |3i and |4i (|2i and |5i) the optimal
ratio is t

l

/t
r

> 1 (t
l

/t
r

< 1). However, the benefit is not
very large compared to operating on a DSS.

D. Combination

Combining all e↵ects, we plot in Fig. 3 (e)-(f) the de-
phasing time T

'

taking into account all four noisy pa-
rameters ", "

M

, t
l

, t
r

. Note that we put less weight to the
tunneling parameters due to their smaller strength com-
pared to the detuning parameters. As a result, we find
that the previous areas with long coherence times con-
sidering only detuning noise of the sweet spots become
less pronounced and softened due to the absence of DSS
for tunneling. The center DSS still remains as the opti-
mal point of operation in terms of pure coherence time,
however, only slightly better than the surrounding area
in the parameter space.

IV. CAVITY QUANTUM ELECTRODYNAMICS
(C-QED)

While the coupling to the uncontrolled fluctuations of
the electric field at a three-spin qubit leads to dephasing,
a controlled coupling to a quantized electromagnetic field
in a microwave cavity can be used to couple qubits over
long distances. We consider three-spin qubits realized in
a linear TQD embedded in a superconducting transmis-
sion line resonator with a single photon mode near the
resonance frequency of the qubit. Analogous to Sec. III,
we calculate the qubit-cavity coupling for the full (","

M

)-
plane including all charge configuration numerically, and

FIG. 4. (a) Schematic illustration of a qubit implemented in
a TQD coupled to the cavity and the architecture for a (b)
asymmetric and (d) symmetric qubit-cavity coupling. The
center conductor of the superconducting transmission line res-
onator is on the potential Vcav while the outer conductors
are connected to the ground to screen o↵ surrounding fields.
The corresponding potential (green) and electric field (blue) is
shown for the asymmetric (c) and symmetric (e) arrangement
as a function of the position x.

subsequently, we approximate the center of the (1,1,1)
charge configuration analytically in order to analyze the
results. To generalize our previous analysis42 to the full
range of charge states studied in the previous sections,
we extend the existing formalism to include all six rele-
vant states given by Eqs. (3)-(7). We model the dipolar
interaction64 between the qubit and the cavity with

HQC = �eE · x̂ = �eE · x̂ (a+ a†) (23)

and define the qubit-cavity coupling strength as

g ⌘ �e h0|E · x̂ |1i , (24)

where a† (a) creates (annihilates) a photon with fre-
quency !

ph

of the cavity mode. Note, that in this paper
the formalism using E · x̂ is more convenient than the
equivalent formalism64

A · p̂ used in previous works42,53.
Here, E is the quantized electric field, E = E(a + a†),
and A is the quantized electromagnetic vector potential.
In Fig. 4 (a) the basic implementation is schemati-

cally shown together with the two architectures discussed
in this work which we label asymmetric and symmetric
coupling corresponding to the a↵ected detuning param-
eter. In this setting, the qubit is placed in the anti-node

Hint,i = gi
s

�i

x

�
a+ a†

�

4

FIG. 3. Eigenfrequency ! as a function of either (a) "0 with a minimum at "min ⇡ �(8/5) y�0 or (b) � with a minimum
at �min ⇡ �(8/7) y "0. The parameter y = �0.1892 is derived from tl = 0.022meV and tr = 0.015meV34, while the other
parameters are chosen to t̄ = 0.018meV, in (a) � = 3t̄ and in (b) " = 3t̄. The Insets are magnifications of the area around the
minima marked with a red rectangle.

with the mean exchange parameter J = (J
l

+ J
r

)/2 and
the exchange di↵erence j = (J

l

�J
r

)/2. DiagonalizingH,
we can write the RX qubit Hamiltonian in its eigenbasis,
Eq. (4), with

~! =
p

J2 + 3j2. (10)

III. DEPHASING OF THE RX QUBIT

A. Non-degenerate regime (SW approximation)

In our analysis, we first investigate the special case
of only one noisy detuning parameter, e.g. setting ei-
ther �� = 0 or �" = 0. Our results in this simple case
are plotted in Fig. 3 and show a minimum of !(",�)
at (a) "min ⇡ �(8/5) y�0 for fixed �0 and (b) �min ⇡
�(8/7) y "0 for fixed "0, where y = (t

r

� t
l

)/(t
r

+ t
l

) de-
notes the hopping asymmetry. These minima are sweet
spots for one fluctuating parameter; one of them has been
studied previously19. The qubit energy splitting is in gen-
eral a function of both " and �, as shown in Fig. 4.

In the non-degenerate regime |� ± "| � t
l,r

, we can
study the influence of the electric charge noise on the RX
qubit by expanding the low-energy Hamiltonian Eq. (9)
to first order in �" and ��. We transform the result into
the eigenbasis of the unperturbed Hamiltonian, leading
us to Eq. (5), with �!

x

=
p
3(J�j � j�J)/2!, �!

y

= 0,
assuming that t

l,r

are real-valued, and �!
z

= �(J�J +
3j�j)/2!. Here, �J = @J/@"|

"0,�0�"+ @J/@�|
"0,�0��),

and similarly for �j.

FIG. 4. Three dimensional plot of energy gap ~!(�, ").
The parameters are chosen to tl = 0.022meV and tr =
0.015meV34. The clipped parts are diverging and outside
the scope of the SW approximation.

In a high-bias regime, i.e., away from " = ±�, we can
expect a sweet spot in the presence of both " and � noise
if �!

z

= 0, i.e., if the derivatives of !
z

with respect to
both parameters � and " vanish. We find

@!

@"
=

1

!

✓

J
@J

@"
+ 3j

@j

@"

◆

=
1

!

1

�2 � "2
�

"!2 � 4Jj�
�

,

(11)

@!

@�
=

1

!

✓

J
@J

@�
+ 3j

@j

@�

◆

=
1

!

1

�2 � "2
���!2 + 4Jj"

�

,

(12)
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FIG. 3. Eigenfrequency ! as a function of either (a) "0 with a minimum at "min ⇡ �(8/5) y�0 or (b) � with a minimum
at �min ⇡ �(8/7) y "0. The parameter y = �0.1892 is derived from tl = 0.022meV and tr = 0.015meV34, while the other
parameters are chosen to t̄ = 0.018meV, in (a) � = 3t̄ and in (b) " = 3t̄. The Insets are magnifications of the area around the
minima marked with a red rectangle.
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study the influence of the electric charge noise on the RX
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FIG. 4. Three dimensional plot of energy gap ~!(�, ").
The parameters are chosen to tl = 0.022meV and tr =
0.015meV34. The clipped parts are diverging and outside
the scope of the SW approximation.
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For the qubit-cavity interaction, we consider the minimal
coupling Hamiltonian in the dipole approximation near the
resonance [42]

Hint = − e

meff

(
!

2ϵ0ϵV ωph

)1/2

ϵp · p(a + a†), (6)

where ϵ (ϵ0) describes the dielectric constant of the material
(vacuum), V is the volume of the cavity, and ϵp is the
polarization of the photons. In the logical qubit subspace, the
dipole matrix element of interest is

gr ≡ − e

2m

(
!

2ϵ0ϵV ωph

)1/2

⟨0| ϵp · p |1⟩ , (7)

which describes the photon-induced transition between our
two qubit states |0⟩ and |1⟩.

III. QUBIT-CAVITY COUPLING

A. Phenomenological approach

To describe the coupling of a qubit to the cavity, we
quantize the two detuning parameters ε,$. This yields ε →
ε + κ(a + a†) and $ → $ + κ ′(a + a†), where κ and κ ′ are
parameters that include both the amplitude seen by the qubit for
a given polarization and the vacuum amplitude of the electric
field and a† (a) is again the creation (annihilation) operator
of a photon in the cavity with frequency ωph. Assuming
κ⟨a + a†⟩ ≪ ε and κ ′⟨a + a†⟩ ≪ $, we can expand the RX
Hamiltonian in terms of κ(a + a†) and κ ′(a + a†). As a result,
we find [24]

HRX = 1
2 [(!ωRX + δωz)σz + δωxσx], (8)

represented in the eigenbasis of the unperturbed sys-
tem with the longitudinal coupling δωz = −(J δJ +
3jδj )(a + a†)/ωRX and the transversal coupling δωx =√

3(J δj − jδJ )(a + a†)/ωRX. Here, we used J ≡ (Jl +
Jr )/2, δJ ≡ ∂εJ κ + ∂$J κ ′, j ≡ (Jl − Jr )/2, δj ≡ ∂εj κ +
∂$j κ ′ and the derivatives ∂εJ = ∂$j = (εJ − $j )/($2 −
ε2), ∂εj = ∂$J = (εj − $J )/($2 − ε2). Neglecting higher-
order terms of the expansion which correspond to two-photon
processes and higher, we obtain

HJC = !ωs

2
σz + gs σx(a + a†) + !ωph(a†a + 1/2), (9)

with the coupling parameter

gs =
√

3(J δj − jδJ )/ωRX (10)

and a photon-dependent resonance frequency ωs ≡ ωRX −
(J δJ + 3jδj )(a + a†)/ωRX. For certain alignments of the
TQD and the cavity, the coupling parameters can be set; for
example, for an alignment as in Fig. 3(a) we expect κ ′ ≈ 0 due
to the long wavelengths of the cavity photons, while for the
alignments in Fig. 3(b) κ is negligible. In the case κ ′ = 0, we
obtain

gs =
√

3κ
$

ωRX

t2
l t2

r

($2 − ε2)2
, (11)

and in the case κ = 0, we find

gs =
√

3κ ′ ε

ωRX

t2
l t2

r

($2 − ε2)2
. (12)

(a) (b)

FIG. 3. (Color online) Two possible arrangements of the electric
field E (blue arrow) in a cavity. (a) The TQD is arranged parallel to
the electric field, resulting in a finite coupling κ to the parameter ε

and in a vanishing transversal qubit-cavity coupling κ ′ to $ due to
the long wavelength of the cavity photons compared to al,r . (b) The
opposite case in which the two outer gates of the QDs are connected
to the same potential and the electric field E is aligned from the center
QD, which results in vanishing qubit-cavity coupling κ due to a static
ε and a finite κ ′.

Considering incoherent and broadband electromagnetic
fields, we find the same expression, Eq. (8), for the RX
qubit under the influence of charge noise [24]. This is not
surprising since in both cases the RX qubit is disturbed
by electromagnetic fields. Hence, increasing the qubit-cavity
coupling also increases the coupling to charge noise, and
moving to a sweet spot, where the qubit is robust against
this noise [22,24], we expect a weak qubit-cavity coupling as
a trade-off. This phenomenological model does not provide
a microscopic description of the coupling parameters κ and
κ ′. We consider a more realistic model for an alignment as in
Fig. 3(a) in Sec. III B, which will also allow us to estimate κ .

B. Microscopic theory

Coupling the qubit states of the RX qubit in the TQD to
the cavity via the emission and absorption of a cavity photon
requires a strong electric-dipole transition element gr between
the two qubit states. We consider an alignment of the TQDs
as shown in Fig. 3(a) with the electric field in the cavity
pointing in the x direction. To find a finite electric-dipole
transition in this system, the following conditions have to be
fulfilled. First, the TQD has to be coupled by interdot exchange
interactions, i.e., hopping between neighboring QDs. We find
that the matrix element is approximately proportional to the
energy splitting between the qubit states (≃tl tr ) which matches
with past calculations with a double quantum dot (DQD) [28].
However, there are still two independent symmetries which
have to be broken for a nonvanishing matrix element.

The first symmetry arises from the spin-conserving nature
of the electric-dipole transitions and corresponds to inversion
symmetry. To distinguish the product states of three electrons
in a linearly arranged TQD we use three quantum num-
bers [43]. The first two are the total spin S and its z component
Sz, which are identical for the qubit states, while the third
quantum number is the total spin SO of the two electrons in
the outer QDs 1 and 3, which distinguishes them, SO |0⟩ = 0
and SO |1⟩ = 1; hence, they cannot be transferred into each
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FIG. 3. (Color online) Two possible arrangements of the electric
field E (blue arrow) in a cavity. (a) The TQD is arranged parallel to
the electric field, resulting in a finite coupling κ to the parameter ε

and in a vanishing transversal qubit-cavity coupling κ ′ to $ due to
the long wavelength of the cavity photons compared to al,r . (b) The
opposite case in which the two outer gates of the QDs are connected
to the same potential and the electric field E is aligned from the center
QD, which results in vanishing qubit-cavity coupling κ due to a static
ε and a finite κ ′.

Considering incoherent and broadband electromagnetic
fields, we find the same expression, Eq. (8), for the RX
qubit under the influence of charge noise [24]. This is not
surprising since in both cases the RX qubit is disturbed
by electromagnetic fields. Hence, increasing the qubit-cavity
coupling also increases the coupling to charge noise, and
moving to a sweet spot, where the qubit is robust against
this noise [22,24], we expect a weak qubit-cavity coupling as
a trade-off. This phenomenological model does not provide
a microscopic description of the coupling parameters κ and
κ ′. We consider a more realistic model for an alignment as in
Fig. 3(a) in Sec. III B, which will also allow us to estimate κ .

B. Microscopic theory

Coupling the qubit states of the RX qubit in the TQD to
the cavity via the emission and absorption of a cavity photon
requires a strong electric-dipole transition element gr between
the two qubit states. We consider an alignment of the TQDs
as shown in Fig. 3(a) with the electric field in the cavity
pointing in the x direction. To find a finite electric-dipole
transition in this system, the following conditions have to be
fulfilled. First, the TQD has to be coupled by interdot exchange
interactions, i.e., hopping between neighboring QDs. We find
that the matrix element is approximately proportional to the
energy splitting between the qubit states (≃tl tr ) which matches
with past calculations with a double quantum dot (DQD) [28].
However, there are still two independent symmetries which
have to be broken for a nonvanishing matrix element.

The first symmetry arises from the spin-conserving nature
of the electric-dipole transitions and corresponds to inversion
symmetry. To distinguish the product states of three electrons
in a linearly arranged TQD we use three quantum num-
bers [43]. The first two are the total spin S and its z component
Sz, which are identical for the qubit states, while the third
quantum number is the total spin SO of the two electrons in
the outer QDs 1 and 3, which distinguishes them, SO |0⟩ = 0
and SO |1⟩ = 1; hence, they cannot be transferred into each
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the long wavelength of the cavity photons compared to al,r . (b) The
opposite case in which the two outer gates of the QDs are connected
to the same potential and the electric field E is aligned from the center
QD, which results in vanishing qubit-cavity coupling κ due to a static
ε and a finite κ ′.

Considering incoherent and broadband electromagnetic
fields, we find the same expression, Eq. (8), for the RX
qubit under the influence of charge noise [24]. This is not
surprising since in both cases the RX qubit is disturbed
by electromagnetic fields. Hence, increasing the qubit-cavity
coupling also increases the coupling to charge noise, and
moving to a sweet spot, where the qubit is robust against
this noise [22,24], we expect a weak qubit-cavity coupling as
a trade-off. This phenomenological model does not provide
a microscopic description of the coupling parameters κ and
κ ′. We consider a more realistic model for an alignment as in
Fig. 3(a) in Sec. III B, which will also allow us to estimate κ .

B. Microscopic theory

Coupling the qubit states of the RX qubit in the TQD to
the cavity via the emission and absorption of a cavity photon
requires a strong electric-dipole transition element gr between
the two qubit states. We consider an alignment of the TQDs
as shown in Fig. 3(a) with the electric field in the cavity
pointing in the x direction. To find a finite electric-dipole
transition in this system, the following conditions have to be
fulfilled. First, the TQD has to be coupled by interdot exchange
interactions, i.e., hopping between neighboring QDs. We find
that the matrix element is approximately proportional to the
energy splitting between the qubit states (≃tl tr ) which matches
with past calculations with a double quantum dot (DQD) [28].
However, there are still two independent symmetries which
have to be broken for a nonvanishing matrix element.

The first symmetry arises from the spin-conserving nature
of the electric-dipole transitions and corresponds to inversion
symmetry. To distinguish the product states of three electrons
in a linearly arranged TQD we use three quantum num-
bers [43]. The first two are the total spin S and its z component
Sz, which are identical for the qubit states, while the third
quantum number is the total spin SO of the two electrons in
the outer QDs 1 and 3, which distinguishes them, SO |0⟩ = 0
and SO |1⟩ = 1; hence, they cannot be transferred into each
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points due to softening of the charge transitions challeng-
ing the center DSS.

For the case �t
r

= 0 (see Fig. 6 (e)-(f) in Appendix A)
we find single sweet spots nearby the charge transi-
tion associated with t

r

, thus, (1, 1, 1) $ (1, 0, 2) and
(1, 1, 1) $ (1, 2, 0) since at these lines in parameter space
hopping from the left QD to the center QD is energet-
ically highly unfavorable. The opposite case �t

l

= 0 is
shown in Fig. 6 (g)-(h) in Appendix A.

Inside the (1,1,1) charge configuration regime taking
only noisy tunneling into account the sweet spot condi-
tion can be simplified to

J
l

(2J
l

� J
r

) = J
r

(2J
r

� J
l

) = 0. (22)

This condition is only fulfilled in the trivial case J
l

=
J
r

= 0, thus, there exist no DSS for tunneling noise. Sin-
gle sweet spot corresponding to the tunneling parameter
t
l

(t
r

) require J
r,(l) = 2J

l,(r) which simplifies for " = 0

to t
r,(l) = ±

p
2t

l,(r). However, the best working points
are given for an overall symmetric configuration includ-
ing both tunneling and detuning. Since the DSS are all
located at high symmetry points, the optimal working
points are given by t

l

= t
r

. Preferring points of opera-
tion nearby the states |3i and |4i (|2i and |5i) the optimal
ratio is t

l

/t
r

> 1 (t
l

/t
r

< 1). However, the benefit is not
very large compared to operating on a DSS.

D. Combination

Combining all e↵ects, we plot in Fig. 3 (e)-(f) the de-
phasing time T

'

taking into account all four noisy pa-
rameters ", "

M

, t
l

, t
r

. Note that we put less weight to the
tunneling parameters due to their smaller strength com-
pared to the detuning parameters. As a result, we find
that the previous areas with long coherence times con-
sidering only detuning noise of the sweet spots become
less pronounced and softened due to the absence of DSS
for tunneling. The center DSS still remains as the opti-
mal point of operation in terms of pure coherence time,
however, only slightly better than the surrounding area
in the parameter space.

IV. CAVITY QUANTUM ELECTRODYNAMICS
(C-QED)

While the coupling to the uncontrolled fluctuations of
the electric field at a three-spin qubit leads to dephasing,
a controlled coupling to a quantized electromagnetic field
in a microwave cavity can be used to couple qubits over
long distances. We consider three-spin qubits realized in
a linear TQD embedded in a superconducting transmis-
sion line resonator with a single photon mode near the
resonance frequency of the qubit. Analogous to Sec. III,
we calculate the qubit-cavity coupling for the full (","

M

)-
plane including all charge configuration numerically, and

FIG. 4. (a) Schematic illustration of a qubit implemented in
a TQD coupled to the cavity and the architecture for a (b)
asymmetric and (d) symmetric qubit-cavity coupling. The
center conductor of the superconducting transmission line res-
onator is on the potential Vcav while the outer conductors
are connected to the ground to screen o↵ surrounding fields.
The corresponding potential (green) and electric field (blue) is
shown for the asymmetric (c) and symmetric (e) arrangement
as a function of the position x.

subsequently, we approximate the center of the (1,1,1)
charge configuration analytically in order to analyze the
results. To generalize our previous analysis42 to the full
range of charge states studied in the previous sections,
we extend the existing formalism to include all six rele-
vant states given by Eqs. (3)-(7). We model the dipolar
interaction64 between the qubit and the cavity with

HQC = �eE · x̂ = �eE · x̂ (a+ a†) (23)

and define the qubit-cavity coupling strength as

g ⌘ �e h0|E · x̂ |1i , (24)

where a† (a) creates (annihilates) a photon with fre-
quency !

ph

of the cavity mode. Note, that in this paper
the formalism using E · x̂ is more convenient than the
equivalent formalism64

A · p̂ used in previous works42,53.
Here, E is the quantized electric field, E = E(a + a†),
and A is the quantized electromagnetic vector potential.
In Fig. 4 (a) the basic implementation is schemati-

cally shown together with the two architectures discussed
in this work which we label asymmetric and symmetric
coupling corresponding to the a↵ected detuning param-
eter. In this setting, the qubit is placed in the anti-node

7

points due to softening of the charge transitions challeng-
ing the center DSS.

For the case �t
r

= 0 (see Fig. 6 (e)-(f) in Appendix A)
we find single sweet spots nearby the charge transi-
tion associated with t

r

, thus, (1, 1, 1) $ (1, 0, 2) and
(1, 1, 1) $ (1, 2, 0) since at these lines in parameter space
hopping from the left QD to the center QD is energet-
ically highly unfavorable. The opposite case �t

l

= 0 is
shown in Fig. 6 (g)-(h) in Appendix A.

Inside the (1,1,1) charge configuration regime taking
only noisy tunneling into account the sweet spot condi-
tion can be simplified to

J
l

(2J
l

� J
r

) = J
r

(2J
r

� J
l

) = 0. (22)

This condition is only fulfilled in the trivial case J
l

=
J
r

= 0, thus, there exist no DSS for tunneling noise. Sin-
gle sweet spot corresponding to the tunneling parameter
t
l

(t
r

) require J
r,(l) = 2J

l,(r) which simplifies for " = 0

to t
r,(l) = ±

p
2t

l,(r). However, the best working points
are given for an overall symmetric configuration includ-
ing both tunneling and detuning. Since the DSS are all
located at high symmetry points, the optimal working
points are given by t

l

= t
r

. Preferring points of opera-
tion nearby the states |3i and |4i (|2i and |5i) the optimal
ratio is t

l

/t
r

> 1 (t
l

/t
r

< 1). However, the benefit is not
very large compared to operating on a DSS.

D. Combination

Combining all e↵ects, we plot in Fig. 3 (e)-(f) the de-
phasing time T

'

taking into account all four noisy pa-
rameters ", "

M

, t
l

, t
r

. Note that we put less weight to the
tunneling parameters due to their smaller strength com-
pared to the detuning parameters. As a result, we find
that the previous areas with long coherence times con-
sidering only detuning noise of the sweet spots become
less pronounced and softened due to the absence of DSS
for tunneling. The center DSS still remains as the opti-
mal point of operation in terms of pure coherence time,
however, only slightly better than the surrounding area
in the parameter space.

IV. CAVITY QUANTUM ELECTRODYNAMICS
(C-QED)

While the coupling to the uncontrolled fluctuations of
the electric field at a three-spin qubit leads to dephasing,
a controlled coupling to a quantized electromagnetic field
in a microwave cavity can be used to couple qubits over
long distances. We consider three-spin qubits realized in
a linear TQD embedded in a superconducting transmis-
sion line resonator with a single photon mode near the
resonance frequency of the qubit. Analogous to Sec. III,
we calculate the qubit-cavity coupling for the full (","

M

)-
plane including all charge configuration numerically, and

FIG. 4. (a) Schematic illustration of a qubit implemented in
a TQD coupled to the cavity and the architecture for a (b)
asymmetric and (d) symmetric qubit-cavity coupling. The
center conductor of the superconducting transmission line res-
onator is on the potential Vcav while the outer conductors
are connected to the ground to screen o↵ surrounding fields.
The corresponding potential (green) and electric field (blue) is
shown for the asymmetric (c) and symmetric (e) arrangement
as a function of the position x.

subsequently, we approximate the center of the (1,1,1)
charge configuration analytically in order to analyze the
results. To generalize our previous analysis42 to the full
range of charge states studied in the previous sections,
we extend the existing formalism to include all six rele-
vant states given by Eqs. (3)-(7). We model the dipolar
interaction64 between the qubit and the cavity with

HQC = �eE · x̂ = �eE · x̂ (a+ a†) (23)

and define the qubit-cavity coupling strength as

g ⌘ �e h0|E · x̂ |1i , (24)

where a† (a) creates (annihilates) a photon with fre-
quency !

ph

of the cavity mode. Note, that in this paper
the formalism using E · x̂ is more convenient than the
equivalent formalism64

A · p̂ used in previous works42,53.
Here, E is the quantized electric field, E = E(a + a†),
and A is the quantized electromagnetic vector potential.
In Fig. 4 (a) the basic implementation is schemati-

cally shown together with the two architectures discussed
in this work which we label asymmetric and symmetric
coupling corresponding to the a↵ected detuning param-
eter. In this setting, the qubit is placed in the anti-node

asymmetric coupling (ε) symmetric coupling (εM)

M. Russ, F. Ginzel, and G. Burkard, PRB 94, 165411 (2016) 
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points of operation near the states |3⟩ and |4⟩ (|2⟩ and |5⟩), the410

optimal ratio is tl/tr > 1 (tl/tr < 1). However, the benefit is411

not very large compared to operating on a DSS.412

D. Combination413

Combining all effects, we plot in Figs. 3(e)–3(f) the de-414

phasing time Tϕ , taking into account all four noisy parameters415

ε,εM,tl,tr . Note that we give less weight to the tunneling416

parameters due to their smaller strength compared to the417

detuning parameters. As a result, we find that the previous418

areas with long coherence times considering only detuning419

noise of the sweet spots become less pronounced and softened420

due to the absence of DSSs for tunneling. The center DSS421

still remains as the optimal point of operation in terms of422

pure coherence time, however it is only slightly better than the423

surrounding area in the parameter space.424

IV. CAVITY QUANTUM ELECTRODYNAMICS (C-QED)425

While the coupling to the uncontrolled fluctuations of426

the electric field at a three-spin qubit leads to dephasing,427

controlled coupling to a quantized electromagnetic field in428

a microwave cavity can be used to couple qubits over long429

distances. However, strong coupling usually comes with strong430

dephasing, since a large dipole moment can couple both charge431

noise and a cavity field to the qubit, thus usually a tradeoff has432

to be taken into account. Going more into detail, one finds a433

small difference between the couplings: charge noise couples434

dominantly longitudinally to the qubit, which gives rise to435

fluctuations in the energy gap, while in our case the cavity field436

couples mainly transversal to the qubit since one is operating437

in a rotating frame [42], which enables transitions between438

the qubit states. Comparing the effect of longitudinal noise439

with transversal noise, one can see some crucial differences440

allowing for working points that have weak dephasing as441

well as strong qubit-cavity coupling. This asymmetry between442

dephasing and coupling strength can be expressed in terms of443

the quality factor of the cavity needed to reach strong coupling444

between two separated qubits.445

This section is organized as follows. First we introduce the446

basic framework for the qubit-cavity coupling. Subsequently,447

we calculate the qubit-cavity coupling strength for the asym-448

metric and symmetric architecture in a simple dipole model. In449

the last part of this section, we compare the results and provide450

the quality factor needed to achieve strong coupling for both451

architectures.452

A. General framework453

We consider three-spin qubits realized in a linear TQD454

embedded in a superconducting transmission line resonator455

with a single-photon mode near the resonance frequency of456

the qubit. Analogous to Sec. III, we calculate the qubit-457

cavity coupling for the full (ε,εM ) plane including all charge458

configuration numerically, and subsequently we approximate459

the center of the (1,1,1) charge configuration analytically460

in order to analyze the results. To generalize our previous461

analysis [42] to the full range of charge states studied in462

the previous sections, we extend the existing formalism to463

include all six relevant states given by Eqs. (3)–(7). We model464

FIG. 4. (a) Schematic illustration of a qubit implemented in a
TQD coupled to the cavity and the architecture for a (b) asymmetric
and (d) symmetric qubit-cavity coupling. The center conductor of the
superconducting transmission line resonator is on the potential Vcav

while the outer conductors are connected to the ground to screen off
surrounding fields. The corresponding potential (green) and electric
field (blue) are shown for the asymmetric (c) and symmetric (e)
arrangement as a function of the position x.

the dipolar interaction [67] between the qubit and the cavity 465

with 466

HQC = −eE · x̂ = −eE · x̂ (a + a†), (23)

and we define the qubit-cavity coupling strength as 467

g ≡ −e ⟨0| E · x̂ |1⟩ , (24)

where a† (a) creates (annihilates) a photon with frequency 468

ωph of the cavity mode. Note that in this paper, the formalism 469

using E · x̂ is more convenient than the equivalent formalism 470

[67] A · p̂ used in previous works [42,54]. Here, E is the 471

quantized electric field, E = E(a + a†), and A is the quantized 472

electromagnetic vector potential. 473

In Fig. 4(a), the basic implementation is shown schemat- 474

ically together with the two architectures discussed in this 475

work, which we label asymmetric and symmetric coupling 476

corresponding to the affected detuning parameter. In this set- 477

ting, the qubit is placed in the antinode of the electromagnetic 478

field of the cavity to achieve the strongest coupling. The 479

vacuum coupling strength of the interaction is g0, defined here 480

as the coupling strength of the qubit if the dipole moment 481

⟨0| x̂ |1⟩ ∼= al + ar , thus it is the full length of the TQD, where 1482

al (r) is the distance between the left (right) QD and the center 483

QD [sketched in Figs. 4(b) and 4(d)]. We find 484

g0 = −eE(al + ar ) (25)

with E = |E| =
√

!ωph/2ϵ0ϵv, where e is the electron charge, 485

ϵ0 (ϵ) is the (relative) dielectric constant of the vacuum 486

(material), and v is the volume of the cavity [67]. Using 487

005400-7



Hybrid quantum systems: Strong coupling of spins 
in QDs to microwave cavities

• Princeton 
- Petta group 
- Si double quantum dot  
- f ~ 8 GHz, g = 6.7 MHz, γ = 2.6 MHz, κ = 1.0 MHz, T = 10 mK 
 
X. Mi et al., Science 10.1126/science.aal2469 (2016)  

• ETH Zürich 
- Wallraff group 
- GaAs double quantum dot  
- f ~ 5 GHz, g = 119 MHz, γ = 80 MHz, κ = 12 MHz  
 
A. Stockklauser et al., arXiv:1701.03433 (2017)  

• ENS Paris 
- Kontos group 
- Carbon Nanotube double quantum dot 
- f ~ 7 GHz, g = 5 MHz, γ = 2.6 MHz, κ = 0.6 MHz, T = 18 mK  
 
L. E. Bruhat et al., arXiv:1612.05214 (2016)

  
  

Fig. 2. Coupling single electrons and photons. (A) DQD charge stability diagram 
extracted from measurements of A/A0 as a function of VP1 and VP2, with fixed drive 
frequency f = fc. (B) A/A0 in the vicinity of the (3,2)↔(2,3) interdot charge transition [red 
circle in (A)], after the DQD is tuned such that 2tc/h ≈ fc. Dashed lines mark the 
boundaries of the stability diagram. (C) Eigenenergies EJC of the Jaynes-Cummings 
Hamiltonian describing the cQED system for three different values of tc, calculated with 
gc/2π = 6.7 MHz (solid lines) and 0 MHz (dashed lines). (D) A/A0 as a function of ε for the 
values of tc shown in (C). Black lines are fits to cavity input-output theory. 
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3

Lorentzian line to the reflectance spectrum at each value
of �. When varying �, the experimentally extracted shift
�⌫r = ⌫̃r�⌫r reaches up to ⇠ 100MHz close to resonance
(blue dots, Fig. 3b). The measured values of �⌫r are in
excellent agreement with the results of a master equation
simulation (solid line) analyzed in the same way find-
ing the parameters (g

0

, �b
1

, �b
')/(2⇡) = (155, 35, 63)MHz

while keeping the bare resonator linewidth  fixed at its
independently determined value stated above. In the
Jaynes-Cummings model we use to describe the cou-
pled system, both the coupling rate and the decoher-
ence rates depend on the mixing angle ✓. The e↵ec-
tive coupling strength g is given by g = g

0

sin ✓, where
sin ✓ = 2t/

p
(2t)2 + �2, while the decay and decoher-

ence rates are given by �
1

= sin2 ✓�b
' + cos2 ✓�b

1

and

�' = cos2 ✓�b
' + sin2 ✓�b

1

. Using the same set of pa-
rameters we also find excellent agreement with the ef-
fective linewidth ̃ of the resonator as renormalized by
the hybridization with the DQD charge qubit. Detuned
from the quantum dot, the resonator displays the bare
linewidth . When approaching resonance, it is increased
by more than a factor of 4 due to the interaction with the
qubit with significantly larger linewidth �

2

� . Near
resonance ⌫q ⇠ ⌫r the resonator reflectance does not dis-
play a single Lorentzian line shape in probe frequency
but develops two well resolved spectral lines.

Tuning the DQD into resonance with the resonator
(⌫q = ⌫r), indicated by arrows in Fig. 3a, we observe
a clear vacuum Rabi mode splitting (blue dots) in the
reflectance spectrum of the resonator (Fig. 3d). A fit
(dashed green line) of the spectrum to a superposition

(b)(a)
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FIG. 2. Characterization of the SQUID array resonator and
double quantum dot. (a) Reflectance spectrum |S11| of the
resonator as a function of probe frequency ⌫p and applied
magnetic flux �m/�0. (b) Hexagonal charge stability diagram
of the DQD detected in the phase � of the microwave tone at
frequency ⌫p reflected of the resonator close to its resonance
frequency ⌫r as a function of the applied side gate voltages
VRSG, LSG.

of two Lorentzian lines yields a splitting of 2g/2⇡ ⇠
238MHz, with an e↵ective linewidth of 93MHz. The
vacuum Rabi mode splitting is found to be in good
agreement with the spectrum evaluated from the master
equation simulation (red solid line) with the parameters
(g

0

, �b
1

, �b
')/(2⇡) = (155, 35, 63)MHz, which is consistent

with the analysis of the dispersive frequency shift dis-
cussed above. We note that the small amplitude of the
signal in reflection is a direct consequence of the fact that
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FIG. 3. Dispersive and strong resonant interaction. (a) Res-
onator reflectance |S11| as a function of probe frequency ⌫p
and DQD detuning �. Resonance (⌫q = ⌫r) occurring at �± is
indicated by arrows. (b) Extracted resonator frequency shift
�⌫r (dots) and (c) linewidth ̃ (dots) vs. DQD detuning � in
comparison to results of a master equation simulation (line)
for (g0, �

b
1, �

b
')/(2⇡) = (155, 35, 63)MHz. (d) Measured res-

onator reflectance |S11| (dots) vs. probe frequency ⌫p at res-
onance (⌫q = ⌫r) displaying a strong coupling vacuum Rabi
mode splitting. The solid line is the result of the master equa-
tion simulation, the dashed line is a fit to a superposition of
two Lorentzian lines. (e) Resonator reflectance spectrum |S11|
with a Lorentzian fit (dashed line) in the dispersive regime
vs. probe frequency ⌫p.
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Probing QD valley physics in a microwave cavity
2
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Figure 1. (a) A cavity-coupled DQD is probed using a small
input field a

in

with frequency !
R

. Charge dynamics in the
DQD result in changes in the transmitted field a

out

. The DQD
is coupled to source (S) and drain (D) electrodes. (b) DQD
energy levels plotted as a function of energy level detuning
✏. In general, the left dot valley splitting E

L

is di↵erent than
the right dot valley splitting E

R

.

qubits [24], and spin-photon coupling [26]. In essence,
these experiments probe the charge susceptibility � of a
mesoscopic system with a sensitivity well-beyond that of
a single electron [27]. The susceptibility is the largest at
a DQD interdot charge transition, where a single electron
can tunnel from the left dot to the right dot, resulting
in an electric dipole moment that is roughly 1000 times
larger than in atomic systems [23]. Here we show that
the low lying valley structure of a few electron Si/SiGe
quantum dot is directly accessible in a hybrid cQED sys-
tem. The amplitude and phase response of the cavity
generates a fingerprint of the DQD energy level struc-
ture, providing not only access to the energy level split-
tings, but also the interdot and intervalley coupling rates.
We model the system response using realistic parameters
that should be accessible in future experiments.

II. MODEL

A. Cavity-coupled double quantum dot

Figure 1a illustrates the proposed experimental sys-
tem. A DQD containing a single excess electron is
electric-dipole coupled to a high quality factor supercon-
ducting resonator. We model the DQD as a four-level
system consisting of the left dot ground state |Li, left
dot excited state |L0i, right dot ground state |Ri, and

right dot excited state |R0i. The left dot valley splitting
E

L

= E|L0i�E|Li is in general di↵erent than the right dot
valley splitting E

R

. The energy di↵erence between the
left dot ground state |Li and the right dot ground state
|Ri is set by the detuning ✏. In general, this system could
be used to measure a variety of low lying excited states,
such as orbital excited states, valley states, and Zeeman
split states [26]. We focus on the Si/SiGe quantum dot
system, where valley splittings are typically <200 µeV in
energy [14, 19].
Due to the large electric dipole moment of the excess

electron trapped in the DQD, the cavity field is sensitive
to charge dynamics in the DQD [23]. In typical experi-
ments, the cavity is probed by driving it with an input
field a

in

with frequency !
R

and detecting the transmitted
field a

out

. Both the amplitude and phase of the trans-
mitted signal provide useful information. As an example,
sequential tunneling through a voltage biased DQD was
recently shown to result in microwave frequency amplifi-
cation, such that |a

out

/a
in

| > 1 [28–30].

B. Hamiltonian

We model the single electron Si/SiGe DQD using the
Hamiltonian,

H̃
0

=

0

B@

✏/2 + E
L

0 t
L

0
R

0 t
L

0
R

0 ✏/2 t
LR

0 t
LR

t
L

0
R

0 t
LR

0 �✏/2 + E
R

0
t
L

0
R

t
LR

0 �✏/2

1

CA , (1)

which is expressed in the local valley eigenbasis. Here
the Hamiltonian is written in the basis |L0i, |Li, |R0i,
|Ri. In general, the excited states may have a di↵erent
projection onto the ±z valley basis states (see Appendix
A). Therefore, the matrix elements that couple the four
levels are distinct. The states |Li and |Ri are hybridized
by the interdot tunnel coupling t

LR

near ✏ = 0. The
valley state |L0i is coupled to |Ri by a matrix element
t
L

0
R

and to |R0i by a matrix element t
L

0
R

0 . Lastly, the
valley state |R0i is coupled to |Li by a matrix element
t
LR

0 .
The DQD energy levels are plotted as a function of the

detuning parameter ✏ in Fig. 1(b). The left (right) dot
energy levels increase (decrease) in energy with increasing
✏. In Fig. 1(b) we take E

L

= 76 µeV, E
R

= 58 µeV, t
LR

=
t
L

0
R

0 ' 28µeV, and t
L

0
R

= t
LR

0 ' 13µeV (see Appendix
A for details). For reference, the cavity frequency f

c

=
7.8 GHz corresponds to an energy of 32 µeV.

C. Electric dipole coupling

We assume that the DQD is irradiated with a classi-
cal probe field with angular frequency !

R

. The probe
field generates an oscillating voltage inside the super-
conducting resonator. This voltage is directly coupled

2

(a)
1 mm

DQD

(b)

a

FIG. 1. (Color Online). (a) Optical image of the hybrid
Si/SiGe DQD-cQED device. (b) Schematic representation
of the equilibrium configuration of DQD energy levels under
probing by a weak cavity input field a

in

at frequency f = f
c

.
E

L

/E
R

denotes the valley splitting in dot 1/dot 2 and ✏ is the
detuning between dot 1 and dot 2 chemical potentials. (c)
Tilted angle false-colored scanning electron microscope image
of the DQD [red outline in (a)]. (d) DQD charge stability
diagram acquired through measurement of cavity transmis-
sion amplitude A/A

0

= |a
out

/a
in

| as a function of voltages
on gates P1 and P2, V

P1

and V
P2

. The interdot barrier gate
voltage is V

B2

= 150 mV.

Si quantum well (QW) and a 225 nm thick Si0.7Ge0.3
layer grown on top of a Si1�x

Ge
x

relaxed bu↵er sub-
strate. QD devices made on a wafer with similar profile
and growth conditions have shown valley splitting values
ranging from 35 µeV to 70 µeV [17].

Readout of DQD charge states is first performed at
a temperature of T = 10 mK. The cavity input port
is driven with a coherent microwave tone having a fre-
quency f = fc and power Pin ⇡ �128 dBm (correspond-
ing to an average intra-cavity photon number n ⇡ 1).
The cavity output field is amplified and demodulated to
yield the normalized transmission amplitude A/A0 and
phase response �� [20, 26]. Figure 1(d) shows A/A0 as a
function of plunger gate voltages VP1 and VP2, revealing
a few-electron stability diagram [20, 25]. Charge stabil-
ity islands are labeled with (N1, N2), where N1/N2 is the
total number of electrons in dot 1/dot 2.

We now focus on the (1, 0) $ (0, 1) interdot transition
where only one electron resides in the DQD. Figure 2(a)
shows the cavity transmission amplitude in the vicinity
of the (1, 0) $ (0, 1) transition after the interdot barrier
gate voltage VB2 is increased. A clear reduction in A/A0

to a minimum value of 0.8 (green arrows) is seen along
the interdot charge transfer line, where the detuning of
DQD chemical potentials ✏ ⇡ 0 µeV. Parallel to this cen-
tral minimum, two additional minima in A/A0 are also
visible (red and blue arrows). This behavior is strikingly
di↵erent from previously reported devices, where A/A0

FIG. 2. (Color Online). (a) Cavity transmission amplitude
A/A

0

(V
P1

, V
P2

) at the (1, 0) $ (0, 1) interdot charge transi-
tion. Dashed lines mark the boundaries of the stability di-
agram. Black arrow denotes the direction along which the
DQD detuning parameter ✏ is defined. (b) DQD energy dia-
gram as a function of ✏ calculated with EL = ER = 51 µeV,
t = 20.9 µeV and t0 = 15.0 µeV. Grey dashed lines show en-
ergy levels with t = t0 = 0 µeV. (c) A/A

0

as a function of ✏
for three values of V

B2

. Black solid lines are fits to theory.

exhibits either a single minimum at ✏ = 0 µeV when the
interdot tunnel coupling 2tc/h > fc, or two minima with
similar depths at

p
✏2 + 4t2c/h = fc when 2tc/h < fc

[25–29]. The observed pattern is therefore indicative of
low-lying excited valley states in the DQD.
To qualitatively account for the observed minima in

the cavity transmission amplitude, we consider the full
DQD energy diagram [Fig. 2(b)] [19]. Here the DQD is
modeled as a four-level system comprising dot 1 ground
state |Li = |(1, 0)i, dot 1 excited state |L0i = |(10, 0)i,
dot 2 ground state |Ri = |(0, 1)i and dot 2 excited state
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and E
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. At smaller detun-
ing |✏| < 100 µeV, the four states are hybridized by an
intra-valley tunnel coupling t and an inter-valley tunnel
coupling t0, giving rise to a total of four avoided cross-
ings [19]. The strong minimum in A/A0 at ✏ = 0 µeV
is induced predominantly by the dispersive interaction of
the cavity with the avoided crossing between the DQD
ground states |Li and |Ri (green arrows), similar to pre-
vious works [20, 25–29]. The two minima in A/A0 at
✏ 6= 0 are results of dispersive interactions of the cav-
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modeled as a four-level system comprising dot 1 ground
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is induced predominantly by the dispersive interaction of
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B. Hamiltonian

We model the single electron Si/SiGe DQD using the
Hamiltonian,

H̃
0

=

0

B@

✏/2 + E
L

0 t t0

0 ✏/2 �t0 t
t �t0 �✏/2 + E

R

0
t0 t 0 �✏/2

1

CA , (1)

which is expressed in the local valley eigenbasis |L0i, |Li,
|R0i, |Ri. The valley eigenstates |Li and |L0i (|Ri and
|R0i) of the left (right) QD are split by the valley split-
ting E

L

(E
R

). In general, the excited states may have a
di↵erent projection onto the ±z valley basis states (see
Appendix A). Therefore, the matrix elements that cou-
ple the four levels are distinct. The states |Li and |Ri
are hybridized by the (intravalley) interdot tunnel cou-
pling t near ✏ = 0 while |L0i and |R0i are hybridized near
✏ = E

L

� E
R

. The valley state |L0i (|R0i) is coupled to
|Ri (|Li) by the intervalley matrix element t0 leading to
avoided crossings near �E

L

(E
R

).
The DQD energy levels are plotted as a function of

the detuning parameter ✏ in Fig. 1(b). The left (right)
dot energy levels increase (decrease) in energy with in-
creasing ✏. In Fig. 1(b) we take E

L

= 76 µeV, E
R

=
58 µeV, t = 25µeV, and t0 = 13µeV. For reference, the
cavity frequency f

0

= 7.8GHz corresponds to an energy
of 32µeV.

C. Electric dipole coupling

We assume that the DQD is irradiated with a classi-
cal probe field with angular frequency !

R

. The probe
field generates an oscillating voltage inside the super-
conducting resonator. This voltage is directly coupled
to the DQD detuning parameter, making it time depen-
dent: ✏(t) = ✏

0

+ �✏ cos(!
R

t). Here ✏
0

is a static energy
level detuning, which can be slowly varied in experiments
using dc gate voltages. The parameter �✏ describes the
magnitude of the detuning modulation. The interaction
with the probe field thus gives rise to a term in the Hamil-
tonian,

H̃
P

=
1

2
�✏ cos(!

R

t)�
z

, (2)

where, in the same basis used in Eq. (1) above,

�
z

=

0

B@

1 0 0 0
0 1 0 0
0 0 �1 0
0 0 0 �1

1

CA . (3)

Here, we have assumed that the electric dipole coupling is
valley independent. In principle, there could be an elec-
tric dipole transition between the two valley states within
each dot separately. However, the dipole matrix element

within a single dot is much smaller than that for the
transition between two dots, and very likely too small to
be observed. Furthermore, such inter-valley transitions
within a single dot are only relevant if by coincidence the
probe frequency matches the valley splitting in one of the
dots, otherwise this transition is o↵-resonant.
The coupling of the DQD to a single quantized mode of

a microwave cavity with resonance frequency f
0

= !
0

/2⇡
can be described as

H̃
I

= 2g
0

�
a+ a†

�
�
z

, (4)

where a† and a are the bosonic creation and annihilation
operators for the cavity photons and a+a† is proportional
to the electric field of the cavity mode. The cavity mode
evolves according to the Hamiltoninan H̃

C

= !
0

a†a in
units where ~ = 1. We take g

0

/2⇡ = 30 MHz in what
follows.

In order to describe the dissipative dynamics of the
DQD-cavity system, including its steady state, it is con-
venient to work in the eigenbasis of H̃

0

. Writing U
0

for
the unitary operator that diagonalizes H̃

0

, we have

H̄
0

= U
0

H̃
0

U †
0

=
3X

n=0

E
n

�
nn

, (5)

where E
0

 E
1

 E
2

 E
3

are the ordered eigenvalues of
H̃

0

, �
mn

= |mihn|, and |ni denotes an eigenstate of H̃
0

with eigenvalue E
n

. The dipole operator �
z

then needs
to be transformed into the eigenbasis of H̃

0

,

D = U
0

�
z

U †
0

=
3X

m,n=0

d
mn

�
mn

, (6)

where the matrix elements d
mn

= d⇤
nm

determine the
dipole transition matrix elements between energy eigen-
states. When transforming the full Hamiltonian H̃ =
H̃

0

+ H̃
P

+ H̃
C

+ H̃
I

into the eigenbasis of H̃
0

, we have
H̄ = U

0

H̃U †
0

where, in H̄
P

and H̄
I

the operator �
z

is
replaced by D.

To remove the time-dependence from our description,
we transform the Hamiltonian H̄ into a frame rotating at
the frequency !

R

and make a rotating wave approxima-
tion. Note that in a system with more than two levels,
the choice of a rotating frame is not unique; here, we
choose a rotating frame that allows us to describe tran-
sitions between levels adjacent in energy. The transition
to the rotating frame can be described using the unitary

U
R

(t) = exp

"
�it

 
!
R

a†a+
3X

n=0

n!
R

�
nn

!#
. (7)

In the rotating frame, we have

H = U
R

H̄U †
R

+ iU̇
R

U †
R

= H
0

+H
P

+H
C

+H
I

, (8)

HC = (!0 � !R)a
†a

M. J. Collett and C. W. Gardiner, PRA (1984)  
G. Burkard and J. R. Petta, PRB (2016)
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with

H
0

=
3X

n=0

(E
n

� n!
R

)�
nn

, (9)

H
P

' 1

4
�✏

2X

n=0

d
n+1,n

�
n+1,n

, (10)

H
C

= �
0

a†a, (11)

H
I

' 2g
0

 
a

2X

n=0

d
n+1,n

�
n+1,n

+ h.c.

!
, (12)

where �
0

= !
0

� !
R

is the detuning between the cavity
resonance frequency and probe frequency. Here, E

n

and
d
n+1,n

= d⇤
n,n+1

have to be obtained from the (numeri-

cal) diagonalization of H̃
0

. The Hamiltoninan described
by Eqs. (8)–(12) forms the basis of the following the-
oretical analysis of the dispersive readout of the valley
splitting in a DQD.

III. INPUT-OUTPUT THEORY

The response of the DQD system to a microwave
probe field can be determined using input-output the-
ory [42]. We begin by finding the stationary solution for
the equations of motion of the operators a and �

n,n+1

in the Heisenberg picture, ȧ = i[H, a] and �̇
n,n+1

=
i[H,�

n,n+1

], including the relevant dissipative terms,

ȧ = �i�
0

a� 

2
a+

p

1

a
in,1

+
p

2

a
in,2

�2ig
0

2X

n=0

d
n,n+1

�
n,n+1

, (13)

�̇
n,n+1

= �i(E
n+1

� E
n

� !
R

)�
n,n+1

� �

2
�
n,n+1

+
p
�F � 2ig

0

d
n+1,n

(p
n

� p
n+1

)a, (14)

where  = 
1

+ 
2

+ 
i

is the total cavity decay rate,
with 

1,2

the decay rates through the input and output
ports, and 

i

the internal decay rate. a
in,1

and a
in,2

de-
note the incoming parts of the external field at the two
ends of the cavity, and � and F are the decay rate and
quantum noise within the DQD. For simplicity we have
assumed � to be equal for all transitions and temperature
independent. In the following we assume a cavity qual-
ity factor Q = f

0

/ = 2500 and an electronic dephasing
rate of � = 2.4GHz. Although this is a conservative es-
timate, we have checked that the relevant features in the
transmission coe�cient are still visible for even stronger
dephasing, � = 5GHz.

A previous work considered the cavity-coupled dynam-
ics with the DQD restricted to the ground state energy
level [25]. Thermal population of low lying excited states
may be important in the Si/SiGe system due to small
valley splittings. To account for finite temperature ef-
fects, we have replaced the operator �

n,n

by the occupa-
tion probability p

n

= h�
n,n

i of the nth DQD level. We

assume a thermal population of the DQD levels with

p
n

=
e�En/kBT

P
n

e�En/kBT

. (15)

The stationary solution is found by setting �̇
n,n+1

= 0
in Eq. (14), neglecting the quantum noise F , and solving
for �

n,n+1

, with the result

�
n,n+1

=
�2g

0

d
n+1,n

(p
n

� p
n+1

)

E
n+1

� E
n

� !
R

� i�/2
a ⌘ �

n,n+1

a, (16)

where we have introduced the electric susceptibility
�
n,n+1

pertaining to the n ! n + 1 transition. Solv-
ing for a in the stationary limit (ȧ = 0) and calculating
the outgoing field a

out

=
p

2

a, we find:

A =
a
out

a
in

=
�i

p

1


2

�
0

� i/2 + 2g
0

P
2

n=0

d
n,n+1

�
n,n+1

, (17)

with the real-valued microwave transmission probability
|A|2 and phase shift�� = � arg(A), which represents the
main analytical result of this paper. In general, the cav-
ity input port is driven with a weak coherent microwave
tone, i.e., a

in

= ↵ with the coherent-state amplitude ↵.

IV. RESULTS

Our goal is to extract information about the valley
splittings E

R

and E
L

, as well as the valley-dependent
tunneling matrix elements t and t0, from measurements
of the cavity transmission. We expect that the elec-
tric dipole matrix elements at the avoided crossings in
Fig. 1(b) will lead to features in the amplitude and phase
of the microwave field transmitted through the DQD. The
distances between these four features are determined by
E

R

and E
L

, thus potentially allowing for the extraction
of those two parameters from the analysis of the spec-
trum. For brevity, we restrict our discussion to the cavity
amplitude response. The phase response provides similar
information [25].
We first demonstrate that the cavity transmission is

sensitive to low lying valley states by evaluating the mi-
crowave transmission probability |A|2 as a function of ✏
and T by numerically diagonalizing H̃

0

for every value
of ✏ and filling the states according to Eq. (15). A two-
dimensional plot of |A(✏, T )|2 is shown in Fig. 2(a). Fig-
ures 2(b,c) show cuts through this plot at temperatures
of T = 1K and T = 250mK. At low temperatures,
most of the population is in the DQD ground-state and
correspondingly, only the lowest avoided crossing near ✏
= 0 is visible. This avoided crossing results in a reduc-
tion in the cavity transmission, as has been observed in
GaAs and InAs DQDs [24, 25]. As the temperature is in-
creased the population of the higher-lying states increases
following Eq. (15) and these states start contributing to
the cavity response. The |L0i-|Ri avoided crossing ap-
pears as a smaller dip around ✏ = �E

L

⇡ �80µeV.

4

with

H
0

=
3X

n=0

(E
n

� n!
R

)�
nn

, (9)

H
P

' 1

4
�✏

2X

n=0

d
n+1,n

�
n+1,n

, (10)

H
C

= �
0

a†a, (11)

H
I

' 2g
0

 
a

2X

n=0

d
n+1,n

�
n+1,n

+ h.c.

!
, (12)
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tion in the cavity transmission, as has been observed in
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ȧ = �i�
0

a� 

2
a+

p

1

a
in,1

+
p

2

a
in,2

�2ig
0

2X

n=0

d
n,n+1

�
n,n+1

, (13)

�̇
n,n+1

= �i(E
n+1

� E
n

� !
R

)�
n,n+1

� �

2
�
n,n+1

+
p
�F � 2ig

0

d
n+1,n

(p
n

� p
n+1

)a, (14)

where  = 
1

+ 
2

+ 
i

is the total cavity decay rate,
with 

1,2

the decay rates through the input and output
ports, and 

i

the internal decay rate. a
in,1

and a
in,2

de-
note the incoming parts of the external field at the two
ends of the cavity, and � and F are the decay rate and
quantum noise within the DQD. For simplicity we have
assumed � to be equal for all transitions and temperature
independent. In the following we assume a cavity qual-
ity factor Q = f

0

/ = 2500 and an electronic dephasing
rate of � = 2.4GHz. Although this is a conservative es-
timate, we have checked that the relevant features in the
transmission coe�cient are still visible for even stronger
dephasing, � = 5GHz.

A previous work considered the cavity-coupled dynam-
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with the real-valued microwave transmission probability
|A|2 and phase shift�� = � arg(A), which represents the
main analytical result of this paper. In general, the cav-
ity input port is driven with a weak coherent microwave
tone, i.e., a

in

= ↵ with the coherent-state amplitude ↵.

IV. RESULTS

Our goal is to extract information about the valley
splittings E

R

and E
L

, as well as the valley-dependent
tunneling matrix elements t and t0, from measurements
of the cavity transmission. We expect that the elec-
tric dipole matrix elements at the avoided crossings in
Fig. 1(b) will lead to features in the amplitude and phase
of the microwave field transmitted through the DQD. The
distances between these four features are determined by
E

R

and E
L

, thus potentially allowing for the extraction
of those two parameters from the analysis of the spec-
trum. For brevity, we restrict our discussion to the cavity
amplitude response. The phase response provides similar
information [25].
We first demonstrate that the cavity transmission is

sensitive to low lying valley states by evaluating the mi-
crowave transmission probability |A|2 as a function of ✏
and T by numerically diagonalizing H̃

0

for every value
of ✏ and filling the states according to Eq. (15). A two-
dimensional plot of |A(✏, T )|2 is shown in Fig. 2(a). Fig-
ures 2(b,c) show cuts through this plot at temperatures
of T = 1K and T = 250mK. At low temperatures,
most of the population is in the DQD ground-state and
correspondingly, only the lowest avoided crossing near ✏
= 0 is visible. This avoided crossing results in a reduc-
tion in the cavity transmission, as has been observed in
GaAs and InAs DQDs [24, 25]. As the temperature is in-
creased the population of the higher-lying states increases
following Eq. (15) and these states start contributing to
the cavity response. The |L0i-|Ri avoided crossing ap-
pears as a smaller dip around ✏ = �E
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⇡ �80µeV.
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n,n+1

=
i[H,�

n,n+1

], including the relevant dissipative terms,
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may be important in the Si/SiGe system due to small
valley splittings. To account for finite temperature ef-
fects, we have replaced the operator �

n,n

by the occupa-
tion probability p

n

= h�
n,n

i of the nth DQD level. We

assume a thermal population of the DQD levels with

p
n

=
e�En/kBT

P
n

e�En/kBT
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The stationary solution is found by setting �̇
n,n+1

= 0
in Eq. (14), neglecting the quantum noise F , and solving
for �
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, with the result
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where we have introduced the electric susceptibility
�
n,n+1

pertaining to the n ! n + 1 transition. Solv-
ing for a in the stationary limit (ȧ = 0) and calculating
the outgoing field a
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a, we find:

A =
a
out

a
in

=
�i

p

1


2

�
0

� i/2 + 2g
0

P
2

n=0

d
n,n+1

�
n,n+1

, (17)

with the real-valued microwave transmission probability
|A|2 and phase shift�� = � arg(A), which represents the
main analytical result of this paper. In general, the cav-
ity input port is driven with a weak coherent microwave
tone, i.e., a

in

= ↵ with the coherent-state amplitude ↵.

IV. RESULTS

Our goal is to extract information about the valley
splittings E

R

and E
L

, as well as the valley-dependent
tunneling matrix elements t and t0, from measurements
of the cavity transmission. We expect that the elec-
tric dipole matrix elements at the avoided crossings in
Fig. 1(b) will lead to features in the amplitude and phase
of the microwave field transmitted through the DQD. The
distances between these four features are determined by
E

R

and E
L

, thus potentially allowing for the extraction
of those two parameters from the analysis of the spec-
trum. For brevity, we restrict our discussion to the cavity
amplitude response. The phase response provides similar
information [25].
We first demonstrate that the cavity transmission is

sensitive to low lying valley states by evaluating the mi-
crowave transmission probability |A|2 as a function of ✏
and T by numerically diagonalizing H̃

0

for every value
of ✏ and filling the states according to Eq. (15). A two-
dimensional plot of |A(✏, T )|2 is shown in Fig. 2(a). Fig-
ures 2(b,c) show cuts through this plot at temperatures
of T = 1K and T = 250mK. At low temperatures,
most of the population is in the DQD ground-state and
correspondingly, only the lowest avoided crossing near ✏
= 0 is visible. This avoided crossing results in a reduc-
tion in the cavity transmission, as has been observed in
GaAs and InAs DQDs [24, 25]. As the temperature is in-
creased the population of the higher-lying states increases
following Eq. (15) and these states start contributing to
the cavity response. The |L0i-|Ri avoided crossing ap-
pears as a smaller dip around ✏ = �E

L

⇡ �80µeV.
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with the real-valued microwave transmission probability
|A|2 and phase shift �� = � arg(A), which represents
the main analytical result of this paper. In general, the
cavity input port is driven with a weak coherent tone,
such that a

in

= ↵.

IV. RESULTS

Our goal is to extract information about the valley
splittings E

R

and E
L

, as well as the valley-dependent
tunneling matrix elements t

LR

, t
LR

0 , t
L

0
R

, and t
L

0
R

0 from
measurements of the cavity transmission. We expect that
the electric dipole matrix elements at the avoided cross-
ings in Fig. 1(b) will lead to features in the amplitude
and phase of the microwave field transmitted through
the DQD. The distances between these four features are
determined by E

R

and E
L

, thus potentially allowing for
the extraction of those two parameters from the analysis
of the spectrum.

We first demonstrate that the cavity transmission is
sensitive to low lying valley states by evaluating the
transmission coe�cient T

mw

, i.e., the real part of Eq. (17)
as a function of ✏ and T by numerically diagonalizing H̃

0

for every value of ✏ and filling the states according to
Eq. (15). A two-dimensional plot of T

mw

(✏, T ) is shown
in Fig. 2, with two cuts at T = 250mK and T = 1K.
At low temperatures, most of the population is in the
DQD ground-state and correspondingly, only the low-
est avoided crossing near ✏ = 0 is visible. This avoided
crossing results in a reduction in the cavity transmission,
as has been observed in GaAs and InAs DQD [23, 24].
As the temperature is increased the population of the
higher-lying states increases and these states start con-
tributing to the cavity response. The avoided crossing as-
sociated with states (1’,0) and (0,1) appears as a smaller
dip around ✏ = -80 µeV. Due to the smaller left dot val-
ley splitting, the avoided crossing associated with states
(1,0) and (0,1’) has a larger contribution to the cavity
response, resulting in a deeper dip in the cavity transmis-
sion around ✏ = 60 µeV. These simulations demonstrate
that valley states can be observed in the cavity response.

We next show that the cavity response is sensitive to
the magnitude of the valley splitting. Figure 3 shows the
cavity transmission as a function of detuning and right

Figure 2. (a) Dispersive microwave transmission coe�cient
T
mw

as a function of the DQD detuning ✏ and temperature
T . The vertical red dotted lines indicate the anticrossings in
the DQD spectrum (cf. Fig. 1). The horizontal yellow lines
indicate two cuts at temperatures T = 250mK and T = 1K
for which the transmission coe�cient is plotted separately in
(b) and (c). The tunneling matrix elements between the QDs
are assumed to be tLR = tL0R0 ' 28µeV, while those between
opposite valleys are tL0R = tLR0 ' 13µeV, and the microwave
resonator frequency is f

0

= 7.8GHz = 32µeV.

dot valley splitting. In these simulations the left dot val-
ley splitting is E

L

= 70µeV. The temperature is taken
to be 250 mK. With E

R

= 0, the cavity transmission is
dominated by the (0,1) - (1,0) ground state anticrossing
and the anticrossing between the (1’,0) and (0,1) states.
Here the cavity response is asymmetric with respect to
✏ = 0. As the right dot valley splitting increases, a dip
in cavity transmission is observed, which is associated
with the (1,0) and (0,1’) anticrossing. The competition
between valley splitting and thermal excitation becomes
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Figure 1. (a) A cavity-coupled DQD is probed using a small
input field a

in

with frequency !
R

. Charge dynamics in the
DQD result in changes in the transmitted field a

out

. The DQD
is coupled to source (S) and drain (D) electrodes. (b) DQD
energy levels plotted as a function of energy level detuning
✏. In general, the left dot valley splitting E

L

is di↵erent than
the right dot valley splitting E

R

.

qubits [24], and spin-photon coupling [26]. In essence,
these experiments probe the charge susceptibility � of a
mesoscopic system with a sensitivity well-beyond that of
a single electron [27]. The susceptibility is the largest at
a DQD interdot charge transition, where a single electron
can tunnel from the left dot to the right dot, resulting
in an electric dipole moment that is roughly 1000 times
larger than in atomic systems [23]. Here we show that
the low lying valley structure of a few electron Si/SiGe
quantum dot is directly accessible in a hybrid cQED sys-
tem. The amplitude and phase response of the cavity
generates a fingerprint of the DQD energy level struc-
ture, providing not only access to the energy level split-
tings, but also the interdot and intervalley coupling rates.
We model the system response using realistic parameters
that should be accessible in future experiments.

II. MODEL

A. Cavity-coupled double quantum dot

Figure 1a illustrates the proposed experimental sys-
tem. A DQD containing a single excess electron is
electric-dipole coupled to a high quality factor supercon-
ducting resonator. We model the DQD as a four-level
system consisting of the left dot ground state |Li, left
dot excited state |L0i, right dot ground state |Ri, and

right dot excited state |R0i. The left dot valley splitting
E

L

= E|L0i�E|Li is in general di↵erent than the right dot
valley splitting E

R

. The energy di↵erence between the
left dot ground state |Li and the right dot ground state
|Ri is set by the detuning ✏. In general, this system could
be used to measure a variety of low lying excited states,
such as orbital excited states, valley states, and Zeeman
split states [26]. We focus on the Si/SiGe quantum dot
system, where valley splittings are typically <200 µeV in
energy [14, 19].
Due to the large electric dipole moment of the excess

electron trapped in the DQD, the cavity field is sensitive
to charge dynamics in the DQD [23]. In typical experi-
ments, the cavity is probed by driving it with an input
field a

in

with frequency !
R

and detecting the transmitted
field a

out

. Both the amplitude and phase of the trans-
mitted signal provide useful information. As an example,
sequential tunneling through a voltage biased DQD was
recently shown to result in microwave frequency amplifi-
cation, such that |a

out

/a
in

| > 1 [28–30].

B. Hamiltonian

We model the single electron Si/SiGe DQD using the
Hamiltonian,

H̃
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=
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0
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0 �✏/2

1

CA , (1)

which is expressed in the local valley eigenbasis. Here
the Hamiltonian is written in the basis |L0i, |Li, |R0i,
|Ri. In general, the excited states may have a di↵erent
projection onto the ±z valley basis states (see Appendix
A). Therefore, the matrix elements that couple the four
levels are distinct. The states |Li and |Ri are hybridized
by the interdot tunnel coupling t

LR

near ✏ = 0. The
valley state |L0i is coupled to |Ri by a matrix element
t
L

0
R

and to |R0i by a matrix element t
L

0
R

0 . Lastly, the
valley state |R0i is coupled to |Li by a matrix element
t
LR

0 .
The DQD energy levels are plotted as a function of the

detuning parameter ✏ in Fig. 1(b). The left (right) dot
energy levels increase (decrease) in energy with increasing
✏. In Fig. 1(b) we take E

L

= 76 µeV, E
R

= 58 µeV, t
LR

=
t
L

0
R

0 ' 28µeV, and t
L

0
R

= t
LR

0 ' 13µeV (see Appendix
A for details). For reference, the cavity frequency f

c

=
7.8 GHz corresponds to an energy of 32 µeV.

C. Electric dipole coupling

We assume that the DQD is irradiated with a classi-
cal probe field with angular frequency !

R

. The probe
field generates an oscillating voltage inside the super-
conducting resonator. This voltage is directly coupled
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where �
0

= !
0

� !
R

is the detuning between the cavity
resonance frequency and probe frequency. Here, E

n

and
d
n+1,n

= d⇤
n,n+1

have to be obtained from the (numeri-

cal) diagonalization of H̃
0

. The Hamiltoninan described
by Eqs. (8)–(12) forms the basis of the following the-
oretical analysis of the dispersive readout of the valley
splitting in a DQD.

III. INPUT-OUTPUT THEORY

The response of the DQD system to a microwave
probe field can be determined using input-output the-
ory [42]. We begin by finding the stationary solution for
the equations of motion of the operators a and �

n,n+1

in the Heisenberg picture, ȧ = i[H, a] and �̇
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=
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], including the relevant dissipative terms,
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where  = 
1

+ 
2

+ 
i

is the total cavity decay rate,
with 

1,2

the decay rates through the input and output
ports, and 

i

the internal decay rate. a
in,1

and a
in,2

de-
note the incoming parts of the external field at the two
ends of the cavity, and � and F are the decay rate and
quantum noise within the DQD. For simplicity we have
assumed � to be equal for all transitions and temperature
independent. In the following we assume a cavity qual-
ity factor Q = f

0

/ = 2500 and an electronic dephasing
rate of � = 2.4GHz. Although this is a conservative es-
timate, we have checked that the relevant features in the
transmission coe�cient are still visible for even stronger
dephasing, � = 5GHz.

A previous work considered the cavity-coupled dynam-
ics with the DQD restricted to the ground state energy
level [25]. Thermal population of low lying excited states
may be important in the Si/SiGe system due to small
valley splittings. To account for finite temperature ef-
fects, we have replaced the operator �

n,n

by the occupa-
tion probability p

n

= h�
n,n

i of the nth DQD level. We

assume a thermal population of the DQD levels with
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The stationary solution is found by setting �̇
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= 0
in Eq. (14), neglecting the quantum noise F , and solving
for �
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, with the result
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where we have introduced the electric susceptibility
�
n,n+1

pertaining to the n ! n + 1 transition. Solv-
ing for a in the stationary limit (ȧ = 0) and calculating
the outgoing field a
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with the real-valued microwave transmission probability
|A|2 and phase shift�� = � arg(A), which represents the
main analytical result of this paper. In general, the cav-
ity input port is driven with a weak coherent microwave
tone, i.e., a

in

= ↵ with the coherent-state amplitude ↵.

IV. RESULTS

Our goal is to extract information about the valley
splittings E

R

and E
L

, as well as the valley-dependent
tunneling matrix elements t and t0, from measurements
of the cavity transmission. We expect that the elec-
tric dipole matrix elements at the avoided crossings in
Fig. 1(b) will lead to features in the amplitude and phase
of the microwave field transmitted through the DQD. The
distances between these four features are determined by
E

R

and E
L

, thus potentially allowing for the extraction
of those two parameters from the analysis of the spec-
trum. For brevity, we restrict our discussion to the cavity
amplitude response. The phase response provides similar
information [25].
We first demonstrate that the cavity transmission is

sensitive to low lying valley states by evaluating the mi-
crowave transmission probability |A|2 as a function of ✏
and T by numerically diagonalizing H̃

0

for every value
of ✏ and filling the states according to Eq. (15). A two-
dimensional plot of |A(✏, T )|2 is shown in Fig. 2(a). Fig-
ures 2(b,c) show cuts through this plot at temperatures
of T = 1K and T = 250mK. At low temperatures,
most of the population is in the DQD ground-state and
correspondingly, only the lowest avoided crossing near ✏
= 0 is visible. This avoided crossing results in a reduc-
tion in the cavity transmission, as has been observed in
GaAs and InAs DQDs [24, 25]. As the temperature is in-
creased the population of the higher-lying states increases
following Eq. (15) and these states start contributing to
the cavity response. The |L0i-|Ri avoided crossing ap-
pears as a smaller dip around ✏ = �E

L

⇡ �80µeV.
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have to be obtained from the (numeri-

cal) diagonalization of H̃
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. The Hamiltoninan described
by Eqs. (8)–(12) forms the basis of the following the-
oretical analysis of the dispersive readout of the valley
splitting in a DQD.
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The response of the DQD system to a microwave
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the decay rates through the input and output
ports, and 
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the internal decay rate. a
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and a
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de-
note the incoming parts of the external field at the two
ends of the cavity, and � and F are the decay rate and
quantum noise within the DQD. For simplicity we have
assumed � to be equal for all transitions and temperature
independent. In the following we assume a cavity qual-
ity factor Q = f
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/ = 2500 and an electronic dephasing
rate of � = 2.4GHz. Although this is a conservative es-
timate, we have checked that the relevant features in the
transmission coe�cient are still visible for even stronger
dephasing, � = 5GHz.

A previous work considered the cavity-coupled dynam-
ics with the DQD restricted to the ground state energy
level [25]. Thermal population of low lying excited states
may be important in the Si/SiGe system due to small
valley splittings. To account for finite temperature ef-
fects, we have replaced the operator �
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with the real-valued microwave transmission probability
|A|2 and phase shift�� = � arg(A), which represents the
main analytical result of this paper. In general, the cav-
ity input port is driven with a weak coherent microwave
tone, i.e., a

in

= ↵ with the coherent-state amplitude ↵.

IV. RESULTS

Our goal is to extract information about the valley
splittings E

R

and E
L

, as well as the valley-dependent
tunneling matrix elements t and t0, from measurements
of the cavity transmission. We expect that the elec-
tric dipole matrix elements at the avoided crossings in
Fig. 1(b) will lead to features in the amplitude and phase
of the microwave field transmitted through the DQD. The
distances between these four features are determined by
E

R

and E
L

, thus potentially allowing for the extraction
of those two parameters from the analysis of the spec-
trum. For brevity, we restrict our discussion to the cavity
amplitude response. The phase response provides similar
information [25].
We first demonstrate that the cavity transmission is

sensitive to low lying valley states by evaluating the mi-
crowave transmission probability |A|2 as a function of ✏
and T by numerically diagonalizing H̃

0

for every value
of ✏ and filling the states according to Eq. (15). A two-
dimensional plot of |A(✏, T )|2 is shown in Fig. 2(a). Fig-
ures 2(b,c) show cuts through this plot at temperatures
of T = 1K and T = 250mK. At low temperatures,
most of the population is in the DQD ground-state and
correspondingly, only the lowest avoided crossing near ✏
= 0 is visible. This avoided crossing results in a reduc-
tion in the cavity transmission, as has been observed in
GaAs and InAs DQDs [24, 25]. As the temperature is in-
creased the population of the higher-lying states increases
following Eq. (15) and these states start contributing to
the cavity response. The |L0i-|Ri avoided crossing ap-
pears as a smaller dip around ✏ = �E
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⇡ �80µeV.
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where T
e

denotes the electron temperature.
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with the real-valued microwave transmission probability
T
mw

= |a
out

/↵|2 and phase shift �� = � arg(a
out

/↵),
which represents the main analytical result of this paper.
In general, the cavity input port is driven with a weak
coherent tone, such that a

in

= ↵.

IV. RESULTS

Our goal is to extract information about the valley
splittings E

R

and E
L

, as well as the valley-dependent
tunneling matrix elements t

LR

, t
LR

0 , t
L

0
R

, and t
L

0
R

0 from
measurements of the cavity transmission. We expect that
the electric dipole matrix elements at the avoided cross-
ings in Fig. 1(b) will lead to features in the amplitude
and phase of the microwave field transmitted through
the DQD. The distances between these four features are
determined by E

R

and E
L

, thus potentially allowing for
the extraction of those two parameters from the analysis
of the spectrum.

We first demonstrate that the cavity transmission is
sensitive to low lying valley states by evaluating the
transmission coe�cient T

mw

, i.e., the real part of Eq. (17)
as a function of ✏ and T by numerically diagonalizing H̃

0

for every value of ✏ and filling the states according to
Eq. (15). A two-dimensional plot of T

mw

(✏, T ) is shown
in Fig. 2, with two cuts at T = 250mK and T = 1K.
At low temperatures, most of the population is in the
DQD ground-state and correspondingly, only the low-
est avoided crossing near ✏ = 0 is visible. This avoided
crossing results in a reduction in the cavity transmission,
as has been observed in GaAs and InAs DQD [23, 24].
As the temperature is increased the population of the
higher-lying states increases and these states start con-
tributing to the cavity response. The avoided crossing as-
sociated with states (1’,0) and (0,1) appears as a smaller
dip around ✏ = -80 µeV. Due to the smaller left dot val-
ley splitting, the avoided crossing associated with states
(1,0) and (0,1’) has a larger contribution to the cavity
response, resulting in a deeper dip in the cavity transmis-
sion around ✏ = 60 µeV. These simulations demonstrate
that valley states can be observed in the cavity response.

Figure 2. (a) Dispersive microwave transmission coe�cient
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mw

as a function of the DQD detuning ✏ and temperature
T . The vertical red dotted lines indicate the anticrossings in
the DQD spectrum (cf. Fig. 1). The horizontal yellow lines
indicate two cuts at temperatures T = 250mK and T = 1K
for which the transmission coe�cient is plotted separately in
(b) and (c). The tunneling matrix elements between the QDs
are assumed to be tLR = tL0R0 ' 28µeV, while those between
opposite valleys are tL0R = tLR0 ' 13µeV, and the microwave
resonator frequency is f

0

= 7.8GHz = 32µeV.

We next show that the cavity response is sensitive to
the magnitude of the valley splitting. Figure 3 shows the
cavity transmission as a function of detuning and right
dot valley splitting. In these simulations the left dot val-
ley splitting is E

L

= 70µeV. The temperature is taken
to be 250 mK. With E

R

= 0, the cavity transmission is
dominated by the (0,1) - (1,0) ground state anticrossing
and the anticrossing between the (1’,0) and (0,1) states.
Here the cavity response is asymmetric with respect to
✏ = 0. As the right dot valley splitting increases, a dip
in cavity transmission is observed, which is associated
with the (1,0) and (0,1’) anticrossing. The competition
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where we have introduced the electric susceptibility
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the outgoing field a

out

=
p

2

a, we find:

A =
a
out

a
in

=
�i

p

1


2

�
0

� i/2 + 2g
0

P
2

n=0

d
n,n+1

�
n+1,n

, (17)

with the real-valued microwave transmission probability
|A|2 and phase shift �� = � arg(A), which represents
the main analytical result of this paper. In general, the
cavity input port is driven with a weak coherent tone,
such that a

in

= ↵.

IV. RESULTS

Our goal is to extract information about the valley
splittings E

R

and E
L

, as well as the valley-dependent
tunneling matrix elements t

LR

, t
LR

0 , t
L

0
R

, and t
L

0
R

0 from
measurements of the cavity transmission. We expect that
the electric dipole matrix elements at the avoided cross-
ings in Fig. 1(b) will lead to features in the amplitude
and phase of the microwave field transmitted through
the DQD. The distances between these four features are
determined by E

R

and E
L

, thus potentially allowing for
the extraction of those two parameters from the analysis
of the spectrum.

We first demonstrate that the cavity transmission is
sensitive to low lying valley states by evaluating the
transmission coe�cient T

mw

, i.e., the real part of Eq. (17)
as a function of ✏ and T by numerically diagonalizing H̃

0

for every value of ✏ and filling the states according to
Eq. (15). A two-dimensional plot of T

mw

(✏, T ) is shown
in Fig. 2, with two cuts at T = 250mK and T = 1K.
At low temperatures, most of the population is in the
DQD ground-state and correspondingly, only the low-
est avoided crossing near ✏ = 0 is visible. This avoided
crossing results in a reduction in the cavity transmission,
as has been observed in GaAs and InAs DQD [23, 24].
As the temperature is increased the population of the
higher-lying states increases and these states start con-
tributing to the cavity response. The avoided crossing as-
sociated with states (1’,0) and (0,1) appears as a smaller
dip around ✏ = -80 µeV. Due to the smaller left dot val-
ley splitting, the avoided crossing associated with states
(1,0) and (0,1’) has a larger contribution to the cavity
response, resulting in a deeper dip in the cavity transmis-
sion around ✏ = 60 µeV. These simulations demonstrate
that valley states can be observed in the cavity response.

We next show that the cavity response is sensitive to
the magnitude of the valley splitting. Figure 3 shows the
cavity transmission as a function of detuning and right

Figure 2. (a) Dispersive microwave transmission coe�cient
T
mw

as a function of the DQD detuning ✏ and temperature
T . The vertical red dotted lines indicate the anticrossings in
the DQD spectrum (cf. Fig. 1). The horizontal yellow lines
indicate two cuts at temperatures T = 250mK and T = 1K
for which the transmission coe�cient is plotted separately in
(b) and (c). The tunneling matrix elements between the QDs
are assumed to be tLR = tL0R0 ' 28µeV, while those between
opposite valleys are tL0R = tLR0 ' 13µeV, and the microwave
resonator frequency is f

0

= 7.8GHz = 32µeV.

dot valley splitting. In these simulations the left dot val-
ley splitting is E
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= 70µeV. The temperature is taken
to be 250 mK. With E
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= 0, the cavity transmission is
dominated by the (0,1) - (1,0) ground state anticrossing
and the anticrossing between the (1’,0) and (0,1) states.
Here the cavity response is asymmetric with respect to
✏ = 0. As the right dot valley splitting increases, a dip
in cavity transmission is observed, which is associated
with the (1,0) and (0,1’) anticrossing. The competition
between valley splitting and thermal excitation becomes
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Figure 1. (a) A cavity-coupled DQD is probed using a small
input field a

in

with frequency !
R

. Charge dynamics in the
DQD result in changes in the transmitted field a

out

. The DQD
is coupled to source (S) and drain (D) electrodes. (b) DQD
energy levels plotted as a function of energy level detuning
✏. In general, the left dot valley splitting E

L

is di↵erent than
the right dot valley splitting E

R

.

qubits [24], and spin-photon coupling [26]. In essence,
these experiments probe the charge susceptibility � of a
mesoscopic system with a sensitivity well-beyond that of
a single electron [27]. The susceptibility is the largest at
a DQD interdot charge transition, where a single electron
can tunnel from the left dot to the right dot, resulting
in an electric dipole moment that is roughly 1000 times
larger than in atomic systems [23]. Here we show that
the low lying valley structure of a few electron Si/SiGe
quantum dot is directly accessible in a hybrid cQED sys-
tem. The amplitude and phase response of the cavity
generates a fingerprint of the DQD energy level struc-
ture, providing not only access to the energy level split-
tings, but also the interdot and intervalley coupling rates.
We model the system response using realistic parameters
that should be accessible in future experiments.

II. MODEL

A. Cavity-coupled double quantum dot

Figure 1a illustrates the proposed experimental sys-
tem. A DQD containing a single excess electron is
electric-dipole coupled to a high quality factor supercon-
ducting resonator. We model the DQD as a four-level
system consisting of the left dot ground state |Li, left
dot excited state |L0i, right dot ground state |Ri, and

right dot excited state |R0i. The left dot valley splitting
E

L

= E|L0i�E|Li is in general di↵erent than the right dot
valley splitting E

R

. The energy di↵erence between the
left dot ground state |Li and the right dot ground state
|Ri is set by the detuning ✏. In general, this system could
be used to measure a variety of low lying excited states,
such as orbital excited states, valley states, and Zeeman
split states [26]. We focus on the Si/SiGe quantum dot
system, where valley splittings are typically <200 µeV in
energy [14, 19].
Due to the large electric dipole moment of the excess

electron trapped in the DQD, the cavity field is sensitive
to charge dynamics in the DQD [23]. In typical experi-
ments, the cavity is probed by driving it with an input
field a

in

with frequency !
R

and detecting the transmitted
field a

out

. Both the amplitude and phase of the trans-
mitted signal provide useful information. As an example,
sequential tunneling through a voltage biased DQD was
recently shown to result in microwave frequency amplifi-
cation, such that |a

out

/a
in

| > 1 [28–30].

B. Hamiltonian

We model the single electron Si/SiGe DQD using the
Hamiltonian,

H̃
0

=

0

B@

✏/2 + E
L

0 t
L

0
R

0 t
L

0
R

0 ✏/2 t
LR

0 t
LR

t
L

0
R

0 t
LR

0 �✏/2 + E
R

0
t
L

0
R

t
LR

0 �✏/2

1

CA , (1)

which is expressed in the local valley eigenbasis. Here
the Hamiltonian is written in the basis |L0i, |Li, |R0i,
|Ri. In general, the excited states may have a di↵erent
projection onto the ±z valley basis states (see Appendix
A). Therefore, the matrix elements that couple the four
levels are distinct. The states |Li and |Ri are hybridized
by the interdot tunnel coupling t

LR

near ✏ = 0. The
valley state |L0i is coupled to |Ri by a matrix element
t
L

0
R

and to |R0i by a matrix element t
L

0
R

0 . Lastly, the
valley state |R0i is coupled to |Li by a matrix element
t
LR

0 .
The DQD energy levels are plotted as a function of the

detuning parameter ✏ in Fig. 1(b). The left (right) dot
energy levels increase (decrease) in energy with increasing
✏. In Fig. 1(b) we take E

L

= 76 µeV, E
R

= 58 µeV, t
LR

=
t
L

0
R

0 ' 28µeV, and t
L

0
R

= t
LR

0 ' 13µeV (see Appendix
A for details). For reference, the cavity frequency f

c

=
7.8 GHz corresponds to an energy of 32 µeV.

C. Electric dipole coupling

We assume that the DQD is irradiated with a classi-
cal probe field with angular frequency !

R

. The probe
field generates an oscillating voltage inside the super-
conducting resonator. This voltage is directly coupled
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FIG. 4. (Color Online). (a) A/A
0

(V
P1

, V
P2

) at the (1, 0) $
(0, 1) interdot charge transition, with V

B2

= 323 mV and
V
SD

= 0.3 mV. Upper inset shows theory calculation. Lower
inset shows DQD current I(V

P1

, V
P2

). Dashed lines mark the
boundaries of the finite bias triangles. (b, c) Schematic rep-
resentations of DQD energy levels at V

P2

= 622 mV for (b)
✏ ⇡ �50 µeV and (c) ✏ ⇡ 50 µeV. (d, e) A/A

0

(✏) measured at
(d) V

P2

= 624 mV and (e) V
P2

= 622 mV. Black solid lines
are fits to theory.

valley-orbit states. Here the transport process starts
with the |0, 0i state. An electron tunnels into dot 2 from
the D reservoir, leading to a transition |0, 0i ! |R0i or
|0, 0i ! (|L0i ± |Ri)/

p
2 at a rate �

R

. In the case of a
|0, 0i ! (|L0i ± |Ri)/

p
2 transition, the electron either

tunnels o↵ the DQD at rate �
L

, or decays into the |Li
state at a rate ⇠� before tunneling o↵ the dot at rate
�
L

. In the case of a |0, 0i ! |R0i transition, the elec-
tron decays to a valley-orbit state (|L0i ± |Ri)/

p
2 at a

rate ⇠� before tunneling o↵ the DQD. In addition, de-
cay from (|L0i � |Ri)/

p
2 to (|L0i + |Ri)/

p
2 at rate ⇠�

competes with various transport cycles and is vital in
creating population di↵erence between the valley-orbit
states. The net result of the transport process is an
increased population di↵erence between the valley-orbit
states (|L0i± |Ri)/

p
2 compared to its equilibrium value

and a higher visibility of the |L0i - |Ri avoided crossing.
At ✏ ⇡ 50 µeV [Fig. 4(c)], an electron may tunnel into the
|Ri state or the (|Li ± |R0i)/

p
2 states, but will remain

“stuck” in dot 2 after tunneling into the |Ri state due to
the high-lying states in dot 1. Consequently, the average
populations of the valley-orbit states (|Li±|R0i)/

p
2 are

not significantly increased from their equilibrium values
and the visibility of the |Li - |R0i avoided crossing is not
enhanced.

To quantitatively model the nonequilibrium cav-
ity response, we solve for the steady state occu-
pation probability ⇢

k

of each DQD eigenstate |ki
(see Supplemental Material for details [35]). Using
a Lindblad master equation approach [36], we de-
rive a set of rate equations for ⇢

k

: 0 = ⇢̇
k

=P
j 6=k

(�
kj

⇢
j

� �
jk

⇢
k

) +
P

j 6=k

(⌧
kj

⇢
j

� ⌧
jk

⇢
k

). Here

�
jk

=
P

v,l={L,R} �l

⇣
|hj|c

l,v

|ki|2 + |hk|c
l,v

|ji|2
⌘
n(l)
jk

de-

notes the rate at which the state k transits to state j due
to one more or less electron tunneling on or o↵ the DQD,
with �

l

being the tunneling rate to lead l, c
l,v

the anni-
hilation operator for electrons in dot l and valley v and

the n(l)
jk

factors account for the finite temperature in the
source-drain leads. The sum

P
j 6=k

(⌧
kj

⇢
j

� ⌧
jk

⇢
k

) de-
scribes decay processes between states with the same to-
tal number of electrons, where the decay rate ⌧

jk

= � for
states with one electron in the DQD. The resulting values
of ⇢

k

are then used to calculate A/A0 via cavity input-
output theory [19]. The fit results, shown in Fig. 4(d, e),
are in good agreements with experimental data. The tun-
neling rates extracted from the fits are �

L

= 0.33� and
�
R

= 0.7�. In the upper inset of Fig. 4(a), we have calcu-
lated A/A0(VP1, VP2) over the same voltage range as the
data using these tunneling rates and a capacitance net-
work model [35, 37]. The calculation is also seen to agree
well with data. Lastly, we note that similar enhance-
ment of the absolute visibility of the |Li - |R0i avoided
crossing (red arrows) is observed in the upper FBT with
VSD = �0.3 mV.

In conclusion, we have observed dispersive features
in the cavity response of a hybrid Si/SiGe DQD-cQED
device arising from thermally populated excited valley
states. Cavity transmission amplitudes exhibit sensitive
dependences on DQD detuning and interdot barrier volt-
age that are in good agreements with theory [19], indi-
cating valley splittings of 51 µeV, an intra-valley tunnel
coupling t ⇡ 21 µeV and an inter-valley tunnel coupling
t ⇡ 15 µeV. The visibility of excited valley states may
be enhanced at higher device temperatures and with an
applied source-drain bias. These measurements consti-
tute an e�cient method for accurate spectroscopy of val-
ley states in Si/SiGe heterostructures and may also be
readily applied to other Si devices such as those based
on Si metal-oxide-semiconductor (MOS), accelerating the
progress toward the understanding and ultimate control
of valley splittings in these material systems which are
highly relevant to quantum information processing.
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FIG. 1. (Color Online). (a) Optical image of the hybrid
Si/SiGe DQD-cQED device. (b) Schematic representation
of the equilibrium configuration of DQD energy levels under
probing by a weak cavity input field a

in

at frequency f = f
c

.
E

L

/E
R

denotes the valley splitting in dot 1/dot 2 and ✏ is the
detuning between dot 1 and dot 2 chemical potentials. (c)
Tilted angle false-colored scanning electron microscope image
of the DQD [red outline in (a)]. (d) DQD charge stability
diagram acquired through measurement of cavity transmis-
sion amplitude A/A

0

= |a
out

/a
in

| as a function of voltages
on gates P1 and P2, V

P1

and V
P2

. The interdot barrier gate
voltage is V

B2

= 150 mV.

Si quantum well (QW) and a 225 nm thick Si0.7Ge0.3
layer grown on top of a Si1�x

Ge
x

relaxed bu↵er sub-
strate. QD devices made on a wafer with similar profile
and growth conditions have shown valley splitting values
ranging from 35 µeV to 70 µeV [17].

Readout of DQD charge states is first performed at
a temperature of T = 10 mK. The cavity input port
is driven with a coherent microwave tone having a fre-
quency f = fc and power Pin ⇡ �128 dBm (correspond-
ing to an average intra-cavity photon number n ⇡ 1).
The cavity output field is amplified and demodulated to
yield the normalized transmission amplitude A/A0 and
phase response �� [20, 26]. Figure 1(d) shows A/A0 as a
function of plunger gate voltages VP1 and VP2, revealing
a few-electron stability diagram [20, 25]. Charge stabil-
ity islands are labeled with (N1, N2), where N1/N2 is the
total number of electrons in dot 1/dot 2.

We now focus on the (1, 0) $ (0, 1) interdot transition
where only one electron resides in the DQD. Figure 2(a)
shows the cavity transmission amplitude in the vicinity
of the (1, 0) $ (0, 1) transition after the interdot barrier
gate voltage VB2 is increased. A clear reduction in A/A0

to a minimum value of 0.8 (green arrows) is seen along
the interdot charge transfer line, where the detuning of
DQD chemical potentials ✏ ⇡ 0 µeV. Parallel to this cen-
tral minimum, two additional minima in A/A0 are also
visible (red and blue arrows). This behavior is strikingly
di↵erent from previously reported devices, where A/A0

(1,1)

0.94
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FIG. 2. (Color Online). (a) Cavity transmission amplitude
A/A

0

(V
P1

, V
P2

) at the (1, 0) $ (0, 1) interdot charge transi-
tion. Dashed lines mark the boundaries of the stability di-
agram. Black arrow denotes the direction along which the
DQD detuning parameter ✏ is defined. (b) DQD energy dia-
gram as a function of ✏ calculated with EL = ER = 51 µeV,
t = 20.9 µeV and t0 = 15.0 µeV. Grey dashed lines show en-
ergy levels with t = t0 = 0 µeV. (c) A/A

0

as a function of ✏
for three values of V

B2

. Black solid lines are fits to theory.

exhibits either a single minimum at ✏ = 0 µeV when the
interdot tunnel coupling 2tc/h > fc, or two minima with
similar depths at

p
✏2 + 4t2c/h = fc when 2tc/h < fc

[25–29]. The observed pattern is therefore indicative of
low-lying excited valley states in the DQD.
To qualitatively account for the observed minima in

the cavity transmission amplitude, we consider the full
DQD energy diagram [Fig. 2(b)] [19]. Here the DQD is
modeled as a four-level system comprising dot 1 ground
state |Li = |(1, 0)i, dot 1 excited state |L0i = |(10, 0)i,
dot 2 ground state |Ri = |(0, 1)i and dot 2 excited state
|R0i = |(0, 10)i. At large DQD detuning |✏| > 100 µeV,
valley states within the same dot are separated by the
respective valley splitting, E

L

and E
R

. At smaller detun-
ing |✏| < 100 µeV, the four states are hybridized by an
intra-valley tunnel coupling t and an inter-valley tunnel
coupling t0, giving rise to a total of four avoided cross-
ings [19]. The strong minimum in A/A0 at ✏ = 0 µeV
is induced predominantly by the dispersive interaction of
the cavity with the avoided crossing between the DQD
ground states |Li and |Ri (green arrows), similar to pre-
vious works [20, 25–29]. The two minima in A/A0 at
✏ 6= 0 are results of dispersive interactions of the cav-
ity with the |L0i - |Ri (blue arrows) and |Li - |R0i (red
arrows) avoided crossings, located at the ✏ ⇡ ⌥50 µeV.
The lower visibility of these two minima arises from the
smaller thermal population of the higher-lying states in-
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modeled as a four-level system comprising dot 1 ground
state |Li = |(1, 0)i, dot 1 excited state |L0i = |(10, 0)i,
dot 2 ground state |Ri = |(0, 1)i and dot 2 excited state
|R0i = |(0, 10)i. At large DQD detuning |✏| > 100 µeV,
valley states within the same dot are separated by the
respective valley splitting, E
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and E
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. At smaller detun-
ing |✏| < 100 µeV, the four states are hybridized by an
intra-valley tunnel coupling t and an inter-valley tunnel
coupling t0, giving rise to a total of four avoided cross-
ings [19]. The strong minimum in A/A0 at ✏ = 0 µeV
is induced predominantly by the dispersive interaction of
the cavity with the avoided crossing between the DQD
ground states |Li and |Ri (green arrows), similar to pre-
vious works [20, 25–29]. The two minima in A/A0 at
✏ 6= 0 are results of dispersive interactions of the cav-
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[25–29]. The observed pattern is therefore indicative of
low-lying excited valley states in the DQD.
To qualitatively account for the observed minima in

the cavity transmission amplitude, we consider the full
DQD energy diagram [Fig. 2(b)] [19]. Here the DQD is
modeled as a four-level system comprising dot 1 ground
state |Li = |(1, 0)i, dot 1 excited state |L0i = |(10, 0)i,
dot 2 ground state |Ri = |(0, 1)i and dot 2 excited state
|R0i = |(0, 10)i. At large DQD detuning |✏| > 100 µeV,
valley states within the same dot are separated by the
respective valley splitting, E
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and E
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. At smaller detun-
ing |✏| < 100 µeV, the four states are hybridized by an
intra-valley tunnel coupling t and an inter-valley tunnel
coupling t0, giving rise to a total of four avoided cross-
ings [19]. The strong minimum in A/A0 at ✏ = 0 µeV
is induced predominantly by the dispersive interaction of
the cavity with the avoided crossing between the DQD
ground states |Li and |Ri (green arrows), similar to pre-
vious works [20, 25–29]. The two minima in A/A0 at
✏ 6= 0 are results of dispersive interactions of the cav-
ity with the |L0i - |Ri (blue arrows) and |Li - |R0i (red
arrows) avoided crossings, located at the ✏ ⇡ ⌥50 µeV.
The lower visibility of these two minima arises from the
smaller thermal population of the higher-lying states in-
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I. INTRODUCTION

Carbon is the materia prima for life and the basis of all
organic chemistry. Because of the flexibility of its bond-
ing, carbon-based systems show an unlimited number of
different structures with an equally large variety of
physical properties. These physical properties are, in
great part, the result of the dimensionality of these
structures. Among systems with only carbon atoms,
graphene—a two-dimensional !2D" allotrope of
carbon—plays an important role since it is the basis for
the understanding of the electronic properties in other
allotropes. Graphene is made out of carbon atoms ar-
ranged on a honeycomb structure made out of hexagons
!see Fig. 1", and can be thought of as composed of ben-
zene rings stripped out from their hydrogen atoms
!Pauling, 1972". Fullerenes !Andreoni, 2000" are mol-
ecules where carbon atoms are arranged spherically, and
hence, from the physical point of view, are zero-
dimensional objects with discrete energy states.
Fullerenes can be obtained from graphene with the in-
troduction of pentagons !that create positive curvature
defects", and hence, fullerenes can be thought as
wrapped-up graphene. Carbon nanotubes !Saito et al.,
1998; Charlier et al., 2007" are obtained by rolling
graphene along a given direction and reconnecting the
carbon bonds. Hence carbon nanotubes have only hexa-
gons and can be thought of as one-dimensional !1D" ob-
jects. Graphite, a three dimensional !3D" allotrope of
carbon, became widely known after the invention of the
pencil in 1564 !Petroski, 1989", and its usefulness as an
instrument for writing comes from the fact that graphite
is made out of stacks of graphene layers that are weakly
coupled by van der Waals forces. Hence, when one
presses a pencil against a sheet of paper, one is actually
producing graphene stacks and, somewhere among
them, there could be individual graphene layers. Al-
though graphene is the mother for all these different
allotropes and has been presumably produced every
time someone writes with a pencil, it was only isolated
440 years after its invention !Novoselov et al., 2004". The
reason is that, first, no one actually expected graphene
to exist in the free state and, second, even with the ben-

efit of hindsight, no experimental tools existed to search
for one-atom-thick flakes among the pencil debris cov-
ering macroscopic areas !Geim and MacDonald, 2007".
Graphene was eventually spotted due to the subtle op-
tical effect it creates on top of a chosen SiO2 substrate
!Novoselov et al., 2004" that allows its observation with
an ordinary optical microscope !Abergel et al., 2007;
Blake et al., 2007; Casiraghi et al., 2007". Hence,
graphene is relatively straightforward to make, but not
so easy to find.

The structural flexibility of graphene is reflected in its
electronic properties. The sp2 hybridization between one
s orbital and two p orbitals leads to a trigonal planar
structure with a formation of a ! bond between carbon
atoms that are separated by 1.42 Å. The ! band is re-
sponsible for the robustness of the lattice structure in all
allotropes. Due to the Pauli principle, these bands have
a filled shell and, hence, form a deep valence band. The
unaffected p orbital, which is perpendicular to the pla-
nar structure, can bind covalently with neighboring car-
bon atoms, leading to the formation of a " band. Since
each p orbital has one extra electron, the " band is half
filled.

Half-filled bands in transition elements have played
an important role in the physics of strongly correlated
systems since, due to their strong tight-binding charac-
ter, the Coulomb energies are large, leading to strong
collective effects, magnetism, and insulating behavior
due to correlation gaps or Mottness !Phillips, 2006". In
fact, Linus Pauling proposed in the 1950s that, on the
basis of the electronic properties of benzene, graphene
should be a resonant valence bond !RVB" structure
!Pauling, 1972". RVB states have become popular in the
literature of transition-metal oxides, and particularly in
studies of cuprate-oxide superconductors !Maple, 1998".
This point of view should be contrasted with contempo-
raneous band-structure studies of graphene !Wallace,
1947" that found it to be a semimetal with unusual lin-
early dispersing electronic excitations called Dirac elec-
trons. While most current experimental data in
graphene support the band structure point of view, the
role of electron-electron interactions in graphene is a
subject of intense research.

It was P. R. Wallace in 1946 who first wrote on the
band structure of graphene and showed the unusual
semimetallic behavior in this material !Wallace, 1947".
At that time, the thought of a purely 2D structure was
not reality and Wallace’s studies of graphene served him
as a starting point to study graphite, an important mate-
rial for nuclear reactors in the post–World War II era.
During the following years, the study of graphite culmi-
nated with the Slonczewski-Weiss-McClure !SWM" band
structure of graphite, which provided a description of
the electronic properties in this material !McClure, 1957;
Slonczewski and Weiss, 1958" and was successful in de-
scribing the experimental data !Boyle and Nozières
1958; McClure, 1958; Spry and Scherer, 1960; Soule et
al., 1964; Williamson et al., 1965; Dillon et al., 1977".
From 1957 to 1968, the assignment of the electron and
hole states within the SWM model were opposite to

FIG. 1. !Color online" Graphene !top left" is a honeycomb
lattice of carbon atoms. Graphite !top right" can be viewed as
a stack of graphene layers. Carbon nanotubes are rolled-up
cylinders of graphene !bottom left". Fullerenes !C60" are mol-
ecules consisting of wrapped graphene by the introduction of
pentagons on the hexagonal lattice. From Castro Neto et al.,
2006a.
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Coherent singlet-triplet oscillations in a
silicon-based double quantum dot
B. M. Maune1, M. G. Borselli1, B. Huang1, T. D. Ladd1, P. W. Deelman1, K. S. Holabird1, A. A. Kiselev1, I. Alvarado-Rodriguez1,
R. S. Ross1, A. E. Schmitz1, M. Sokolich1, C. A. Watson1, M. F. Gyure1 & A. T. Hunter1

Silicon is more than the dominant material in the conventional
microelectronics industry: it also has potential as a host material
for emerging quantum information technologies. Standard fabrica-
tion techniques already allow the isolation of single electron spins in
silicon transistor-like devices. Although this is also possible in other
materials, silicon-based systems have the advantage of interacting
more weakly with nuclear spins. Reducing such interactions is
important for the control of spin quantum bits because nuclear
fluctuations limit quantum phase coherence, as seen in recent
experiments in GaAs-based quantum dots1,2. Advances in reducing
nuclear decoherence effects by means of complex control3–5 still
result in coherence times much shorter than those seen in experi-
ments on large ensembles of impurity-bound electrons in bulk
silicon crystals6,7. Here we report coherent control of electron spins
in two coupled quantum dots in an undoped Si/SiGe hetero-
structure and show that this system has a nuclei-induced dephasing
time of 360 nanoseconds, which is an increase by nearly two orders
of magnitude over similar measurements in GaAs-based quantum
dots. The degree of phase coherence observed, combined with
fast, gated electrical initialization, read-out and control, should
motivate future development of silicon-based quantum informa-
tion processors.
Coherent control of single, isolated quantum bits (qubits) has now

been demonstrated in a large variety of physical systems8, but not in
silicon. Silicon qubits have garnered interest for over a decade in part
owing to thepotential to exploit techniques and infrastructure fromthe
established microelectronics industry9,10. Interest in silicon is further
supported by the expectation of the material’s superior spin coherence
times relative to other semiconductors, a result of both the reduced
hyperfine coupling to nuclear spins in the semiconducting hostmaterial
and the reducednumber ofnuclear spins.Despite the significant interest
in silicon-based electrically gated qubits, progress has beenhampered by
several fabrication and design challenges. For example, the larger in-
plane effective electronmass in silicon (which is nearly three times larger
than in GaAs) shrinks the electron wavefunctions where the quantum
dots are formed. Smaller wavefunctions necessitate the fabrication of
correspondingly smaller devices to facilitate the isolation of a single
electron in each dot. Another concern is the valley degeneracy present
in bulk silicon, which is removed by an appropriate combination of
strain, spatial confinement and interface properties. Considerable
progress has been made in overcoming these and other obstacles, and
has led to recent measurements demonstrating sufficiently large valley
splitting and sufficiently long spin relaxation times for spin-qubit
initialization and read-out operations11–19.
In the present work, we form quantum dots by depleting charge

froma two-dimensional electron gas within a Si/SiGe undoped hetero-
structure with lithographically patterned electrostatic gates (Fig. 1).
We adjust the carrier concentration within the silicon quantum well
using an isolated global gate above the device, and we control the
charge states of the two quantum dots using the other gate electrodes.
After initially depleting the double dot of all but two electrons (with

one in each dot), we optimize the coupling of the quantum dots and
electron-bath tunnel barriers to allow coherent dot manipulations.
This and similar devices and the design advances that have facilitated
coherent operation are further described in ref. 11; the work presented
here used device C of that report.
Aspreviouslydescribed1 for aGaAsdoublequantumdot, the coherent

electronmanipulationswe discuss involve operating the silicon double
dot in the (1,1) charge configuration, where two electrons are
separated with one in each dot. In this configuration and at a finite
magnetic field, which splits off them561 spin triplet states, (1,1)T6,
the spin singlet state, (1,1)S, and the m5 0 spin triplet state, (1,1)T0,
may be treated as the two states of a qubit (Supplementary Informa-
tion). To measure these states, we rely on spin-to-charge conversion
based on Pauli spin blockade. Figure 2a shows a spin blockade sig-
nature at the (0,2)–(1,1) anticrossing obtained by cyclically pulsing the
gates to transfer the double dot through the (0,1)R (1,1)R (0,2)
sequence. During the (0,1)R (1,1) transition, an electron is loaded
from the bath into the left-hand dot. Both singlet and triplet states,
including states formed from different valleys, are populated.Whereas
the lowest-energy singlet state is able to freely transfer into (0,2), other
states, including the lowest-energy triplet, are blocked by the Pauli
exclusion principle15,20–22. This blockade is indicated by a change in
the conductance of a nearby quantum point contact (QPC), which
discriminates between the (1,1) and (0,2) dot charge states. The mea-
sured (0,2) signal level is used to define 100% singlet probability in
subsequent experiments. The conductance change between (1,1) and
(0,2), together with the known fractional time spent in the measure
phase and an experimentally estimated amount of blockade relaxation
during measurement, allows us directly to convert measured signal
to singlet probability for all data presented here (Supplementary
Information).
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Chaotic Dirac Billiard in
Graphene Quantum Dots
L. A. Ponomarenko,1 F. Schedin,1 M. I. Katsnelson,2 R. Yang,1 E. W. Hill,1
K. S. Novoselov,1* A. K. Geim1

The exceptional electronic properties of graphene, with its charge carriers mimicking relativistic
quantum particles and its formidable potential in various applications, have ensured a rapid
growth of interest in this new material. We report on electron transport in quantum dot devices
carved entirely from graphene. At large sizes (>100 nanometers), they behave as conventional
single-electron transistors, exhibiting periodic Coulomb blockade peaks. For quantum dots smaller
than 100 nanometers, the peaks become strongly nonperiodic, indicating a major contribution of
quantum confinement. Random peak spacing and its statistics are well described by the theory of
chaotic neutrino billiards. Short constrictions of only a few nanometers in width remain conductive
and reveal a confinement gap of up to 0.5 electron volt, demonstrating the possibility of
molecular-scale electronics based on graphene.

One of the most discussed and tantalizing
directions in research on graphene (1, 2)
is its use as the base material for elec-

tronic circuitry that is envisaged to consist of
nanometer-sized elements. Most attention has
so far been focused on graphene nanoribbons
(3–12). An alternative is quantum dot (QD) de-
vices that, as described below, can be made en-
tirely from graphene, including their central
islands (CIs), quantum barriers, source and drain
contacts, and side-gate electrodes.

Our experimental devices were microfabri-
cated from graphene crystallites prepared by
cleavage on top of an oxidized Si wafer (300
nm of SiO2) (1). By using high-resolution
electron-beam lithography, we defined a 30-nm-
thick polymethylmethacrylate (PMMA) mask
that protected chosen areas during oxygen
plasma etching and allowed us to carve graphene
into a desired geometry. The inset in Fig. 1A
shows one of our working devices that generally
consisted of the CI of diameter D, connected via
two short constrictions to wide source and drain
regions; the devices also had side-gate electrodes
[we often placed them ~1 mm away from the CI
as explained in (13)]. The Si wafer was used as a
back gate. The constrictions were designed to
have equal length and width of 20 nm (13), and
we refer to them as quantum point contacts
(QPCs). They provided quantum barriers to
decouple the CI from the contacts (14, 15). If
necessary, by using further etching (after the
devices were tested), we could narrow QPCs by
several nm, exploiting the gradual etching away
of the PMMA mask not only from top but also
sideways. This allowed us to tune the resistance
of QDs to a value of several hundred kilohm, i.e.,
much larger than resistance quantum h/e2 (e is
the electron charge, and h is Planck’s constant),

which is essential for single-electron transport.
Graphene QDs with features as small as 10 nm
could be fabricated reliably with this approach.
For even smallerD, irregularities in PMMA[~5nm
(16)] became comparable in size with the de-
signed features and, unavoidably on this scale,
we could only estimate the device geometry. The
measurements were carried out using the stan-
dard lock-in technique with dc bias at temper-
atures T from 0.3 to 300 K. We used both side
and back gates; the latter allowed extensive
changes in the population of QD levels, whereas
the former was useful for accurate sweeps over
small energy intervals (13). The response to the
side-gate potential differed for different devices
but could be related to back-gate voltage Vg
through a numerical factor. For consistency, all
the data are presented as a function of Vg.

We have found three basic operational re-
gimes for QDs, depending on their D. Our large
devices exhibit (nearly) periodic Coulomb block-
ade (CB) resonances that at low T are separated
by regions of zero conductanceG (Fig. 1A). As T
increases, the peaks become broader and overlap,
gradually transforming into CB oscillations (Fig.
1B). The oscillations become weaker as G in-
creases with carrier concentration or T, and com-
pletely disappear for G larger than ~0.5e2/h
because the barriers become too transparent to
allow CB. For the data in Fig. 1B, we have iden-
tified more than 1000 oscillations. Their pe-
riodicity, DVg ≈ 16 mV, yields the capacitance
between the back gate and CI, Cg = e/DVg ≈
10 aF, which is close toCg ≈ 2e0(e + 1)D ≈ 20 aF,
as expected for a disk placed on top of SiO2

(dielectric constant e ≈ 4) and at a distance h ≥
D = 250 nm from the metallic Si gate (in this
case,Cg is nearly the same as for an isolated disk)
(17). The difference by a factor of 2 can be
accounted for in terms of screening by the contact
regions (17).

The overall shape of the conductance curve
G(Vg) in Fig. 1B resembles that of bulk
graphene but is distorted by smooth (on the
scale of DVg) fluctuations that are typical for

mesoscopic devices and are due to quantum
interference (1–4, 18–20). Smooth variations in
the CB peak height (Fig. 1A) are attributed to
interference-induced changes in the barriers’
transparency, as shown by studying individual
QPCs (13). Furthermore, we have measured the
dependence of CB on applied bias Vb and, from
the standard stability diagrams (Coulomb
diamonds), found the charging energy Ec. The
lower inset in Fig. 1B shows such diamonds for
D ≈ 250 nm, which yields Ec ≈ 3 meV and the
total capacitance C = e2/Ec ≈ 50 aF. The rather
largeEc implies that the CB oscillations in Fig. 1B
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2Institute for Molecules and Materials, Radboud University
Nijmegen, 6525 ED Nijmegen, Netherlands.
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Fig. 1. Graphene-based single-electron transistor.
(A) Conductance G of a device with the central
island of 250 nm in diameter and distant side
gates (13) as a function of Vg in the vicinity of +15 V
(B); T = 0.3 K. The inset shows one of our smaller
devices to illustrate the high resolution of our
lithography that allows features down to 10 nm.
Dark areas in the scanning electron micrograph
are gaps in the PMMA mask so that graphene is
removed from these areas by plasma etching. In
this case, a 30-nm QD is connected to contact
regions through narrow constrictions and there are
four side gates. (B) Conductance of the same
device as in (A) over a wide range of Vg (T = 4 K).
Upper inset: Zooming into the low-G region re-
veals hundreds of CB oscillations. The lower inset
shows Coulomb diamonds: differential conductance
Gdiff =dI/dV as a function of Vg (around +10 V) and
bias Vb (yellow-to-red scale corresponds to Gdiff
varying from zero to 0.3e2/h).
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experiment: nanostructured graphene
Ponomarenko et al., Science 2008

Stampfer et al., APL 2008

2

FIG. 2: Source-drain current as a function of the two bar-
rier gate voltages VSG1 and VSG2 for constant bias, Vbias =
200µV . The dashed lines indicate transmission modulations
and oscillations attributed to the graphene constrictions (hor-
izontal and vertical lines) and to the island (diagonal line).
Measurements are preformed at VBG = −6 V and VPG = 0 V.

tional back gate (BG) is used to adjust the overall Fermi
energy.

Transport measurements have been performed in a
variable temperature He cryostat at a base temperature
of ≈ 1.7 K. Before the cool-down the sample has been
baked in vacuum at 135◦C for 12 h. We have measured
the two-terminal conductance through the dot by apply-
ing a small (symmetric) DC or AC bias voltage Vbias, and
measuring the current through the dot with a resolution
better than 20 fA. At high bias (e.g., Vbias = 100 mV,
not shown), the (back) gate characteristics clearly re-
veal the charge neutrality point of the graphene material.
Such measurements are used to adjust the range of the
back gate voltage. In the following we kept the back
gate fixed close to the overall charge neutrality point
at VBG = −6 V, where transport can be pinched off
by the two side gates VSG1 and VSG2. At small bias
(Vbias < 200 µV) transport is dominated (i) by the two
narrow junctions, where strong transmission modulations
and gap effects appear, and (ii) by Coulomb blockade due
to charging of the graphene island. Both effects can be
seen in Fig. 2, where the source-drain current is plotted
as a function of the two barrier gate voltages VSG1 and
VSG2 for constant Vbias = 200 µV. The large scale hori-
zontal and vertical current modulations can be attributed
to either one or the other narrow graphene constriction,
being tuned (almost) independently from each other. On
top we observe Coulomb resonances which are associated
with charging of the graphene island and, thus, tuned by
both side gate potentials VSG1 and VSG2 (diagonal lines).

By sweeping VSG1 and VSG2 to a regime where the
background current is significantly suppressed (see white
point in Fig. 2), the plunger gate VPG can be used to
trace Coulomb resonances as shown in Fig. 3(a). In this
configuration of gate voltages the peak positions were
stable in more than 10 consecutive plunger gate sweeps.
Among regions where transport is completely pinched

off by the narrow constrictions, large scale conductance

FIG. 3: Source-drain current through the graphene nanos-
tructure as function of the plunger gate voltage VPG. (a) clear
Coulomb resonances are observed on top and next to large
scale conductance modulations. (b) shows a marked close-up
of (a) and in (c) the peak spacing is plotted for 18 consecutive
peaks. Measurements are preformed in the dot configuration:
VBG = −6 V, VSG1 = 25 mV, and VSG2 = −510 mV.

FIG. 4: (color online) Coulomb diamonds in differential con-
ductance Gdiff , represented in a logarithmic color scale plot
(dark regions represent low conductance). A DC bias Vbias

with a small AC modulation (50 µV) is applied symmetri-
cally across the dot and the current through the dot is mea-
sured. Differential conductance has been directly measured by
a Lock-in amplifier. The charging energy is estimated to be
≈ 3.6 meV from this measurements. Measurements are pre-
formed in the dot configuration: VBG = −6 V, VSG1 = 25 mV,
and VSG2 = −510 mV.

modulations in the barriers are observed. Nearby and on
top of these large features clear Coulomb peaks are mea-
sured (see e.g. Fig. 3(b), which is a close-up of Fig. 3(a)).
The period of the Coulomb oscillations measured over 18
consecutive peaks is ∆V pp ≈ 18.2 mV, as shown in
Fig. 3(c). There are no systematic peak spacing fluctua-
tions, and the observed deviations might be influenced by
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Tunable Coulomb blockade in nanostructured graphene

C. Stampfer∗, J. Güttinger, F. Molitor, D. Graf, T. Ihn, and K. Ensslin
Solid State Physics Laboratory, ETH Zurich, 8093 Zurich, Switzerland

(Dated: September 24, 2007)

We report on Coulomb blockade and Coulomb diamond measurements on an etched, tunable
single-layer graphene quantum dot. The device consisting of a graphene island connected via two
narrow graphene constrictions is fully tunable by three lateral graphene gates. Coulomb blockade
resonances are observed and from Coulomb diamond measurements a charging energy of ≈ 3.5 meV
is extracted. For increasing temperatures we detect a peak broadening and a transmission increase
of the nanostructured graphene barriers.

PACS numbers: 71.10.Pm, 73.21.-b, 81.05.Uw, 81.07.Ta

Graphene is a promising material [1, 2] to investigate
mesoscopic phenomena in two-dimensions (2d). Unique
electronic properties, such as massless carriers, electron-
hole symmetry near the charge neutrality point, and
weak spin-orbit coupling [3] makes graphene interesting
for high mobility electronics [4, 5], for tracing quantum
electrodynamics in 2d solids, and for the realization of
spin-qubits [6]. Whereas diffusive transport in graphene
and the anomalous quantum Hall effect have been inves-
tigated intensively [7, 8], graphene quantum dots are still
in their infancy from an experimental point of view [9].
This is mainly due to difficulties in creating tunable quan-
tum dots in graphene because of the absence of an en-
ergy gap. Also phenomena related to Klein tunneling
make it hard to confine carriers laterally using electro-
static potentials [10, 11]. Here we report on Coulomb
blockade and Coulomb diamond measurements on an
etched graphene quantum dot tunable by graphene side
gates [12].

The nanodevice, schematically shown in Fig. 1(a), has
been fabricated from graphene, which has been extracted
from bulk graphite by mechanical exfoliation onto 300 nm
SiO2 on n-Si substrate as described in Ref. [13]. Raman
imaging [14] is applied to verify the single-layer character
of the investigated devices [15, 16, 17]. 90 nm PMMA
(positive e-beam resist) is then spun onto the samples
and electron-beam (e-beam) lithography is used to pat-
tern the etch mask for the graphene devices. Reactive ion
etching (RIE) based on an Ar/O2 (9:1) plasma is intro-
duced to etch away unprotected graphene. A scanning
force microscope (SFM) image of the etched graphene
structure after removing the residual PMMA is shown in
Fig. 1(b). Finally, the graphene device is contacted by
e-beam patterned 2 nm Ti and 50 nm Au electrodes as
shown in Fig. 1(c). A Raman spectrum recorded on the
final device taken at the location of the graphene island
is plotted in Fig. 1(e). It is an unambiguous fingerprint
of single-layer graphene with a line width of the 2D line
of approx. 33 cm−1 [15, 16, 17]. The elevated back-
ground originates from the nearby metal electrodes and

∗Corresponding author, e-mail: stampfer@phys.ethz.ch

the significant D line is due to edges within the area of
the laser spot size of ≈ 400 nm. In addition to Raman
spectroscopy, the SFM step height of ≈ 0.5 nm, shown
in Fig. 1(d), proves also the single-layer character of the
graphene flake and shows that the RIE etching does not
attack the SiO2.

The fabricated device consists of two ≈ 50 nm nar-
row graphene constrictions connecting source (S) and
drain (D) electrodes to a graphene island with an area
A ≈ 0.06 µm2. The twoelectrostatically the two barriers
and the island, respectively. For assignment of the gate
electrodes see Fig. 1(a). All three graphene side gates
have been patterned closer than 100 nm to the active
graphene regions, as shown in Figs. 1(b,c). The addi-

FIG. 1: (color online) Nanostructured graphene quantum dot
device. (a) Schematic illustration of the tunable graphene
quantum dot. (b) Scanning force microscope (SFM) image of
the investigated graphene device after RIE etching and (c) af-
ter contacting the graphene structure. The minimum feature
size is approx. 50 nm. The dashed lines indicate the outline
of the graphene areas. (d) shows a SFM cross-section along a
path x [marked in (b)] averaged over ≈ 40 nm perpendicular
to the path proving the selective etch process. (e) Confocal
Raman spectra recorded on the final device at the graphene
island with a spot size of approx. 400 nm, clearly proving the
single-layer character of the investigated device. For more
information on the D, G and 2D (also called D’) line please
refer to Ref. [17].

theory: gapped graphene (single or bilayer)  
Milton Pereira et al., Nano Letters 2007  (x-dependent doping)
Recher, Nilsson, GB, Trauzettel, PRB 2009  (lateral confinement)

Gate-defined graphene double quantum dot
and excited state spectroscopy
Xing Lan Liu,* Dorothee Hug, and Lieven M. K. Vandersypen

Kavli Institute of Nanoscience, Delft University of Technology, P.O. Box 5046, 2600 GA Delft, The Netherlands

ABSTRACT A double quantum dot is formed in a graphene nanoribbon device using three top gates. These gates independently
change the number of electrons on each dot and tune the interdot coupling. Transport through excited states is observed in the weakly
coupled double dot regime. We extract from the measurements all relevant capacitances of the double dot system, as well as the
quantized level spacing.

KEYWORDS Double quantum dot, graphene, excited state, top gate, disorder

Extensive efforts are made in investigating double
quantum dots defined by electrostatic gates in vari-
ous systems such as a GaAs two-dimensional electron

gas,1,2 semiconductor nanowires,3 and carbon nanotubes,4–7

with the motivation of realizing quantum computation
schemes based on spins in quantum dots.8 Graphene is a
promising candidate for such applications due to the ex-
pected long spin coherence time9,10 and flexibility in device
designs offered by its two-dimensional nature. Accidental
double dots formed by disorder were found in graphene
nanoribbons.11 More recently, graphene double dot devices
have been realized by etching graphene into two small
islands separated by a narrow constriction, where the inter-
dot coupling was shown to be tunable by a side gate.12,13

However, the tunability was limited partially due to the
permanent presence of the constriction.

Here we define a double quantum dot device based on a
graphene nanoribbon (GNR) using only local top gates. The
device contains three top gates. The rightmost and leftmost
top gate control the electron number on the right and left
dot, respectively. A middle gate is used to tune the interdot
coupling. The measurements exhibit familiar double dot
characteristics.1 In addition, when the interdot coupling is
switched off by the middle gate, we observe excited states
of the graphene double dot, which has not been reported
before.23 The design principle used here can be applied for
defining single and multiple quantum dots along a GNR with
independent gate control over barriers and charges.

The device is fabricated on graphene flakes deposited on
a substrate by mechanical exfoliation of natural graphite.14

The substrate consists of highly p-doped Si, covered with 285
nm thermally grown silicon dioxide. From their optical
contrast against the substrate, we conclude that the flakes
are single-layer.15,16 Three electron beam lithography steps
are used for fabricating the devices using PMMA as resist.

First the source and drain electrodes are fabricated on
selected graphene flakes. We use 5/50 nm thick e-beam
evaporated Cr/Au as electrodes. In a second step, we cover
the region where the GNR will be with 15 nm thick silicon
dioxide using e-beam evaporation followed by lift-off. This
SiO2 layer not only acts as the etching mask for the GNR,
but also forms part of the dielectric for the top gates. The
GNR is then patterned by exposing it to an O2/Ar (1:9)
plasma17 for 15 s. Without removing the SiO2 etching mask,
three local top gates, G1, G2, and G3 are fabricated in the
last step. The gates consist of 5/5/20 nm thick e-beam
evaporated SiO2/Ti/Au, where an extra layer of SiO2 is
evaporated to ensure reliable top gate operations. Here we
present measurements from a device where the GNR is 800
nm long and 20 nm wide. For this device, the middle gate
G2 is 40 nm in width, separated by 80 nm from gate G1 and
G3 which are both 600 nm wide. Figure 1 shows a scanning
electron microscope image of a device of the same layout
but smaller dimensions.

All measurements are performed in a dilution refrigerator
at a base temperature of 50 mK. The electron temperature
is around 150 mK. We measure the two-terminal resistance
through the top gated GNR devices by applying a DC voltage

* To whom correspondence should be addressed. E-mail: xinglan.liu@tudelft.nl.
Received for review: 12/10/2009
Published on Web: 04/08/2010

FIGURE 1. Scanning electron microscope image of a device similar
to but smaller than the one that is measured in this work (scale bar
400 nm). The dashed lines outline the graphene nanoribbon and
the dotted lines indicate dot 1 and dot 2.

pubs.acs.org/NanoLett

© 2010 American Chemical Society 1623 DOI: 10.1021/nl9040912 | Nano Lett. 2010, 10, 1623–1627

experiment: graphene nanoribbon
gate-defined double quantum dot
X. L. Liu, D. Hug, L. M. K. Vandersypen, Nano Lett. 2010

bias on the source electrode and measuring the current at
the drain electrode. The degenerately doped Si substrate is
grounded.

The GNR is intrinsically hole-doped when all gates are at
zero voltage. Figure 2a shows the low bias conductance as
a function of G1 and G3 while G2 is fixed at zero voltage.
When either of the gate voltages is above 0.5 V, current is
suppressed by 3-4 orders of magnitude, as the Fermi level
enters the transport gap locally under the top gates. The
conductance increases again when the voltage on either gate
is increased further to above 3 V, where the Fermi level is
locally in the conduction band and the electrons that are
induced in the GNR contribute to transport. The pinch-off
voltage for one gate is nearly independent of the other,
indicating little cross-coupling in this configuration. Similarly,
Figure 2b shows the low bias conductance as a function of
gate G1 and G2 while G3 is fixed at zero voltage. Current is
also suppressed by 3 to 4 orders of magnitude when the
applied voltage on G2 is above 1.3 V. The pinch-off voltage
of G2 is higher than that of G1 and G3, and shows a mild
dependence on VG1. The voltage on G2 is increased further
up to 4 V, but the ribbon below G2 still does not reach heavily
n-doping.

A double quantum dot is formed when the voltages on
all three gates are increased to close to pinch-off. Figure 3a
plots the low bias conductance as a function of the voltages
on G1 and G3, measured at VG2 ) 1363 mV. It shows a
regular honeycomb pattern characteristic of the charge
stability diagram of a double quantum dot.1 The gates G1

and G3 control the number of holes on dot 1 and 2,
respectively. Resonant transport occurs at the triple points.
Due to cotunneling we also measure a finite current along
all boundaries of the hexagons. From the size of the hexa-
gons, the peak spacing in G1 and G3 is extracted to be
∆VG1 ) 6 mV and ∆VG3 ) 5 mV, respectively. Thus the
capacitance from dot 1 to gate G1 is CG1 ≈ e/∆VG1 ) 27 aF,
and that from dot 2 to gate G3 is CG3 ≈ e/∆VG3 ) 32 aF,
assuming zero level spacing. The large capacitive coupling
to these gates indicates that the dot extends far under the
gates. Thus the barriers are likely to be induced by the
disorder potential instead of being defined by electrostatic
potentials induced by the top gates, similar to earlier
work.11,18,19 We estimate from the capacitance values that
dot 1 (2) extends to roughly 160 nm under gate G1 (G3).20

Since the spacing between G1 (G3) and G2 is 80 nm and the
ribbon is 20 nm wide, we then assume that the area A of
each dot is around 240 nm by 20 nm. The large capacitive
coupling allows G1 and G3 to change the number of carriers
on dot 1 and dot 2, respectively. Assuming that holes cross
over to electrons at around VG1,G3 ≈ 1.3 V, we roughly

FIGURE 2. Device characterizations (a) Current as a function of top
gate voltages VG1 and VG3 at VG2 ) 0 and Vbias ) 100 µV. (b) Current
as a function of top gate voltages VG1 and VG2 at VG3 ) 0, and
Vbias ) 300 µV.

FIGURE 3. Current as a function of top gate voltages VG1 and VG3
(charge stability diagrams) in the double dot regime at (a) VG2 ) 1363
mV and Vbias ) -15 µV; (b) VG2 ) 1363 mV and Vbias ) 0.7 mV; (c)
VG2 ) 1380 mV and Vbias ) -20 µV; (d) VG2 ) 1380 mV and Vbias )
1.35 mV. Color scales represent the absolute value of current
through the double dot. The white (a) and green (b) dotted lines are
guides to the eye showing the honeycomb patterns and the bias
triangles. The relevant parameters are also illustrated in (a) and (b).
The dashed line in (d) encloses the triple points where the measure-
ments in Figure 4a,b and 5 are taken. The two horizontal shifts at
VG1 ) 644.5 mV and 631.4 mV in (b) are due to charge switching
events.
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Nanopatterned graphene devices, from field-effect transis-
tors to quantum dots1–3, have been the subject of intensive 
research because of their novel electronic properties and 

two-dimensional (2D) structure4,5. For example, nanostructured 
carbon is a promising candidate for spin-based quantum computa-
tion6 because of the ability to suppress hyperfine coupling to nuclear 
spins, a dominant source of spin decoherence7–9, by using isotopi-
cally pure 12C. Graphene is a particularly attractive host for lateral 
quantum dots as both valley and spin indices are available to encode 
information, a feature absent in GaAs10–12. Yet graphene lacks an 
intrinsic bandgap5, which poses a serious challenge for the crea-
tion of such devices. Transport properties of on-substrate graphene 
nanostructures defined by etching2,3 are severely limited by both 
edge disorder and charge inhomogeneities arising from ionized 
impurities in gate dielectrics13,14. The absence of spin blockade in 
etched double dots is perhaps symptomatic of these obstacles15,16. 
Unzipping carbon nanotubes yields clean nanoribbon dots, but 
this approach cannot produce arbitrarily shaped nanostructures 
with tunable constrictions17. However, local bandgap engineering 
in bilayer graphene enables production of tunable tunnel barriers 
defined by local electrostatic gates18, thus providing clean electron 
confinement isolated from edge disorder.

Bernal stacked bilayer graphene is naturally suited for bandgap 
control because of its rich system of degeneracies that couple to 
externally applied fields. At B = 0, breaking layer inversion symme-
try opens an energy gap tunable up to 250 meV with an external 
perpendicular electric field E (refs 19–25) that can be used for con-
finement. In devices with low disorder and at high magnetic fields, 
gapped states emerge from Coulomb-driven effects that break its 
eightfold degeneracy (spin, valley and orbital), resulting in quantum 
Hall plateaus at all integer multiples of e2/h for electron charge e and 
Planck’s constant h (ref. 26). Because of the Pauli exclusion prin-
ciple, Coulomb repulsions between electrons favour spontaneous 
spin and/or valley polarization (or combinations of those), known 
as quantum Hall ferromagnetism, resulting in a gap at zero carrier 
density that far exceeds the Zeeman splitting energy g BB (refs 
27,28). The large exchange-enhanced energy gap of  = 1.7 meV/T 
measured for the  = 0 state is ideally suited for quantum confine-
ment29. Because valley and layer indices are identical in the lowest 
Landau level, one may additionally induce a tunable valley gap in 
the density of states by applying a perpendicular E field that breaks 
layer inversion symmetry30. This coupling of valley index to E-field 
is the key property that enables direct experimental control of the 
relative spin and valley gap sizes in magnetic field.

Here we demonstrate a technology that enables microscopic 
bandgap control in graphene for the first time. We report fully sus-
pended quantum dots in bilayer graphene with smooth, tunable 
tunnel barriers defined by local electrostatic gating. Local gap con-
trol in graphene opens an avenue to explore a variety of intrigu-
ing systems, including spin qubits6, topological confinement and 
valleytronics31, quantum Hall edge modes in an environment 
well-isolated from edge disorder, gate-controlled superconductiv-
ity, and many more. Although not the sole use for this technology, 
quantum dots provide a good experimental platform to rigorously 
demonstrate local bandgap engineering due to the precise quantita-
tive relationship between dot area and quantized charge tunnelling 
periodicity. Our technique, which artificially modifies the bandgap 
of bilayer graphene over nanometer scales, achieves clean electron 
confinement isolated from both edge and substrate disorder.

Results
Device fabrication. We fabricate fully suspended quantum dots with 
150 to 450 nm lithographic diameters as illustrated schematically  
in Fig. 1a following the procedure described in the Methods. 
Graphene is suspended between two Cr/Au electrodes and sits 
below suspended local top gates (Fig. 1b and Supplementary Fig. S1). 

Before measurement, the devices are current annealed in vacuum to 
enhance quality. The high quality of our suspended flakes is evident 
from the full lifting of the eightfold degeneracy in the quantum Hall 
regime (Supplementary Fig. S2)30 and large resistances attained 
by opening the E-field-induced gap at B = 0 and E = 90 V/nm, a 
hundred times greater than the resistance reported for on-substrate 
bilayers at similar electric fields22,30. Measurements are conducted 
in a dilution refrigerator at an electron temperature of 110 mK, as 
determined from fits to Coulomb blockade oscillations.

Quantum confinement at zero magnetic field. At B = 0, the  
electric field effect in bilayer graphene enables the production of 
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Figure 1 | Suspended gate-defined bilayer graphene quantum dot.  
(a) Schematic cross-section of a suspended gate-defined bilayer graphene 
quantum dot. The electric field and carrier density profiles are controlled 
with back and top-gate voltages Vb and Vt, while application of a bias 
Vsd across the electrodes enables transport measurements. (b) Scanning 
electron micrograph of quantum dot device similar to D4 (see Methods  
for sample labelling key). Bilayer graphene (not visible) is suspended 
between two electrodes below local top gates. Green and blue lines 
indicate cross-sectional cuts in (a) and (c), respectively. Red lines mark 
the estimated graphene boundaries. Scale bar, 1 m. (c) Quantum dot 
formation at B = 0, illustrated in a cross-sectional cut of energy versus 
position. EC and EV mark the edges of the conductance and valence  
bands. Tunnel barriers are formed by inducing a bandgap with an  
external E field while fixing Vt and Vb at a ratio that places the Fermi  
energy EF within the gap. Uncompensated back-gate voltage in the non-
top-gated regions enables charge accumulation in the dot and leads.

theory: gapped graphene (bilayer)  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Problem 2: Valley degeneracy
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Fig. 8: The exchange coupling between spins is modified in the presence of an additional orbital
degeneracy, in this case the valley degeneracy arising from the existence of two inequivalent
touching points K and K0 in the band structure of graphene. Left: Virtual hopping processes
between non-degenerate sites are possible for the spin singlet, while being forbidden by the
Pauli exclusion principle for the spin triplet. As a consequence, the energy of the singlet is
reduced by the energy J = t2/4U while that of the triplet is unchanged. This singlet-triplet
splitting manifests itself in the Heisenberg exchange Hamiltonian H = JS1 · S2. Right: In
graphene, the valley degeneracy allows for hopping even in the spin triplet in some cases, and
leads to an effective spin-valley coupling.
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The existence of the valley degeneracy invalidates one of the assumptions that goes into the
derivation of the spin exchange coupling J in (1), namely that the orbital states in each quantum
dot are non-degenerate and thus double occupation with the same spin is forbidden (see Fig. 8).

This problem can be avoided if the valley degeneracy is lifted by a term h · ⌧ in the Hamilto-
nian. In some of the graphene quantum dot schemes enumerated above, the valley degeneracy
is in some cases already lifted (1 and 2), while in others it can be lifted in a magnetic field
perpendicular to the graphene sheet (3 and 4).
Despite the fact the valley-degeneracy problem can be circumvented, it is interesting to think
about ways to perform universal quantum computation with spin qubits in the presence of the
valley degeneracy. For this purpose, one can first derive the exchange Hamiltonian in the pres-
ence of valley degeracy [25],

H = �JPas =
J

8

h
(S1 · S2)(⌧1 · ⌧2) + S1 · S2 + ⌧1 · ⌧2 � 3

i
, (28)

where Pas denotes the projection operator on the subspace of the six completely antisymmetric
spin-valley states. To generate a CNOT gate from this coupling, we define the time-evolution
operator

U(�) = e�i
R te
0 dt0 H(t0)

= 1l +

�
ei� � 1

�
Pas, (29)

� = Jt/~

= �JPas

=

⇢
SWAP, � = ⇡p
SWAP, � = ⇡/2

SWAP = SWAPspin ⌦ SWAPvalley
p
SWAP =

p
SWAPspin ⌦ SWAPvalley 6=

p
SWAPspin ⌦

p
SWAPvalley

Loss-DiVincenzo sequence not directly applicable
p

SWAPspin =
p
SWAPspin ⌦ 1lvalley = e3i⇡/4 [U(⇡/4)⌧1xU(⇡/4)⌧1z]

2

N. Rohling & GB, New J. Phys. 2012   

+ Loss-DiVincenzo sequence  => CNOT

solution:

crazy idea: use valley as qubits as well!



Exchange coupling with valley degeneracy

H =
J

8

⇣
(S1 · S2)(⌧1 · ⌧2) + S1 · S2 + ⌧1 · ⌧2

⌘

N. Rohling, M. Russ & GB, Phys. Rev. Lett. 113, 176801 (2014)

• universal QC using both spin and valley possible
• spin singlet-triplet T0 qubit encoding
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Coupling of three-spin qubits to their electric environment

Maximilian Russ, Florian Ginzel, and Guido Burkard
Department of Physics, University of Konstanz, D-78457 Konstanz, Germany

We investigate the behavior of qubits consisting of three electron spins in double and triple quan-
tum dots subject to external electric fields. Our model includes two independent bias parameters, "
and "

M

, which both couple to external electromagnetic fields and can be controlled by gate voltages
applied to the quantum dot structures. By varying these parameters one can switch the qubit type
by shifting the energies in the single quantum dots thus changing the electron occupancy in each
dot. Starting from the asymmetric resonant (ARX) exchange qubit with a (2,0,1) and (1,0,2) charge
admixture one can smoothly cross over to the resonant exchange (RX) qubit with a detuned (1,1,1)
charge configuration, and to the exchange-only (EO) qubit with the same charge configuration but
equal energy levels down to the hybrid qubits with (1,2,0) and (0,2,1) charge configurations. Here,
(l,m, n) describes a configuration with l electrons in the left dot, m electrons in the center dot,
and n electrons in the right dot. We first focus on random electromagnetic field fluctuations, i.e.,
“charge noise”, at each quantum dot resulting in dephasing of the qubit and provide a complete
map of the resulting dephasing time as a function of the bias parameters. We pay special attention
to the so-called sweet spots and double sweet spots of the system which are least susceptible to
noise. In the second part we investigate the coupling of the qubit system to the coherent quantized
electromagnetic field in a superconducting strip-line cavity and also provide a complete map of the
coupling strength as a function of the bias parameters. We analyze the asymmetric qubit-cavity
coupling via " and the symmetric coupling via "

M

.

I. INTRODUCTION

Qubits based on the spin of electrons trapped in quan-
tum dots (QDs)1 are a leading candidate for enabling
quantum information processing. They provide long co-
herence times2–12, together with a scaleable architec-
ture for a dense qubit implementation. Semiconductor
materials like gallium arsenide (GaAs)13 and silicon14

are the most common choices as the host material for
QDs. One common feature of these implementations is
the need for control with electric fields at the nanoscale
which unavoidably couples the qubit system to electrical
noise1. Dominating sources of decoherence are nuclear
spins15–17, spin-orbit interaction18,19, and charge noise
from either the environment or the confining gates20–25.
The e↵ect of the first and second source of decoherence
can be drastically reduced by using silicon as the host
material due to its highly abundant nuclear spin free
isotope and a weak spin-orbit interaction21. Using ac-
tive noise suppression methods such as quantum error
correction26 and composite pulse sequences27–29 leaves
charge noise coupled to the spin as the remaining prob-
lem to be taken care of. Thus, additional passive suppres-
sion methods are needed such as optimal working points
(sweet spots)30,31 which vary in e↵ectiveness for di↵erent
qubit implementations.

Qubit implementations using single or multiple QDs
to encode a single qubit show high-fidelity gate opera-
tions, long decoherence times together with fast qubit
control allowing for many operations during the qubit
lifetime6,32–35. An advantage of multi-spin qubit encod-
ings consists in their improved protection against certain
types of noise36 together with faster gate operations37–41.
This ultimately leads to the three-spin- 12 qubits (see
Fig. 1); the exchange-only (EO) qubit allowing for full

FIG. 1. Schematic illustration of a three-spin qubit coupled to
a noisy electric environment. The environment can a↵ect the
electron spins directly through the gate voltages V

i

with i 2
{1, 2, 3} of each quantum dot (QD) or the exchange coupling
(green cloud) between the electron spins through the gate-
controlled tunnel hopping (t

l

and t

r

).

qubit control with only the exchange interaction37, the
resonant exchange (RX) qubit with permanently act-
ing exchange interaction and control through resonant
driving22,24,34, and the always-on exchange-only (AEON)
qubit with symmetric gate control25. Robustness against
charge noise can be achieved by operating the qubit on
sweet spots22 where the qubit energy splitting is ex-
tremal with respect to one noisy parameter or double
sweet spots25,42 where both noisy parameters are opti-
mized. In this paper we provide a full analysis of charge
noise for three-spin- 12 qubits (Fig. 1) and present opti-
mal working points. We go beyond previous work24,25

by exploring the full (", "
M

) parameter space. Moreover,
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E↵ective time-reversal symmetry breaking in the spin relaxation

in a graphene quantum dot

P. R. Struck and Guido Burkard
Department of Physics, University of Konstanz, D-78457 Konstanz, Germany

(Dated: March 10, 2010)

We study the relaxation of a single electron spin in a circular gate-tunbable quantum dot in gapped
graphene. Direct coupling of the electron spin to out-of-plane phonons via the intrinsic spin-orbit
coupling leads to a relaxation time T1 which is independent of the B-field at low fields. We also
find that Rashba spin-orbit induced admixture of opposite spin states in combination with the
emission of in-plane phonons provides various further relaxation channels via deformation potential
and bond-length change. In the absence of valley mixing, spin relaxation takes place within each
valley separately and thus time-reversal symmetry is e�ectively broken, thus inhibiting the van
Vleck cancellation at B = 0 known from GaAs quantum dots. Both the absence of the van Vleck
cancellation as well as the out-of-plane phonons lead to a behavior of the spin relaxation rate at low
magnetic fields which is markedly di�erent from the known results for GaAs. For low B-fields, we
find that the rate is constant in B and then crosses over to � B2 or � B4 at higher fields.

Introduction—The electronic spin degree of freedom is
under intense investigation as a possible implementation
of a qubit [1]. While the feasibility of all required oper-
ations has been experimentally demonstrated for GaAs
quantum dots (QDs) [2], the decoherence caused by the
surrounding nuclear spins in the host material remains
challenging. Regarding the use of the electron spin as
a qubit in quantum computation devices, spin decoher-
ence and relaxation are limiting factors. In general, a
necessary condition for a working qubit is that the time
required to perform an operation is significantly shorter
than the decoherence and relaxation times. Motivated by
this, the implementation of qubits in QDs in graphene
has been proposed [3]. Graphene consisting of natural
carbon comprises 99% of the carbon isotope 12C which
has no nuclear spin, hence the hyperfine interaction is ex-
pected to play only a minor role. Furthermore, spin-orbit
interaction (SOI) in graphene is expected to be relatively
weak and therefore long decoherence times are expected.
However, for spins localized in QDs in carbon nanotubes,
SOI has turned out to be unexpectedly strong [4, 5] due
to curvature-induced e�ects. It has also been shown the-
oretically that van Hove singluarities in the phonon den-
sity of states in one dimension can lead to strong varia-
tions in the spin relaxation rate [6]. It is therefore impor-
tant to investigate the spin relaxation time in graphene
QDs. The form of the SOI in graphene, both intrinsic and
Rashba type, is known [7], and there are several works
on its strength depending on various parameters such as
curvature or electric field [8, 9]. There have also been
experimental [10] and theoretical [11] studies on spin re-
laxation of extended states in graphene.

In this paper we determine theoretically the spin relax-
ation time T1 for an electron confined to a circular QD in
gapped graphene as a function of the external magnetic
field B. It has been predicted previously that such QDs
can be formed with electrostatic confinement in either
single-layer graphene with a substrate-induced band gap

K K �

x

y
z

�B

�q

gµBB

a) b)

BT
�

Monday, March 8, 2010

FIG. 1: (Color online) a) The two states of a spin qubit
(blue solid arrows) reside in the same valley, as opposed to a
Kramers qubit (empty red arrows), formed by a Kramers pair
related by time-reversal symmetry (T ). While in single-valley
semiconductors such as GaAs these two cases are identical, in
graphene the Kramers qubit involves states in di�erent valleys
(K and K�). b) The B-field orientation is given with spherical
coordinates � and ⇥B relative to the normal to the graphene
plane. The propagation direction of the emitted phonon (red
wavy arrow) is described by the angle ⇥q.

or bilayer graphene with an electrically controlled gap
[12]. At B = 0, the states in these QDs have a two-
fold valley degeneracy which can be lifted in a perpen-
dicular magnetic field. Being a centro-symmetric crystal,
phonons in graphene do not couple piezo-electrically, thus
leaving three possible electron-phonon coupling (EPC)
mechanisms: deformation potential, bond length change,
and direct spin-phonon coupling. From these EPC mech-
anisms, we derive two spin relaxation mechanisms. One
such mechanism involves the admixture of states of oppo-
site spin and excited orbitals into the dot eigenstates due
to SOI, in combination with energy relaxation via phonon
emission [13, 14]. It turns out that to lowest order in the
EPC, this only involves in-plane phonons coupled via the
deformation potential and bond-length change. The sec-
ond mechanism directly couples the spin to out-of-plane
phonons via curvature induced SOI. For comparison, in a
parabolic GaAs QD, a strong dependence � B5 has been
predicted for both mechanisms [13]. Relaxation times in

in some graphene QDs, Si/Ge QDs:    valley degeneracy (K, K’):  

(1) time reversal invariance at B=0 intact,  
     but Kramers pair resides in different valleys 

(2) either: Kramers qubit 
     or: pure spin qubit in one valley

spin qubit  
there is no van Vleck cancellation

Spin relaxation in graphene QDs

n
n’

quantum dot
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FIG. 2: (color online) Log-log plot of the spin relaxation time
T1 as a function of an external B-field perpendicular to the
plane (� = 0) defined by the graphene sheet. The radius of
the dot is R = 25nm, both energy gap and depth of the dot
are 260meV. The individual relaxation channels are the cou-
pling to LA in-plane phonons via deformation potential (g1,
red dotted line) and the coupling to LA and TA phonons via
bond-length change (g1, blue dashed and green dot-dashed
lines), as well as the direct coupling to the out-of-plane (ZA)
phonons (purple, long-dashed line). The black solid line rep-
resents the sum of all four processes. Inset: Dependence of
the relaxation rate on the inclination angle � of the B-field.

trices into the local frame determined by the normal vec-
tor n̂(z) we obtain in linear order in u(z) a generalized
SOI Hamiltonian HSO = Hi +HR with

Hi = H(0)
i +⇥i (�xuzsx + �yuzsy)⌃z⌥, (9)

HR = H(0)
R +⇥R (�⌃y�xuz + ⌥⌃x�yuz) sz, (10)

where H(0)
i and H(0)

R are the SOI Hamiltonians for
flat graphene given in Eq. (5). We evaluate these
expressions for transverse out-of-plane (ZA) phonons,
with a quadratic dispersion relation ⌦q = µq2 where

µ =
⌥
⇥/⇧ with ⇥ = 1.1 eV the bending rigidity and

⇧ = 7.5 · 10�7 kg/m2 the mass area density [22, 24].
The EPC Hamiltonian is then obtained by substituting
the displacement operator for the ZA phonons uz =⌥

1/A⇧⌦q

�
eiq·rb† + e�iq·rb

⇥
into Eqs. (9) and (10). For

the intrinsic SOI we obtain the matrix element (Hi)
⇤⌅
nn =

i⇥i

⌥
1/A⇧⌦q (qx⌥⌅ |sx| ⇧�+ qy⌥⌅ |sy| ⇧�) ⌥n|⌃zeiq·r|n�.

When evaluating the orbital matrix element only the
lowest order in the dipole approximation contributes.
All higher orders contain a factor ⌃ ei�q which averages
to zero when the integration over �q is carried out.

Finally, Fermi’s Golden Rule is used to find the relax-
ation rate

�ZA =
2⌅2⇥2

i

⇧µ2
f(�)

⇤⇤⇤⇤
⌃

dr r
⌅
| n

A|
2 � | n

B |
2
⇧⇤⇤⇤⇤

2

, (11)

which is independent of B. The Matrix element itself
depend only weakly on B. For the numerical evaluation

we use ⇥i = 12µeV [23] and sZA = 1.59 ⇤ 103 m/s [22].
The same calculation for the Rashba SOI yields vanishing
matrix elements and therefore no additional contribution.
In some cases, boundary conditions may lead to a linear
dispersion relation for the ZA-phonons. We find that in
this case the contribution due to ZA-phonons is negligible
compared to the in-plane phonon contributions.

Conclusion—We have calculated the electron spin re-
laxation time T1 in a gate-tunable graphene QD aris-
ing from the combination of SOI and EPC. We have re-
stricted ourselves to the zero-temperature case, i.e. pure
phonon emission which is realistic at 0.1T and 100mK
and higher temperatures for larger fields. We have taken
into account two mechanisms: Admixture mechanism
and direct spin-phonon coupling. Due to selection rules
in a circular QD, the admixture mechanism only leads
to spin relaxation in combination with the Rashba SOI.
The deformation potential EPC with LA phonons leads
to a spin relaxation rate scaling as B4 (Fig. 2), while the
bond length change EPC with both LA and TA phonons
results in B2 dependencies. The relatively low powers
compared to GaAs QDs can be traced back to the ab-
sence of the van Vleck cancelation, in combination with
the 2D phonon density of states. The direct coupling of
electronic spins to ZA phonons only leads to spin relax-
ation in combination with the intrinsic SOI whose rate
does not depend on the applied B-field (in lowest order)
and thus leads to a B-field dependence at low fields which
is markedly di⇤erent from that in GaAs QD.
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discussions and we acknowledge funding from the DFG
within FOR 912 “Coherence and Relaxation Properties
of Electron Spins”.
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= 260 meV

T1 in circular graphene QDs

!"j− j!"=1# are allowed, whereas the matrix element of Hi
gives rise to selection rules j= j! which turns out to be in-
compatible with the selection rule "j− j!"=1 for the EPC.

The matrix element of HR can be written as

!HR#nn!
↑↓ = 2!"R$fy!# j j!+1Nnn!

AB + # j j!−1Nn!n
AB #

− ifx!# j j!+1Nnn!
AB − # j j!−1Nn!n

AB #% , !8#

where Nnn!
AB =&drr$A

n$B
n!. The matrix element !HR#nn!

↑↓ is nei-
ther symmetric nor antisymmetric in contrast to the case of
GaAs where an antisymmetry leads to Van Vleck cancella-
tion.

We consider two different EPC mechanisms which corre-
spond to different changes in the lattice induced by phonons.
The deformation potential is caused by an area change in the
unit cell, whereas the bond-length change mechanism corre-
sponds to a modified hopping probability.23,24 Because we
work in the low-energy regime, we only consider acoustic
phonons. In principle, there are six possible relaxation chan-
nels: !i# longitudinal-acoustic !LA#, transversal-acoustic
!TA#, transversal out-of-plane !ZA# phonons, and !ii# defor-
mation potential !g1# and bond-length change !g2# mecha-
nisms. In lowest order in the atomic displacement, the EPC
has the form23,24

HEPC =
q

'A%&q,'
(g1a1 g2a2

!

g2a2 g1a1
)!eiqrb† − e−iqrb# !9#

with a1= i and a2= ie2i(q for LA phonons, and a2=e2i(q and
a1=0 for TA phonons, and A the area of the graphene sheet.
The vanishing of a1 is due to the fact that in the regime of
linear atomic displacements the coupling of the TA mode is a
two-phonon process. Here, we restrict our considerations to
one-phonon processes. For a B field of B=1 T and a sound
velocity of s=2)104 m /s,25 we obtain from g'BB=*sq a
phonon wavelength of +*300 nm which is an order of
magnitude larger than a typical QD size of 25 nm,3 thus
justifying the use of the dipole approximation for typical
laboratory fields.

For the matrix element for LA phonon coupling via the
deformation potential we find

!HEPC
LA #nn! = −

g1!q3/2Mnn!
'A%sLA

!# j j!+1e−i(q + # j j!−1ei(q# !10#

with Mnn!=&drr2!$A
n!$A

n!+$B
n!$B

n!#. The dependence on the
phonon-emission angle (q disappears upon summation over
final states. For the TA phonons we find that the coupling via
the deformation potential is a two-phonon process which will
not be discussed here.

The bond-length change mechanism leads to similar re-
sults for both LA and TA phonons,

!HEPC#nn! = Diq
1/2!# j j!+1e−2i(qNnn!

AB , # j j!−1ei2(qNn!n
AB #

!11#

with DLA=−i2!g2 /'A%sLA and DTA=2!g2 /'A%sTA, and
where the plus !minus# sign corresponds to LA !TA#. In lin-
ear order in the atomic displacement the ZA mode is decou-

pled from the other modes. The Hamiltonian !9# cannot ac-
count for a coupling to the out-of-plane mode.

With the matrix elements derived above, we can write the
transition rates using Fermi’s golden rule as

1
T1

+ - = 2!A, d2q

!2!#2 "!HEPC#nn
↑↓"2#!sq − g'BB# . !12#

For all mechanisms we find the same dependence on the
orientation of the B field,

f!.# = cos4!./2# + sin4!./2# = $3 + cos!2.#%/4. !13#

We find for the relaxation rate from the deformation poten-
tial,

-g1

LA =
16!4g1

2"R
2

%

!g'BB#4

sLA
6 f!.#

)- .
n!!n

Mnn!Rnn!!# j j!+1Nnn!
AB + # j j!−1Nn!n

AB #-2 !14#

while for the bond-length change mechanism, we have

-g2

LA,TA =
64!4g2

2"R
2

%

!g'BB#2

sLA,TA
4 f!.#

)- .
n!!n

Rnn!$# j j!+1!Nnn!
AB #2 + # j j!−1!Nn!n

AB #2%-2

!15#

with Rnn!= !En−En!#
−1. For numerical evaluation, we assume

a QD size of R=25 nm and "=10#, where #=v /R is the
average level distance. The depth of the quantum well is also

LA, g1; !B4

LA, g2

!B2

TA, g2; !B2

ZA'; !B2

ZA"const.

linear

quadratic

0.1 0.2 0.5 1 2 5 10 20
10#5

10#4

10#3

10#2

10#1

B !T"
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FIG. 2. !Color online# Log-log plot of the spin-relaxation time
T1 as a function of an external B field perpendicular to the plane
!.=0# defined by the graphene sheet. The radius of the dot is R
=25 nm and "=U0=260 meV. The individual relaxation channels
are the coupling to LA in-plane phonons via deformation potential
!g1# and the coupling to LA and TA phonons via bond-length
change !g2#. Also shown are the direct coupling to the out-of-plane
phonons with quadratic !ZA# and linear !ZA!# dispersion. The red
dotted, blue dashed, and solid black lines represent the sum of all
four processes. For the red !blue# curve, a quadratic !linear# disper-
sion relation is assumed, while for the black curve a crossover from
linear to quadratic is assumed !see text#. Inset: dependence of the
relaxation rate on the inclination angle . of the B field.
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Fermi’s Golden Rule

3

matrix element of Hi gives rise to selection rules j = j⇧

which turns out to be incompatible with the selection
rule |j � j⇧| = 1 for the EPC.

The matrix element ofHR can be written as (HR)
⇤⌅
nn0 =

2⇧⇥R

⇤
fy(�jj0+1NAB

nn0 + �jj0�1NAB
n0n ) � ifx(�jj0+1NAB

nn0 �
�jj0�1NAB

n0n )
⌅
, where NAB

nn0 =
⌦
dr r �n

A�
n0

B . The matrix

element (HR)
⇤⌅
nn0 is neither symmetric nor antisymmetric

in contrast to the case of GaAs where an antisymmetry
leads to van Vleck cancelation.

We consider two di⇤erent EPC mechanisms which cor-
respond to di⇤erent changes in the lattice induced by
phonons. The deformation potential is caused by an area
change of the unit cell, whereas the bond-length change
mechanism corresponds to a modified hopping propabil-
ity [20, 21]. Because we work in the low-energy regime,
we only consider acoustic phonons. In principle there are
six possible relaxation channels: (i) longitudinal acoustic
(LA), transversal acoustic (TA), transversal out-of-plane
(ZA) phonons, and (ii) deformation potential (g1) and
bond-length change (g2) mechanisms. In lowest order in
the atomic displacement, the EPC has the form [20, 21]

HEPC =
q�

A⌃ q,µ

�
g1a1 g2a⇥2
g2a2 g1a1

 �
eiqrb† � e�iqrb

⇥
,

(6)
with a1 = i and a2 = ie2i⌅q for LA phonons, and a2 =
e2i⌅q and a1 = 0 for TA phonons, and A the area of
the graphene sheet. The vanishing of a1 is due to the
fact that in the regime of linear atomic displacements the
coupling of the TA mode is a two-phonon process. Here,
we restrict our considerations to one-phonon processes.
For a B-field of B = 1T and a sound velocity of s =
2 ⇥ 104 m/s [22], we obtain from gµBB = �sq a phonon
wavelength of ⇤ ⇧ 300 nm which is an order of magnitude
larger than a typical QD size of 25 nm [3], thus justifying
the use of the dipole approximation for typical laboratory
fields.

For the matrix element for LA phonon coupling
via the deformation potential we find

�
HLA

EPC

⇥
nn0 =

� g1⇥⌥
A⇤sLA

q3/2Mnn0
�
�jj0+1e�i⌅q + �jj0�1ei⌅q

⇥
with

Mnn0 =
⌦
dr r2

⌃
�n
A
⇥�n0

A + �n
B
⇥�n0

B

⌥
. The dependence

on the phonon emission angle ⌥q disappears upon
summation over final states. For the TA phonons we
find that the coupling via the deformation potential is a
two-phonon process which will not be discussed here.

The bond-length change mechanism leads to similar
results for both LA and TA phonons, (HEPC)nn0 =
Diq1/2

�
�jj0+1e�2i⌅qNAB

nn0 ± �jj0�1ei2⌅qNAB
n0n

⇥
with

DLA = �i2⇧g2/
⌥
A⌃sLA and DTA = 2⇧g2/

⌥
A⌃sTA, and

where the plus (minus) sign corresponds to LA (TA).
In linear order in the atomic displacement the ZA mode
is decoupled from the other modes. The Hamiltonian
Eq. (6) cannot account for a coupling to the out-of-plane
mode.

With the matrix elements derived above, we can write

� = 1 � = 2 � = 3

j = �0.5 1.1⇥ 104 2.6⇥ 10�2 1.3⇥ 10�3

j = 1.5 1.6⇥ 104 1.2⇥ 101 9.3⇥ 10�2

TABLE I: Individual relaxation rates in units of s�1 for LA
phonons via the deformation potential at B = 1T. For higher
quantum numbers �, the rate decreases quickly.

the transition rates using Fermi’s golden rule as 1/T1 ⌅
� = 2⇧A

⌦ d2q
(2⇥)2

⇧⇧⇧(HEPC)
⇤⌅
nn

⇧⇧⇧
2
�(sq � gµBB). For all

mechanisms we find the same dependence on the ori-
entation of the B-field, f(⇥) = cos4(⇥/2) + sin4(⇥/2) =
(3+ cos(2⇥))/4. We find for the relaxation rate from the
deformation potential

�LA
g1 =

16⇧4g21⇥
2
R

⌃

(gµBB)4

s6LA

f(⇥)

⇥

⇧⇧⇧⇧⇧⇧

↵

n0 ⌃=n

Mnn0Rnn0(�jj0+1N
AB
nn0 + �jj0�1N

AB
n0n )

⇧⇧⇧⇧⇧⇧

2

, (7)

while for the bond-length change mechanism, we have

�LA,TA
g2 =

64⇧4g22⇥
2
R

⌃

(gµBB)2

s4LA,TA

f(⇥)

⇥

⇧⇧⇧⇧⇧⇧

↵

n0 ⌃=n

Rnn0
�
�jj0+1(N

AB
nn0 )2 + �jj0�1(N

AB
n0n )

2
⇥
⇧⇧⇧⇧⇧⇧

2

, (8)

with Rnn0 = (En � En0)�1. For numerical evaluation,
we assume a QD size of R = 25nm and ⇥ = 10� where
� = v/R is the average level distance. The depth of the
quantum well is also set to U0 = 10�. The Rashba SOI
constant can be adjusted by an external electric field [9]
or by using di⇤erent types of substrates. We chose a
value of ⇥R = 48µeV to calculate the relaxation times
displayed in Fig. 2. For the EPC constants we assume
g1 = 30 eV and g2 = 1.5 eV [20]. We use as sound veloci-
ties sLA = 1.95⇥ 104 m/s and sTA = 1.22⇥ 104 m/s [22].
The overlap integrals NAB

nn0 and Mnn0 are calculated nu-
merically. The sum over n⇧ runs over all states, including
the continuum. As shown in Table I, the contributions
from higher levels vanish quickly so that we only take
the first three levels into account. The relaxation rate
T1 = 1/� is plotted in Fig. 2.
Direct Spin-Phonon Coupling— In flat graphene the

acoustic phonons with perpendicular (ZA) polarization
are decoupled from the in-plane modes (LA,TA). We
extend the SOI Hamiltonian Eq. (5) for the case of
a graphene layer which is curved due to ZA phonons.
For displacements much smaller than the wavelength the
normal vector of the graphene plane can be written as
n̂(z) ⇧ ẑ+�uz(x, y) where uz(x, y) is the displacement
field representing the ZA-phonons. Rotating the spin ma-
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FIG. 2: (color online) Log-log plot of the spin relaxation time
T1 as a function of an external B-field perpendicular to the
plane (� = 0) defined by the graphene sheet. The radius of
the dot is R = 25nm, both energy gap and depth of the dot
are 260meV. The individual relaxation channels are the cou-
pling to LA in-plane phonons via deformation potential (g1,
red dotted line) and the coupling to LA and TA phonons via
bond-length change (g1, blue dashed and green dot-dashed
lines), as well as the direct coupling to the out-of-plane (ZA)
phonons (purple, long-dashed line). The black solid line rep-
resents the sum of all four processes. Inset: Dependence of
the relaxation rate on the inclination angle � of the B-field.

trices into the local frame determined by the normal vec-
tor n̂(z) we obtain in linear order in u(z) a generalized
SOI Hamiltonian HSO = Hi +HR with

Hi = H(0)
i +⇥i (�xuzsx + �yuzsy)⌃z⌥, (9)

HR = H(0)
R +⇥R (�⌃y�xuz + ⌥⌃x�yuz) sz, (10)

where H(0)
i and H(0)

R are the SOI Hamiltonians for
flat graphene given in Eq. (5). We evaluate these
expressions for transverse out-of-plane (ZA) phonons,
with a quadratic dispersion relation ⌦q = µq2 where

µ =
⌥
⇥/⇧ with ⇥ = 1.1 eV the bending rigidity and

⇧ = 7.5 · 10�7 kg/m2 the mass area density [22, 24].
The EPC Hamiltonian is then obtained by substituting
the displacement operator for the ZA phonons uz =⌥

1/A⇧⌦q

�
eiq·rb† + e�iq·rb

⇥
into Eqs. (9) and (10). For

the intrinsic SOI we obtain the matrix element (Hi)
⇤⌅
nn =

i⇥i

⌥
1/A⇧⌦q (qx⌥⌅ |sx| ⇧�+ qy⌥⌅ |sy| ⇧�) ⌥n|⌃zeiq·r|n�.

When evaluating the orbital matrix element only the
lowest order in the dipole approximation contributes.
All higher orders contain a factor ⌃ ei�q which averages
to zero when the integration over �q is carried out.

Finally, Fermi’s Golden Rule is used to find the relax-
ation rate

�ZA =
2⌅2⇥2

i

⇧µ2
f(�)

⇤⇤⇤⇤
⌃

dr r
⌅
| n

A|
2 � | n

B |
2
⇧⇤⇤⇤⇤

2

, (11)

which is independent of B. The Matrix element itself
depend only weakly on B. For the numerical evaluation

we use ⇥i = 12µeV [23] and sZA = 1.59 ⇤ 103 m/s [22].
The same calculation for the Rashba SOI yields vanishing
matrix elements and therefore no additional contribution.
In some cases, boundary conditions may lead to a linear
dispersion relation for the ZA-phonons. We find that in
this case the contribution due to ZA-phonons is negligible
compared to the in-plane phonon contributions.

Conclusion—We have calculated the electron spin re-
laxation time T1 in a gate-tunable graphene QD aris-
ing from the combination of SOI and EPC. We have re-
stricted ourselves to the zero-temperature case, i.e. pure
phonon emission which is realistic at 0.1T and 100mK
and higher temperatures for larger fields. We have taken
into account two mechanisms: Admixture mechanism
and direct spin-phonon coupling. Due to selection rules
in a circular QD, the admixture mechanism only leads
to spin relaxation in combination with the Rashba SOI.
The deformation potential EPC with LA phonons leads
to a spin relaxation rate scaling as B4 (Fig. 2), while the
bond length change EPC with both LA and TA phonons
results in B2 dependencies. The relatively low powers
compared to GaAs QDs can be traced back to the ab-
sence of the van Vleck cancelation, in combination with
the 2D phonon density of states. The direct coupling of
electronic spins to ZA phonons only leads to spin relax-
ation in combination with the intrinsic SOI whose rate
does not depend on the applied B-field (in lowest order)
and thus leads to a B-field dependence at low fields which
is markedly di⇤erent from that in GaAs QD.
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1/T1 =
2

the millisecond range at a field B = 1T have been pre-
dicted and even longer T1 exceeding one second have been
experimentally verified [15]. The prediction for graphene
QDs looks markedly di⇥erent because of the absence of
the van Vleck cancellation for spin qubits in a single val-
ley as opposed to “Kramers qubits” (see Fig. 1a), as well
as the absence of piezo phonons and the two-dimensional
nature of phonons.

Model—To study spin relaxation in a circular and gate-
tunable QD in single-layer graphene, we assume the host
graphene layer to be su⇧ciently large to ensure that the
edges do not induce inter-valley mixing. The QD can be
described with the Hamiltonian [12],

H0 = vF (p+ eA⌃) ·�+
1

2
gµBB · s+U(r) + ⇧�⌅z, (1)

where the first term is the well-known Dirac Hamiltonian
for graphene [16] in the presence of a vector potential
A⌃ with B⌃ = � ⇤ A⌃ = (0, 0, B cos �) being the per-
pendicular component of an arbitrarily oriented B-field
(Fig. 1b). The second and third terms describe the Zee-
man coupling of the electron spin to the total B-field and
the smooth and circularly symmetric confinement poten-
tial U(r). The last term opens a band gap 2� which can
e.g. arise due to the influence of the substrate [17, 18].
Here, ⇧ = ±1 denote the K and K ⌅ valleys. In the ab-
sence of valley-scattering, we can restrict ourselves to a
single valley, e.g. ⇧ = +1. Weak inter-valley coupling
can arise from atomic defects or boundaries [16], or from
the hyperfine interaction with the remaining 13C atoms
[19].

The eigenstates |n, s↵(0) of H0 in Eq. (1) with energy
En + sgµBB/2 are simultaneously eigenstates of the to-
tal angular momentum j � Z + 1

2 , i.e. orbital quantum
number and pseudo-spin, with spinor wavefunctions (in
the K valley),

⌦r,⌃|n; s↵ = �n(r,⌃) = ei(j�1/2)⌅

�
⌥j,⇥
A (r)

⌥j,⇥
B (r)e�i⌅

⇥
. (2)

The spinor components ⌥j,⇥
⇤ (r) can be given in closed

form for a step-like potential U(r) = U0�(r�R) [12], how-
ever the eigenenergies En have to be evaluated numeri-
cally. Each eigenstate is characterized by a pair (n, s)
where s =⌃, ⌥= ±1 is the spin and where n = (⇤, j) has
a radial and angular momentum part.

In-Plane Phonons—In order to study processes based
on the admixture mechanism, we begin with the Hamil-
tonian H = H0 +HSO +HEPC, where H0 describes the
graphene QD without SOI as explained above, HSO de-
scribes the SOI, and HEPC describes EPC. The e⇥ect of
the SOI is to weakly mix the eigenstates Eq. (2). In this
manner, e.g. the QD ground state, say |n = (0, 1/2), ⌃↵(0)
acquires components of the excited states |n⌅, ⌥↵(0) with

n⌅ = (⇤⌅, j⌅)  = n and opposite spin, to first order in HSO,

|n ⌃↵ = |n ⌃↵(0) +
⇧

n0 ⇧=n

(0)⌦n⌅ ⌥ |HSO|n ⌃↵(0)

En � En0 � 1
2gµBB

|n⌅ ⌥↵(0), (3)

and similarly for |n ⌥↵. With this admixed state the spin-
conserving EPC can cause spin relaxation,

⌦n ⌃ |HEPC|n ⌥↵ ⇧ (HEPC)
⇥⇤
nn =

⇧

n0 ⇧=n

⇤
(HSO)

⇥⇤
nn0 (HEPC)n0n

En � En0 � 1
2gµBB

+
(HEPC)nn0 (HSO)

⇥⇤
n0n

En � En0 + 1
2gµBB

⌅
. (4)

For su⇧ciently small B-fields this can be expanded
around B = 0. In the case of GaAs, the expres-
sion Eq. (4) vanishes for B = 0 due to the symmetry

(HSO)
⇥⇤
nm = � (HSO)

⇥⇤
mn and (HEPC)nm = (HEPC)mn.

This van Vleck cancelation [13, 14] is one of the rea-
sons for the high power of B that appears in the spin
relaxation rate in GaAs QDs and can be traced back to
the time-reversal invariance of H and its eigenstates, i.e.,
the fact that both SOI and EPC preserve time-reversal
invariance. In particular, the spin relaxation takes place
from one state, say |n ⌃↵, to its partner |n ⌥↵ within a
Kramers pair, which are linked by time reversal.
In our case, the states |n⌃↵ and |n⌥↵ lie in the same

valley and therefore do not form a Kramers pair (see
Fig. 1a). The time-reversed partner of |n ⌃↵ is |n ⌥↵⌅,
where the prime denotes the opposite valley. Since nei-
ther the EPC nor the SOI lead to inter-valley mixing,
spin-relaxation is e⇥ectively constrained to a single val-
ley. Therefore the selection of spin qubit states within
the same valley breaks time-reversal symmetry and leads
to the absence of the van Vleck cancelation. We now
proceed to the evaluation of the matrix elements of the
SOI and the EPC in Eq. (4) in order to calculate the spin
relaxation rate.
We divide the SOI Hamiltonian into its intrinsic and

Rahsba terms [7],

HSO = Hi +HR = �i⇧⌅zsz +�R(⇧⌅xsy � ⌅ysx), (5)

where ⌅i and si denote the Pauli matrices acting on
the pseudo-spin and real spin. We use a spin quanti-
zation axis aligned with the external B-field (see Fig. 1b)
and corresponding spinors | ⌃B↵ and | ⌥B↵ and obtain
fx ⇧ ⌦⌃B |sx|⌥B↵ = cos2 �

2 � e�2i⌅B sin2 �
2 and fy ⇧ ⌦⌃B

|sy|⌥B↵ = �i(cos2 �
2 + e�2i⌅B sin2 �

2 ). First we consider
HR and calculate its matrix elements with states |n ⌃B↵
and |n⌅ ⌥B↵. The two spin states we use are orthogonal,
i.e. ⌦⌃B | ⌥B↵ = 0 but they are not sz eigenstates. In
principle this allows both the intrinsic and Rashba SOI
to provide a relaxation channel in the admixture mech-
anism. However, due to the circular symmetry of the
dot, selection rules for j apply. In the case of HR only
dipole transitions (|j � j⌅| = 1) are allowed, whereas the
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FIG. 2: (color online) Log-log plot of the spin relaxation time
T1 as a function of an external B-field perpendicular to the
plane (� = 0) defined by the graphene sheet. The radius of
the dot is R = 25nm, both energy gap and depth of the dot
are 260meV. The individual relaxation channels are the cou-
pling to LA in-plane phonons via deformation potential (g1,
red dotted line) and the coupling to LA and TA phonons via
bond-length change (g1, blue dashed and green dot-dashed
lines), as well as the direct coupling to the out-of-plane (ZA)
phonons (purple, long-dashed line). The black solid line rep-
resents the sum of all four processes. Inset: Dependence of
the relaxation rate on the inclination angle � of the B-field.

trices into the local frame determined by the normal vec-
tor n̂(z) we obtain in linear order in u(z) a generalized
SOI Hamiltonian HSO = Hi +HR with

Hi = H(0)
i +⇥i (�xuzsx + �yuzsy)⌃z⌥, (9)

HR = H(0)
R +⇥R (�⌃y�xuz + ⌥⌃x�yuz) sz, (10)

where H(0)
i and H(0)

R are the SOI Hamiltonians for
flat graphene given in Eq. (5). We evaluate these
expressions for transverse out-of-plane (ZA) phonons,
with a quadratic dispersion relation ⌦q = µq2 where

µ =
⌥
⇥/⇧ with ⇥ = 1.1 eV the bending rigidity and

⇧ = 7.5 · 10�7 kg/m2 the mass area density [22, 24].
The EPC Hamiltonian is then obtained by substituting
the displacement operator for the ZA phonons uz =⌥

1/A⇧⌦q

�
eiq·rb† + e�iq·rb

⇥
into Eqs. (9) and (10). For

the intrinsic SOI we obtain the matrix element (Hi)
⇤⌅
nn =

i⇥i

⌥
1/A⇧⌦q (qx⌥⌅ |sx| ⇧�+ qy⌥⌅ |sy| ⇧�) ⌥n|⌃zeiq·r|n�.

When evaluating the orbital matrix element only the
lowest order in the dipole approximation contributes.
All higher orders contain a factor ⌃ ei�q which averages
to zero when the integration over �q is carried out.

Finally, Fermi’s Golden Rule is used to find the relax-
ation rate
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2⌅2⇥2
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B |
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which is independent of B. The Matrix element itself
depend only weakly on B. For the numerical evaluation

we use ⇥i = 12µeV [23] and sZA = 1.59 ⇤ 103 m/s [22].
The same calculation for the Rashba SOI yields vanishing
matrix elements and therefore no additional contribution.
In some cases, boundary conditions may lead to a linear
dispersion relation for the ZA-phonons. We find that in
this case the contribution due to ZA-phonons is negligible
compared to the in-plane phonon contributions.

Conclusion—We have calculated the electron spin re-
laxation time T1 in a gate-tunable graphene QD aris-
ing from the combination of SOI and EPC. We have re-
stricted ourselves to the zero-temperature case, i.e. pure
phonon emission which is realistic at 0.1T and 100mK
and higher temperatures for larger fields. We have taken
into account two mechanisms: Admixture mechanism
and direct spin-phonon coupling. Due to selection rules
in a circular QD, the admixture mechanism only leads
to spin relaxation in combination with the Rashba SOI.
The deformation potential EPC with LA phonons leads
to a spin relaxation rate scaling as B4 (Fig. 2), while the
bond length change EPC with both LA and TA phonons
results in B2 dependencies. The relatively low powers
compared to GaAs QDs can be traced back to the ab-
sence of the van Vleck cancelation, in combination with
the 2D phonon density of states. The direct coupling of
electronic spins to ZA phonons only leads to spin relax-
ation in combination with the intrinsic SOI whose rate
does not depend on the applied B-field (in lowest order)
and thus leads to a B-field dependence at low fields which
is markedly di⇤erent from that in GaAs QD.
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Spin relaxation

E↵ective time-reversal symmetry breaking in the spin relaxation

in a graphene quantum dot
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We study the relaxation of a single electron spin in a circular gate-tunbable quantum dot in gapped
graphene. Direct coupling of the electron spin to out-of-plane phonons via the intrinsic spin-orbit
coupling leads to a relaxation time T1 which is independent of the B-field at low fields. We also
find that Rashba spin-orbit induced admixture of opposite spin states in combination with the
emission of in-plane phonons provides various further relaxation channels via deformation potential
and bond-length change. In the absence of valley mixing, spin relaxation takes place within each
valley separately and thus time-reversal symmetry is e�ectively broken, thus inhibiting the van
Vleck cancellation at B = 0 known from GaAs quantum dots. Both the absence of the van Vleck
cancellation as well as the out-of-plane phonons lead to a behavior of the spin relaxation rate at low
magnetic fields which is markedly di�erent from the known results for GaAs. For low B-fields, we
find that the rate is constant in B and then crosses over to � B2 or � B4 at higher fields.

Introduction—The electronic spin degree of freedom is
under intense investigation as a possible implementation
of a qubit [1]. While the feasibility of all required oper-
ations has been experimentally demonstrated for GaAs
quantum dots (QDs) [2], the decoherence caused by the
surrounding nuclear spins in the host material remains
challenging. Regarding the use of the electron spin as
a qubit in quantum computation devices, spin decoher-
ence and relaxation are limiting factors. In general, a
necessary condition for a working qubit is that the time
required to perform an operation is significantly shorter
than the decoherence and relaxation times. Motivated by
this, the implementation of qubits in QDs in graphene
has been proposed [3]. Graphene consisting of natural
carbon comprises 99% of the carbon isotope 12C which
has no nuclear spin, hence the hyperfine interaction is ex-
pected to play only a minor role. Furthermore, spin-orbit
interaction (SOI) in graphene is expected to be relatively
weak and therefore long decoherence times are expected.
However, for spins localized in QDs in carbon nanotubes,
SOI has turned out to be unexpectedly strong [4, 5] due
to curvature-induced e�ects. It has also been shown the-
oretically that van Hove singluarities in the phonon den-
sity of states in one dimension can lead to strong varia-
tions in the spin relaxation rate [6]. It is therefore impor-
tant to investigate the spin relaxation time in graphene
QDs. The form of the SOI in graphene, both intrinsic and
Rashba type, is known [7], and there are several works
on its strength depending on various parameters such as
curvature or electric field [8, 9]. There have also been
experimental [10] and theoretical [11] studies on spin re-
laxation of extended states in graphene.

In this paper we determine theoretically the spin relax-
ation time T1 for an electron confined to a circular QD in
gapped graphene as a function of the external magnetic
field B. It has been predicted previously that such QDs
can be formed with electrostatic confinement in either
single-layer graphene with a substrate-induced band gap
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FIG. 1: (Color online) a) The two states of a spin qubit
(blue solid arrows) reside in the same valley, as opposed to a
Kramers qubit (empty red arrows), formed by a Kramers pair
related by time-reversal symmetry (T ). While in single-valley
semiconductors such as GaAs these two cases are identical, in
graphene the Kramers qubit involves states in di�erent valleys
(K and K�). b) The B-field orientation is given with spherical
coordinates � and ⇥B relative to the normal to the graphene
plane. The propagation direction of the emitted phonon (red
wavy arrow) is described by the angle ⇥q.

or bilayer graphene with an electrically controlled gap
[12]. At B = 0, the states in these QDs have a two-
fold valley degeneracy which can be lifted in a perpen-
dicular magnetic field. Being a centro-symmetric crystal,
phonons in graphene do not couple piezo-electrically, thus
leaving three possible electron-phonon coupling (EPC)
mechanisms: deformation potential, bond length change,
and direct spin-phonon coupling. From these EPC mech-
anisms, we derive two spin relaxation mechanisms. One
such mechanism involves the admixture of states of oppo-
site spin and excited orbitals into the dot eigenstates due
to SOI, in combination with energy relaxation via phonon
emission [13, 14]. It turns out that to lowest order in the
EPC, this only involves in-plane phonons coupled via the
deformation potential and bond-length change. The sec-
ond mechanism directly couples the spin to out-of-plane
phonons via curvature induced SOI. For comparison, in a
parabolic GaAs QD, a strong dependence � B5 has been
predicted for both mechanisms [13]. Relaxation times in
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Spin blockade

source
drainleft

quantum dot
right

quantum dot
trochemical potential in either dot is independent of the
charge on the other dot, and each gate voltage only af-
fects one of the dots.

When the dots are capacitively coupled, addition of an
electron on one dot changes the electrostatic energy of
the other dot. Also, the gate voltage VG,1 !VG,2" gener-
ally has a direct capacitive coupling to quantum dot 2
!1". The resulting charge stability diagram is sketched in
Fig. 27!b". Each cross point is split into two so-called
triple points. The triple points together form a hexagonal
or “honeycomb” lattice. At a triple point, three different
charge states are energetically degenerate. The distance
between the triple points is set by the capacitance be-
tween the dots !the interdot capacitance" Cm. At low
source-drain bias voltage, electron transport through the
double dot is possible only at these triple points. In con-
trast, a charge sensing measurement will detect any
change in the electron configuration and therefore map
out all transitions, including those where an electron
moves between the dots #e.g., from !0,1" to !1,0"$.

Figure 28 shows charge sensing data in the few-
electron regime. The absence of charge transitions in the
lower left corner of Fig. 28!a" indicates that the double
dot structure is completely depleted of electrons. This

allows the absolute number of electrons to be deter-
mined unambiguously in any region of gate voltage
space, by simply counting the number of charge transi-
tion lines from the !0,0" region to the region of interest.
Figure 28!b" displays a zoom-in of the boxed region in
Fig. 28!a". The bright lines in between the triple points
in Fig. 28!b" are due to an electron moving from one dot
to the other. This changes the number of electrons on
each individual dot, while keeping the total number of
electrons on the double dot system constant.

From now on, we assume the dots are in series, such
that dot 1 is connected to the source and dot 2 to the
drain reservoir. From a similar analysis as in Sec. II.D,
the electrochemical potential of dot 1 is found to be

!1!N1,N2" % U!N1,N2" − U!N1 − 1,N2"

= &N1 −
1
2
'EC1 + N2ECm

−
EC1

(e(
!CSVS + C11VG,1 + C12VG,2"

+
ECm

(e(
!CDVD + C22VG,2 + C21VG,1" ,

!32"

where Cij is the capacitance between gate j and dot i, CS
!CD" is the capacitance from dot 1 !2" to the source
!drain", ECi is the charging energy of the individual dot i,
and ECm is the electrostatic coupling energy.8 The cou-
pling energy ECm is the change in the energy of one dot
when an electron is added to the other dot. One can
obtain !2!N1 ,N2" by simply interchanging 1 and 2 and
also CDVD and CSVS in Eq. !32".

The solid lines in Fig. 29 depict the electrochemical
potentials around the triple points for low source-drain
bias. The diagrams schematically show the level arrange-
ment at different positions #!1!N1 ,N2" and !2!N1 ,N2"
are shown in short form !N1 ,N2" in the left and right dot,
respectively$. In this case, we have assumed the tunnel
coupling to be small !i.e., negligible with respect to the
electrostatic coupling energy". This is called the weak-
coupling regime.

When the tunnel coupling tc becomes significant, elec-
trons are not fully localized anymore in single dots but
rather occupy molecular orbitals that span both dots
!Van der Wiel et al., 2003". The molecular bonding or-
bital "B and the antibonding orbital "A are superposi-
tions of the single-dot states in the left dot #1 and the
right dot #2:

"B = $#1 + %#2, !33"

8Note that in Van der Wiel et al. !2003" the cross-capacitance
terms !C12 and C21" are neglected. However, they generally are
significant in lateral dots.

FIG. 27. Charge stability diagrams for !a" uncoupled and !b"
coupled double dots, depicting the equilibrium electron num-
bers !N1 ,N2" in dots 1 and 2, respectively. The lines indicate
the gate voltage values at which the electron number changes.
In !b", a finite cross capacitance between gate 1 !2" and dot 2
!1" is taken into account.

FIG. 28. !Color online" Charge sensing data on a double dot in
the few-electron regime. Dark lines signal the addition of a
single electron to the double dot system. The absolute number
of electrons in dots 1 and 2 is indicated in each region as
N1 ,N2. !a" The absence of dark lines in the lower-left region
indicates that the dot is empty there. !b" Zoom-in of the boxed
region of !a". Data adapted from Elzerman et al. 2003.
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!drain", ECi is the charging energy of the individual dot i,
and ECm is the electrostatic coupling energy.8 The cou-
pling energy ECm is the change in the energy of one dot
when an electron is added to the other dot. One can
obtain !2!N1 ,N2" by simply interchanging 1 and 2 and
also CDVD and CSVS in Eq. !32".

The solid lines in Fig. 29 depict the electrochemical
potentials around the triple points for low source-drain
bias. The diagrams schematically show the level arrange-
ment at different positions #!1!N1 ,N2" and !2!N1 ,N2"
are shown in short form !N1 ,N2" in the left and right dot,
respectively$. In this case, we have assumed the tunnel
coupling to be small !i.e., negligible with respect to the
electrostatic coupling energy". This is called the weak-
coupling regime.

When the tunnel coupling tc becomes significant, elec-
trons are not fully localized anymore in single dots but
rather occupy molecular orbitals that span both dots
!Van der Wiel et al., 2003". The molecular bonding or-
bital "B and the antibonding orbital "A are superposi-
tions of the single-dot states in the left dot #1 and the
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significant in lateral dots.
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bers !N1 ,N2" in dots 1 and 2, respectively. The lines indicate
the gate voltage values at which the electron number changes.
In !b", a finite cross capacitance between gate 1 !2" and dot 2
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FIG. 28. !Color online" Charge sensing data on a double dot in
the few-electron regime. Dark lines signal the addition of a
single electron to the double dot system. The absolute number
of electrons in dots 1 and 2 is indicated in each region as
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Spin blockade

the sum of inverse partial rates and reads

I=e ! !in"nL # nR$2: (10)

The average current as a function of B becomes

hIi=e ! !inS"
!!!
3

p
B=BN$; (11)

where

S"x$ % 4=x2 & 6=x4 '
!!!!!!!
2!

p
erfi "x=

!!!
2

p
$"6=x5 & 2=x3$

# exp"&x2=2$ & 3! erfi2 "x=
!!!
2

p
$ exp"&x2$=x6:

(12)

It is interesting to note a special form of this function:
the graph of S gives a peak with flat top, S00"0$ ! 0. This
function provides an excellent fit to experimental data
(Fig. 4); those are impossible to fit with more conventional
peak functions. Such flat peaks are thus specific for the
model in use and provide strong support of its experimental
validity.

In conclusion, we have presented the theoretical frame-
work for the electron transport via a double quantum dot
influenced and governed by nuclear magnetic field. Our
approach is based on density matrix equations and we
achieve good agreement with experiment [15] assuming
averaging over realizations of nuclear fields. An important
feature which is yet to be observed in the course of faster
and more accurate measurement is the presence of stop-
ping points for any given realization of nuclear fields. The
width of the current dip near the stopping point is estimated
as "B ’ BN for BN ( "ST and "B ’ "ST for BN ) "ST.

If one interprets the effect of nuclear magnetic fields in
terms of spin coherence time, the results of [15] are dis-
couraging if not forbidding for QMC in GaAs quantum dot
systems. The coherence time estimated is just too short,
’10&7 s. We speculate that the presence of stopping points
can remedy the situation. Faster current measurement

would allow us to characterize and, with the aid of external
feedback, partially compensate the nuclear fields by stabi-
lizing the system in the stopping point.

We are grateful to the authors of [15] for drawing our
attention to the topic, many useful discussions, and com-
municating their results prior to publication. We acknowl-
edge the financial support by FOM.

*Present address: Schlumberger Research and Develop-
ment Inc., Taganskaya Street 9, Moscow, Russia.
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the sum of inverse partial rates and reads
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The average current as a function of B becomes

hIi=e ! !inS"
!!!
3

p
B=BN$; (11)
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It is interesting to note a special form of this function:
the graph of S gives a peak with flat top, S00"0$ ! 0. This
function provides an excellent fit to experimental data
(Fig. 4); those are impossible to fit with more conventional
peak functions. Such flat peaks are thus specific for the
model in use and provide strong support of its experimental
validity.

In conclusion, we have presented the theoretical frame-
work for the electron transport via a double quantum dot
influenced and governed by nuclear magnetic field. Our
approach is based on density matrix equations and we
achieve good agreement with experiment [15] assuming
averaging over realizations of nuclear fields. An important
feature which is yet to be observed in the course of faster
and more accurate measurement is the presence of stop-
ping points for any given realization of nuclear fields. The
width of the current dip near the stopping point is estimated
as "B ’ BN for BN ( "ST and "B ’ "ST for BN ) "ST.

If one interprets the effect of nuclear magnetic fields in
terms of spin coherence time, the results of [15] are dis-
couraging if not forbidding for QMC in GaAs quantum dot
systems. The coherence time estimated is just too short,
’10&7 s. We speculate that the presence of stopping points
can remedy the situation. Faster current measurement

would allow us to characterize and, with the aid of external
feedback, partially compensate the nuclear fields by stabi-
lizing the system in the stopping point.
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Spin-valley blockade in carbon nanotube double quantum dots
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We present a theoretical study of the Pauli or spin-valley blockade for double quantum dots in
semiconducting carbon nanotubes. In our model we take into account the following characteristic
features of carbon nanotubes: (i) fourfold (spin and valley) degeneracy of the quantum dot levels
(ii) the intrinsic spin-orbit interaction which is enhanced by the tube curvature, and (iii) valley-
mixing due to short-range disorder, i.e., substitutional atoms, adatoms, etc. We find that the spin-
valley blockade can be lifted in the presence of short-range disorder, which induces two independent
random (in magnitude and direction) valley-Zeeman-fields in the two dots, and hence acts similarly
to hyperfine interaction in conventional semiconductor quantum dots. In the case of strong spin-orbit
interaction, we identify a parameter regime where the current as the function of an applied axial
magnetic field shows a zero-field dip with a width controlled by the interdot tunneling amplitude,
in agreement with recent experiments.

PACS numbers: 73.63.Kv, 73.63.Fg, 73.23.Hk, 71.70.Ej

I. INTRODUCTION

Recent development of experimental techniques al-
low for preparation, manipulation and readout of few-
electron spin states in quantum dots (QDs),1 indicat-
ing the strong potential of these systems for future ap-
plication in quantum information processing.2 A major
factor limiting the performance of quantum dot spin
qubits in widely used III-V semiconductors (e.g., GaAs)
is spin decoherence due to hyperfine interaction with
nuclear spins. A strategy to suppress spin decoher-
ence is to use QDs dominantly consisting of nuclear-
spin-free isotopes of group IV materials. Carbon struc-
tures, such as carbon nanotubes (CNTs) or graphene,
are prime candidates for that purpose as the natu-
ral abundance of spin-carrying 13C nuclei is very small
(1%). This observation has motivated intensive theo-
retical investigation3–14 and the experimental realization
of QDs in carbon nanostructures.14–29 Further perspec-
tives of carbon-based quantum information processing
have been opened by proposals suggesting to utilize the
valley degree of freedom of the delocalized electrons as
a qubit,30,31 and to exploit the interplay of spin-orbit
interaction, valley-mixing and the bending of CNTs for
implementing qubit operations.32

The Pauli blockade or spin blockade e�ect1,33 in con-
ventional semiconductor double quantum dots (DQDs)
has provided a new probe of spin physics in these devices
and has been utilized in the past decade for various pur-
poses in the context of spin qubits. A basic application is
spin state initialization and readout in experiments real-
izing resonant manipulation of single spins.34–36 Pulsed-
gate techniques combined with the spin blockade setup
have been used37–39 in qubit manipulation experiments
where the information was encoded in the two-electron
spin states S and T0 or S and T+. Similar experiments
have been utilized to prepare the state of the nuclear spin
ensemble of the crystal lattice, with the aim of prolonging
the decoherence time of the qubit.40–42 Furthermore, spin

B

x

z

barrier barrier barrier

} }
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FIG. 1: (color online) Schematic of the spin-valley blockade
setup with a carbon nanotube double quantum dot and an
external magnetic field B aligned with the tube axis. In this
regime electrons are transported from source (S) to drain (D)
while the DQD occupancy changes between single and double.
Spots represent electrons; the figure shows the (0,1) charge
configuration of the double dot. Lead-dot tunneling rates �L,
�R and interdot tunneling amplitude t are indicated.

blockade has been proven an e⇤cient tool to gain infor-
mation about the mechanisms of spin relaxation and de-
coherence, and the corresponding energy scales. In par-
ticular, it has been applied to measure the energy scales
of hyperfine43,44 and spin-orbit interactions.45,46 The im-
plementation of this range of functionalities in carbon-
based quantum dots, potentially showing improved qubit
performance, is an intense ongoing e�ort.20–22,29

In this work we consider Pauli blockade in a trans-
port setup,1,33 where electrons are transmitted from the
source to the drain in a serially coupled DQD via the
(0, 1) � (1, 1) � (0, 2) � (0, 1) cycle (Fig. 1). Here
(nL, nR) denotes the charge state with nL (nR) elec-
trons in the left (right) QD. In conventional semicon-
ductor DQDs, if the (1,1) and (0,2) states are aligned
in energy, then states sharing the same spin state be-
come hybridized due to interdot tunneling. The only en-
ergetically available (0,2) state has a singlet spin state,
therefore it hybridizes with the (1,1) singlet only, leaving
the three (1,1) triplet states without a (0,2) component.
This implies that whenever a (1,1) triplet state is occu-
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Spin blockade in CNT dots

•effect of disorder on leakage current in CNTs?
•spin-orbit splitting taken into account
•coherent interdot tunneling
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We present a theoretical study of the Pauli or spin-valley blockade for double quantum dots in
semiconducting carbon nanotubes. In our model we take into account the following characteristic
features of carbon nanotubes: (i) fourfold (spin and valley) degeneracy of the quantum dot levels
(ii) the intrinsic spin-orbit interaction which is enhanced by the tube curvature, and (iii) valley-
mixing due to short-range disorder, i.e., substitutional atoms, adatoms, etc. We find that the spin-
valley blockade can be lifted in the presence of short-range disorder, which induces two independent
random (in magnitude and direction) valley-Zeeman-fields in the two dots, and hence acts similarly
to hyperfine interaction in conventional semiconductor quantum dots. In the case of strong spin-orbit
interaction, we identify a parameter regime where the current as the function of an applied axial
magnetic field shows a zero-field dip with a width controlled by the interdot tunneling amplitude,
in agreement with recent experiments.
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I. INTRODUCTION

Recent development of experimental techniques al-
low for preparation, manipulation and readout of few-
electron spin states in quantum dots (QDs),1 indicat-
ing the strong potential of these systems for future ap-
plication in quantum information processing.2 A major
factor limiting the performance of quantum dot spin
qubits in widely used III-V semiconductors (e.g., GaAs)
is spin decoherence due to hyperfine interaction with
nuclear spins. A strategy to suppress spin decoher-
ence is to use QDs dominantly consisting of nuclear-
spin-free isotopes of group IV materials. Carbon struc-
tures, such as carbon nanotubes (CNTs) or graphene,
are prime candidates for that purpose as the natu-
ral abundance of spin-carrying 13C nuclei is very small
(1%). This observation has motivated intensive theo-
retical investigation3–14 and the experimental realization
of QDs in carbon nanostructures.14–29 Further perspec-
tives of carbon-based quantum information processing
have been opened by proposals suggesting to utilize the
valley degree of freedom of the delocalized electrons as
a qubit,30,31 and to exploit the interplay of spin-orbit
interaction, valley-mixing and the bending of CNTs for
implementing qubit operations.32

The Pauli blockade or spin blockade e�ect1,33 in con-
ventional semiconductor double quantum dots (DQDs)
has provided a new probe of spin physics in these devices
and has been utilized in the past decade for various pur-
poses in the context of spin qubits. A basic application is
spin state initialization and readout in experiments real-
izing resonant manipulation of single spins.34–36 Pulsed-
gate techniques combined with the spin blockade setup
have been used37–39 in qubit manipulation experiments
where the information was encoded in the two-electron
spin states S and T0 or S and T+. Similar experiments
have been utilized to prepare the state of the nuclear spin
ensemble of the crystal lattice, with the aim of prolonging
the decoherence time of the qubit.40–42 Furthermore, spin
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setup with a carbon nanotube double quantum dot and an
external magnetic field B aligned with the tube axis. In this
regime electrons are transported from source (S) to drain (D)
while the DQD occupancy changes between single and double.
Spots represent electrons; the figure shows the (0,1) charge
configuration of the double dot. Lead-dot tunneling rates �L,
�R and interdot tunneling amplitude t are indicated.

blockade has been proven an e⇤cient tool to gain infor-
mation about the mechanisms of spin relaxation and de-
coherence, and the corresponding energy scales. In par-
ticular, it has been applied to measure the energy scales
of hyperfine43,44 and spin-orbit interactions.45,46 The im-
plementation of this range of functionalities in carbon-
based quantum dots, potentially showing improved qubit
performance, is an intense ongoing e�ort.20–22,29

In this work we consider Pauli blockade in a trans-
port setup,1,33 where electrons are transmitted from the
source to the drain in a serially coupled DQD via the
(0, 1) � (1, 1) � (0, 2) � (0, 1) cycle (Fig. 1). Here
(nL, nR) denotes the charge state with nL (nR) elec-
trons in the left (right) QD. In conventional semicon-
ductor DQDs, if the (1,1) and (0,2) states are aligned
in energy, then states sharing the same spin state be-
come hybridized due to interdot tunneling. The only en-
ergetically available (0,2) state has a singlet spin state,
therefore it hybridizes with the (1,1) singlet only, leaving
the three (1,1) triplet states without a (0,2) component.
This implies that whenever a (1,1) triplet state is occu-

9

�so

��so

0

(1, 1) (0, 2)a) (0, 2)(1, 1)b)
�2

�2

�2�2�2

FIG. 4: (color online) Unperturbed two-electron states (lines) and their energies in a CNT DQD at strong spin-orbit coupling
and zero magnetic field (cf. Table I). Horizontal arrangement of the states reflects charge configuration, vertical arrangement
reflects spin-orbit energies. Red lines: supertriplet states. Dashed red lines: blocked supertriplet states. Black lines: supersinglet
states. Green (blue) arrows correspond to o�diagonal elements of the Hamiltonian, induced by disorder (interdot tunneling).
a) Up-spin and down-spin states. The indicated �2 degeneracy corresponds to the two possible spin configurations. Di�erent
spin species are uncoupled. b) Mixed-spin states.

for the (1,1) supertriplet state with a rate

�c =
2b4

�⇥2
v

t2 (⇥2
SO � 4⇥2

v)2
�R, (21)

inferred using standard perturbation theory in the field-
induced coupling term. This rate becomes much faster
than the slow rate �s,0 if the field is strong enough to
ensure ⇥v > t2ba⌅

2b2�
. In conclusion, we have found that in

both the high- and low-energy mixed spin subspace the
total decay rate of the (1,1) supertriplet state �s,0 + �c

changes dramatically as the magnetic field is turned on:
at zero field these two states are blocked, having the slow
decay rate �s,0, whereas at finite field their decay rate
grows with orders of magnitudes.

In the six-dimensional zero-energy mixed spin sub-
space, the order of magnitude of the decay rates is not
influenced by the magnetic field. Each of these states
decay fast compared to the slow rate �s. This can be
derived in the same way as shown at the discussion of
the zero-energy spin-polarized subspace and Eq. (18).

Using the explicitly calculated decay rates we can set
up a semi-phenomenological analytical formula for the
current. To this end we regard the transport process as
an alternation of charge transfer ‘bursts’ (subsequent oc-
cupation of unblocked states) and blocking events (due
to occupying one of the blocked states). We assume
that a burst corresponds to a transfer of n⇥ electrons
on average, i.e., n⇥ is not necessarily integer.58 Since the
charge bursts happen fast compared to the time spent in
a blocked state, the average time between two subsequent
bursts can be estimated as the average of the decay times
of the six blocked states, i.e.,

Tburst ⇥
1
6

�
2��1

s,+ + 2��1
s,� + 2 (�s,0 + �c)

�1
⇥
. (22)

As a burst transfers n⇥ electrons on average, the current
can be expressed as

I ⇥ en⇥

Tburst
. (23)

Equation (23), together with Eq. (22) and the decay
rates calculated above, provides an analytical expression
for the current as a function of the parameters of the
Hamiltonian and �R, having a single phenomenological
parameter n⇥. We have fitted this analytical result us-
ing n⇥ as the single fitting parameter to our numerical
results (Fig. 3), and we have found n⇥ ⇥ 3.2 irrespective
of the value of tunneling amplitude t. As seen in Fig. 3,
this value of n⇥ gives an excellent agreement between our
numerical and analytical results in the considered range
of magnetic field. By repeating the numerical calcula-
tions and the fittings for various disorder configurations
we generally find good agreement between numerics and
analytics. The values we obtain for n⇥ are typically be-
tween 1.4 and 5.2, indicating that n⇥ is not universal but
depends on the details of the Hamiltonian.

Our analytical result for the current enables us to qual-
itatively explain two characteristic features of the mag-
netotransport curves shown in Fig. 3. One of those fea-
tures is the ratio Imax/I0 ⇥ 1.5. Evaluating the current
according to Eq. (23) at zero field we find I0 = en⇥�s,
whereas at high field, where �c ⇤ �s, we can neglect
(�s,0 + �c)

�1 in Eq. (22) and find Imax ⇥ en⇥6�s/4,
resulting in the ratio Imax/I0 ⇥ 1.5, in correspondence
with our numerical results in Fig. 3 and the experimen-
tal data of Ref. 21.. For this estimate we neglected the
field-dependence of the rates �s,±, but taking that into
account could only lower the ratio Imax/I0. A second
feature observed in Fig. 3 is that the width of the zero-
field dip of the magnetotransport curve depends on the
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up a semi-phenomenological analytical formula for the
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cupation of unblocked states) and blocking events (due
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ing n⇥ as the single fitting parameter to our numerical
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both the high- and low-energy mixed spin subspace the
total decay rate of the (1,1) supertriplet state �s,0 + �c

changes dramatically as the magnetic field is turned on:
at zero field these two states are blocked, having the slow
decay rate �s,0, whereas at finite field their decay rate
grows with orders of magnitudes.

In the six-dimensional zero-energy mixed spin sub-
space, the order of magnitude of the decay rates is not
influenced by the magnetic field. Each of these states
decay fast compared to the slow rate �s. This can be
derived in the same way as shown at the discussion of
the zero-energy spin-polarized subspace and Eq. (18).

Using the explicitly calculated decay rates we can set
up a semi-phenomenological analytical formula for the
current. To this end we regard the transport process as
an alternation of charge transfer ‘bursts’ (subsequent oc-
cupation of unblocked states) and blocking events (due
to occupying one of the blocked states). We assume
that a burst corresponds to a transfer of n⇥ electrons
on average, i.e., n⇥ is not necessarily integer.58 Since the
charge bursts happen fast compared to the time spent in
a blocked state, the average time between two subsequent
bursts can be estimated as the average of the decay times
of the six blocked states, i.e.,

Tburst ⇥
1

6

�
2��1

s,+ + 2��1
s,� + 2 (�s,0 + �c)

�1
⇥
. (22)

As a burst transfers n⇥ electrons on average, the current
can be expressed as

I ⇥ en⇥

Tburst
. (23)

Equation (23), together with Eq. (22) and the decay
rates calculated above, provides an analytical expression
for the current as a function of the parameters of the
Hamiltonian and �R, having a single phenomenological
parameter n⇥. We have fitted this analytical result us-
ing n⇥ as the single fitting parameter to our numerical
results (Fig. 3), and we have found n⇥ ⇥ 3.2 irrespective
of the value of tunneling amplitude t. As seen in Fig. 3,
this value of n⇥ gives an excellent agreement between our
numerical and analytical results in the considered range
of magnetic field. By repeating the numerical calcula-
tions and the fittings for various disorder configurations
we generally find good agreement between numerics and
analytics. The values we obtain for n⇥ are typically be-
tween 1.4 and 5.2, indicating that n⇥ is not universal but
depends on the details of the Hamiltonian.

Our analytical result for the current enables us to qual-
itatively explain two characteristic features of the mag-
netotransport curves shown in Fig. 3. One of those fea-
tures is the ratio Imax/I0 ⇥ 1.5. Evaluating the current
according to Eq. (23) at zero field we find I0 = en⇥�s,
whereas at high field, where �c ⇤ �s, we can neglect
(�s,0 + �c)

�1 in Eq. (22) and find Imax ⇥ en⇥6�s/4,
resulting in the ratio Imax/I0 ⇥ 1.5, in correspondence
with our numerical results in Fig. 3 and the experimen-
tal data of Ref. 21.. For this estimate we neglected the
field-dependence of the rates �s,±, but taking that into
account could only lower the ratio Imax/I0. A second
feature observed in Fig. 3 is that the width of the zero-
field dip of the magnetotransport curve depends on the
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�SO |K� ⇤,K� ⇤⇧ |K ⌅,K ⌅⇧
1⇥
2
(|K ⌅,K� ⇤⇧± |K� ⇤,K ⌅⇧)

|0,K ⌅ K� ⇤⇧

0
1⇥
2
(|K ⇤,K� ⇤⇧± |K� ⇤,K ⇤⇧)

|0,K ⇤ K� ⇤⇧

1⇥
2
(|K ⌅,K� ⌅⇧± |K� ⌅,K ⌅⇧)

|0,K ⌅ K� ⌅⇧

1⇥
2
(|K ⇤,K ⌅⇧± |K ⌅,K ⇤⇧)

|0,K ⇤ K ⌅⇧
1⇥
2
(|K� ⇤,K� ⌅⇧± |K� ⌅,K� ⇤⇧)

|0,K� ⇤ K� ⌅⇧

��SO |K ⇤,K ⇤⇧ |K� ⌅,K� ⌅⇧
1⇥
2
(|K ⇤,K� ⌅⇧± |K� ⌅,K ⇤⇧)

|0,K ⇤ K� ⌅⇧

TABLE I: The 22 basis states used for perturbation calculations in the presence of strong spin-orbit coupling. The six
(1,1) states involving a minus sign are supersinglets, the ten further (1,1) states are supertriplets. The six (0,2) states are
supersinglets.

this basis, induced by disorder (interdot tunneling).
In the polarized spin subspaces (Fig. 4a) the high-

and low-energy (1,1) states (dashed lines in Fig. 4a) are
coupled to the (0,2) state via disorder and tunneling,
resulting in a small decay rate at small fields (⇥v ⇧ ⇥SO)

�s,± = �s

�
1⇤ 2

⇥v

⇥SO

⇥�4

, (17)

where the ± sign refers to the up-spin and down-spin

subspaces, respectively, �s = t2b2a
�4

SO
�R ⇧ �R and ba =

bL � bR. Here and hereafter the decay rate of a two-
electron state � is meant to be the sum of the four tran-
sition rates into the four di⇤erent (0,1) single-electron
states, i.e.,

 4
j=1 pj�. In the up-spin (down-spin) sub-

space the decay rate increases (decreases) as the mag-
netic field increases, because the magnetic field pushes
the high- and low-energy states closer to (away from) the
zero-energy (1,1) and (0,2) states, cf. Eq. (10f). The de-
cay rate �s is fourth-order in small parameters, therefore
we call these four states (i.e., the high- and low-energy
up-spin and down-spin states) ‘blocked’.

To describe the energy eigenstates in the spin-polarized
zero-energy subspace, conventional degenerate perturba-
tion theory is not applicable, since the perturbative hy-
bridization of the (1,1) supertriplet state with the (1,1)
supersinglet would include a zero energy denominator.
Therefore we apply Lowdin perturbation theory60 to de-
rive an e⇤ective Hamiltonian for the zero-energy spin-
polarized subspace. At zero field we obtain

H0,± =

⇤

⌥⌥⇧

0 ⇤ b2�
�SO

0

⇤ b2�
�SO

0
⌃
2t

0
⌃
2t 0

⌅

��⌃ . (18)

In H0,± the first index refers to the zero-energy subspace
and ± to the up-spin and down-spin subspaces. The ef-
fective HamiltonianH0,± corresponds to the following or-
dering of the basis states: (1,1) supertriplet, (1,1) super-
singlet, (0,2) supersinglet. Remarkably, H0,± is indepen-
dent of the angle between the two disorder-induced valley

fields in the double dot. From Eq. (18) and our assump-

tion
b2�
�SO

⌅ t it follows that the three basis states are
completetely mixed, and each of them acquires a decay
rate ⌅ �R. Therefore with respect to the spin-polarized
subspaces we conclude that in the regime considered in
this section, the ten energy eigenstates can be divided
to a set of four blocked states decaying with slow rates
�s,± ⇧ �R, and six unblocked states which decay orders-
of-magnitude faster (with rates ⌅ �R) than the blocked
ones.
Now we extend this analysis to the twelve-dimensional

mixed-spin subspace (Fig. 4b). In the high- and low-
energy mixed spin subspaces the e⇤ective Hamiltonian
we obtain (common diagonal elements omitted):

H±,0 =

⇤

⌥⌥⌥⇧

0 � 2b2��v

�2
SO�4�2

v
0

� 2b2��v

�2
SO�4�2

v
0

⌃
2t

0
⌃
2t ⇤ b2��SO

�2
SO�4�2

v

⌅

���⌃
. (19)

Here the ordering of states is analogous to that in Eq.
(18), and the first index of H±,0 refers to the high- or
low-energy subspace whereas the second index refers to
the mixed spin subspace. At zero field the valley split-
ting is ⇥v = 0, implying that the first basis state, i.e., the
(1,1) supertriplet is uncoupled from the other two states,
in particular, from the (0,2) supersinglet. Therefore at
zero field the high- or low-energy (1,1) supertriplet state
(dashed lines in Fig. 4b) can decay only due to its per-
turbative coupling (via disorder and tunneling) to the
two zero-energy (0,2) supersinglets. From Lowdin theory
we infer that the decay rate of the high- and low-energy
(1,1) supertriplets due to these processes is

�s,0 =
1

2
(�s,+ + �s,�) , (20)

and therefore these two states are blocked in the sense
defined above. However, according to Eq. (19), a finite
valley splitting ⇥v induces mixing between the two (1,1)
states. This mixing provides an additional decay channel
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TABLE I: The 22 basis states used for perturbation calculations in the presence of strong spin-orbit coupling. The six
(1,1) states involving a minus sign are supersinglets, the ten further (1,1) states are supertriplets. The six (0,2) states are
supersinglets.

this basis, induced by disorder (interdot tunneling).
In the polarized spin subspaces (Fig. 4a) the high-

and low-energy (1,1) states (dashed lines in Fig. 4a) are
coupled to the (0,2) state via disorder and tunneling,
resulting in a small decay rate at small fields (⇥v ⇧ ⇥SO)
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, (17)

where the ± sign refers to the up-spin and down-spin

subspaces, respectively, �s = t2b2a
�4

SO
�R ⇧ �R and ba =

bL � bR. Here and hereafter the decay rate of a two-
electron state � is meant to be the sum of the four tran-
sition rates into the four di⇤erent (0,1) single-electron
states, i.e.,

 4
j=1 pj�. In the up-spin (down-spin) sub-

space the decay rate increases (decreases) as the mag-
netic field increases, because the magnetic field pushes
the high- and low-energy states closer to (away from) the
zero-energy (1,1) and (0,2) states, cf. Eq. (10f). The de-
cay rate �s is fourth-order in small parameters, therefore
we call these four states (i.e., the high- and low-energy
up-spin and down-spin states) ‘blocked’.

To describe the energy eigenstates in the spin-polarized
zero-energy subspace, conventional degenerate perturba-
tion theory is not applicable, since the perturbative hy-
bridization of the (1,1) supertriplet state with the (1,1)
supersinglet would include a zero energy denominator.
Therefore we apply Lowdin perturbation theory60 to de-
rive an e⇤ective Hamiltonian for the zero-energy spin-
polarized subspace. At zero field we obtain

H0,± =

⇤

⌥⌥⇧

0 ⇤ b2�
�SO

0
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0
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0
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In H0,± the first index refers to the zero-energy subspace
and ± to the up-spin and down-spin subspaces. The ef-
fective HamiltonianH0,± corresponds to the following or-
dering of the basis states: (1,1) supertriplet, (1,1) super-
singlet, (0,2) supersinglet. Remarkably, H0,± is indepen-
dent of the angle between the two disorder-induced valley

fields in the double dot. From Eq. (18) and our assump-

tion
b2�
�SO

⌅ t it follows that the three basis states are
completetely mixed, and each of them acquires a decay
rate ⌅ �R. Therefore with respect to the spin-polarized
subspaces we conclude that in the regime considered in
this section, the ten energy eigenstates can be divided
to a set of four blocked states decaying with slow rates
�s,± ⇧ �R, and six unblocked states which decay orders-
of-magnitude faster (with rates ⌅ �R) than the blocked
ones.
Now we extend this analysis to the twelve-dimensional

mixed-spin subspace (Fig. 4b). In the high- and low-
energy mixed spin subspaces the e⇤ective Hamiltonian
we obtain (common diagonal elements omitted):

H±,0 =

⇤

⌥⌥⌥⇧

0 � 2b2��v

�2
SO�4�2

v
0
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�2
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0

⌃
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0
⌃
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⌅

���⌃
. (19)

Here the ordering of states is analogous to that in Eq.
(18), and the first index of H±,0 refers to the high- or
low-energy subspace whereas the second index refers to
the mixed spin subspace. At zero field the valley split-
ting is ⇥v = 0, implying that the first basis state, i.e., the
(1,1) supertriplet is uncoupled from the other two states,
in particular, from the (0,2) supersinglet. Therefore at
zero field the high- or low-energy (1,1) supertriplet state
(dashed lines in Fig. 4b) can decay only due to its per-
turbative coupling (via disorder and tunneling) to the
two zero-energy (0,2) supersinglets. From Lowdin theory
we infer that the decay rate of the high- and low-energy
(1,1) supertriplets due to these processes is

�s,0 =
1

2
(�s,+ + �s,�) , (20)

and therefore these two states are blocked in the sense
defined above. However, according to Eq. (19), a finite
valley splitting ⇥v induces mixing between the two (1,1)
states. This mixing provides an additional decay channel
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Spin blockade in CNT dots

•effect of disorder on leakage current in CNTs?
•spin-orbit splitting taken into account
•coherent interdot tunneling

Spin-valley blockade in carbon nanotube double quantum dots
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We present a theoretical study of the Pauli or spin-valley blockade for double quantum dots in
semiconducting carbon nanotubes. In our model we take into account the following characteristic
features of carbon nanotubes: (i) fourfold (spin and valley) degeneracy of the quantum dot levels
(ii) the intrinsic spin-orbit interaction which is enhanced by the tube curvature, and (iii) valley-
mixing due to short-range disorder, i.e., substitutional atoms, adatoms, etc. We find that the spin-
valley blockade can be lifted in the presence of short-range disorder, which induces two independent
random (in magnitude and direction) valley-Zeeman-fields in the two dots, and hence acts similarly
to hyperfine interaction in conventional semiconductor quantum dots. In the case of strong spin-orbit
interaction, we identify a parameter regime where the current as the function of an applied axial
magnetic field shows a zero-field dip with a width controlled by the interdot tunneling amplitude,
in agreement with recent experiments.

PACS numbers: 73.63.Kv, 73.63.Fg, 73.23.Hk, 71.70.Ej

I. INTRODUCTION

Recent development of experimental techniques al-
low for preparation, manipulation and readout of few-
electron spin states in quantum dots (QDs),1 indicat-
ing the strong potential of these systems for future ap-
plication in quantum information processing.2 A major
factor limiting the performance of quantum dot spin
qubits in widely used III-V semiconductors (e.g., GaAs)
is spin decoherence due to hyperfine interaction with
nuclear spins. A strategy to suppress spin decoher-
ence is to use QDs dominantly consisting of nuclear-
spin-free isotopes of group IV materials. Carbon struc-
tures, such as carbon nanotubes (CNTs) or graphene,
are prime candidates for that purpose as the natu-
ral abundance of spin-carrying 13C nuclei is very small
(1%). This observation has motivated intensive theo-
retical investigation3–14 and the experimental realization
of QDs in carbon nanostructures.14–29 Further perspec-
tives of carbon-based quantum information processing
have been opened by proposals suggesting to utilize the
valley degree of freedom of the delocalized electrons as
a qubit,30,31 and to exploit the interplay of spin-orbit
interaction, valley-mixing and the bending of CNTs for
implementing qubit operations.32

The Pauli blockade or spin blockade e�ect1,33 in con-
ventional semiconductor double quantum dots (DQDs)
has provided a new probe of spin physics in these devices
and has been utilized in the past decade for various pur-
poses in the context of spin qubits. A basic application is
spin state initialization and readout in experiments real-
izing resonant manipulation of single spins.34–36 Pulsed-
gate techniques combined with the spin blockade setup
have been used37–39 in qubit manipulation experiments
where the information was encoded in the two-electron
spin states S and T0 or S and T+. Similar experiments
have been utilized to prepare the state of the nuclear spin
ensemble of the crystal lattice, with the aim of prolonging
the decoherence time of the qubit.40–42 Furthermore, spin
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FIG. 1: (color online) Schematic of the spin-valley blockade
setup with a carbon nanotube double quantum dot and an
external magnetic field B aligned with the tube axis. In this
regime electrons are transported from source (S) to drain (D)
while the DQD occupancy changes between single and double.
Spots represent electrons; the figure shows the (0,1) charge
configuration of the double dot. Lead-dot tunneling rates �L,
�R and interdot tunneling amplitude t are indicated.

blockade has been proven an e⇤cient tool to gain infor-
mation about the mechanisms of spin relaxation and de-
coherence, and the corresponding energy scales. In par-
ticular, it has been applied to measure the energy scales
of hyperfine43,44 and spin-orbit interactions.45,46 The im-
plementation of this range of functionalities in carbon-
based quantum dots, potentially showing improved qubit
performance, is an intense ongoing e�ort.20–22,29

In this work we consider Pauli blockade in a trans-
port setup,1,33 where electrons are transmitted from the
source to the drain in a serially coupled DQD via the
(0, 1) � (1, 1) � (0, 2) � (0, 1) cycle (Fig. 1). Here
(nL, nR) denotes the charge state with nL (nR) elec-
trons in the left (right) QD. In conventional semicon-
ductor DQDs, if the (1,1) and (0,2) states are aligned
in energy, then states sharing the same spin state be-
come hybridized due to interdot tunneling. The only en-
ergetically available (0,2) state has a singlet spin state,
therefore it hybridizes with the (1,1) singlet only, leaving
the three (1,1) triplet states without a (0,2) component.
This implies that whenever a (1,1) triplet state is occu-
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FIG. 4: (color online) Unperturbed two-electron states (lines) and their energies in a CNT DQD at strong spin-orbit coupling
and zero magnetic field (cf. Table I). Horizontal arrangement of the states reflects charge configuration, vertical arrangement
reflects spin-orbit energies. Red lines: supertriplet states. Dashed red lines: blocked supertriplet states. Black lines: supersinglet
states. Green (blue) arrows correspond to o�diagonal elements of the Hamiltonian, induced by disorder (interdot tunneling).
a) Up-spin and down-spin states. The indicated �2 degeneracy corresponds to the two possible spin configurations. Di�erent
spin species are uncoupled. b) Mixed-spin states.

for the (1,1) supertriplet state with a rate

�c =
2b4

�⇥2
v

t2 (⇥2
SO � 4⇥2

v)2
�R, (21)

inferred using standard perturbation theory in the field-
induced coupling term. This rate becomes much faster
than the slow rate �s,0 if the field is strong enough to
ensure ⇥v > t2ba⌅

2b2�
. In conclusion, we have found that in

both the high- and low-energy mixed spin subspace the
total decay rate of the (1,1) supertriplet state �s,0 + �c

changes dramatically as the magnetic field is turned on:
at zero field these two states are blocked, having the slow
decay rate �s,0, whereas at finite field their decay rate
grows with orders of magnitudes.

In the six-dimensional zero-energy mixed spin sub-
space, the order of magnitude of the decay rates is not
influenced by the magnetic field. Each of these states
decay fast compared to the slow rate �s. This can be
derived in the same way as shown at the discussion of
the zero-energy spin-polarized subspace and Eq. (18).

Using the explicitly calculated decay rates we can set
up a semi-phenomenological analytical formula for the
current. To this end we regard the transport process as
an alternation of charge transfer ‘bursts’ (subsequent oc-
cupation of unblocked states) and blocking events (due
to occupying one of the blocked states). We assume
that a burst corresponds to a transfer of n⇥ electrons
on average, i.e., n⇥ is not necessarily integer.58 Since the
charge bursts happen fast compared to the time spent in
a blocked state, the average time between two subsequent
bursts can be estimated as the average of the decay times
of the six blocked states, i.e.,

Tburst ⇥
1
6

�
2��1

s,+ + 2��1
s,� + 2 (�s,0 + �c)

�1
⇥
. (22)

As a burst transfers n⇥ electrons on average, the current
can be expressed as

I ⇥ en⇥

Tburst
. (23)

Equation (23), together with Eq. (22) and the decay
rates calculated above, provides an analytical expression
for the current as a function of the parameters of the
Hamiltonian and �R, having a single phenomenological
parameter n⇥. We have fitted this analytical result us-
ing n⇥ as the single fitting parameter to our numerical
results (Fig. 3), and we have found n⇥ ⇥ 3.2 irrespective
of the value of tunneling amplitude t. As seen in Fig. 3,
this value of n⇥ gives an excellent agreement between our
numerical and analytical results in the considered range
of magnetic field. By repeating the numerical calcula-
tions and the fittings for various disorder configurations
we generally find good agreement between numerics and
analytics. The values we obtain for n⇥ are typically be-
tween 1.4 and 5.2, indicating that n⇥ is not universal but
depends on the details of the Hamiltonian.

Our analytical result for the current enables us to qual-
itatively explain two characteristic features of the mag-
netotransport curves shown in Fig. 3. One of those fea-
tures is the ratio Imax/I0 ⇥ 1.5. Evaluating the current
according to Eq. (23) at zero field we find I0 = en⇥�s,
whereas at high field, where �c ⇤ �s, we can neglect
(�s,0 + �c)

�1 in Eq. (22) and find Imax ⇥ en⇥6�s/4,
resulting in the ratio Imax/I0 ⇥ 1.5, in correspondence
with our numerical results in Fig. 3 and the experimen-
tal data of Ref. 21.. For this estimate we neglected the
field-dependence of the rates �s,±, but taking that into
account could only lower the ratio Imax/I0. A second
feature observed in Fig. 3 is that the width of the zero-
field dip of the magnetotransport curve depends on the
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FIG. 4: (color online) Unperturbed two-electron states (lines) and their energies in a CNT DQD at strong spin-orbit coupling
and zero magnetic field (cf. Table I). Horizontal arrangement of the states reflects charge configuration, vertical arrangement
reflects spin-orbit energies. Red lines: supertriplet states. Dashed red lines: blocked supertriplet states. Black lines: supersinglet
states. Green (blue) arrows correspond to o�diagonal elements of the Hamiltonian, induced by disorder (interdot tunneling).
a) Up-spin and down-spin states. The indicated �2 degeneracy corresponds to the two possible spin configurations. Di�erent
spin species are uncoupled. b) Mixed-spin states.

for the (1,1) supertriplet state with a rate
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2b4�⇥

2
v
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v)
2�R, (21)

inferred using standard perturbation theory in the field-
induced coupling term. This rate becomes much faster
than the slow rate �s,0 if the field is strong enough to

ensure ⇥v > t2ba⌅
2b2�

. In conclusion, we have found that in

both the high- and low-energy mixed spin subspace the
total decay rate of the (1,1) supertriplet state �s,0 + �c

changes dramatically as the magnetic field is turned on:
at zero field these two states are blocked, having the slow
decay rate �s,0, whereas at finite field their decay rate
grows with orders of magnitudes.

In the six-dimensional zero-energy mixed spin sub-
space, the order of magnitude of the decay rates is not
influenced by the magnetic field. Each of these states
decay fast compared to the slow rate �s. This can be
derived in the same way as shown at the discussion of
the zero-energy spin-polarized subspace and Eq. (18).

Using the explicitly calculated decay rates we can set
up a semi-phenomenological analytical formula for the
current. To this end we regard the transport process as
an alternation of charge transfer ‘bursts’ (subsequent oc-
cupation of unblocked states) and blocking events (due
to occupying one of the blocked states). We assume
that a burst corresponds to a transfer of n⇥ electrons
on average, i.e., n⇥ is not necessarily integer.58 Since the
charge bursts happen fast compared to the time spent in
a blocked state, the average time between two subsequent
bursts can be estimated as the average of the decay times
of the six blocked states, i.e.,

Tburst ⇥
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�
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�1
⇥
. (22)

As a burst transfers n⇥ electrons on average, the current
can be expressed as

I ⇥ en⇥

Tburst
. (23)

Equation (23), together with Eq. (22) and the decay
rates calculated above, provides an analytical expression
for the current as a function of the parameters of the
Hamiltonian and �R, having a single phenomenological
parameter n⇥. We have fitted this analytical result us-
ing n⇥ as the single fitting parameter to our numerical
results (Fig. 3), and we have found n⇥ ⇥ 3.2 irrespective
of the value of tunneling amplitude t. As seen in Fig. 3,
this value of n⇥ gives an excellent agreement between our
numerical and analytical results in the considered range
of magnetic field. By repeating the numerical calcula-
tions and the fittings for various disorder configurations
we generally find good agreement between numerics and
analytics. The values we obtain for n⇥ are typically be-
tween 1.4 and 5.2, indicating that n⇥ is not universal but
depends on the details of the Hamiltonian.

Our analytical result for the current enables us to qual-
itatively explain two characteristic features of the mag-
netotransport curves shown in Fig. 3. One of those fea-
tures is the ratio Imax/I0 ⇥ 1.5. Evaluating the current
according to Eq. (23) at zero field we find I0 = en⇥�s,
whereas at high field, where �c ⇤ �s, we can neglect
(�s,0 + �c)

�1 in Eq. (22) and find Imax ⇥ en⇥6�s/4,
resulting in the ratio Imax/I0 ⇥ 1.5, in correspondence
with our numerical results in Fig. 3 and the experimen-
tal data of Ref. 21.. For this estimate we neglected the
field-dependence of the rates �s,±, but taking that into
account could only lower the ratio Imax/I0. A second
feature observed in Fig. 3 is that the width of the zero-
field dip of the magnetotransport curve depends on the
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FIG. 4: (color online) Unperturbed two-electron states (lines) and their energies in a CNT DQD at strong spin-orbit coupling
and zero magnetic field (cf. Table I). Horizontal arrangement of the states reflects charge configuration, vertical arrangement
reflects spin-orbit energies. Red lines: supertriplet states. Dashed red lines: blocked supertriplet states. Black lines: supersinglet
states. Green (blue) arrows correspond to o�diagonal elements of the Hamiltonian, induced by disorder (interdot tunneling).
a) Up-spin and down-spin states. The indicated �2 degeneracy corresponds to the two possible spin configurations. Di�erent
spin species are uncoupled. b) Mixed-spin states.

for the (1,1) supertriplet state with a rate

�c =
2b4�⇥

2
v

t2 (⇥2
SO � 4⇥2

v)
2�R, (21)

inferred using standard perturbation theory in the field-
induced coupling term. This rate becomes much faster
than the slow rate �s,0 if the field is strong enough to

ensure ⇥v > t2ba⌅
2b2�

. In conclusion, we have found that in

both the high- and low-energy mixed spin subspace the
total decay rate of the (1,1) supertriplet state �s,0 + �c

changes dramatically as the magnetic field is turned on:
at zero field these two states are blocked, having the slow
decay rate �s,0, whereas at finite field their decay rate
grows with orders of magnitudes.

In the six-dimensional zero-energy mixed spin sub-
space, the order of magnitude of the decay rates is not
influenced by the magnetic field. Each of these states
decay fast compared to the slow rate �s. This can be
derived in the same way as shown at the discussion of
the zero-energy spin-polarized subspace and Eq. (18).

Using the explicitly calculated decay rates we can set
up a semi-phenomenological analytical formula for the
current. To this end we regard the transport process as
an alternation of charge transfer ‘bursts’ (subsequent oc-
cupation of unblocked states) and blocking events (due
to occupying one of the blocked states). We assume
that a burst corresponds to a transfer of n⇥ electrons
on average, i.e., n⇥ is not necessarily integer.58 Since the
charge bursts happen fast compared to the time spent in
a blocked state, the average time between two subsequent
bursts can be estimated as the average of the decay times
of the six blocked states, i.e.,
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As a burst transfers n⇥ electrons on average, the current
can be expressed as
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Tburst
. (23)

Equation (23), together with Eq. (22) and the decay
rates calculated above, provides an analytical expression
for the current as a function of the parameters of the
Hamiltonian and �R, having a single phenomenological
parameter n⇥. We have fitted this analytical result us-
ing n⇥ as the single fitting parameter to our numerical
results (Fig. 3), and we have found n⇥ ⇥ 3.2 irrespective
of the value of tunneling amplitude t. As seen in Fig. 3,
this value of n⇥ gives an excellent agreement between our
numerical and analytical results in the considered range
of magnetic field. By repeating the numerical calcula-
tions and the fittings for various disorder configurations
we generally find good agreement between numerics and
analytics. The values we obtain for n⇥ are typically be-
tween 1.4 and 5.2, indicating that n⇥ is not universal but
depends on the details of the Hamiltonian.

Our analytical result for the current enables us to qual-
itatively explain two characteristic features of the mag-
netotransport curves shown in Fig. 3. One of those fea-
tures is the ratio Imax/I0 ⇥ 1.5. Evaluating the current
according to Eq. (23) at zero field we find I0 = en⇥�s,
whereas at high field, where �c ⇤ �s, we can neglect
(�s,0 + �c)

�1 in Eq. (22) and find Imax ⇥ en⇥6�s/4,
resulting in the ratio Imax/I0 ⇥ 1.5, in correspondence
with our numerical results in Fig. 3 and the experimen-
tal data of Ref. 21.. For this estimate we neglected the
field-dependence of the rates �s,±, but taking that into
account could only lower the ratio Imax/I0. A second
feature observed in Fig. 3 is that the width of the zero-
field dip of the magnetotransport curve depends on the

8

spin-orbit energy up-spin (Sz = +1) down-spin (Sz = �1) mixed spin (Sz = 0)

�SO |K� ⇤,K� ⇤⇧ |K ⌅,K ⌅⇧
1⇥
2
(|K ⌅,K� ⇤⇧± |K� ⇤,K ⌅⇧)

|0,K ⌅ K� ⇤⇧

0
1⇥
2
(|K ⇤,K� ⇤⇧± |K� ⇤,K ⇤⇧)

|0,K ⇤ K� ⇤⇧

1⇥
2
(|K ⌅,K� ⌅⇧± |K� ⌅,K ⌅⇧)

|0,K ⌅ K� ⌅⇧

1⇥
2
(|K ⇤,K ⌅⇧± |K ⌅,K ⇤⇧)

|0,K ⇤ K ⌅⇧
1⇥
2
(|K� ⇤,K� ⌅⇧± |K� ⌅,K� ⇤⇧)

|0,K� ⇤ K� ⌅⇧

��SO |K ⇤,K ⇤⇧ |K� ⌅,K� ⌅⇧
1⇥
2
(|K ⇤,K� ⌅⇧± |K� ⌅,K ⇤⇧)

|0,K ⇤ K� ⌅⇧

TABLE I: The 22 basis states used for perturbation calculations in the presence of strong spin-orbit coupling. The six
(1,1) states involving a minus sign are supersinglets, the ten further (1,1) states are supertriplets. The six (0,2) states are
supersinglets.

this basis, induced by disorder (interdot tunneling).
In the polarized spin subspaces (Fig. 4a) the high-

and low-energy (1,1) states (dashed lines in Fig. 4a) are
coupled to the (0,2) state via disorder and tunneling,
resulting in a small decay rate at small fields (⇥v ⇧ ⇥SO)

�s,± = �s

�
1⇤ 2

⇥v

⇥SO

⇥�4

, (17)

where the ± sign refers to the up-spin and down-spin

subspaces, respectively, �s = t2b2a
�4

SO
�R ⇧ �R and ba =

bL � bR. Here and hereafter the decay rate of a two-
electron state � is meant to be the sum of the four tran-
sition rates into the four di⇤erent (0,1) single-electron
states, i.e.,

 4
j=1 pj�. In the up-spin (down-spin) sub-

space the decay rate increases (decreases) as the mag-
netic field increases, because the magnetic field pushes
the high- and low-energy states closer to (away from) the
zero-energy (1,1) and (0,2) states, cf. Eq. (10f). The de-
cay rate �s is fourth-order in small parameters, therefore
we call these four states (i.e., the high- and low-energy
up-spin and down-spin states) ‘blocked’.

To describe the energy eigenstates in the spin-polarized
zero-energy subspace, conventional degenerate perturba-
tion theory is not applicable, since the perturbative hy-
bridization of the (1,1) supertriplet state with the (1,1)
supersinglet would include a zero energy denominator.
Therefore we apply Lowdin perturbation theory60 to de-
rive an e⇤ective Hamiltonian for the zero-energy spin-
polarized subspace. At zero field we obtain

H0,± =

⇤

⌥⌥⇧

0 ⇤ b2�
�SO

0

⇤ b2�
�SO

0
⌃
2t

0
⌃
2t 0

⌅

��⌃ . (18)

In H0,± the first index refers to the zero-energy subspace
and ± to the up-spin and down-spin subspaces. The ef-
fective HamiltonianH0,± corresponds to the following or-
dering of the basis states: (1,1) supertriplet, (1,1) super-
singlet, (0,2) supersinglet. Remarkably, H0,± is indepen-
dent of the angle between the two disorder-induced valley

fields in the double dot. From Eq. (18) and our assump-

tion
b2�
�SO

⌅ t it follows that the three basis states are
completetely mixed, and each of them acquires a decay
rate ⌅ �R. Therefore with respect to the spin-polarized
subspaces we conclude that in the regime considered in
this section, the ten energy eigenstates can be divided
to a set of four blocked states decaying with slow rates
�s,± ⇧ �R, and six unblocked states which decay orders-
of-magnitude faster (with rates ⌅ �R) than the blocked
ones.
Now we extend this analysis to the twelve-dimensional

mixed-spin subspace (Fig. 4b). In the high- and low-
energy mixed spin subspaces the e⇤ective Hamiltonian
we obtain (common diagonal elements omitted):

H±,0 =

⇤

⌥⌥⌥⇧

0 � 2b2��v

�2
SO�4�2

v
0

� 2b2��v

�2
SO�4�2

v
0

⌃
2t

0
⌃
2t ⇤ b2��SO

�2
SO�4�2

v

⌅

���⌃
. (19)

Here the ordering of states is analogous to that in Eq.
(18), and the first index of H±,0 refers to the high- or
low-energy subspace whereas the second index refers to
the mixed spin subspace. At zero field the valley split-
ting is ⇥v = 0, implying that the first basis state, i.e., the
(1,1) supertriplet is uncoupled from the other two states,
in particular, from the (0,2) supersinglet. Therefore at
zero field the high- or low-energy (1,1) supertriplet state
(dashed lines in Fig. 4b) can decay only due to its per-
turbative coupling (via disorder and tunneling) to the
two zero-energy (0,2) supersinglets. From Lowdin theory
we infer that the decay rate of the high- and low-energy
(1,1) supertriplets due to these processes is

�s,0 =
1

2
(�s,+ + �s,�) , (20)

and therefore these two states are blocked in the sense
defined above. However, according to Eq. (19), a finite
valley splitting ⇥v induces mixing between the two (1,1)
states. This mixing provides an additional decay channel
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TABLE I: The 22 basis states used for perturbation calculations in the presence of strong spin-orbit coupling. The six
(1,1) states involving a minus sign are supersinglets, the ten further (1,1) states are supertriplets. The six (0,2) states are
supersinglets.

this basis, induced by disorder (interdot tunneling).
In the polarized spin subspaces (Fig. 4a) the high-

and low-energy (1,1) states (dashed lines in Fig. 4a) are
coupled to the (0,2) state via disorder and tunneling,
resulting in a small decay rate at small fields (⇥v ⇧ ⇥SO)

�s,± = �s
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1⇤ 2

⇥v

⇥SO

⇥�4

, (17)

where the ± sign refers to the up-spin and down-spin

subspaces, respectively, �s = t2b2a
�4

SO
�R ⇧ �R and ba =

bL � bR. Here and hereafter the decay rate of a two-
electron state � is meant to be the sum of the four tran-
sition rates into the four di⇤erent (0,1) single-electron
states, i.e.,

 4
j=1 pj�. In the up-spin (down-spin) sub-

space the decay rate increases (decreases) as the mag-
netic field increases, because the magnetic field pushes
the high- and low-energy states closer to (away from) the
zero-energy (1,1) and (0,2) states, cf. Eq. (10f). The de-
cay rate �s is fourth-order in small parameters, therefore
we call these four states (i.e., the high- and low-energy
up-spin and down-spin states) ‘blocked’.

To describe the energy eigenstates in the spin-polarized
zero-energy subspace, conventional degenerate perturba-
tion theory is not applicable, since the perturbative hy-
bridization of the (1,1) supertriplet state with the (1,1)
supersinglet would include a zero energy denominator.
Therefore we apply Lowdin perturbation theory60 to de-
rive an e⇤ective Hamiltonian for the zero-energy spin-
polarized subspace. At zero field we obtain

H0,± =

⇤

⌥⌥⇧

0 ⇤ b2�
�SO

0

⇤ b2�
�SO

0
⌃
2t

0
⌃
2t 0

⌅

��⌃ . (18)

In H0,± the first index refers to the zero-energy subspace
and ± to the up-spin and down-spin subspaces. The ef-
fective HamiltonianH0,± corresponds to the following or-
dering of the basis states: (1,1) supertriplet, (1,1) super-
singlet, (0,2) supersinglet. Remarkably, H0,± is indepen-
dent of the angle between the two disorder-induced valley

fields in the double dot. From Eq. (18) and our assump-

tion
b2�
�SO

⌅ t it follows that the three basis states are
completetely mixed, and each of them acquires a decay
rate ⌅ �R. Therefore with respect to the spin-polarized
subspaces we conclude that in the regime considered in
this section, the ten energy eigenstates can be divided
to a set of four blocked states decaying with slow rates
�s,± ⇧ �R, and six unblocked states which decay orders-
of-magnitude faster (with rates ⌅ �R) than the blocked
ones.
Now we extend this analysis to the twelve-dimensional

mixed-spin subspace (Fig. 4b). In the high- and low-
energy mixed spin subspaces the e⇤ective Hamiltonian
we obtain (common diagonal elements omitted):

H±,0 =

⇤

⌥⌥⌥⇧

0 � 2b2��v

�2
SO�4�2

v
0

� 2b2��v

�2
SO�4�2

v
0

⌃
2t

0
⌃
2t ⇤ b2��SO

�2
SO�4�2

v

⌅

���⌃
. (19)

Here the ordering of states is analogous to that in Eq.
(18), and the first index of H±,0 refers to the high- or
low-energy subspace whereas the second index refers to
the mixed spin subspace. At zero field the valley split-
ting is ⇥v = 0, implying that the first basis state, i.e., the
(1,1) supertriplet is uncoupled from the other two states,
in particular, from the (0,2) supersinglet. Therefore at
zero field the high- or low-energy (1,1) supertriplet state
(dashed lines in Fig. 4b) can decay only due to its per-
turbative coupling (via disorder and tunneling) to the
two zero-energy (0,2) supersinglets. From Lowdin theory
we infer that the decay rate of the high- and low-energy
(1,1) supertriplets due to these processes is

�s,0 =
1

2
(�s,+ + �s,�) , (20)

and therefore these two states are blocked in the sense
defined above. However, according to Eq. (19), a finite
valley splitting ⇥v induces mixing between the two (1,1)
states. This mixing provides an additional decay channel
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•effect of disorder on leakage current in CNTs?
•spin-orbit splitting taken into account
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We present a theoretical study of the Pauli or spin-valley blockade for double quantum dots in
semiconducting carbon nanotubes. In our model we take into account the following characteristic
features of carbon nanotubes: (i) fourfold (spin and valley) degeneracy of the quantum dot levels
(ii) the intrinsic spin-orbit interaction which is enhanced by the tube curvature, and (iii) valley-
mixing due to short-range disorder, i.e., substitutional atoms, adatoms, etc. We find that the spin-
valley blockade can be lifted in the presence of short-range disorder, which induces two independent
random (in magnitude and direction) valley-Zeeman-fields in the two dots, and hence acts similarly
to hyperfine interaction in conventional semiconductor quantum dots. In the case of strong spin-orbit
interaction, we identify a parameter regime where the current as the function of an applied axial
magnetic field shows a zero-field dip with a width controlled by the interdot tunneling amplitude,
in agreement with recent experiments.

PACS numbers: 73.63.Kv, 73.63.Fg, 73.23.Hk, 71.70.Ej

I. INTRODUCTION

Recent development of experimental techniques al-
low for preparation, manipulation and readout of few-
electron spin states in quantum dots (QDs),1 indicat-
ing the strong potential of these systems for future ap-
plication in quantum information processing.2 A major
factor limiting the performance of quantum dot spin
qubits in widely used III-V semiconductors (e.g., GaAs)
is spin decoherence due to hyperfine interaction with
nuclear spins. A strategy to suppress spin decoher-
ence is to use QDs dominantly consisting of nuclear-
spin-free isotopes of group IV materials. Carbon struc-
tures, such as carbon nanotubes (CNTs) or graphene,
are prime candidates for that purpose as the natu-
ral abundance of spin-carrying 13C nuclei is very small
(1%). This observation has motivated intensive theo-
retical investigation3–14 and the experimental realization
of QDs in carbon nanostructures.14–29 Further perspec-
tives of carbon-based quantum information processing
have been opened by proposals suggesting to utilize the
valley degree of freedom of the delocalized electrons as
a qubit,30,31 and to exploit the interplay of spin-orbit
interaction, valley-mixing and the bending of CNTs for
implementing qubit operations.32

The Pauli blockade or spin blockade e�ect1,33 in con-
ventional semiconductor double quantum dots (DQDs)
has provided a new probe of spin physics in these devices
and has been utilized in the past decade for various pur-
poses in the context of spin qubits. A basic application is
spin state initialization and readout in experiments real-
izing resonant manipulation of single spins.34–36 Pulsed-
gate techniques combined with the spin blockade setup
have been used37–39 in qubit manipulation experiments
where the information was encoded in the two-electron
spin states S and T0 or S and T+. Similar experiments
have been utilized to prepare the state of the nuclear spin
ensemble of the crystal lattice, with the aim of prolonging
the decoherence time of the qubit.40–42 Furthermore, spin
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FIG. 1: (color online) Schematic of the spin-valley blockade
setup with a carbon nanotube double quantum dot and an
external magnetic field B aligned with the tube axis. In this
regime electrons are transported from source (S) to drain (D)
while the DQD occupancy changes between single and double.
Spots represent electrons; the figure shows the (0,1) charge
configuration of the double dot. Lead-dot tunneling rates �L,
�R and interdot tunneling amplitude t are indicated.

blockade has been proven an e⇤cient tool to gain infor-
mation about the mechanisms of spin relaxation and de-
coherence, and the corresponding energy scales. In par-
ticular, it has been applied to measure the energy scales
of hyperfine43,44 and spin-orbit interactions.45,46 The im-
plementation of this range of functionalities in carbon-
based quantum dots, potentially showing improved qubit
performance, is an intense ongoing e�ort.20–22,29

In this work we consider Pauli blockade in a trans-
port setup,1,33 where electrons are transmitted from the
source to the drain in a serially coupled DQD via the
(0, 1) � (1, 1) � (0, 2) � (0, 1) cycle (Fig. 1). Here
(nL, nR) denotes the charge state with nL (nR) elec-
trons in the left (right) QD. In conventional semicon-
ductor DQDs, if the (1,1) and (0,2) states are aligned
in energy, then states sharing the same spin state be-
come hybridized due to interdot tunneling. The only en-
ergetically available (0,2) state has a singlet spin state,
therefore it hybridizes with the (1,1) singlet only, leaving
the three (1,1) triplet states without a (0,2) component.
This implies that whenever a (1,1) triplet state is occu-
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FIG. 4: (color online) Unperturbed two-electron states (lines) and their energies in a CNT DQD at strong spin-orbit coupling
and zero magnetic field (cf. Table I). Horizontal arrangement of the states reflects charge configuration, vertical arrangement
reflects spin-orbit energies. Red lines: supertriplet states. Dashed red lines: blocked supertriplet states. Black lines: supersinglet
states. Green (blue) arrows correspond to o�diagonal elements of the Hamiltonian, induced by disorder (interdot tunneling).
a) Up-spin and down-spin states. The indicated �2 degeneracy corresponds to the two possible spin configurations. Di�erent
spin species are uncoupled. b) Mixed-spin states.

for the (1,1) supertriplet state with a rate

�c =
2b4

�⇥2
v

t2 (⇥2
SO � 4⇥2

v)2
�R, (21)

inferred using standard perturbation theory in the field-
induced coupling term. This rate becomes much faster
than the slow rate �s,0 if the field is strong enough to
ensure ⇥v > t2ba⌅

2b2�
. In conclusion, we have found that in

both the high- and low-energy mixed spin subspace the
total decay rate of the (1,1) supertriplet state �s,0 + �c

changes dramatically as the magnetic field is turned on:
at zero field these two states are blocked, having the slow
decay rate �s,0, whereas at finite field their decay rate
grows with orders of magnitudes.

In the six-dimensional zero-energy mixed spin sub-
space, the order of magnitude of the decay rates is not
influenced by the magnetic field. Each of these states
decay fast compared to the slow rate �s. This can be
derived in the same way as shown at the discussion of
the zero-energy spin-polarized subspace and Eq. (18).

Using the explicitly calculated decay rates we can set
up a semi-phenomenological analytical formula for the
current. To this end we regard the transport process as
an alternation of charge transfer ‘bursts’ (subsequent oc-
cupation of unblocked states) and blocking events (due
to occupying one of the blocked states). We assume
that a burst corresponds to a transfer of n⇥ electrons
on average, i.e., n⇥ is not necessarily integer.58 Since the
charge bursts happen fast compared to the time spent in
a blocked state, the average time between two subsequent
bursts can be estimated as the average of the decay times
of the six blocked states, i.e.,

Tburst ⇥
1
6

�
2��1

s,+ + 2��1
s,� + 2 (�s,0 + �c)

�1
⇥
. (22)

As a burst transfers n⇥ electrons on average, the current
can be expressed as

I ⇥ en⇥

Tburst
. (23)

Equation (23), together with Eq. (22) and the decay
rates calculated above, provides an analytical expression
for the current as a function of the parameters of the
Hamiltonian and �R, having a single phenomenological
parameter n⇥. We have fitted this analytical result us-
ing n⇥ as the single fitting parameter to our numerical
results (Fig. 3), and we have found n⇥ ⇥ 3.2 irrespective
of the value of tunneling amplitude t. As seen in Fig. 3,
this value of n⇥ gives an excellent agreement between our
numerical and analytical results in the considered range
of magnetic field. By repeating the numerical calcula-
tions and the fittings for various disorder configurations
we generally find good agreement between numerics and
analytics. The values we obtain for n⇥ are typically be-
tween 1.4 and 5.2, indicating that n⇥ is not universal but
depends on the details of the Hamiltonian.

Our analytical result for the current enables us to qual-
itatively explain two characteristic features of the mag-
netotransport curves shown in Fig. 3. One of those fea-
tures is the ratio Imax/I0 ⇥ 1.5. Evaluating the current
according to Eq. (23) at zero field we find I0 = en⇥�s,
whereas at high field, where �c ⇤ �s, we can neglect
(�s,0 + �c)

�1 in Eq. (22) and find Imax ⇥ en⇥6�s/4,
resulting in the ratio Imax/I0 ⇥ 1.5, in correspondence
with our numerical results in Fig. 3 and the experimen-
tal data of Ref. 21.. For this estimate we neglected the
field-dependence of the rates �s,±, but taking that into
account could only lower the ratio Imax/I0. A second
feature observed in Fig. 3 is that the width of the zero-
field dip of the magnetotransport curve depends on the
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for the (1,1) supertriplet state with a rate

�c =
2b4�⇥

2
v

t2 (⇥2
SO � 4⇥2

v)
2�R, (21)

inferred using standard perturbation theory in the field-
induced coupling term. This rate becomes much faster
than the slow rate �s,0 if the field is strong enough to

ensure ⇥v > t2ba⌅
2b2�

. In conclusion, we have found that in

both the high- and low-energy mixed spin subspace the
total decay rate of the (1,1) supertriplet state �s,0 + �c

changes dramatically as the magnetic field is turned on:
at zero field these two states are blocked, having the slow
decay rate �s,0, whereas at finite field their decay rate
grows with orders of magnitudes.

In the six-dimensional zero-energy mixed spin sub-
space, the order of magnitude of the decay rates is not
influenced by the magnetic field. Each of these states
decay fast compared to the slow rate �s. This can be
derived in the same way as shown at the discussion of
the zero-energy spin-polarized subspace and Eq. (18).

Using the explicitly calculated decay rates we can set
up a semi-phenomenological analytical formula for the
current. To this end we regard the transport process as
an alternation of charge transfer ‘bursts’ (subsequent oc-
cupation of unblocked states) and blocking events (due
to occupying one of the blocked states). We assume
that a burst corresponds to a transfer of n⇥ electrons
on average, i.e., n⇥ is not necessarily integer.58 Since the
charge bursts happen fast compared to the time spent in
a blocked state, the average time between two subsequent
bursts can be estimated as the average of the decay times
of the six blocked states, i.e.,

Tburst ⇥
1

6

�
2��1

s,+ + 2��1
s,� + 2 (�s,0 + �c)

�1
⇥
. (22)

As a burst transfers n⇥ electrons on average, the current
can be expressed as

I ⇥ en⇥

Tburst
. (23)

Equation (23), together with Eq. (22) and the decay
rates calculated above, provides an analytical expression
for the current as a function of the parameters of the
Hamiltonian and �R, having a single phenomenological
parameter n⇥. We have fitted this analytical result us-
ing n⇥ as the single fitting parameter to our numerical
results (Fig. 3), and we have found n⇥ ⇥ 3.2 irrespective
of the value of tunneling amplitude t. As seen in Fig. 3,
this value of n⇥ gives an excellent agreement between our
numerical and analytical results in the considered range
of magnetic field. By repeating the numerical calcula-
tions and the fittings for various disorder configurations
we generally find good agreement between numerics and
analytics. The values we obtain for n⇥ are typically be-
tween 1.4 and 5.2, indicating that n⇥ is not universal but
depends on the details of the Hamiltonian.

Our analytical result for the current enables us to qual-
itatively explain two characteristic features of the mag-
netotransport curves shown in Fig. 3. One of those fea-
tures is the ratio Imax/I0 ⇥ 1.5. Evaluating the current
according to Eq. (23) at zero field we find I0 = en⇥�s,
whereas at high field, where �c ⇤ �s, we can neglect
(�s,0 + �c)

�1 in Eq. (22) and find Imax ⇥ en⇥6�s/4,
resulting in the ratio Imax/I0 ⇥ 1.5, in correspondence
with our numerical results in Fig. 3 and the experimen-
tal data of Ref. 21.. For this estimate we neglected the
field-dependence of the rates �s,±, but taking that into
account could only lower the ratio Imax/I0. A second
feature observed in Fig. 3 is that the width of the zero-
field dip of the magnetotransport curve depends on the
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for the (1,1) supertriplet state with a rate

�c =
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2�R, (21)

inferred using standard perturbation theory in the field-
induced coupling term. This rate becomes much faster
than the slow rate �s,0 if the field is strong enough to

ensure ⇥v > t2ba⌅
2b2�

. In conclusion, we have found that in

both the high- and low-energy mixed spin subspace the
total decay rate of the (1,1) supertriplet state �s,0 + �c

changes dramatically as the magnetic field is turned on:
at zero field these two states are blocked, having the slow
decay rate �s,0, whereas at finite field their decay rate
grows with orders of magnitudes.

In the six-dimensional zero-energy mixed spin sub-
space, the order of magnitude of the decay rates is not
influenced by the magnetic field. Each of these states
decay fast compared to the slow rate �s. This can be
derived in the same way as shown at the discussion of
the zero-energy spin-polarized subspace and Eq. (18).

Using the explicitly calculated decay rates we can set
up a semi-phenomenological analytical formula for the
current. To this end we regard the transport process as
an alternation of charge transfer ‘bursts’ (subsequent oc-
cupation of unblocked states) and blocking events (due
to occupying one of the blocked states). We assume
that a burst corresponds to a transfer of n⇥ electrons
on average, i.e., n⇥ is not necessarily integer.58 Since the
charge bursts happen fast compared to the time spent in
a blocked state, the average time between two subsequent
bursts can be estimated as the average of the decay times
of the six blocked states, i.e.,
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As a burst transfers n⇥ electrons on average, the current
can be expressed as
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Equation (23), together with Eq. (22) and the decay
rates calculated above, provides an analytical expression
for the current as a function of the parameters of the
Hamiltonian and �R, having a single phenomenological
parameter n⇥. We have fitted this analytical result us-
ing n⇥ as the single fitting parameter to our numerical
results (Fig. 3), and we have found n⇥ ⇥ 3.2 irrespective
of the value of tunneling amplitude t. As seen in Fig. 3,
this value of n⇥ gives an excellent agreement between our
numerical and analytical results in the considered range
of magnetic field. By repeating the numerical calcula-
tions and the fittings for various disorder configurations
we generally find good agreement between numerics and
analytics. The values we obtain for n⇥ are typically be-
tween 1.4 and 5.2, indicating that n⇥ is not universal but
depends on the details of the Hamiltonian.

Our analytical result for the current enables us to qual-
itatively explain two characteristic features of the mag-
netotransport curves shown in Fig. 3. One of those fea-
tures is the ratio Imax/I0 ⇥ 1.5. Evaluating the current
according to Eq. (23) at zero field we find I0 = en⇥�s,
whereas at high field, where �c ⇤ �s, we can neglect
(�s,0 + �c)

�1 in Eq. (22) and find Imax ⇥ en⇥6�s/4,
resulting in the ratio Imax/I0 ⇥ 1.5, in correspondence
with our numerical results in Fig. 3 and the experimen-
tal data of Ref. 21.. For this estimate we neglected the
field-dependence of the rates �s,±, but taking that into
account could only lower the ratio Imax/I0. A second
feature observed in Fig. 3 is that the width of the zero-
field dip of the magnetotransport curve depends on the
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spin-orbit energy up-spin (Sz = +1) down-spin (Sz = �1) mixed spin (Sz = 0)

�SO |K� ⇤,K� ⇤⇧ |K ⌅,K ⌅⇧
1⇥
2
(|K ⌅,K� ⇤⇧± |K� ⇤,K ⌅⇧)

|0,K ⌅ K� ⇤⇧

0
1⇥
2
(|K ⇤,K� ⇤⇧± |K� ⇤,K ⇤⇧)

|0,K ⇤ K� ⇤⇧

1⇥
2
(|K ⌅,K� ⌅⇧± |K� ⌅,K ⌅⇧)

|0,K ⌅ K� ⌅⇧

1⇥
2
(|K ⇤,K ⌅⇧± |K ⌅,K ⇤⇧)

|0,K ⇤ K ⌅⇧
1⇥
2
(|K� ⇤,K� ⌅⇧± |K� ⌅,K� ⇤⇧)

|0,K� ⇤ K� ⌅⇧

��SO |K ⇤,K ⇤⇧ |K� ⌅,K� ⌅⇧
1⇥
2
(|K ⇤,K� ⌅⇧± |K� ⌅,K ⇤⇧)

|0,K ⇤ K� ⌅⇧

TABLE I: The 22 basis states used for perturbation calculations in the presence of strong spin-orbit coupling. The six
(1,1) states involving a minus sign are supersinglets, the ten further (1,1) states are supertriplets. The six (0,2) states are
supersinglets.

this basis, induced by disorder (interdot tunneling).
In the polarized spin subspaces (Fig. 4a) the high-

and low-energy (1,1) states (dashed lines in Fig. 4a) are
coupled to the (0,2) state via disorder and tunneling,
resulting in a small decay rate at small fields (⇥v ⇧ ⇥SO)

�s,± = �s

�
1⇤ 2

⇥v

⇥SO

⇥�4

, (17)

where the ± sign refers to the up-spin and down-spin

subspaces, respectively, �s = t2b2a
�4

SO
�R ⇧ �R and ba =

bL � bR. Here and hereafter the decay rate of a two-
electron state � is meant to be the sum of the four tran-
sition rates into the four di⇤erent (0,1) single-electron
states, i.e.,

 4
j=1 pj�. In the up-spin (down-spin) sub-

space the decay rate increases (decreases) as the mag-
netic field increases, because the magnetic field pushes
the high- and low-energy states closer to (away from) the
zero-energy (1,1) and (0,2) states, cf. Eq. (10f). The de-
cay rate �s is fourth-order in small parameters, therefore
we call these four states (i.e., the high- and low-energy
up-spin and down-spin states) ‘blocked’.

To describe the energy eigenstates in the spin-polarized
zero-energy subspace, conventional degenerate perturba-
tion theory is not applicable, since the perturbative hy-
bridization of the (1,1) supertriplet state with the (1,1)
supersinglet would include a zero energy denominator.
Therefore we apply Lowdin perturbation theory60 to de-
rive an e⇤ective Hamiltonian for the zero-energy spin-
polarized subspace. At zero field we obtain

H0,± =

⇤

⌥⌥⇧

0 ⇤ b2�
�SO

0

⇤ b2�
�SO

0
⌃
2t

0
⌃
2t 0

⌅

��⌃ . (18)

In H0,± the first index refers to the zero-energy subspace
and ± to the up-spin and down-spin subspaces. The ef-
fective HamiltonianH0,± corresponds to the following or-
dering of the basis states: (1,1) supertriplet, (1,1) super-
singlet, (0,2) supersinglet. Remarkably, H0,± is indepen-
dent of the angle between the two disorder-induced valley

fields in the double dot. From Eq. (18) and our assump-

tion
b2�
�SO

⌅ t it follows that the three basis states are
completetely mixed, and each of them acquires a decay
rate ⌅ �R. Therefore with respect to the spin-polarized
subspaces we conclude that in the regime considered in
this section, the ten energy eigenstates can be divided
to a set of four blocked states decaying with slow rates
�s,± ⇧ �R, and six unblocked states which decay orders-
of-magnitude faster (with rates ⌅ �R) than the blocked
ones.
Now we extend this analysis to the twelve-dimensional

mixed-spin subspace (Fig. 4b). In the high- and low-
energy mixed spin subspaces the e⇤ective Hamiltonian
we obtain (common diagonal elements omitted):

H±,0 =

⇤

⌥⌥⌥⇧

0 � 2b2��v

�2
SO�4�2

v
0

� 2b2��v

�2
SO�4�2

v
0

⌃
2t

0
⌃
2t ⇤ b2��SO

�2
SO�4�2

v

⌅

���⌃
. (19)

Here the ordering of states is analogous to that in Eq.
(18), and the first index of H±,0 refers to the high- or
low-energy subspace whereas the second index refers to
the mixed spin subspace. At zero field the valley split-
ting is ⇥v = 0, implying that the first basis state, i.e., the
(1,1) supertriplet is uncoupled from the other two states,
in particular, from the (0,2) supersinglet. Therefore at
zero field the high- or low-energy (1,1) supertriplet state
(dashed lines in Fig. 4b) can decay only due to its per-
turbative coupling (via disorder and tunneling) to the
two zero-energy (0,2) supersinglets. From Lowdin theory
we infer that the decay rate of the high- and low-energy
(1,1) supertriplets due to these processes is

�s,0 =
1

2
(�s,+ + �s,�) , (20)

and therefore these two states are blocked in the sense
defined above. However, according to Eq. (19), a finite
valley splitting ⇥v induces mixing between the two (1,1)
states. This mixing provides an additional decay channel
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TABLE I: The 22 basis states used for perturbation calculations in the presence of strong spin-orbit coupling. The six
(1,1) states involving a minus sign are supersinglets, the ten further (1,1) states are supertriplets. The six (0,2) states are
supersinglets.

this basis, induced by disorder (interdot tunneling).
In the polarized spin subspaces (Fig. 4a) the high-

and low-energy (1,1) states (dashed lines in Fig. 4a) are
coupled to the (0,2) state via disorder and tunneling,
resulting in a small decay rate at small fields (⇥v ⇧ ⇥SO)

�s,± = �s
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1⇤ 2

⇥v

⇥SO

⇥�4

, (17)

where the ± sign refers to the up-spin and down-spin

subspaces, respectively, �s = t2b2a
�4

SO
�R ⇧ �R and ba =

bL � bR. Here and hereafter the decay rate of a two-
electron state � is meant to be the sum of the four tran-
sition rates into the four di⇤erent (0,1) single-electron
states, i.e.,

 4
j=1 pj�. In the up-spin (down-spin) sub-

space the decay rate increases (decreases) as the mag-
netic field increases, because the magnetic field pushes
the high- and low-energy states closer to (away from) the
zero-energy (1,1) and (0,2) states, cf. Eq. (10f). The de-
cay rate �s is fourth-order in small parameters, therefore
we call these four states (i.e., the high- and low-energy
up-spin and down-spin states) ‘blocked’.

To describe the energy eigenstates in the spin-polarized
zero-energy subspace, conventional degenerate perturba-
tion theory is not applicable, since the perturbative hy-
bridization of the (1,1) supertriplet state with the (1,1)
supersinglet would include a zero energy denominator.
Therefore we apply Lowdin perturbation theory60 to de-
rive an e⇤ective Hamiltonian for the zero-energy spin-
polarized subspace. At zero field we obtain

H0,± =

⇤

⌥⌥⇧

0 ⇤ b2�
�SO

0

⇤ b2�
�SO

0
⌃
2t

0
⌃
2t 0

⌅

��⌃ . (18)

In H0,± the first index refers to the zero-energy subspace
and ± to the up-spin and down-spin subspaces. The ef-
fective HamiltonianH0,± corresponds to the following or-
dering of the basis states: (1,1) supertriplet, (1,1) super-
singlet, (0,2) supersinglet. Remarkably, H0,± is indepen-
dent of the angle between the two disorder-induced valley

fields in the double dot. From Eq. (18) and our assump-

tion
b2�
�SO

⌅ t it follows that the three basis states are
completetely mixed, and each of them acquires a decay
rate ⌅ �R. Therefore with respect to the spin-polarized
subspaces we conclude that in the regime considered in
this section, the ten energy eigenstates can be divided
to a set of four blocked states decaying with slow rates
�s,± ⇧ �R, and six unblocked states which decay orders-
of-magnitude faster (with rates ⌅ �R) than the blocked
ones.
Now we extend this analysis to the twelve-dimensional

mixed-spin subspace (Fig. 4b). In the high- and low-
energy mixed spin subspaces the e⇤ective Hamiltonian
we obtain (common diagonal elements omitted):

H±,0 =

⇤

⌥⌥⌥⇧

0 � 2b2��v

�2
SO�4�2
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0

� 2b2��v
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SO�4�2

v
0

⌃
2t

0
⌃
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�2
SO�4�2

v

⌅

���⌃
. (19)

Here the ordering of states is analogous to that in Eq.
(18), and the first index of H±,0 refers to the high- or
low-energy subspace whereas the second index refers to
the mixed spin subspace. At zero field the valley split-
ting is ⇥v = 0, implying that the first basis state, i.e., the
(1,1) supertriplet is uncoupled from the other two states,
in particular, from the (0,2) supersinglet. Therefore at
zero field the high- or low-energy (1,1) supertriplet state
(dashed lines in Fig. 4b) can decay only due to its per-
turbative coupling (via disorder and tunneling) to the
two zero-energy (0,2) supersinglets. From Lowdin theory
we infer that the decay rate of the high- and low-energy
(1,1) supertriplets due to these processes is

�s,0 =
1

2
(�s,+ + �s,�) , (20)

and therefore these two states are blocked in the sense
defined above. However, according to Eq. (19), a finite
valley splitting ⇥v induces mixing between the two (1,1)
states. This mixing provides an additional decay channel
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FIG. 3: (color online) Numerical results for the current as a
function of magnetic-field-induced valley splitting for di⇥er-
ent values of interdot tunneling (shown). Further parameters:
�SO = 250µeV, bLx = 20µeV, bLy = 10µeV, bRx = 80µeV,
bRy = 0µeV, and therefore b2

�/�SO = 23.6. Points: numer-
ical data. Curves: the analytical formula (23) fitted to the
numerical data with n⇥ as the single fitting parameter. Lower
two data sets are scaled as shown.

the typical energy scale of the disorder-induced valley-
Zeeman-fields on the two dots. The main result of this
section is that we identify a parameter regime (t � b2�

�SO
,

where b2
� = b2

L � b2
R) where the current as the function

of magnetic field (the ‘magnetotransport curve’) shows a
dip around zero field, and the width of the dip is control-
lable by the interdot tunneling amplitude t. This field-
induced increase of the current is in qualitative agree-
ment with experiments.21,22 We interpret this result us-
ing Lowdin perturbation theory,57 and provide an ana-
lytical formula for the current which can be well fitted
to the numerical results using a single fitting parameter,
the average number of transmitted electrons between two
blocking events.58 In the following we describe the case
t ⌅ b2�

�SO
. In Appendix A we argue that the findings of

this regime can be extended to the regime t ⌃ b2�
�SO

as
well, and in Appendix B we show that they do not hold
if t ⌥ b2�

�SO
.

We start our analysis by presenting the numerical re-
sults for this regime. In Fig. 3 we show the current
as a function of the magnetic-field-induced valley split-
ting �v, for a fixed value of spin-orbit coupling �SO

and disorder-induced valley fields bL and bR (see cap-
tion), but di⇥erent values of interdot tunneling t. All pa-
rameters have a realistic order of magnitude.19,21 (Note
that the Zeeman spin splitting �s plays no role in the
transport process, see below.) In qualitative agreement
with recent experiments,21,22 the data in Fig. 3 shows
a zero-field dip in the current, and the width of the
dip is controlled by the interdot tunneling t. In all
the three cases displayed, the ratio of the zero-field cur-
rent I0 ⇤ I(B = 0) and the maximal current Imax is
Imax/I0 ⇧ 1.5. This ratio agrees well with that observed
experimentally in Ref. 21 (see Fig. 3a therein), however,

in Ref. 22 a ratio of Imax/I0 ⌅ 50 has been found (see Fig.
3e therein). Below we argue that the factor Imax/I0 ⇧ 1.5
we deduce from Fig. 3 is a rough upper bound for this
quantity in the parameter regime under consideration,
and therefore we conclude that our results (i) agree very
well with the measurement of Ref. 21, and (ii) match the
measurement of Ref. 22 only qualitatively, which might
be due to mechanisms missing from our model or sample
parameters in the experiment not fitting into the param-
eter regime we consider here. Further discussion on this
discrepancy with Ref. 22 is provided in Section VI. In
the remaining part of this section we provide an inter-
pretation of the numerical results shown in Fig. 3 and
derive an analytical formula for the current using Lowdin
perturbation theory.

The transition rates in the classical master equation
[Eq. (13)] are determined by the eigenstates of the two-
electron Hamiltonian. To provide an interpretation of
the numerical results, we will describe those energy eigen-
states using perturbation theory. We start with the two-
electron Fock basis based on the single-particle states
�K⇥, �K⇥⇤ and �K⇤, �K⇥⇥ [the pairs are energetically sep-
arated by the spin-orbit energy �SO at zero field, see Eq.
(9)]. The (1,1) states are denoted in the form |K �, K ⌅ � ,
whereas the (0,2) states in the form |0, K � K ⌅ � . We
perform a basis transformation in order to obtain basis
states which are eigenstates of the two-electron spin-orbit
Hamiltonian [Eq. (10d)] and have well-defined supersin-
glet or supertriplet character at the same time. This new
basis is presented in Table I, classified according to their
properties outlined below. This basis will serve as the set
of unperturbed states in our perturbation calculations.

An important simplifying observation is that even in
the presence of spin-orbit coupling and a magnetic field
parallel to the nanotube axis, the axial component of the
electron spin Sz is conserved. This allows us to separate
the 22 states of the two-electron basis to three uncoupled
spin-subspaces (see columns in Table I): 5 states which
are spin-polarized with a polarization aligned with the
z axis (up-spin states), 5 states which are spin-polarized
with a polarization antialigned with the z axis (down-
spin states), and 12 states having mixed spin states. As
the three di⇥erent spin subspaces shown in the columns of
Table I are not coupled by any terms in the Hamiltonian,
the Zeeman spin splitting �s plays no role in the trans-
port process. Besides their spin state, our unperturbed
states can also be classified according to their spin-orbit
energy. Five-five of those have a spin-orbit energy ±�SO,
and twelve have a vanishing spin-orbit energy (see rows
in Table I).

To visualize the matrix elements of the Hamiltonian,
in Fig. 4 we show the level diagram of the unperturbed
basis states we introduced in Table I. The horizontal
arrangement of the states reflects the charge configura-
tion, and the vertical arrangement reflects the spin-orbit
energies. Red lines denote supertriplet states and black
lines denote supersinglet states. The green (blue) arrows
correspond to o⇥diagonal elements of the Hamiltonian in
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FIG. 4: (color online) Unperturbed two-electron states (lines) and their energies in a CNT DQD at strong spin-orbit coupling
and zero magnetic field (cf. Table I). Horizontal arrangement of the states reflects charge configuration, vertical arrangement
reflects spin-orbit energies. Red lines: supertriplet states. Dashed red lines: blocked supertriplet states. Black lines: supersinglet
states. Green (blue) arrows correspond to o�diagonal elements of the Hamiltonian, induced by disorder (interdot tunneling).
a) Up-spin and down-spin states. The indicated �2 degeneracy corresponds to the two possible spin configurations. Di�erent
spin species are uncoupled. b) Mixed-spin states.

for the (1,1) supertriplet state with a rate

�c =
2b4

�⇥2
v

t2 (⇥2
SO � 4⇥2

v)2
�R, (21)

inferred using standard perturbation theory in the field-
induced coupling term. This rate becomes much faster
than the slow rate �s,0 if the field is strong enough to
ensure ⇥v > t2ba⌅

2b2�
. In conclusion, we have found that in

both the high- and low-energy mixed spin subspace the
total decay rate of the (1,1) supertriplet state �s,0 + �c

changes dramatically as the magnetic field is turned on:
at zero field these two states are blocked, having the slow
decay rate �s,0, whereas at finite field their decay rate
grows with orders of magnitudes.

In the six-dimensional zero-energy mixed spin sub-
space, the order of magnitude of the decay rates is not
influenced by the magnetic field. Each of these states
decay fast compared to the slow rate �s. This can be
derived in the same way as shown at the discussion of
the zero-energy spin-polarized subspace and Eq. (18).

Using the explicitly calculated decay rates we can set
up a semi-phenomenological analytical formula for the
current. To this end we regard the transport process as
an alternation of charge transfer ‘bursts’ (subsequent oc-
cupation of unblocked states) and blocking events (due
to occupying one of the blocked states). We assume
that a burst corresponds to a transfer of n⇥ electrons
on average, i.e., n⇥ is not necessarily integer.58 Since the
charge bursts happen fast compared to the time spent in
a blocked state, the average time between two subsequent
bursts can be estimated as the average of the decay times
of the six blocked states, i.e.,

Tburst ⇥
1
6

�
2��1

s,+ + 2��1
s,� + 2 (�s,0 + �c)

�1
⇥
. (22)

As a burst transfers n⇥ electrons on average, the current
can be expressed as

I ⇥ en⇥

Tburst
. (23)

Equation (23), together with Eq. (22) and the decay
rates calculated above, provides an analytical expression
for the current as a function of the parameters of the
Hamiltonian and �R, having a single phenomenological
parameter n⇥. We have fitted this analytical result us-
ing n⇥ as the single fitting parameter to our numerical
results (Fig. 3), and we have found n⇥ ⇥ 3.2 irrespective
of the value of tunneling amplitude t. As seen in Fig. 3,
this value of n⇥ gives an excellent agreement between our
numerical and analytical results in the considered range
of magnetic field. By repeating the numerical calcula-
tions and the fittings for various disorder configurations
we generally find good agreement between numerics and
analytics. The values we obtain for n⇥ are typically be-
tween 1.4 and 5.2, indicating that n⇥ is not universal but
depends on the details of the Hamiltonian.

Our analytical result for the current enables us to qual-
itatively explain two characteristic features of the mag-
netotransport curves shown in Fig. 3. One of those fea-
tures is the ratio Imax/I0 ⇥ 1.5. Evaluating the current
according to Eq. (23) at zero field we find I0 = en⇥�s,
whereas at high field, where �c ⇤ �s, we can neglect
(�s,0 + �c)

�1 in Eq. (22) and find Imax ⇥ en⇥6�s/4,
resulting in the ratio Imax/I0 ⇥ 1.5, in correspondence
with our numerical results in Fig. 3 and the experimen-
tal data of Ref. 21.. For this estimate we neglected the
field-dependence of the rates �s,±, but taking that into
account could only lower the ratio Imax/I0. A second
feature observed in Fig. 3 is that the width of the zero-
field dip of the magnetotransport curve depends on the
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states
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I
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spin-orbit energy up-spin (Sz = +1) down-spin (Sz = �1) mixed spin (Sz = 0)

�SO |K� ⇤,K� ⇤⇧ |K ⌅,K ⌅⇧
1⇥
2
(|K ⌅,K� ⇤⇧± |K� ⇤,K ⌅⇧)

|0,K ⌅ K� ⇤⇧

0
1⇥
2
(|K ⇤,K� ⇤⇧± |K� ⇤,K ⇤⇧)

|0,K ⇤ K� ⇤⇧

1⇥
2
(|K ⌅,K� ⌅⇧± |K� ⌅,K ⌅⇧)

|0,K ⌅ K� ⌅⇧

1⇥
2
(|K ⇤,K ⌅⇧± |K ⌅,K ⇤⇧)

|0,K ⇤ K ⌅⇧
1⇥
2
(|K� ⇤,K� ⌅⇧± |K� ⌅,K� ⇤⇧)

|0,K� ⇤ K� ⌅⇧

��SO |K ⇤,K ⇤⇧ |K� ⌅,K� ⌅⇧
1⇥
2
(|K ⇤,K� ⌅⇧± |K� ⌅,K ⇤⇧)

|0,K ⇤ K� ⌅⇧

TABLE I: The 22 basis states used for perturbation calculations in the presence of strong spin-orbit coupling. The six
(1,1) states involving a minus sign are supersinglets, the ten further (1,1) states are supertriplets. The six (0,2) states are
supersinglets.

this basis, induced by disorder (interdot tunneling).
In the polarized spin subspaces (Fig. 4a) the high-

and low-energy (1,1) states (dashed lines in Fig. 4a) are
coupled to the (0,2) state via disorder and tunneling,
resulting in a small decay rate at small fields (⇥v ⇧ ⇥SO)

�s,± = �s

�
1⇤ 2

⇥v

⇥SO

⇥�4

, (17)

where the ± sign refers to the up-spin and down-spin

subspaces, respectively, �s = t2b2a
�4

SO
�R ⇧ �R and ba =

bL � bR. Here and hereafter the decay rate of a two-
electron state � is meant to be the sum of the four tran-
sition rates into the four di⇤erent (0,1) single-electron
states, i.e.,

 4
j=1 pj�. In the up-spin (down-spin) sub-

space the decay rate increases (decreases) as the mag-
netic field increases, because the magnetic field pushes
the high- and low-energy states closer to (away from) the
zero-energy (1,1) and (0,2) states, cf. Eq. (10f). The de-
cay rate �s is fourth-order in small parameters, therefore
we call these four states (i.e., the high- and low-energy
up-spin and down-spin states) ‘blocked’.

To describe the energy eigenstates in the spin-polarized
zero-energy subspace, conventional degenerate perturba-
tion theory is not applicable, since the perturbative hy-
bridization of the (1,1) supertriplet state with the (1,1)
supersinglet would include a zero energy denominator.
Therefore we apply Lowdin perturbation theory60 to de-
rive an e⇤ective Hamiltonian for the zero-energy spin-
polarized subspace. At zero field we obtain

H0,± =

⇤

⌥⌥⇧

0 ⇤ b2�
�SO

0

⇤ b2�
�SO

0
⌃
2t

0
⌃
2t 0

⌅

��⌃ . (18)

In H0,± the first index refers to the zero-energy subspace
and ± to the up-spin and down-spin subspaces. The ef-
fective HamiltonianH0,± corresponds to the following or-
dering of the basis states: (1,1) supertriplet, (1,1) super-
singlet, (0,2) supersinglet. Remarkably, H0,± is indepen-
dent of the angle between the two disorder-induced valley

fields in the double dot. From Eq. (18) and our assump-

tion
b2�
�SO

⌅ t it follows that the three basis states are
completetely mixed, and each of them acquires a decay
rate ⌅ �R. Therefore with respect to the spin-polarized
subspaces we conclude that in the regime considered in
this section, the ten energy eigenstates can be divided
to a set of four blocked states decaying with slow rates
�s,± ⇧ �R, and six unblocked states which decay orders-
of-magnitude faster (with rates ⌅ �R) than the blocked
ones.
Now we extend this analysis to the twelve-dimensional

mixed-spin subspace (Fig. 4b). In the high- and low-
energy mixed spin subspaces the e⇤ective Hamiltonian
we obtain (common diagonal elements omitted):

H±,0 =

⇤

⌥⌥⌥⇧

0 � 2b2��v

�2
SO�4�2

v
0

� 2b2��v

�2
SO�4�2

v
0

⌃
2t

0
⌃
2t ⇤ b2��SO

�2
SO�4�2

v

⌅

���⌃
. (19)

Here the ordering of states is analogous to that in Eq.
(18), and the first index of H±,0 refers to the high- or
low-energy subspace whereas the second index refers to
the mixed spin subspace. At zero field the valley split-
ting is ⇥v = 0, implying that the first basis state, i.e., the
(1,1) supertriplet is uncoupled from the other two states,
in particular, from the (0,2) supersinglet. Therefore at
zero field the high- or low-energy (1,1) supertriplet state
(dashed lines in Fig. 4b) can decay only due to its per-
turbative coupling (via disorder and tunneling) to the
two zero-energy (0,2) supersinglets. From Lowdin theory
we infer that the decay rate of the high- and low-energy
(1,1) supertriplets due to these processes is

�s,0 =
1

2
(�s,+ + �s,�) , (20)

and therefore these two states are blocked in the sense
defined above. However, according to Eq. (19), a finite
valley splitting ⇥v induces mixing between the two (1,1)
states. This mixing provides an additional decay channel

Sz=+1,-1 Sz=0
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We present a theoretical study of the Pauli or spin-valley blockade for double quantum dots in
semiconducting carbon nanotubes. In our model we take into account the following characteristic
features of carbon nanotubes: (i) fourfold (spin and valley) degeneracy of the quantum dot levels
(ii) the intrinsic spin-orbit interaction which is enhanced by the tube curvature, and (iii) valley-
mixing due to short-range disorder, i.e., substitutional atoms, adatoms, etc. We find that the spin-
valley blockade can be lifted in the presence of short-range disorder, which induces two independent
random (in magnitude and direction) valley-Zeeman-fields in the two dots, and hence acts similarly
to hyperfine interaction in conventional semiconductor quantum dots. In the case of strong spin-orbit
interaction, we identify a parameter regime where the current as the function of an applied axial
magnetic field shows a zero-field dip with a width controlled by the interdot tunneling amplitude,
in agreement with recent experiments.
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I. INTRODUCTION

Recent development of experimental techniques al-
low for preparation, manipulation and readout of few-
electron spin states in quantum dots (QDs),1 indicat-
ing the strong potential of these systems for future ap-
plication in quantum information processing.2 A major
factor limiting the performance of quantum dot spin
qubits in widely used III-V semiconductors (e.g., GaAs)
is spin decoherence due to hyperfine interaction with
nuclear spins. A strategy to suppress spin decoher-
ence is to use QDs dominantly consisting of nuclear-
spin-free isotopes of group IV materials. Carbon struc-
tures, such as carbon nanotubes (CNTs) or graphene,
are prime candidates for that purpose as the natu-
ral abundance of spin-carrying 13C nuclei is very small
(1%). This observation has motivated intensive theo-
retical investigation3–14 and the experimental realization
of QDs in carbon nanostructures.14–29 Further perspec-
tives of carbon-based quantum information processing
have been opened by proposals suggesting to utilize the
valley degree of freedom of the delocalized electrons as
a qubit,30,31 and to exploit the interplay of spin-orbit
interaction, valley-mixing and the bending of CNTs for
implementing qubit operations.32

The Pauli blockade or spin blockade e�ect1,33 in con-
ventional semiconductor double quantum dots (DQDs)
has provided a new probe of spin physics in these devices
and has been utilized in the past decade for various pur-
poses in the context of spin qubits. A basic application is
spin state initialization and readout in experiments real-
izing resonant manipulation of single spins.34–36 Pulsed-
gate techniques combined with the spin blockade setup
have been used37–39 in qubit manipulation experiments
where the information was encoded in the two-electron
spin states S and T0 or S and T+. Similar experiments
have been utilized to prepare the state of the nuclear spin
ensemble of the crystal lattice, with the aim of prolonging
the decoherence time of the qubit.40–42 Furthermore, spin

B

x

z

barrier barrier barrier

} }

dot L dot R

S D

�L �Rt

FIG. 1: (color online) Schematic of the spin-valley blockade
setup with a carbon nanotube double quantum dot and an
external magnetic field B aligned with the tube axis. In this
regime electrons are transported from source (S) to drain (D)
while the DQD occupancy changes between single and double.
Spots represent electrons; the figure shows the (0,1) charge
configuration of the double dot. Lead-dot tunneling rates �L,
�R and interdot tunneling amplitude t are indicated.

blockade has been proven an e⇤cient tool to gain infor-
mation about the mechanisms of spin relaxation and de-
coherence, and the corresponding energy scales. In par-
ticular, it has been applied to measure the energy scales
of hyperfine43,44 and spin-orbit interactions.45,46 The im-
plementation of this range of functionalities in carbon-
based quantum dots, potentially showing improved qubit
performance, is an intense ongoing e�ort.20–22,29

In this work we consider Pauli blockade in a trans-
port setup,1,33 where electrons are transmitted from the
source to the drain in a serially coupled DQD via the
(0, 1) � (1, 1) � (0, 2) � (0, 1) cycle (Fig. 1). Here
(nL, nR) denotes the charge state with nL (nR) elec-
trons in the left (right) QD. In conventional semicon-
ductor DQDs, if the (1,1) and (0,2) states are aligned
in energy, then states sharing the same spin state be-
come hybridized due to interdot tunneling. The only en-
ergetically available (0,2) state has a singlet spin state,
therefore it hybridizes with the (1,1) singlet only, leaving
the three (1,1) triplet states without a (0,2) component.
This implies that whenever a (1,1) triplet state is occu-
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FIG. 3: (color online) Numerical results for the current as a
function of magnetic-field-induced valley splitting for di⇥er-
ent values of interdot tunneling (shown). Further parameters:
�SO = 250µeV, bLx = 20µeV, bLy = 10µeV, bRx = 80µeV,
bRy = 0µeV, and therefore b2

�/�SO = 23.6. Points: numer-
ical data. Curves: the analytical formula (23) fitted to the
numerical data with n⇥ as the single fitting parameter. Lower
two data sets are scaled as shown.

the typical energy scale of the disorder-induced valley-
Zeeman-fields on the two dots. The main result of this
section is that we identify a parameter regime (t � b2�

�SO
,

where b2
� = b2

L � b2
R) where the current as the function

of magnetic field (the ‘magnetotransport curve’) shows a
dip around zero field, and the width of the dip is control-
lable by the interdot tunneling amplitude t. This field-
induced increase of the current is in qualitative agree-
ment with experiments.21,22 We interpret this result us-
ing Lowdin perturbation theory,57 and provide an ana-
lytical formula for the current which can be well fitted
to the numerical results using a single fitting parameter,
the average number of transmitted electrons between two
blocking events.58 In the following we describe the case
t ⌅ b2�

�SO
. In Appendix A we argue that the findings of

this regime can be extended to the regime t ⌃ b2�
�SO

as
well, and in Appendix B we show that they do not hold
if t ⌥ b2�

�SO
.

We start our analysis by presenting the numerical re-
sults for this regime. In Fig. 3 we show the current
as a function of the magnetic-field-induced valley split-
ting �v, for a fixed value of spin-orbit coupling �SO

and disorder-induced valley fields bL and bR (see cap-
tion), but di⇥erent values of interdot tunneling t. All pa-
rameters have a realistic order of magnitude.19,21 (Note
that the Zeeman spin splitting �s plays no role in the
transport process, see below.) In qualitative agreement
with recent experiments,21,22 the data in Fig. 3 shows
a zero-field dip in the current, and the width of the
dip is controlled by the interdot tunneling t. In all
the three cases displayed, the ratio of the zero-field cur-
rent I0 ⇤ I(B = 0) and the maximal current Imax is
Imax/I0 ⇧ 1.5. This ratio agrees well with that observed
experimentally in Ref. 21 (see Fig. 3a therein), however,

in Ref. 22 a ratio of Imax/I0 ⌅ 50 has been found (see Fig.
3e therein). Below we argue that the factor Imax/I0 ⇧ 1.5
we deduce from Fig. 3 is a rough upper bound for this
quantity in the parameter regime under consideration,
and therefore we conclude that our results (i) agree very
well with the measurement of Ref. 21, and (ii) match the
measurement of Ref. 22 only qualitatively, which might
be due to mechanisms missing from our model or sample
parameters in the experiment not fitting into the param-
eter regime we consider here. Further discussion on this
discrepancy with Ref. 22 is provided in Section VI. In
the remaining part of this section we provide an inter-
pretation of the numerical results shown in Fig. 3 and
derive an analytical formula for the current using Lowdin
perturbation theory.

The transition rates in the classical master equation
[Eq. (13)] are determined by the eigenstates of the two-
electron Hamiltonian. To provide an interpretation of
the numerical results, we will describe those energy eigen-
states using perturbation theory. We start with the two-
electron Fock basis based on the single-particle states
�K⇥, �K⇥⇤ and �K⇤, �K⇥⇥ [the pairs are energetically sep-
arated by the spin-orbit energy �SO at zero field, see Eq.
(9)]. The (1,1) states are denoted in the form |K �, K ⌅ � ,
whereas the (0,2) states in the form |0, K � K ⌅ � . We
perform a basis transformation in order to obtain basis
states which are eigenstates of the two-electron spin-orbit
Hamiltonian [Eq. (10d)] and have well-defined supersin-
glet or supertriplet character at the same time. This new
basis is presented in Table I, classified according to their
properties outlined below. This basis will serve as the set
of unperturbed states in our perturbation calculations.

An important simplifying observation is that even in
the presence of spin-orbit coupling and a magnetic field
parallel to the nanotube axis, the axial component of the
electron spin Sz is conserved. This allows us to separate
the 22 states of the two-electron basis to three uncoupled
spin-subspaces (see columns in Table I): 5 states which
are spin-polarized with a polarization aligned with the
z axis (up-spin states), 5 states which are spin-polarized
with a polarization antialigned with the z axis (down-
spin states), and 12 states having mixed spin states. As
the three di⇥erent spin subspaces shown in the columns of
Table I are not coupled by any terms in the Hamiltonian,
the Zeeman spin splitting �s plays no role in the trans-
port process. Besides their spin state, our unperturbed
states can also be classified according to their spin-orbit
energy. Five-five of those have a spin-orbit energy ±�SO,
and twelve have a vanishing spin-orbit energy (see rows
in Table I).

To visualize the matrix elements of the Hamiltonian,
in Fig. 4 we show the level diagram of the unperturbed
basis states we introduced in Table I. The horizontal
arrangement of the states reflects the charge configura-
tion, and the vertical arrangement reflects the spin-orbit
energies. Red lines denote supertriplet states and black
lines denote supersinglet states. The green (blue) arrows
correspond to o⇥diagonal elements of the Hamiltonian in
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Figure 1 | Nanotube double dot with integrated charge sensor. a, Scanning electron micrograph (with false colour) of a device similar to the measured
12C and 13C devices. The carbon nanotube (not visible) runs horizontally under the four Pd contacts (red). Top-gates (blue) create voltage-tunable tunnel
barriers enabling the formation of a single or double quantum dot between contacts 1 and 2. Plunger gates L and R (green) control the occupancy of the
double dot. A separate single dot contacted by Pd contacts 3 and 4 is controlled with gate plunger gate S (grey) and is capacitively coupled to the double
dot by a coupling wire (orange). b, Current through the double dot, Idd, (colour scale) with the top-gates configured to form a large single dot. c, When
carriers beneath the middle gate, M, are depleted, Idd shows typical double-dot transport behaviour, demarcating the honeycomb charge stability pattern.
d, Within certain gate voltage ranges, honeycomb cells with larger addition energy and fourfold periodicity (outlined with dashed lines) indicate the filling
of spin and orbital states in shells. Source–drain bias is �1.0 mV for b–d.

that for negative bias (purple and green), spin-blockade leakage
current is strongly peaked at B⇧ = 0, whereas for positive bias (red),
the unblockaded current does not depend on field. The peak in
leakage current is shown for two values of VM, indicating that the
width of the peak is independent of interdot tunnel coupling t . As
discussed below, this field dependence can be understood in terms
of hyperfine-mediated spin relaxation.

The striking difference in field dependence of spin-blockade
leakage current between 12C and 13C devices is illustrated in
Fig. 3a,b. These data show that for negative (spin-blockaded) bias,
leakage current is a minimum at B⇧ = 0 for the 12C device and a
maximum at B⇧ = 0 for the 13C device. In fourteen instances of spin
blockade measured in four devices (two 13C and two 12C), we find
that leakage current minima can occur at B⇧ = 0 in both 12C and
13C devices, particularly for stronger interdot tunnelling. For weak
interdot tunnelling, however, only the 13C devices show maxima of

spin-blockade leakage at B⇧ = 0, presumably because the width and
height of this feature are strongly suppressed in 12C nanotubes. In
all cases, the positive bias (non-spin-blockade) current shows no
appreciable field dependence.

Figure 3e shows spin-blockade leakage current as a function of
B⇧ at fixed detuning (the detuning value is shown as a black line
in Fig. 3a), along with a best-fit Lorentzian, for the 12C device. The
Lorentzian formwas notmotivated by theory, but seems to fit rather
well. The width of the dip around B⇧ = 0 decreases with decreasing
interdot tunnelling (configuration Fig. 3e has t ⇥ 50 µeV, on the
basis of charge-state transition width21), which may explain why it
is not observed in the weakly coupled regime of Fig. 3b,f. We note
that a similar zero-field dip in spin-blockade leakage current was
recently reported in a double dot formed in an InAs nanowire24.
There the dip was attributed to spin–orbit coupling, an effect that
is also present in carbon nanotubes25.
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I. INTRODUCTION

Recent development of experimental techniques al-
low for preparation, manipulation and readout of few-
electron spin states in quantum dots (QDs),1 indicat-
ing the strong potential of these systems for future ap-
plication in quantum information processing.2 A major
factor limiting the performance of quantum dot spin
qubits in widely used III-V semiconductors (e.g., GaAs)
is spin decoherence due to hyperfine interaction with
nuclear spins. A strategy to suppress spin decoher-
ence is to use QDs dominantly consisting of nuclear-
spin-free isotopes of group IV materials. Carbon struc-
tures, such as carbon nanotubes (CNTs) or graphene,
are prime candidates for that purpose as the natu-
ral abundance of spin-carrying 13C nuclei is very small
(1%). This observation has motivated intensive theo-
retical investigation3–14 and the experimental realization
of QDs in carbon nanostructures.14–29 Further perspec-
tives of carbon-based quantum information processing
have been opened by proposals suggesting to utilize the
valley degree of freedom of the delocalized electrons as
a qubit,30,31 and to exploit the interplay of spin-orbit
interaction, valley-mixing and the bending of CNTs for
implementing qubit operations.32

The Pauli blockade or spin blockade e�ect1,33 in con-
ventional semiconductor double quantum dots (DQDs)
has provided a new probe of spin physics in these devices
and has been utilized in the past decade for various pur-
poses in the context of spin qubits. A basic application is
spin state initialization and readout in experiments real-
izing resonant manipulation of single spins.34–36 Pulsed-
gate techniques combined with the spin blockade setup
have been used37–39 in qubit manipulation experiments
where the information was encoded in the two-electron
spin states S and T0 or S and T+. Similar experiments
have been utilized to prepare the state of the nuclear spin
ensemble of the crystal lattice, with the aim of prolonging
the decoherence time of the qubit.40–42 Furthermore, spin

B

x

z

barrier barrier barrier

} }

dot L dot R

S D

�L �Rt

FIG. 1: (color online) Schematic of the spin-valley blockade
setup with a carbon nanotube double quantum dot and an
external magnetic field B aligned with the tube axis. In this
regime electrons are transported from source (S) to drain (D)
while the DQD occupancy changes between single and double.
Spots represent electrons; the figure shows the (0,1) charge
configuration of the double dot. Lead-dot tunneling rates �L,
�R and interdot tunneling amplitude t are indicated.

blockade has been proven an e⇤cient tool to gain infor-
mation about the mechanisms of spin relaxation and de-
coherence, and the corresponding energy scales. In par-
ticular, it has been applied to measure the energy scales
of hyperfine43,44 and spin-orbit interactions.45,46 The im-
plementation of this range of functionalities in carbon-
based quantum dots, potentially showing improved qubit
performance, is an intense ongoing e�ort.20–22,29

In this work we consider Pauli blockade in a trans-
port setup,1,33 where electrons are transmitted from the
source to the drain in a serially coupled DQD via the
(0, 1) � (1, 1) � (0, 2) � (0, 1) cycle (Fig. 1). Here
(nL, nR) denotes the charge state with nL (nR) elec-
trons in the left (right) QD. In conventional semicon-
ductor DQDs, if the (1,1) and (0,2) states are aligned
in energy, then states sharing the same spin state be-
come hybridized due to interdot tunneling. The only en-
ergetically available (0,2) state has a singlet spin state,
therefore it hybridizes with the (1,1) singlet only, leaving
the three (1,1) triplet states without a (0,2) component.
This implies that whenever a (1,1) triplet state is occu-
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FIG. 3: (color online) Numerical results for the current as a
function of magnetic-field-induced valley splitting for di⇥er-
ent values of interdot tunneling (shown). Further parameters:
�SO = 250µeV, bLx = 20µeV, bLy = 10µeV, bRx = 80µeV,
bRy = 0µeV, and therefore b2

�/�SO = 23.6. Points: numer-
ical data. Curves: the analytical formula (23) fitted to the
numerical data with n⇥ as the single fitting parameter. Lower
two data sets are scaled as shown.

the typical energy scale of the disorder-induced valley-
Zeeman-fields on the two dots. The main result of this
section is that we identify a parameter regime (t � b2�

�SO
,

where b2
� = b2

L � b2
R) where the current as the function

of magnetic field (the ‘magnetotransport curve’) shows a
dip around zero field, and the width of the dip is control-
lable by the interdot tunneling amplitude t. This field-
induced increase of the current is in qualitative agree-
ment with experiments.21,22 We interpret this result us-
ing Lowdin perturbation theory,57 and provide an ana-
lytical formula for the current which can be well fitted
to the numerical results using a single fitting parameter,
the average number of transmitted electrons between two
blocking events.58 In the following we describe the case
t ⌅ b2�

�SO
. In Appendix A we argue that the findings of

this regime can be extended to the regime t ⌃ b2�
�SO

as
well, and in Appendix B we show that they do not hold
if t ⌥ b2�

�SO
.

We start our analysis by presenting the numerical re-
sults for this regime. In Fig. 3 we show the current
as a function of the magnetic-field-induced valley split-
ting �v, for a fixed value of spin-orbit coupling �SO

and disorder-induced valley fields bL and bR (see cap-
tion), but di⇥erent values of interdot tunneling t. All pa-
rameters have a realistic order of magnitude.19,21 (Note
that the Zeeman spin splitting �s plays no role in the
transport process, see below.) In qualitative agreement
with recent experiments,21,22 the data in Fig. 3 shows
a zero-field dip in the current, and the width of the
dip is controlled by the interdot tunneling t. In all
the three cases displayed, the ratio of the zero-field cur-
rent I0 ⇤ I(B = 0) and the maximal current Imax is
Imax/I0 ⇧ 1.5. This ratio agrees well with that observed
experimentally in Ref. 21 (see Fig. 3a therein), however,

in Ref. 22 a ratio of Imax/I0 ⌅ 50 has been found (see Fig.
3e therein). Below we argue that the factor Imax/I0 ⇧ 1.5
we deduce from Fig. 3 is a rough upper bound for this
quantity in the parameter regime under consideration,
and therefore we conclude that our results (i) agree very
well with the measurement of Ref. 21, and (ii) match the
measurement of Ref. 22 only qualitatively, which might
be due to mechanisms missing from our model or sample
parameters in the experiment not fitting into the param-
eter regime we consider here. Further discussion on this
discrepancy with Ref. 22 is provided in Section VI. In
the remaining part of this section we provide an inter-
pretation of the numerical results shown in Fig. 3 and
derive an analytical formula for the current using Lowdin
perturbation theory.

The transition rates in the classical master equation
[Eq. (13)] are determined by the eigenstates of the two-
electron Hamiltonian. To provide an interpretation of
the numerical results, we will describe those energy eigen-
states using perturbation theory. We start with the two-
electron Fock basis based on the single-particle states
�K⇥, �K⇥⇤ and �K⇤, �K⇥⇥ [the pairs are energetically sep-
arated by the spin-orbit energy �SO at zero field, see Eq.
(9)]. The (1,1) states are denoted in the form |K �, K ⌅ � ,
whereas the (0,2) states in the form |0, K � K ⌅ � . We
perform a basis transformation in order to obtain basis
states which are eigenstates of the two-electron spin-orbit
Hamiltonian [Eq. (10d)] and have well-defined supersin-
glet or supertriplet character at the same time. This new
basis is presented in Table I, classified according to their
properties outlined below. This basis will serve as the set
of unperturbed states in our perturbation calculations.

An important simplifying observation is that even in
the presence of spin-orbit coupling and a magnetic field
parallel to the nanotube axis, the axial component of the
electron spin Sz is conserved. This allows us to separate
the 22 states of the two-electron basis to three uncoupled
spin-subspaces (see columns in Table I): 5 states which
are spin-polarized with a polarization aligned with the
z axis (up-spin states), 5 states which are spin-polarized
with a polarization antialigned with the z axis (down-
spin states), and 12 states having mixed spin states. As
the three di⇥erent spin subspaces shown in the columns of
Table I are not coupled by any terms in the Hamiltonian,
the Zeeman spin splitting �s plays no role in the trans-
port process. Besides their spin state, our unperturbed
states can also be classified according to their spin-orbit
energy. Five-five of those have a spin-orbit energy ±�SO,
and twelve have a vanishing spin-orbit energy (see rows
in Table I).

To visualize the matrix elements of the Hamiltonian,
in Fig. 4 we show the level diagram of the unperturbed
basis states we introduced in Table I. The horizontal
arrangement of the states reflects the charge configura-
tion, and the vertical arrangement reflects the spin-orbit
energies. Red lines denote supertriplet states and black
lines denote supersinglet states. The green (blue) arrows
correspond to o⇥diagonal elements of the Hamiltonian in

I
max

I
0

⇡ 1.5

/ B

I
max

I
0

⇡ 1.5

agrees 
with theory

I
max

I
0

⇠ 50

counterclockwise (K0) isospin state at small B and then
changes to a clockwise (K) isospin at B! 250 mT. The
energy to add the third electron does the opposite. Fits to
the low field slopes for the second and third electron addi-
tion energies yield moments of 390 and "270 !eV=T,
respectively, with a difference in magnitudes within 10%
of 2!B, a signature of a spin-orbit-dominated spectrum
[13]. Thus we infer an orbital moment!orb ¼ 330 !eV=T
and a zero-field spin-orbit splitting !SO ¼ 170 !eV.

A consequence of the spectrum in Fig. 3(d) is a predicted
[15] minimum in T1 as the two K

0 states with opposite spin
approach one another at Bspin ¼ !SO=g!B, which for this

nanotube occurs at 1.4 T [cf. Fig. 3(d)]. The expected
coupling of these two states is via 1D bending-mode

phonons with quadratic dispersion, leading to a T1 /
ffiffiffiffi
!

p

dependence on the energy splitting ! due to the density-
of-states singularity at zero energy in 1D [15]. This is in
contrast to higher dimensions, where T1 diverges as! ! 0
[15,27,29].
Values for T1, extracted from fits as in Fig. 3(b), are

shown in Fig. 3(e), where a minimum in T1 is observed at
the predicted value B! 1:4 T. Also shown in Fig. 3(e) is a

fit of the form T1 ¼ C
ffiffiffiffiffiffi
!"

p
, where the splitting !" ¼

g!B

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðB cos""!SO=g!BÞ2 þ ðB sin"Þ2

p
is anticrossed,

accounting for a misalignment angle " between the nano-
tube axis and the direction of the applied field [30].
For these fits, we use g ¼ 2 and the measured quantities
!SO and " (5' determined by the electron micrograph); the
only free parameter is an overall scale for T1, C ¼
65 ns=

ffiffiffiffiffiffiffiffiffiffi
!eV

p
, only a factor of !5 smaller than the esti-

mates in Ref. [15]. Attributing the measured T1 minimum
to this mechanism requires loading a two-electron state
involving at least one of the two higher states of Fig. 3(d) at
step R, which is expected because the levels of the left
dot are well below the electrochemical potential of the
left lead at R. We note that hyperfine relaxation should
also be strongest near a degeneracy [25], but the ratio
!"=ðg!BBnucÞ ! 20 (Ref. [16]) would require huge inelas-
tic tunnel rates ruled out by transport measurements to
explain the measured T1.
We do not observe signatures of hyperfine-mediated

relaxation near B ¼ 0 [31], but note that a difference in
effective magnetic fields between the two dots should
induce dephasing of prepared two-particle spin and isospin
states. To measure the inhomogeneous dephasing time T(

2
of a state atB ¼ 0, a pulse cycle [Fig. 4(a)] first prepares an
ð0; 2Þ state at P, then separates the electrons via P0 into
ð1; 1Þ at S for a time #s, and finally measures the return
probability to ð0; 2Þ at M [3]. For small #s, the prepared
state always returns to ð0; 2Þ. For #s * T(

2 , a fraction of
prepared states evolves into blocked states, reducing the
return probability within the pulse triangle [Fig. 4(a)].
The dephasing time is obtained from the value of gs in

the center of the pulse triangle versus #s, which reflects the
probability of return to ð0; 2Þ when calibrated against the
equilibrium ð1; 1Þ and ð0; 2Þ values of gs [Fig. 4(b)]. A
likely source of dephasing is the hyperfine interaction.
Assuming a difference in Overhauser fields acting on the
two electrons of root mean square strength $Bjj

nuc parallel
to the nanotube axis [5,32], the decay is fit to a Gaussian
form, giving T(

2 ¼ @=g!B$B
jj
nuc ¼ 3:2 ns. The corre-

sponding $Bjj
nuc ¼ 1:8 mT is a factor of 2 smaller than

our estimate of the single dot nuclear field Bnuc in 13C
nanotubes [33]. The difference may be due to anisotropic
dipolar hyperfine coupling [34] or to accidental suppres-

sion of $Bjj
nuc [5]. Future work on 12C nanotubes will allow

dephasing mechanisms other than the hyperfine interaction
to be investigated.
Finally, we note that the saturation value of the return

probability in Fig. 4(c) is 0.17, smaller than the value of
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FIG. 3 (color online). (a) Leakage current through blockade
near zero detuning for small B, V12 ¼ "2 mV. (b) Decay of
pulse-triangle visibility I as a function of #M measured in the
center of the triangle at several values of B. (c) dgs=dVL as a
function of VL and B, showing the dependence of ground state
energies on B for the first four electrons on the left dot.
(d) Energy level diagram of the lowest states of a nanotube
with spin-orbit coupling; !SO ¼ 170 !eV, !KK0 ¼ 25 !eV,
" ¼ 5', and !orb ¼ 330 !eV=T. Arrows indicate the spin com-
ponent parallel to the nanotube axis. Schematics (right) indicate
orbital magnetic moment !orb for clockwise (K) and counter-
clockwise (K0) moving isospin states. At Borb (Bspin), the orbital

(Zeeman) shifts compensate !SO and states with opposite iso-
spin (spin) anticross. (e) T1 extracted as in (b) for B between 1.1
and 2 T. Error bars: Standard deviation of the fit parameter T1.
One-parameter fit (red curve) to theory of Ref. [15], modified for
B misaligned by 5' (see text).
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Figure 3 | Contrasting magnetic field dependence of leakage current for 12C and 13C devices. a,b, Leakage current through spin blockade (colour scale)
as a function of detuning and magnetic field, B⌃, for 12C (a) and 13C (b) devices. The vertical axes in a and b are interdot detuning as indicated by the
orange lines in c and d, respectively. In a, B⌃ was swept and detuning stepped, whereas in b, detuning was swept and B⌃ stepped. c,d, Current through the
double dot for a 12C device (bias= �1.5mV) and a 13C device (bias= �4mV), respectively. e,f, Cuts along B⌃ at the detunings indicated by the black lines
in a and b, respectively. The fit in e is a Lorentzian with a width of 30mT, and the fit in f is to the theory of Jouravlev and Nazarov22, providing a measure of
Bnuc =6.1mT.

interpretation that it is governed by Bnuc rather than t . Assuming
Gaussian-distributed Overhauser fields and uniform coupling, Bnuc
is related to the hyperfine coupling constantA by gµBBnuc =A/

⌥
N ,

where g is the electron g -factor and N is the number of 13C nuclei
in each dot22. TakingN ⇤3–10⇥104 and g =2 (see Supplementary
Information), yields A⇤ 1–2⇥10�4 eV, a value that is two orders
of magnitude larger than predicted for carbon nanotubes8 or
measured in fullerenes9.

Signatures of dynamic nuclear polarization provide further
evidence of a strong hyperfine interaction in 13C double dots.
Hysteresis in the spin-blockade leakage current near zero detuning

is observed when the magnetic field is swept over a tesla-scale
range, as shown in Fig. 4a. The data in Fig. 4a,b are from the
same 13C device as in Fig. 3, but with the barriers tuned such
that cotunnelling processes provide a significant contribution to
the leakage current.

We interpret the hysteresis in Fig. 4a as resulting from a net
nuclear polarization induced by the electron spin flips required
to circumvent spin blockade26. We speculate that this nuclear
polarization generates an Overhauser field felt by the electron
spins that opposes B⌃ once B⌃ passes through zero. The value
of the coercive field, Bc ⇤ 0.6 T, the external field at which
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Spin blockade in CNT double dots
• effect of disorder on leakage current in CNTs
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FIG. 1. (Color online) (a) Spin-resolved band structure of MoS2

from DFT LSDA calculations. (b) Contour plot showing the isoenergy
contours of the valence band (for zero SOC) from DFT calculations
at the K point of the BZ (symbols) and as obtained from Eq. (2) (solid
lines). (c) The same as in (b) for the conduction band. a0 is the lattice
constant. The energy difference between the two innermost contours
is 0.02 eV, between every other contours is 0.04 eV.

II. EFFECTIVE HAMILTONIAN

We start with the derivation of the spinless effective Hamil-
tonian, i.e., we neglect the SOC. This is already sufficient to
explain the TW of the isoenergy contours. We make repeated
use of various symmetries of the crystal structure, the two
most important of which for our purposes are the rotational
symmetry by 2π/3 around an axis perpendicular to the plane
of MoS2 (we denote it by C3) and the horizontal mirror plane
σh. (For the full point group symmetry see Appendix A.)
The derivation of the effective Hamiltonian relies on our DFT
calculations, which, in addition to the band structure, provide
us with the projection of the DFT wave functions onto atomic
orbitals at high symmetry points of the BZ. This helps us to
identify the symmetries of the bands, which is necessary to
obtain the general form of the effective Hamiltonian. As an
example we consider the (topmost) valence and the (lowest)
conduction bands at the K point of the BZ. Similarly to
Refs. 12 and 20–22, we find that here the VB is predominantly
composed of the dx2−y2 and dxy atomic orbitals centered on
the Mo atoms, which are symmetric with respect to σh. Since
the VB is nondegenerate at the # point, compatibility relations
require that at the K point it transforms as the A′ representation
of the group C3h, which is the small group of the wave vector
at K . We denote the wave function of the VB by |$v

A′ ⟩, and
hereafter we use the notation |$b

µ⟩ for the wave functions of

various bands, where b denotes the band and µ the pertinent
irreducible representation (irrep). The CB is predominantly
composed of dz2 orbitals of the Mo atoms,12,20–22 which means
that the CB wave function |$c

E′
1
⟩ is also symmetric with

respect to σh and transforms as the E′
1 irrep of C3h. Similar

considerations allow us to obtain the symmetries of all bands
at the K point, even when different orbitals from different
atoms are admixed (see Appendix A). In a minimal model that
captures TW, in addition to the VB and the CB, there are two
other important bands, both of which are even with respect to
σh: the second one above the CB, which we denote by CB + 2
and whose wave function is |$c+2

E′
2

⟩ and the third one below

the valence band (VB-3) with wave function |$v−3
E′

2
⟩. The

other bands between the VB-3 and CB+2 are antisymmetric
with respect to the mirror plane of MoS2 and therefore they
do not couple to the VB and the CB. In k · p theory the
Hamiltonian Hk·p = h̄

me
k · p̂ is considered a perturbation (me

is the bare electron mass) and one uses first-order perturbation
theory in the basis of {|$v

A′ ⟩, |$c
E′

1
⟩, |$v−3

E′
2

⟩, |$c+2
E′

2
⟩}. Using

the notation k = q + K, the perturbation can be rewrit-
ten as Hk·p = 1

2
h̄
me

(q+p̂− + q−p̂+) = H−
k·p + H+

k·p, where the
operators p̂± are defined as p̂± = p̂x ± ip̂y and similarly
q± = qx ± iqy . The matrix elements of Hk·p are con-
strained by the symmetries of the system. For example,
considering the rotation C3, the relation ⟨$v

A′ |p̂+|$c+2
E

′
2

⟩ =

⟨$v
A′ |C†

3C3 p̂+ C
†
3C3|$c+2

E′
2

⟩ should hold. Since ⟨$v
A′ |C†

3 =
⟨$v

A′ |, C3p̂±C
†
3 = e∓i2π/3p̂±, and C3|$c+2

E′
2

⟩ = e−i2π/3|$c+2
E′

2
⟩

one obtains that ⟨$v
A′ |H+

k·p|$
c+2
E′

2
⟩ = e−i4π/3⟨$v

A′ |H+
k·p|$

c+2
E′

2
⟩,

which means that this matrix element must vanish. By
contrast, ⟨$v

A′ |p̂−|$c+2
E′

2
⟩ = γ4 is finite and one can prove

that it is a real number. Similar considerations can be used
to calculate all matrix elements. Finally, in the basis of
{|$v

A′ ⟩, |$c
E′

1
⟩, |$v−3

E′
2

⟩, |$c+2
E′

2
⟩} the k · p Hamiltonian at the K

point is given by

Hkp =

⎛

⎜⎜⎜⎜⎝

εv γ3q− γ2q+ γ4q+

γ3q+ εc γ5q− γ6q−

γ2q− γ5q+ εv−3 0

γ4q− γ6q+ 0 εc+2

⎞

⎟⎟⎟⎟⎠
, (1)

where γi are the matrix elements of Hk·p in the above
mentioned basis and εv,εc,εv−3,εc+2 are band-edge energies.
The matrix element between |$v−3

E′
2

⟩ and |$c+2
E′

2
⟩ vanishes

due to symmetry. We note in passing that the Hamiltonian
(1) can be considered a generalized bilayer graphene (BLG)
Hamiltonian.35 This can be seen by rotating the well known
bilayer graphene Hamiltonian into a basis where the basis
functions transform according to the irreps of the small group
of BLG (see Appendix B). To obtain the k · p Hamiltonian
at the K ′ point it proves to be useful to re-define q± as
q± = qx ± i τ qy , where τ = 1 (−1) for the K (K ′) point. As
in the case of BLG, it is convenient to derive a low-energy
effective Hamiltonian from (1), which does not contain the
contribution of the bands far from the Fermi energy. Using the
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FIG. 1. (Color online) (a) Spin-resolved band structure of MoS2

from DFT LSDA calculations. (b) Contour plot showing the isoenergy
contours of the valence band (for zero SOC) from DFT calculations
at the K point of the BZ (symbols) and as obtained from Eq. (2) (solid
lines). (c) The same as in (b) for the conduction band. a0 is the lattice
constant. The energy difference between the two innermost contours
is 0.02 eV, between every other contours is 0.04 eV.

II. EFFECTIVE HAMILTONIAN

We start with the derivation of the spinless effective Hamil-
tonian, i.e., we neglect the SOC. This is already sufficient to
explain the TW of the isoenergy contours. We make repeated
use of various symmetries of the crystal structure, the two
most important of which for our purposes are the rotational
symmetry by 2π/3 around an axis perpendicular to the plane
of MoS2 (we denote it by C3) and the horizontal mirror plane
σh. (For the full point group symmetry see Appendix A.)
The derivation of the effective Hamiltonian relies on our DFT
calculations, which, in addition to the band structure, provide
us with the projection of the DFT wave functions onto atomic
orbitals at high symmetry points of the BZ. This helps us to
identify the symmetries of the bands, which is necessary to
obtain the general form of the effective Hamiltonian. As an
example we consider the (topmost) valence and the (lowest)
conduction bands at the K point of the BZ. Similarly to
Refs. 12 and 20–22, we find that here the VB is predominantly
composed of the dx2−y2 and dxy atomic orbitals centered on
the Mo atoms, which are symmetric with respect to σh. Since
the VB is nondegenerate at the # point, compatibility relations
require that at the K point it transforms as the A′ representation
of the group C3h, which is the small group of the wave vector
at K . We denote the wave function of the VB by |$v

A′ ⟩, and
hereafter we use the notation |$b

µ⟩ for the wave functions of

various bands, where b denotes the band and µ the pertinent
irreducible representation (irrep). The CB is predominantly
composed of dz2 orbitals of the Mo atoms,12,20–22 which means
that the CB wave function |$c

E′
1
⟩ is also symmetric with

respect to σh and transforms as the E′
1 irrep of C3h. Similar

considerations allow us to obtain the symmetries of all bands
at the K point, even when different orbitals from different
atoms are admixed (see Appendix A). In a minimal model that
captures TW, in addition to the VB and the CB, there are two
other important bands, both of which are even with respect to
σh: the second one above the CB, which we denote by CB + 2
and whose wave function is |$c+2

E′
2

⟩ and the third one below

the valence band (VB-3) with wave function |$v−3
E′

2
⟩. The

other bands between the VB-3 and CB+2 are antisymmetric
with respect to the mirror plane of MoS2 and therefore they
do not couple to the VB and the CB. In k · p theory the
Hamiltonian Hk·p = h̄

me
k · p̂ is considered a perturbation (me

is the bare electron mass) and one uses first-order perturbation
theory in the basis of {|$v

A′ ⟩, |$c
E′

1
⟩, |$v−3

E′
2

⟩, |$c+2
E′

2
⟩}. Using

the notation k = q + K, the perturbation can be rewrit-
ten as Hk·p = 1

2
h̄
me

(q+p̂− + q−p̂+) = H−
k·p + H+

k·p, where the
operators p̂± are defined as p̂± = p̂x ± ip̂y and similarly
q± = qx ± iqy . The matrix elements of Hk·p are con-
strained by the symmetries of the system. For example,
considering the rotation C3, the relation ⟨$v

A′ |p̂+|$c+2
E

′
2

⟩ =

⟨$v
A′ |C†

3C3 p̂+ C
†
3C3|$c+2

E′
2

⟩ should hold. Since ⟨$v
A′ |C†

3 =
⟨$v

A′ |, C3p̂±C
†
3 = e∓i2π/3p̂±, and C3|$c+2

E′
2

⟩ = e−i2π/3|$c+2
E′

2
⟩

one obtains that ⟨$v
A′ |H+

k·p|$
c+2
E′

2
⟩ = e−i4π/3⟨$v

A′ |H+
k·p|$

c+2
E′

2
⟩,

which means that this matrix element must vanish. By
contrast, ⟨$v

A′ |p̂−|$c+2
E′

2
⟩ = γ4 is finite and one can prove

that it is a real number. Similar considerations can be used
to calculate all matrix elements. Finally, in the basis of
{|$v

A′ ⟩, |$c
E′

1
⟩, |$v−3

E′
2

⟩, |$c+2
E′

2
⟩} the k · p Hamiltonian at the K

point is given by

Hkp =

⎛

⎜⎜⎜⎜⎝

εv γ3q− γ2q+ γ4q+

γ3q+ εc γ5q− γ6q−

γ2q− γ5q+ εv−3 0

γ4q− γ6q+ 0 εc+2

⎞

⎟⎟⎟⎟⎠
, (1)

where γi are the matrix elements of Hk·p in the above
mentioned basis and εv,εc,εv−3,εc+2 are band-edge energies.
The matrix element between |$v−3

E′
2

⟩ and |$c+2
E′

2
⟩ vanishes

due to symmetry. We note in passing that the Hamiltonian
(1) can be considered a generalized bilayer graphene (BLG)
Hamiltonian.35 This can be seen by rotating the well known
bilayer graphene Hamiltonian into a basis where the basis
functions transform according to the irreps of the small group
of BLG (see Appendix B). To obtain the k · p Hamiltonian
at the K ′ point it proves to be useful to re-define q± as
q± = qx ± i τ qy , where τ = 1 (−1) for the K (K ′) point. As
in the case of BLG, it is convenient to derive a low-energy
effective Hamiltonian from (1), which does not contain the
contribution of the bands far from the Fermi energy. Using the
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FIG. 1. (Color online) (a) Spin-resolved band structure of MoS2

from DFT LSDA calculations. (b) Contour plot showing the isoenergy
contours of the valence band (for zero SOC) from DFT calculations
at the K point of the BZ (symbols) and as obtained from Eq. (2) (solid
lines). (c) The same as in (b) for the conduction band. a0 is the lattice
constant. The energy difference between the two innermost contours
is 0.02 eV, between every other contours is 0.04 eV.

II. EFFECTIVE HAMILTONIAN

We start with the derivation of the spinless effective Hamil-
tonian, i.e., we neglect the SOC. This is already sufficient to
explain the TW of the isoenergy contours. We make repeated
use of various symmetries of the crystal structure, the two
most important of which for our purposes are the rotational
symmetry by 2π/3 around an axis perpendicular to the plane
of MoS2 (we denote it by C3) and the horizontal mirror plane
σh. (For the full point group symmetry see Appendix A.)
The derivation of the effective Hamiltonian relies on our DFT
calculations, which, in addition to the band structure, provide
us with the projection of the DFT wave functions onto atomic
orbitals at high symmetry points of the BZ. This helps us to
identify the symmetries of the bands, which is necessary to
obtain the general form of the effective Hamiltonian. As an
example we consider the (topmost) valence and the (lowest)
conduction bands at the K point of the BZ. Similarly to
Refs. 12 and 20–22, we find that here the VB is predominantly
composed of the dx2−y2 and dxy atomic orbitals centered on
the Mo atoms, which are symmetric with respect to σh. Since
the VB is nondegenerate at the # point, compatibility relations
require that at the K point it transforms as the A′ representation
of the group C3h, which is the small group of the wave vector
at K . We denote the wave function of the VB by |$v

A′ ⟩, and
hereafter we use the notation |$b

µ⟩ for the wave functions of

various bands, where b denotes the band and µ the pertinent
irreducible representation (irrep). The CB is predominantly
composed of dz2 orbitals of the Mo atoms,12,20–22 which means
that the CB wave function |$c

E′
1
⟩ is also symmetric with

respect to σh and transforms as the E′
1 irrep of C3h. Similar

considerations allow us to obtain the symmetries of all bands
at the K point, even when different orbitals from different
atoms are admixed (see Appendix A). In a minimal model that
captures TW, in addition to the VB and the CB, there are two
other important bands, both of which are even with respect to
σh: the second one above the CB, which we denote by CB + 2
and whose wave function is |$c+2

E′
2

⟩ and the third one below

the valence band (VB-3) with wave function |$v−3
E′

2
⟩. The

other bands between the VB-3 and CB+2 are antisymmetric
with respect to the mirror plane of MoS2 and therefore they
do not couple to the VB and the CB. In k · p theory the
Hamiltonian Hk·p = h̄

me
k · p̂ is considered a perturbation (me

is the bare electron mass) and one uses first-order perturbation
theory in the basis of {|$v

A′ ⟩, |$c
E′

1
⟩, |$v−3

E′
2

⟩, |$c+2
E′

2
⟩}. Using

the notation k = q + K, the perturbation can be rewrit-
ten as Hk·p = 1

2
h̄
me

(q+p̂− + q−p̂+) = H−
k·p + H+

k·p, where the
operators p̂± are defined as p̂± = p̂x ± ip̂y and similarly
q± = qx ± iqy . The matrix elements of Hk·p are con-
strained by the symmetries of the system. For example,
considering the rotation C3, the relation ⟨$v

A′ |p̂+|$c+2
E

′
2

⟩ =

⟨$v
A′ |C†

3C3 p̂+ C
†
3C3|$c+2

E′
2

⟩ should hold. Since ⟨$v
A′ |C†

3 =
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A′ |, C3p̂±C
†
3 = e∓i2π/3p̂±, and C3|$c+2

E′
2

⟩ = e−i2π/3|$c+2
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⟩

one obtains that ⟨$v
A′ |H+

k·p|$
c+2
E′

2
⟩ = e−i4π/3⟨$v

A′ |H+
k·p|$

c+2
E′

2
⟩,

which means that this matrix element must vanish. By
contrast, ⟨$v

A′ |p̂−|$c+2
E′

2
⟩ = γ4 is finite and one can prove

that it is a real number. Similar considerations can be used
to calculate all matrix elements. Finally, in the basis of
{|$v

A′ ⟩, |$c
E′

1
⟩, |$v−3

E′
2

⟩, |$c+2
E′

2
⟩} the k · p Hamiltonian at the K

point is given by

Hkp =

⎛

⎜⎜⎜⎜⎝

εv γ3q− γ2q+ γ4q+

γ3q+ εc γ5q− γ6q−

γ2q− γ5q+ εv−3 0

γ4q− γ6q+ 0 εc+2

⎞

⎟⎟⎟⎟⎠
, (1)

where γi are the matrix elements of Hk·p in the above
mentioned basis and εv,εc,εv−3,εc+2 are band-edge energies.
The matrix element between |$v−3

E′
2

⟩ and |$c+2
E′

2
⟩ vanishes

due to symmetry. We note in passing that the Hamiltonian
(1) can be considered a generalized bilayer graphene (BLG)
Hamiltonian.35 This can be seen by rotating the well known
bilayer graphene Hamiltonian into a basis where the basis
functions transform according to the irreps of the small group
of BLG (see Appendix B). To obtain the k · p Hamiltonian
at the K ′ point it proves to be useful to re-define q± as
q± = qx ± i τ qy , where τ = 1 (−1) for the K (K ′) point. As
in the case of BLG, it is convenient to derive a low-energy
effective Hamiltonian from (1), which does not contain the
contribution of the bands far from the Fermi energy. Using the
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FIG. 1. (Color online) (a) Spin-resolved band structure of MoS2

from DFT LSDA calculations. (b) Contour plot showing the isoenergy
contours of the valence band (for zero SOC) from DFT calculations
at the K point of the BZ (symbols) and as obtained from Eq. (2) (solid
lines). (c) The same as in (b) for the conduction band. a0 is the lattice
constant. The energy difference between the two innermost contours
is 0.02 eV, between every other contours is 0.04 eV.

II. EFFECTIVE HAMILTONIAN

We start with the derivation of the spinless effective Hamil-
tonian, i.e., we neglect the SOC. This is already sufficient to
explain the TW of the isoenergy contours. We make repeated
use of various symmetries of the crystal structure, the two
most important of which for our purposes are the rotational
symmetry by 2π/3 around an axis perpendicular to the plane
of MoS2 (we denote it by C3) and the horizontal mirror plane
σh. (For the full point group symmetry see Appendix A.)
The derivation of the effective Hamiltonian relies on our DFT
calculations, which, in addition to the band structure, provide
us with the projection of the DFT wave functions onto atomic
orbitals at high symmetry points of the BZ. This helps us to
identify the symmetries of the bands, which is necessary to
obtain the general form of the effective Hamiltonian. As an
example we consider the (topmost) valence and the (lowest)
conduction bands at the K point of the BZ. Similarly to
Refs. 12 and 20–22, we find that here the VB is predominantly
composed of the dx2−y2 and dxy atomic orbitals centered on
the Mo atoms, which are symmetric with respect to σh. Since
the VB is nondegenerate at the # point, compatibility relations
require that at the K point it transforms as the A′ representation
of the group C3h, which is the small group of the wave vector
at K . We denote the wave function of the VB by |$v

A′ ⟩, and
hereafter we use the notation |$b

µ⟩ for the wave functions of

various bands, where b denotes the band and µ the pertinent
irreducible representation (irrep). The CB is predominantly
composed of dz2 orbitals of the Mo atoms,12,20–22 which means
that the CB wave function |$c

E′
1
⟩ is also symmetric with

respect to σh and transforms as the E′
1 irrep of C3h. Similar

considerations allow us to obtain the symmetries of all bands
at the K point, even when different orbitals from different
atoms are admixed (see Appendix A). In a minimal model that
captures TW, in addition to the VB and the CB, there are two
other important bands, both of which are even with respect to
σh: the second one above the CB, which we denote by CB + 2
and whose wave function is |$c+2

E′
2

⟩ and the third one below

the valence band (VB-3) with wave function |$v−3
E′

2
⟩. The

other bands between the VB-3 and CB+2 are antisymmetric
with respect to the mirror plane of MoS2 and therefore they
do not couple to the VB and the CB. In k · p theory the
Hamiltonian Hk·p = h̄

me
k · p̂ is considered a perturbation (me

is the bare electron mass) and one uses first-order perturbation
theory in the basis of {|$v

A′ ⟩, |$c
E′

1
⟩, |$v−3

E′
2

⟩, |$c+2
E′

2
⟩}. Using

the notation k = q + K, the perturbation can be rewrit-
ten as Hk·p = 1

2
h̄
me

(q+p̂− + q−p̂+) = H−
k·p + H+

k·p, where the
operators p̂± are defined as p̂± = p̂x ± ip̂y and similarly
q± = qx ± iqy . The matrix elements of Hk·p are con-
strained by the symmetries of the system. For example,
considering the rotation C3, the relation ⟨$v

A′ |p̂+|$c+2
E

′
2

⟩ =

⟨$v
A′ |C†

3C3 p̂+ C
†
3C3|$c+2

E′
2

⟩ should hold. Since ⟨$v
A′ |C†

3 =
⟨$v

A′ |, C3p̂±C
†
3 = e∓i2π/3p̂±, and C3|$c+2

E′
2

⟩ = e−i2π/3|$c+2
E′

2
⟩

one obtains that ⟨$v
A′ |H+

k·p|$
c+2
E′

2
⟩ = e−i4π/3⟨$v

A′ |H+
k·p|$

c+2
E′

2
⟩,

which means that this matrix element must vanish. By
contrast, ⟨$v

A′ |p̂−|$c+2
E′

2
⟩ = γ4 is finite and one can prove

that it is a real number. Similar considerations can be used
to calculate all matrix elements. Finally, in the basis of
{|$v

A′ ⟩, |$c
E′

1
⟩, |$v−3

E′
2

⟩, |$c+2
E′

2
⟩} the k · p Hamiltonian at the K

point is given by

Hkp =

⎛

⎜⎜⎜⎜⎝

εv γ3q− γ2q+ γ4q+

γ3q+ εc γ5q− γ6q−

γ2q− γ5q+ εv−3 0

γ4q− γ6q+ 0 εc+2

⎞

⎟⎟⎟⎟⎠
, (1)

where γi are the matrix elements of Hk·p in the above
mentioned basis and εv,εc,εv−3,εc+2 are band-edge energies.
The matrix element between |$v−3

E′
2

⟩ and |$c+2
E′

2
⟩ vanishes

due to symmetry. We note in passing that the Hamiltonian
(1) can be considered a generalized bilayer graphene (BLG)
Hamiltonian.35 This can be seen by rotating the well known
bilayer graphene Hamiltonian into a basis where the basis
functions transform according to the irreps of the small group
of BLG (see Appendix B). To obtain the k · p Hamiltonian
at the K ′ point it proves to be useful to re-define q± as
q± = qx ± i τ qy , where τ = 1 (−1) for the K (K ′) point. As
in the case of BLG, it is convenient to derive a low-energy
effective Hamiltonian from (1), which does not contain the
contribution of the bands far from the Fermi energy. Using the
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FIG. 1. (Color online) (a) Spin-resolved band structure of MoS2

from DFT LSDA calculations. (b) Contour plot showing the isoenergy
contours of the valence band (for zero SOC) from DFT calculations
at the K point of the BZ (symbols) and as obtained from Eq. (2) (solid
lines). (c) The same as in (b) for the conduction band. a0 is the lattice
constant. The energy difference between the two innermost contours
is 0.02 eV, between every other contours is 0.04 eV.

II. EFFECTIVE HAMILTONIAN

We start with the derivation of the spinless effective Hamil-
tonian, i.e., we neglect the SOC. This is already sufficient to
explain the TW of the isoenergy contours. We make repeated
use of various symmetries of the crystal structure, the two
most important of which for our purposes are the rotational
symmetry by 2π/3 around an axis perpendicular to the plane
of MoS2 (we denote it by C3) and the horizontal mirror plane
σh. (For the full point group symmetry see Appendix A.)
The derivation of the effective Hamiltonian relies on our DFT
calculations, which, in addition to the band structure, provide
us with the projection of the DFT wave functions onto atomic
orbitals at high symmetry points of the BZ. This helps us to
identify the symmetries of the bands, which is necessary to
obtain the general form of the effective Hamiltonian. As an
example we consider the (topmost) valence and the (lowest)
conduction bands at the K point of the BZ. Similarly to
Refs. 12 and 20–22, we find that here the VB is predominantly
composed of the dx2−y2 and dxy atomic orbitals centered on
the Mo atoms, which are symmetric with respect to σh. Since
the VB is nondegenerate at the # point, compatibility relations
require that at the K point it transforms as the A′ representation
of the group C3h, which is the small group of the wave vector
at K . We denote the wave function of the VB by |$v

A′ ⟩, and
hereafter we use the notation |$b

µ⟩ for the wave functions of

various bands, where b denotes the band and µ the pertinent
irreducible representation (irrep). The CB is predominantly
composed of dz2 orbitals of the Mo atoms,12,20–22 which means
that the CB wave function |$c

E′
1
⟩ is also symmetric with

respect to σh and transforms as the E′
1 irrep of C3h. Similar

considerations allow us to obtain the symmetries of all bands
at the K point, even when different orbitals from different
atoms are admixed (see Appendix A). In a minimal model that
captures TW, in addition to the VB and the CB, there are two
other important bands, both of which are even with respect to
σh: the second one above the CB, which we denote by CB + 2
and whose wave function is |$c+2

E′
2

⟩ and the third one below

the valence band (VB-3) with wave function |$v−3
E′

2
⟩. The

other bands between the VB-3 and CB+2 are antisymmetric
with respect to the mirror plane of MoS2 and therefore they
do not couple to the VB and the CB. In k · p theory the
Hamiltonian Hk·p = h̄

me
k · p̂ is considered a perturbation (me

is the bare electron mass) and one uses first-order perturbation
theory in the basis of {|$v

A′ ⟩, |$c
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⟩, |$v−3
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⟩, |$c+2
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⟩}. Using

the notation k = q + K, the perturbation can be rewrit-
ten as Hk·p = 1

2
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me

(q+p̂− + q−p̂+) = H−
k·p + H+

k·p, where the
operators p̂± are defined as p̂± = p̂x ± ip̂y and similarly
q± = qx ± iqy . The matrix elements of Hk·p are con-
strained by the symmetries of the system. For example,
considering the rotation C3, the relation ⟨$v

A′ |p̂+|$c+2
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2

⟩ =
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⟩ should hold. Since ⟨$v
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3 =
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⟩,

which means that this matrix element must vanish. By
contrast, ⟨$v

A′ |p̂−|$c+2
E′

2
⟩ = γ4 is finite and one can prove

that it is a real number. Similar considerations can be used
to calculate all matrix elements. Finally, in the basis of
{|$v

A′ ⟩, |$c
E′

1
⟩, |$v−3

E′
2

⟩, |$c+2
E′

2
⟩} the k · p Hamiltonian at the K

point is given by

Hkp =

⎛

⎜⎜⎜⎜⎝

εv γ3q− γ2q+ γ4q+

γ3q+ εc γ5q− γ6q−

γ2q− γ5q+ εv−3 0

γ4q− γ6q+ 0 εc+2

⎞

⎟⎟⎟⎟⎠
, (1)

where γi are the matrix elements of Hk·p in the above
mentioned basis and εv,εc,εv−3,εc+2 are band-edge energies.
The matrix element between |$v−3

E′
2

⟩ and |$c+2
E′

2
⟩ vanishes

due to symmetry. We note in passing that the Hamiltonian
(1) can be considered a generalized bilayer graphene (BLG)
Hamiltonian.35 This can be seen by rotating the well known
bilayer graphene Hamiltonian into a basis where the basis
functions transform according to the irreps of the small group
of BLG (see Appendix B). To obtain the k · p Hamiltonian
at the K ′ point it proves to be useful to re-define q± as
q± = qx ± i τ qy , where τ = 1 (−1) for the K (K ′) point. As
in the case of BLG, it is convenient to derive a low-energy
effective Hamiltonian from (1), which does not contain the
contribution of the bands far from the Fermi energy. Using the
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for periodic part of
the Bloch functions

Four-band k.p model
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and they have common eigenfunctions. The Schrödinger
equation which determines the bound state energies and
eigenfunctions can be solved by making use of the fact
that, as noted in Ref. 55, the operator q̂
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The eigenfunctions of the operators ↵̂
+

and ↵̂�, which
are (i) regular at ⇢ = 0 and (ii) also eigenfunctions of

l̂
z

; read g
a,l

(⇢,') = eil'⇢
|l|
2 e�

⇢
2M(a, |l|+1, ⇢), where l is

integer andM(a, |l|+1, ⇢) is the confluent hypergeometric
function of the first kind58. One can show that

↵̂
+

↵̂� g
a,l

(⇢,') =

(
�a g

a,l

(⇢,') l  0

(l � a) g
a,l

(⇢,') l > 0.
(8)

(For details see Appendix C.) Condsidering now the
Schrödinger equation for the bulk problem, i.e., for
V
dot

= 0, in valley ⌧ for spin s it reads

[~!⌧,s

c

↵̂
+

↵̂� + ⇥(⌧)~!⌧,s

c

+ ⌧�
cb

s
z

+

( � ⌧g
vl

µ
vl

+
1

2
g
tot

µ
B

s
z

)B
z

] = E , (9)

where ⇥(x) is the Heaviside step function. The wave-

functions  "
l

(⇢,') = e

il'
p
2⇡

 
1

0

!
�

l

(⇢) and  #
l

(⇢,') =

e

il'
p
2⇡

 
0

1

!
�

l

(⇢) will be eigenfunctions if �
l

(⇢) =

⇢
|l|
2 e�

⇢
2M(a

l

, |l|+ 1, ⇢) and

~!⌧,s

c

a
l

=

(
E⌧,s if l  0

E⌧,s + l~!⌧,s

c

if l > 0.
(10)

Here E⌧,s = ⇥(⌧)~!⌧,s

c

+ ⌧ s�
cb

� (⌧g
vl

µ
vl

�
s 1

2

g
tot

µ
B

)B
z

� E. The bound state solutions of the QD
problem are determined by the condition that the wave-
function has to vanish at r = R

d

, i.e., one has to find the
energy E⌧,s

l

for which M(a
l

, |l| + 1, ⇢[r = R
d

]) = 0. The
task is therefore to find for a given magnetic field B

z

and
quantum number l the roots of M(a

l

, |l|+1, ⇢[r = R
d

]) =
0 as a function of a

l

. The a
l

values can be calculated nu-
merically. Once the nth root a

n,l

is known, the energy of
the bound state E⌧,s

n,l

can be expressed using Eq. (10).
The numerically calculated spectrum for a QD with

R
d

= 40nm in MoS
2

is shown in Fig. 4(a). At zero
magnetic field, because of the quadratic dispersion in our
model, there is an e↵ective time reversal symmetry acting
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FIG. 4: (a) Spectrum of a R
d

= 40 nm MoS
2

QD as a function
of the perpendicular magnetic field B

z

> 0. Black (green)
lines: spin # (") in valley K. Red (blue) lines: spin " (#) in
K0 valley. States up to |l| = 2 and n = 2 are shown. (b) Part
of the spectrum shown in (a) for small magnetic fields and low
energies. Labels show the valley, orbital quantum number l
and spin state for each level. The values of m⌧,s

e↵

, g
vl

and g
so

used in the calculations can be found Table I and II.

within each valley and therefore states with angular mo-
mentum ±l within the same valley are degenerate. For
finite magnetic field all levels are both valley and spin

split. For even larger magnetic fields, when l
B

. R
d

, the
dot levels merge into Landau levels. Since �

cb

is rela-
tively small with respect to the cyclotron energy ~!⌧,s

c

,
spin-split states # and " from the same valley can cross at
some larger, but still finite magnetic field (see, e.g., the
crossing between the black and green lines for E > 3meV
for states in valley K in Fig. 4a).
Taking into account the Bychkov-Rashba SOC turns

the crossings between states |a, l, "i and |a, l+1, #i, l � 0
into avoided crossings. The selection rules for H⌧

BR

can
be derived by rewritingH⌧

BR

in terms of the operators ↵�
and ↵

+

and calculate their e↵ect on the non-perturbed
eigenstates (see Appendix C for details). For the low
lying energy states, which we are primarily interested in,
the e↵ect of the Bychkov-Rashba SOC is to introduce
level repulsion between these states and higher energy
ones allowed by the selection rules. Taking |�

BR

|/l
B

as
a characteristic energy scale of this coupling and using
Table III one can see that for magnetic fields . 10T
and electric fields E

z

. 10�2 V/Å the level repulsion is
much smaller than the spin splitting �

cb

and therefore
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We derive an effective Hamiltonian which describes the dynamics of electrons in the conduction
band of transition metal dichalcogenides (TMDC) in the presence of perpendicular electric and
magnetic fields. We discuss in detail both the intrinsic and the Bychkov-Rashba spin-orbit coupling
(SOC) induced by an external electric field. We point out interesting differences in the spin-split
conduction band between different TMDC compounds. An important consequence of the strong
intrinsic SOC is an effective out-of-plane g-factor for the electrons which differs from the free-
electron g-factor g ≃ 2. We identify a new term in the Hamiltonian of the Bychkov-Rashba SOC
which does not exist in III-V semiconductors. Using first-principles calculations, we give estimates
of the various parameters appearing in the theory. Finally, we consider quantum dots (QDs) formed
in TMDC materials and derive an effective Hamiltonian which allows us to calculate the magnetic
field dependence of the bound states in the QDs. We find that all states are both valley and spin
split, which suggests that these QDs could be used as valley-spin filters. We explore the possibility
of using spin and valley states in TMDCs as quantum bits, and conclude that, due to the relatively
strong intrinsic spin-orbit splitting in the conduction band, the most realistic option appears to be
a combined spin-valley (Kramers) qubit at low magnetic fields.

PACS numbers: 73.20.At, 73.61.Le, 71.70.Ej

I. INTRODUCTION

Monolayers of transition metal dichalcogenides1

(TMDCs) posses a number of remarkable electrical and
optical properties, which makes them an attractive re-
search platform. Their material composition can be de-
scribed by the formula MX2, where M = Mo or W and
X = S or Se. They are atomically thin, two-dimensional
materials, and in contrast to graphene2, they have a fi-
nite direct optical band gap of ≈ 1.5 − 2 eV, which is
in the visible frequency range3,4. This has facilitated
the theoretical5 and experimental6–11 study of the rich
physics related to the coupling of the spin and the valley
degrees of freedom.
Very recently, there has also been a growing interest

in the transport properties of these materials. Although
contacting and gating monolayer TMDCs is not entirely
straightforward experimentally, progress is being made in
this respect12–16,18,19. Electric18 and magnetic field20,21

effects are also studied currently, both in monolayer and
few-layer samples. In addition, a promising experimen-
tal work has recently appeared regarding spin-physics in
these materials, showing, e.g., a viable method for spin-
injection from ferromagnetic contacts16.
The finite band gap in the TMDCs should also make

it possible to confine the charge carriers with external
gates and therefore to create, e.g., quantum dots. To-
gether with the above mentioned progress in contacting
and gating TMDCs, this raises the exciting question of
whether these materials could be suitable platforms to
host qubits17. Our work is motivated by this question.
First, we are going to introduce an effective Hamilto-

nian which accurately describes the physics in the con-
duction band (CB) of TMDCs in the (degenerate) K and
K ′ valleys of the Brillouin zone (BZ). We confine our at-

FIG. 1: Schematics of a QD defined with the help of four top
gates in a monolayer TMDC. S and D denotes the source and
drain, respectively.

tention to the CB while the effect of the valence band
(VB) and other relevant bands are taken into account
through an appropriate choice of the parameters appear-
ing in the model. This approach is motivated by the facts
that i) the band-gap energy Ebg is large with respect
to other energy scales appearing in the problem, and
ii) according to experimental observations, the samples
of TMDCs are often intrinsically n-doped16,23 or show
unipolar n-type behavior22. To obtain realistic values
of the parameters appearing in the theory we have per-
formed density functional theory (DFT) calculations. We
discuss the important effects of the intrinsic SOC which
manifest themselves both through the spin-splitting of
the CB and the different effective masses associated with
the spin-split bands. We also point out that a perpen-
dicular magnetic field, in addition to the usual orbital
effect, leads to the breaking of valley degeneracy. More-
over, due to the strong SOC, the coupling of the spin
degree of freedom to the magnetic field is described by
an out-of-plane effective g-factor g̃⊥sp.

We then study the effect of an external electric field

5

λr
BR and λi

BR separately. The |λBR| values that we have
obtained are shown in Table III. They give an upper
limit for the real values because we have neglected, e.g.,
screening in these calculations (for details see Appendix
B). More advanced DFT calculations, such as those re-
cently done for bilayer graphene47, would be certainly of
interest here.

MoS2 WS2 MoSe2 WSe2

|λBR| [eVÅ] 0.033Ez 0.13Ez 0.055Ez 0.18Ez

TABLE III: Estimates of the Bychkov-Rashba SOC parame-
ters |λBR|. The perpendicular electric field Ez is in units of
V/Å.

Comparing the numbers shown in Table III to the val-
ues found in InAs48 or InSb49, one can see that for rela-
tively small values of the electric field (Ez ! 10−2 V/Å),
where the perturbation theory approach can be expected
to work, |λBR| is smaller by an order of magnitude than
in these semiconductor quantum wells. Nevertheless, the
Bychkov-Rashba SOC is important because it constitutes
an intra-valley spin-relaxation channel, which does not
require the simultaneous flip of spin and valley. Thus, it
may play a role in the quantitative understanding of the
relaxation processes in the recent experiment of Jones et
al.11, where a large back gate voltage was used.

The external electric field has a further effect, which,
however, turns out to be less important for our pur-
poses. Namely, it shifts up the band edge of the CB, and
the shift is, in principle, spin dependent [see Eqs. (B2c),
(B3c) in Appendix B]. The shift of the CB edge can be
understood in terms of the electric field dependence of
the band gap (we note that the band edge of the VB also
depends on the electric field, and the shifts of the VB
and CB edges together would describe the change of the
band gap). In contrast to Ref. 40, however, in our model
the shift of the band edge depends quadratically on the
strength of the electric field and not linearly. We think
this is due to the fact that in Ref. 40 the p orbitals of
the sulfur atoms are admixed only to the CB. In fact,
symmetry considerations26,45 and our DFT calculations
show that the p (or d) orbitals of the X atoms have a
small weight at the K point both in the VB and in the
CB . Taking this into account, as in the tight-binding
model of Ref. 27, one would find that for weak electric
field regime the dependence of the band gap is quadratic
in the electric field. Moreover, both our perturbation the-
ory and preliminary DFT results suggest that the shift of
the band edge in the CB is actually very small, at least
in the regime where the perturbation theory approach is
applicable (see Appendix B for details). Therefore we
neglect it in the rest of the paper. The spin-dependence
of the band-edge shift, being a higher-order effect, is ex-
pected to be even smaller.

III. RESULTS

A. Quantum dots in TMDCs

QDs in novel low-dimensional structures, such as bi-
layer graphene38,39,50,51 and semiconductor nanowires
with strong SOC52,53, are actively studied and the ap-
plicability of these structures for hosting qubits has also
been discussed. Motivated by the interesting physics re-
vealed in these studies, we now consider QDs in two-
dimensional semiconducting TMDCs defined by external
electrostatic gates. In particular, we will be interested
in the magnetic field dependence of the spectrum and
discuss which eigenstates can be used as two-level sys-
tems for qubits. We consider relatively small QDs which
can be treated in the ballistic limit. The opposite limit,
where disorder effects become important and the spec-
trum acquires certain universal characteristics, can be
treated along the lines of Ref. 54, but this is beyond the
scope of the present work.
Nevertheless, based on the findings of Sec. II A, the

following general considerations can be made: assuming
a chaotic QD with mean level spacing δ = 2π!2/(meffA),
where A is the area of the dot, one can see that one needs
relatively small QD in order to make δ larger than the
thermal energy kBT . For instance, taking a dot of radius
R ≈ 40 nm we find for, e.g., MoS2 that δ ≈ 0.2meV,
corresponding to T = 2.3K, whereas for WS2, due
to its smaller effective mass, the mean level spacing is
T ≈ 3.4K. In this respect TMDCs with smaller meff ,
such as WS2 and WSe2, might be more advantageous.
Although the required temperatures are smaller than in
the case of GaAs (which has meff ≈ 0.067me), they are
still achievable with present-day techniques.
In the following, for simplicity, we will study circular

QDs because their spectrum can be obtained relatively
easily and can illustrate some important features of the
spectrum of more general cases. In particular, we will
consider QDs in MoS2 and WS2. The total Hamiltonian
in the K, K ′ valleys (τ = ±1) reads

H = Hτ,s
el + H̃ intr

so + H̃τ
BR +Hτ

vl +Hsp,tot + Vdot (5)

where Vdot is the confinement potential for the QD. As
we have shown, H̃τ

BR is relatively small; therefore we
treat it as a perturbation, whereas the stronger intrin-
sic SOI is treated exactly. The Hamiltonian of the non-
perturbed system is given by

Hdot = Hτ,s
el +H intr

so +Hτ
vl +Hsp,tot + Vdot, (6)

i.e., it is diagonal both in valley and in spin space. We
consider a circular QD with hard wall boundary condi-
tions: Vdot(r) = 0 for r ≤ Rd and Vdot(r) = ∞ if r > Rd.
In cylindrical coordinates, the perpendicular magnetic
field can be taken into account using the axial gauge,
where Aφ = Bzr/2 and Ar = 0. With this choice, since
the rotational symmetry around the z axis is preserved,
Hdot commutes with the angular momentum operator l̂z

• circular dot ⟶ angular momemtum quantum number l
• Bychkov-Rashba SOI splits crossings of l and l+1 levels 
with opposite spin and same valley
• spin and valley pairs at high B fields
• Kramers (spin-valley) pairs around B=0

• use k.p model

MoS2
R=40 nm
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the dimensionless spin Pauli matrix s
z

with eigenvalues
s = ±1. In what follows, we will often use the shorthand
notation " for s = 1 and # for s = �1.

In the absence of external magnetic and electric fields,
the e↵ective low energy Hamiltonian which describes the
spin-split conduction band at the K (K 0) point in the
basis ", # is

H⌧,s

el

+H intr

so

=
~2q

+

q�
2m⌧,s

e↵

+ ⌧s
z

�
cb

. (1)

Here, we introduce the inverse e↵ective mass 1

m

⌧,s
eff

=
1

m

0
eff

� ⌧s 1

�meff
, where ⌧ = 1(�1) for K (K 0) and the

wavenumber q± = q
x

±iq
y

are measured from the K (K 0)
point. Leaving the discussion of the e↵ects of magnetic
field to Sec. II B, we set q

+

q� = q2
x

+q2
y

and therefore the
dispersion described by the Hamiltonian (1) is parabolic
and isotropic. The trigonal warping26, which is much
more pronounced in the VB than in the CB, is neglected
here.

The strong spin-orbit coupling in TMDCs has two con-
sequences: firstly, as already mentioned, the CB is spin-
split at the K (K 0) point and this is described by the
parameter �

cb

. Secondly, the e↵ective mass is di↵erent
for the " and # bands. Our sign convention for the e↵ec-
tive mass assumes that the spin-up band is heavier than
the spin-down band at the K point (for details on the
e↵ective mass calculations see Appendix B). The e↵ec-
tive massmK,s

e↵

of di↵erent TMDCs, obtained from fitting
the DFT band structure32, is shown in Table I (note that

mK

0
,s

e↵

= mK,�s

e↵

). As one can see, the di↵erence between

mK,"
e↵

and mK,#
e↵

is around 10�14% for MoS
2

and MoSe
2

,
while it is & 30% for the WX

2

compounds. In the seven-
band k·pmodel this can be explained by the fact that the
e↵ective mass depends on the ratio of the spin splittings
in other bands (most importantly, in the VB and the sec-
ond band above the CB) and the band gap E

bg

. For the
heavier compounds the spin-splittings are larger, but E

bg

remains roughly the same or even decreases, leading to a
larger di↵erence in the e↵ective masses.

MoS
2

WS
2

MoSe
2

WSe
2

mK,"
e↵

/m
e

0.49 0.35 0.64 0.4

mK,#
e↵

/m
e

0.44 0.27 0.56 0.3

2�
cb

[meV] 3 �38 23 �46

TABLE I: E↵ective masses and CB spin-splittings appearing
in Hamiltonian (1) for di↵erent TMDCs. m

e

is the free elec-
tron mass.

The results of DFT calculations also suggest that in the
case of MoX

2

materials there are band crossings between
the spin-split conduction bands because the heavier band
has higher energy. For the WX

2

materials such a band
crossing is absent. Taking MoS

2

and WS
2

as an example,
the dispersion in the vicinity of the K point is shown in
Fig. 3. A similar figure could be obtained for MoSe

2

and

WSe
2

as well, except that due to the larger spin splitting,
the band crossings for MoSe

2

occur further away from the
K point. Within the present model, which focuses on the
CB, such a di↵erent behavior can be accounted for by a
di↵erent sign of �

cb

for MoX
2

and WX
2

materials. The
discussion about the possible microscopic origin of this
sign di↵erence is presented in Appendix B.
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FIG. 3: Upper panel: spin-split CB of MoS
2

in the vicinity
of the K point, which is indicated by a vertical dashed line.
Lower panel: the same for WS

2

. A band crossing, which
can be seen in the case of MoS

2

, is absent for WS
2

. The
small asymmetry in the figures with respect to the K point,
especially in the case of the band crossing points in the upper
panel, is due to the fact that the calculations were performed
along the �KM line.

We note that a model Hamiltonian similar to Eq. (1),
but without taking into account the di↵erence in the ef-
fective masses, has been used in Refs. 33,34 to study spin-
relaxation processes in MoS

2

. The e↵ective mass di↵er-
ence and the sign of the e↵ective SOC in the conduction
band has also been discussed recently in Ref. 35.

B. E↵ects of perpendicular magnetic field

We assume that a homogeneous, perpendicular mag-
netic field of strengthB

z

is applied. The k·p Hamiltonian
can be obtained by using the Kohn-Luttinger prescrip-
tion, which amounts to replacing the numbers q

x

, q
y

in
the above formulas with operators: q ! q̂ = 1

i

r+ e

~A,
where A is the vector potential in Landau gauge and
e > 0 is the magnitude of the electron charge. Note,
that due to this replacement q̂

+

and q̂� become non-
commuting operators: [q̂�, q̂+] =

2eBz
~ , where |B

z

| is the
strength of the magnetic field. Therefore their order has

4

to be preserved when one folds down a multi-band Hamil-
tonian, which lies behind the low-energy e↵ective Hamil-
tonian (1). As a consequence, for finite magnetic field
further terms appear in the e↵ective Hamiltonian. The
derivation of these terms within a seven band k ·p model
is given in Appendix B.

One finds that in an external magnetic field H⌧,s

el

in
Eq. (1) is replaced by

H̃⌧,s

el

+ H̃⌧

vl

+ H̃s

sp

=
~2q̂

+

q̂�
2m⌧,s

e↵

+
1 + ⌧

2
sgn(B

z

)~!⌧,s

c

� ⌧

2
g̃
vl

µ
B

B
z

+
1

2
µ
B

g̃?
sp

s
z

B
z

, (2)

where ~!⌧,s

c

= e|B
z

|/m⌧,s

e↵

.

The term ⇠ !⌧,s

c

in the bulk case introduces a shift
in the index of the Landau levels, so that the there is an
“unpaired” lowest Landau level in one of the valleys. The
next term,H⌧

vl

= �⌧ g̃
vl

µ
B

B
z

breaks the valley symmetry
of Landau levels. Here g̃

vl

is the “valley g-factor”. Sim-
ilar e↵ects have also been found in gapped monolayer36

and bilayer37,39 graphene, and has recently been noted
for MoS

2

as well40–42, therefore we do not discuss them
here in details.

A new term, not yet considered in the literature to our
knowledge, is due to the strong SOC in these materials.
It can be written in terms of an out-of-plane e↵ective spin
g-factor g?

so

: H̃s

sp

= 1

2

g?
so

µ
B

s
z

B
z

where µ
B

is the Bohr
magneton. In addition, the well known Zeemann term
H

Z

= 1

2

g
e

µ
B

s
z

B
z

has also be taken into account43.
Here g

e

⇡ 2 is the free electron’s g-factor. The coupling of
the spin to the magnetic field can therefore be described
by H̃

sp,tot

= 1

2

g̃?
sp

µ
B

s
z

B
z

, where the total g-factor in the

CB is g̃?
sp

= g
e

+ g?
so

. Values of g̃
vl

and |g?
so

| obtained
with the help of our DFT calculations are shown Table
II. The sign of g̃?

so

cannot be obtained with our methods,

MoS
2

WS
2

MoSe
2

WSe
2

g̃
vl

3.57 4.96 3.03 4.34

|g?
so

| 0.21 0.84 0.29 0.87

g
vl

0.75 1.6 0.42 1.46

g?
sp

1.98 1.99 2.07 2.04

TABLE II: Valley (g̃
vl

, g
vl

) and spin (g?
so

, g
sp

) g-factors for
di↵erent TMDCs.

it should be deduced from experiments or using more
advanced FP calculations. For the numerical calculations
in Sect. III A we will assume that g?

so

> 0.

In Sect. IIIA we will study the interplay of the mag-
netic field and the quantization due to confinement in
QDs. While Eq. (3) is a convenient starting point to
understand the Landau level physics, for relatively weak
magnetic fields, when the e↵ect of the confinement po-
tential is important with respect to orbital e↵ects due the
magnetic field, one may re-write H̃⌧,s

el

, H̃⌧

vl

, and H̃s

sp,tot

in a slightly di↵erent form.

H⌧,s

el

+H⌧

vl

+Hs

sp,tot

=
~2q̂

+

q̂�
2m⌧,s

e↵

+
1

2
sgn(B

z

)~!⌧,s

c

+
⌧

2
g
vl

µ
B

B
z

+
1

2
µ
B

g?
sp

s
z

B
z

,(3)

where g
vl

= (2m
e

/m0

e↵

) � g̃
vl

and g?
sp

= g̃?
sp

�
(2m

e

/�m
e↵

). This form shows explicitly that in con-
trast to H⌧,s

el

, which depends on the product of ⌧ and s
(through m⌧,s

e↵

), H⌧

vl

and Hs

sp,tot

depend only on ⌧ and
s
z

, respectively. This can help to understand the level
splittings patterns in QDs, see Sect. III A. Namely, for
states which form a Kramers pair ⌧ · s = 1 or �1, there-
fore H⌧,s

el

, which only depends on the product of ⌧ and
s, would not lift their degeneracy in the presence of a
magnetic field. Due to H̃⌧

vl

, however, the degeneracy of
the Kramers pair states will be lifted. Assuming g?

so

> 0
and B

z

> 0, as in the calculations that lead to Figs. 4
and 5, the values of g

vl

and g?
sp

are shown in Table II.

C. External electric field and the Bychkov-Rashba
SOC

The e↵ective Hamiltonian (1), describing the disper-
sion and the spin splitting of the CB is diagonal in spin
space. An external electric field has two e↵ects: i) it
can induce Bychkov-Rashba type SOC which will couple
the di↵erent spin states, and ii) it can change the energy
of the band edge. We start with the discussion of the
Bychkov-Rasbha SOC.
For simplicity, we assume that the external electric

field is homogeneous and its strength is given by E
z

.
Then the Bychkov-Rashba SOC in TMDCs is described
by the Hamiltonian
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and q⌧± = q
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. The
first term, �i

BR
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y

), is the well-known Bychkov-
Rashba44 Hamiltonian which is also present in GaAs
and other III-V semiconductor compounds. It is equiv-
alent to the Bychkov-Rashba Hamiltonian recently dis-
cussed in Ref. 45 in the framework of an e↵ective two-
band model, which includes the VB. The second term,
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BR

(s
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q
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+ ⌧s
y

q
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) is also allowed by symmetry (see Ta-
ble I of Ref. 46) because the pertinent symmetry group at
the K point in the presence of an external electric field
is C

3

. A derivation of the Hamiltonian (4) is given in
Appendices A and B. We note that the coupling con-
stants �r

BR

and �i

BR

cannot be tuned independently, be-
cause both of them are proportional to the electric field
but with di↵erent proportionality factors. Using our mi-
croscopic model and FP calculations similar to those in
Ref. 59, we can estimate |�
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| but not �r

BR

and �i
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the dimensionless spin Pauli matrix s
z

with eigenvalues
s = ±1. In what follows, we will often use the shorthand
notation " for s = 1 and # for s = �1.

In the absence of external magnetic and electric fields,
the e↵ective low energy Hamiltonian which describes the
spin-split conduction band at the K (K 0) point in the
basis ", # is

H⌧,s

el

+H intr

so

=
~2q

+

q�
2m⌧,s

e↵

+ ⌧s
z

�
cb

. (1)

Here, we introduce the inverse e↵ective mass 1

m

⌧,s
eff

=
1

m

0
eff

� ⌧s 1

�meff
, where ⌧ = 1(�1) for K (K 0) and the

wavenumber q± = q
x

±iq
y

are measured from the K (K 0)
point. Leaving the discussion of the e↵ects of magnetic
field to Sec. II B, we set q

+

q� = q2
x

+q2
y

and therefore the
dispersion described by the Hamiltonian (1) is parabolic
and isotropic. The trigonal warping26, which is much
more pronounced in the VB than in the CB, is neglected
here.

The strong spin-orbit coupling in TMDCs has two con-
sequences: firstly, as already mentioned, the CB is spin-
split at the K (K 0) point and this is described by the
parameter �

cb

. Secondly, the e↵ective mass is di↵erent
for the " and # bands. Our sign convention for the e↵ec-
tive mass assumes that the spin-up band is heavier than
the spin-down band at the K point (for details on the
e↵ective mass calculations see Appendix B). The e↵ec-
tive massmK,s

e↵

of di↵erent TMDCs, obtained from fitting
the DFT band structure32, is shown in Table I (note that

mK

0
,s

e↵

= mK,�s

e↵

). As one can see, the di↵erence between

mK,"
e↵

and mK,#
e↵

is around 10�14% for MoS
2

and MoSe
2

,
while it is & 30% for the WX

2

compounds. In the seven-
band k·pmodel this can be explained by the fact that the
e↵ective mass depends on the ratio of the spin splittings
in other bands (most importantly, in the VB and the sec-
ond band above the CB) and the band gap E

bg

. For the
heavier compounds the spin-splittings are larger, but E

bg

remains roughly the same or even decreases, leading to a
larger di↵erence in the e↵ective masses.

MoS
2

WS
2

MoSe
2

WSe
2

mK,"
e↵

/m
e

0.49 0.35 0.64 0.4

mK,#
e↵

/m
e

0.44 0.27 0.56 0.3

2�
cb

[meV] 3 �38 23 �46

TABLE I: E↵ective masses and CB spin-splittings appearing
in Hamiltonian (1) for di↵erent TMDCs. m

e

is the free elec-
tron mass.

The results of DFT calculations also suggest that in the
case of MoX

2

materials there are band crossings between
the spin-split conduction bands because the heavier band
has higher energy. For the WX

2

materials such a band
crossing is absent. Taking MoS

2

and WS
2

as an example,
the dispersion in the vicinity of the K point is shown in
Fig. 3. A similar figure could be obtained for MoSe

2

and

WSe
2

as well, except that due to the larger spin splitting,
the band crossings for MoSe

2

occur further away from the
K point. Within the present model, which focuses on the
CB, such a di↵erent behavior can be accounted for by a
di↵erent sign of �

cb

for MoX
2

and WX
2

materials. The
discussion about the possible microscopic origin of this
sign di↵erence is presented in Appendix B.
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FIG. 3: Upper panel: spin-split CB of MoS
2

in the vicinity
of the K point, which is indicated by a vertical dashed line.
Lower panel: the same for WS

2

. A band crossing, which
can be seen in the case of MoS

2

, is absent for WS
2

. The
small asymmetry in the figures with respect to the K point,
especially in the case of the band crossing points in the upper
panel, is due to the fact that the calculations were performed
along the �KM line.

We note that a model Hamiltonian similar to Eq. (1),
but without taking into account the di↵erence in the ef-
fective masses, has been used in Refs. 33,34 to study spin-
relaxation processes in MoS

2

. The e↵ective mass di↵er-
ence and the sign of the e↵ective SOC in the conduction
band has also been discussed recently in Ref. 35.

B. E↵ects of perpendicular magnetic field

We assume that a homogeneous, perpendicular mag-
netic field of strengthB

z

is applied. The k·p Hamiltonian
can be obtained by using the Kohn-Luttinger prescrip-
tion, which amounts to replacing the numbers q

x

, q
y

in
the above formulas with operators: q ! q̂ = 1

i

r+ e

~A,
where A is the vector potential in Landau gauge and
e > 0 is the magnitude of the electron charge. Note,
that due to this replacement q̂

+

and q̂� become non-
commuting operators: [q̂�, q̂+] =

2eBz
~ , where |B

z

| is the
strength of the magnetic field. Therefore their order has

4

to be preserved when one folds down a multi-band Hamil-
tonian, which lies behind the low-energy e↵ective Hamil-
tonian (1). As a consequence, for finite magnetic field
further terms appear in the e↵ective Hamiltonian. The
derivation of these terms within a seven band k ·p model
is given in Appendix B.

One finds that in an external magnetic field H⌧,s

el

in
Eq. (1) is replaced by
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= e|B
z
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.

The term ⇠ !⌧,s

c

in the bulk case introduces a shift
in the index of the Landau levels, so that the there is an
“unpaired” lowest Landau level in one of the valleys. The
next term,H⌧

vl

= �⌧ g̃
vl

µ
B

B
z

breaks the valley symmetry
of Landau levels. Here g̃

vl

is the “valley g-factor”. Sim-
ilar e↵ects have also been found in gapped monolayer36

and bilayer37,39 graphene, and has recently been noted
for MoS

2

as well40–42, therefore we do not discuss them
here in details.

A new term, not yet considered in the literature to our
knowledge, is due to the strong SOC in these materials.
It can be written in terms of an out-of-plane e↵ective spin
g-factor g?

so

: H̃s

sp

= 1

2

g?
so

µ
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s
z

B
z

where µ
B

is the Bohr
magneton. In addition, the well known Zeemann term
H
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= 1

2

g
e

µ
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s
z
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z

has also be taken into account43.
Here g

e

⇡ 2 is the free electron’s g-factor. The coupling of
the spin to the magnetic field can therefore be described
by H̃

sp,tot

= 1
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z

, where the total g-factor in the

CB is g̃?
sp

= g
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+ g?
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. Values of g̃
vl

and |g?
so

| obtained
with the help of our DFT calculations are shown Table
II. The sign of g̃?

so

cannot be obtained with our methods,
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WSe
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vl

3.57 4.96 3.03 4.34

|g?
so

| 0.21 0.84 0.29 0.87

g
vl

0.75 1.6 0.42 1.46

g?
sp

1.98 1.99 2.07 2.04

TABLE II: Valley (g̃
vl

, g
vl

) and spin (g?
so

, g
sp

) g-factors for
di↵erent TMDCs.

it should be deduced from experiments or using more
advanced FP calculations. For the numerical calculations
in Sect. III A we will assume that g?

so

> 0.

In Sect. IIIA we will study the interplay of the mag-
netic field and the quantization due to confinement in
QDs. While Eq. (3) is a convenient starting point to
understand the Landau level physics, for relatively weak
magnetic fields, when the e↵ect of the confinement po-
tential is important with respect to orbital e↵ects due the
magnetic field, one may re-write H̃⌧,s

el

, H̃⌧

vl

, and H̃s

sp,tot

in a slightly di↵erent form.
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, which depends on the product of ⌧ and s
(through m⌧,s
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), H⌧
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and Hs
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depend only on ⌧ and
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z

, respectively. This can help to understand the level
splittings patterns in QDs, see Sect. III A. Namely, for
states which form a Kramers pair ⌧ · s = 1 or �1, there-
fore H⌧,s

el

, which only depends on the product of ⌧ and
s, would not lift their degeneracy in the presence of a
magnetic field. Due to H̃⌧

vl

, however, the degeneracy of
the Kramers pair states will be lifted. Assuming g?

so

> 0
and B

z

> 0, as in the calculations that lead to Figs. 4
and 5, the values of g

vl

and g?
sp

are shown in Table II.

C. External electric field and the Bychkov-Rashba
SOC

The e↵ective Hamiltonian (1), describing the disper-
sion and the spin splitting of the CB is diagonal in spin
space. An external electric field has two e↵ects: i) it
can induce Bychkov-Rashba type SOC which will couple
the di↵erent spin states, and ii) it can change the energy
of the band edge. We start with the discussion of the
Bychkov-Rasbha SOC.
For simplicity, we assume that the external electric

field is homogeneous and its strength is given by E
z

.
Then the Bychkov-Rashba SOC in TMDCs is described
by the Hamiltonian
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. The
first term, �i
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), is the well-known Bychkov-
Rashba44 Hamiltonian which is also present in GaAs
and other III-V semiconductor compounds. It is equiv-
alent to the Bychkov-Rashba Hamiltonian recently dis-
cussed in Ref. 45 in the framework of an e↵ective two-
band model, which includes the VB. The second term,
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BR
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+ ⌧s
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) is also allowed by symmetry (see Ta-
ble I of Ref. 46) because the pertinent symmetry group at
the K point in the presence of an external electric field
is C

3

. A derivation of the Hamiltonian (4) is given in
Appendices A and B. We note that the coupling con-
stants �r

BR

and �i

BR

cannot be tuned independently, be-
cause both of them are proportional to the electric field
but with di↵erent proportionality factors. Using our mi-
croscopic model and FP calculations similar to those in
Ref. 59, we can estimate |�
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| but not �r
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to be preserved when one folds down a multi-band Hamil-
tonian, which lies behind the low-energy e↵ective Hamil-
tonian (1). As a consequence, for finite magnetic field
further terms appear in the e↵ective Hamiltonian. The
derivation of these terms within a seven band k ·p model
is given in Appendix B.
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here in details.
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it should be deduced from experiments or using more
advanced FP calculations. For the numerical calculations
in Sect. III A we will assume that g?
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In Sect. IIIA we will study the interplay of the mag-
netic field and the quantization due to confinement in
QDs. While Eq. (3) is a convenient starting point to
understand the Landau level physics, for relatively weak
magnetic fields, when the e↵ect of the confinement po-
tential is important with respect to orbital e↵ects due the
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C. External electric field and the Bychkov-Rashba
SOC

The e↵ective Hamiltonian (1), describing the disper-
sion and the spin splitting of the CB is diagonal in spin
space. An external electric field has two e↵ects: i) it
can induce Bychkov-Rashba type SOC which will couple
the di↵erent spin states, and ii) it can change the energy
of the band edge. We start with the discussion of the
Bychkov-Rasbha SOC.
For simplicity, we assume that the external electric
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Spin qubits in diamond

All optical spin control of the NV �
-center in diamond at low temperature
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We present a description of optical coupling between the 3
A2 ground state and the doubly degen-

erate 3
E excited state of the negatively charged NV -center and derive an e↵ective Hamiltonian for

optically induced spin-flip transitions within the ground state spin triplet due to o↵-resonant optical
pumping. We further investigate the spin qubit of the m

S

= 0 and the m

S

= �1 levels around
the ground state level anticrossing (LAC) at a magnetic field of 1025 G with regard to full optical
control of the ground state spin.

I. INTRODUCTION

Nitrogen-vacancy (NV) centers in diamond have at-
tracted much attention in research for quantum com-
putation due to their key advantages as high stability,
long spin coherence times of up to several microseconds1,2

at room temperature. The spin coherence time can be
increased further by isotopical engineering3 (since only
the 13C carbon atoms have non-zero nuclear spin, thus
contributing to spin decoherence due to hyperfine cou-
pling). Under (resonant) optical excitation the NV �

center shows a strong zero phonon line (ZPL) at 1.945
eV4 which is highly stable with an excited state lifetime
of 11.6ns5 and electron spin resonance analysis of the
center has shown that both, ground state and excited
state, are spin triplets, which implies that there is an
even number of active electrons involved.

Optical pumping leads to a spin polarization of the
ground state6–8, (attributed to spin-orbit induced inter-
system crossing via an intermediate singlet state9) 1A1:
When the zero field splitting is larger than the opti-
cal linewidth, optical pumping leads to a spin selective
steady state population in the lowest m

S

= 0 level of the
ground state, generating a non-Boltzmann steady state
spin alignment, so the spin of the ground state can be
initialized and read out optically10.

Them
S

= 0 andm
S

= �1 ground state levels anticross
at about 1025 G (the avoided crossing is due to the hy-
perfine interaction with Nitrogen), where spin alignment
under optical pumping leads to mixing of spin states11.

A generally accepted model consists of a total num-
ber of six electrons that occupy four possible orbitals
and can thus be desribed as an e↵ective two particle
system12. The single electron orbitals {a1, a2, ex, ey} are
constructed as linear combinations of the three sp3- or-
bitals (dangling bonds �1,2,3) of the carbon atoms by
projecting the dangling bond orbitals (see fig. I) on each
irreducible representation of the C3v double group13:
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x

= 2�1 � �2 � �3 (1)
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= �2 � �3 (2)

and the other two states a1 and a2 with rotational
symmetry around the N �V -axis are some linear combi-
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Figure 1. Depiction of the NV-center in diamond with sp
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hybridized dangling bonds from carbon (black) and Nitrogen
(orange) overlapping in the Vacancy (middle).

(both have rotational symmetry around the NV-axis) de-
pending on their overlap integral. The two particle states
are obtained by building totally antisymmetric combina-
tions according to the Pauli principle12. Group theoret-
ical considerations for the electrostatic Coulomb repul-
sion (which is the dominant interaction) between the two
electrons provides an explanation for the triplet ground
state e2(T ) of structure 3A2 with degenerate spin and the
triplet excited state ea(T ) of doubly degenerate structure
3E.

II. MODEL

A. Ground state

The Hamiltonian of the ground state triplet is

H
gs

=

0

@
D

gs

� g
gs

µ
B

B 0 0
0 0 0
0 0 D

gs

+ g
gs

µ
B

B

1

A , (3)

where D
gs

= 2.88 GHz14 is the zero field splitting
given by the operator D

gs

S2
z

. B is the magnetic field,

• nitrogen-vacancy (NV-) center 

• ground state spin triplet (S=1) 

• coherence ~ ms @low-T, and ~ μs @RT 

• optical preparation & readout 

• microwave manipulation (ODMR) 

• goal: fast, robust & quantum-coherent control of defect spin and charge

F. Jelezko et al., Phys. Rev. Lett. 93, 130501 (2004). 
T. Gaebel et al., Nature Phys. 2, 408 (2006). 

M. W. Doherty et al., Physics Reports 528, 1 (2013).



Nitrogen-vacancy center (NV-) in diamond
9

E1,2

1E1,2

1A1

Ex,y

E1,2

(A2)

(Ex, Ey)

A1

A2
A1

1A1

1Ex,y

��(S+L� + S�L+)/2

�zSzLz

�zSzLz

��(S+L� + S�L+)/2

e2

ae

a2

2J

2J

Figure 1. Energy diagram of the unperturbed NV center in diamond. Note
that each electronic configuration can contain triplets (left column) as well as
singlets (right column), which have been drawn in separate columns for clarity.
Red arrows indicate allowed optical transitions via electric dipole moment
interactions. The circular arrows between the states E1,2 and Ex,y represent the
mixing due to spin–spin interaction (see figure 2). Dashed lines indicate possible
non-radiate processes assisted by spin–orbit interaction. In the ground state
(e2 configuration), the distance between singlets and triplets is equal to the
exchange energy of Coulomb interaction (2J ). The horizontal dashed blue line
represents the orbital energy of the ground state (without including spin–spin
interaction).

5. Spin–spin interaction

The spin–spin interaction between electrons is usually not present in systems with spherical
symmetry, due to the traceless character of the magnetic dipole–dipole interaction. However,
if the electron wavefunction is not spherically distributed, this interaction does not average
out. Here we describe its effect on the excited state triplet of the NV center and we provide
a numerical estimation of its strength. The spin–spin interaction can be written (in SI units) as

hss = � µ0
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g2�2

r 3

�
3(s1 · r̂)(s2 · r̂) � s1 · s2
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, (7)
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contributing to spin decoherence due to hyperfine cou-
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eV4 which is highly stable with an excited state lifetime
of 11.6ns5 and electron spin resonance analysis of the
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state, are spin triplets, which implies that there is an
even number of active electrons involved.

Optical pumping leads to a spin polarization of the
ground state6–8, (attributed to spin-orbit induced inter-
system crossing via an intermediate singlet state9) 1A1:
When the zero field splitting is larger than the opti-
cal linewidth, optical pumping leads to a spin selective
steady state population in the lowest m

S

= 0 level of the
ground state, generating a non-Boltzmann steady state
spin alignment, so the spin of the ground state can be
initialized and read out optically10.

Them
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= 0 andm
S

= �1 ground state levels anticross
at about 1025 G (the avoided crossing is due to the hy-
perfine interaction with Nitrogen), where spin alignment
under optical pumping leads to mixing of spin states11.

A generally accepted model consists of a total num-
ber of six electrons that occupy four possible orbitals
and can thus be desribed as an e↵ective two particle
system12. The single electron orbitals {a1, a2, ex, ey} are
constructed as linear combinations of the three sp3- or-
bitals (dangling bonds �1,2,3) of the carbon atoms by
projecting the dangling bond orbitals (see fig. I) on each
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(both have rotational symmetry around the NV-axis) de-
pending on their overlap integral. The two particle states
are obtained by building totally antisymmetric combina-
tions according to the Pauli principle12. Group theoret-
ical considerations for the electrostatic Coulomb repul-
sion (which is the dominant interaction) between the two
electrons provides an explanation for the triplet ground
state e2(T ) of structure 3A2 with degenerate spin and the
triplet excited state ea(T ) of doubly degenerate structure
3E.
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II. THEORY

A. Hamiltonian and levels

To model the ground state triplet of an individual NV center, we use the spin Hamiltonian
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= 307.77 Hz/G. The

electron and nuclear spins S and I are coupled via the diagonal hyperfine tensor
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containing the coupling strengths Ak = �2.14(7) MHz and A? = �2.70(7) MHz along the

NV axis and perpendicular to it. The 14N nuclear spin I = 1 allows for a quadrupolar

moment Q = �4.962(20)MHz. As our computational basis, we use the states |m
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, m
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i with
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= �1, 0, 1 the electron and nuclear magnetic quantum numbers with respect to the
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, 0, B) is primarily applied along
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pumping. We further investigate the spin qubit of the m
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= 0 and the m
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the ground state level anticrossing (LAC) at a magnetic field of 1025 G with regard to full optical
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Nitrogen-vacancy (NV) centers in diamond have at-
tracted much attention in research for quantum com-
putation due to their key advantages as high stability,
long spin coherence times of up to several microseconds1,2

at room temperature. The spin coherence time can be
increased further by isotopical engineering3 (since only
the 13C carbon atoms have non-zero nuclear spin, thus
contributing to spin decoherence due to hyperfine cou-
pling). Under (resonant) optical excitation the NV �

center shows a strong zero phonon line (ZPL) at 1.945
eV4 which is highly stable with an excited state lifetime
of 11.6ns5 and electron spin resonance analysis of the
center has shown that both, ground state and excited
state, are spin triplets, which implies that there is an
even number of active electrons involved.

Optical pumping leads to a spin polarization of the
ground state6–8, (attributed to spin-orbit induced inter-
system crossing via an intermediate singlet state9) 1A1:
When the zero field splitting is larger than the opti-
cal linewidth, optical pumping leads to a spin selective
steady state population in the lowest m

S

= 0 level of the
ground state, generating a non-Boltzmann steady state
spin alignment, so the spin of the ground state can be
initialized and read out optically10.

Them
S

= 0 andm
S

= �1 ground state levels anticross
at about 1025 G (the avoided crossing is due to the hy-
perfine interaction with Nitrogen), where spin alignment
under optical pumping leads to mixing of spin states11.

A generally accepted model consists of a total num-
ber of six electrons that occupy four possible orbitals
and can thus be desribed as an e↵ective two particle
system12. The single electron orbitals {a1, a2, ex, ey} are
constructed as linear combinations of the three sp3- or-
bitals (dangling bonds �1,2,3) of the carbon atoms by
projecting the dangling bond orbitals (see fig. I) on each
irreducible representation of the C3v double group13:

e
x

= 2�1 � �2 � �3 (1)

e
y

= �2 � �3 (2)

and the other two states a1 and a2 with rotational
symmetry around the N �V -axis are some linear combi-
nation of �1+�2+�3 and the Nitrogen dangling bond �

N

Figure 1. Depiction of the NV-center in diamond with sp

3-
hybridized dangling bonds from carbon (black) and Nitrogen
(orange) overlapping in the Vacancy (middle).

(both have rotational symmetry around the NV-axis) de-
pending on their overlap integral. The two particle states
are obtained by building totally antisymmetric combina-
tions according to the Pauli principle12. Group theoret-
ical considerations for the electrostatic Coulomb repul-
sion (which is the dominant interaction) between the two
electrons provides an explanation for the triplet ground
state e2(T ) of structure 3A2 with degenerate spin and the
triplet excited state ea(T ) of doubly degenerate structure
3E.
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A. Ground state
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z

� �
n

B · I, (1)

with the zero-field splitting D = 2870 MHz, and electronic and nuclear Zeeman interactions

with gyromagnetic ratios �
e

= gµ
B

= 2µ
B

= 2.802 MHz/G and �
n

= 307.77 Hz/G. The

electron and nuclear spins S and I are coupled via the diagonal hyperfine tensor
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the NV axis, but we take into account a small misalignment field B
x

⇡ 0.3 G. Around

B ⇡ D/gµ
B

= 1025 G, the states with m
S

= 0 and m
S

= �1 are degenerate, as can be seen

from figure 5. In the experiment, the external field is linearly ramped through the avoided

crossing, which we describe as B(t) = �B t/�t + B0, where t ranges from t
i

to t
f

with

�t = t
f

� t
i

> 0 being the ramp time, �B = 10 G the field sweep range, and B0 the field

value at t = 0. As the states with m
S

= +1 are separated from those with m
S

= 0,�1

around the crossing by ⇡ 2D & 0.5 GHz, we can safely neglect the former and focus our

analysis on the six states with m
S

= 0,�1 in what follows.

B. Exact numerical calculations

The final state after a ramping pulse can be obtained by numerically integrating the

time-dependent Schrödinger equation, i~@ (t)/@t = H(t) (t), where H(t) is obtained from

Eq. (1) with B replaced by B(t) as defined above. At any given time t, the state vec-
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tor can be written as a linear combination of basis states |m
S

, m
I

i, in the form  (t) =
P

mS ,mI
c
mS ,mI (t)|mS

, m
I

i. The result of a numerical integration of the Schrödinger equa-

tion is shown in Fig. 2b in the main text. Here, the initial state before the ramp pulse is

given as  (t
i

) = |� 1, 1i, and the probability to find the system at time t
f

after the ramp in

state |m
S

, m
I

i is obtained as P|mS ,mIi = |hm
S

, m
I

| (t
f

)i|2 = |c
mS ,mI (tf )|2. Experimentally,

the state is then read out optically, thereby discriminating the di↵erent electronic levels, but

not the hyperfine structure. Therefore, a measurable quantity is the probability to find the

NV center in the electronic state m
S

= 0, P|0i =
P

mI=�1,0,1 P|0,mIi.

C. Analytical Landau-Zener calculations

1. Degenerate Landau-Zener

The time-dependent problem of two crossing levels with a level distance that depends

linearly on time �E = ↵t can be solved exactly, and the transition probability from one

level to the other in the asymptotic limit t
i

! �1, t
f

! 1 follows the simple Landau-Zener

(LZ) formula PLZ = exp(�2⇡|v|2/~↵), where v denotes the matrix element between the two

levels [7–10]. It is known [11] that the case of two crossing g-fold degenerate multiplets

H =

0

@ 0 V

V † ↵t11

1

A , (3)

where 0, V , and 11 are g ⇥ g matrices, can be reduced to g independent Landau-Zener

problems with the help of a Morris-Shore (MS) transformation [12].

The B-field ramp across B ⇡ 1025 G can be treated as a degenerate Landau-Zener prob-

lem with g = 3, provided the quadrupolar splitting Q, the hyperfine splitting along the

NV-axis Ak, and the nuclear Zeeman splitting �
n

B can be neglected. The problem can then

be brought into the form Eq. (3) with ↵ = ��
e

�B/�t, with the ramp time �t = t
f

� t
i

,

and the coupling matrix

V =

0

BBB@

�
e

B
x

/
p

2 0 0

A? �
e

B
x

/
p

2 0

0 A? �
e

B
x

/
p

2

1

CCCA
. (4)

Moreover, we choose B0 = D/�
e

= 1025 G such that the level crossing takes place at t = 0,

and we introduce the dimensionless time ⌧ =
p

↵

~t. For a regular ramp, i.e. initial and final
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B fields on di↵erent sides of the level crossing, we have t
i

< 0 and t
f

> 0, and thus, ⌧
i

< 0

and ⌧
f

> 0. However, as we will see below, near-crossings with both initial and final fields

on the same side of the level crossing are also possible.

The MS transform UMS [12] expresses the Hamiltonian Eq. (3) in the eigenbasis of

0

@ V V † 0

0 V †V

1

A , (5)

which has doubly degenerate non-negative eigenvalues �2
k

� 0 (k = 1, 2, 3). The transformed

Hamiltonian has the block diagonal form

H̃ = UMSHU †
MS =

0

BBB@

H1 0 0

0 H2 0

0 0 H3

1

CCCA
, (6)

where each 2x2 block

H
k

=

0

@ 0 �
k

�
k

↵t

1

A (7)

represents a standard two-level Landau-Zener problem, in which the coupling strength is

given by �
k

(k=1,2,3). Note that in our case �
e

B
x

/
p

2 ⌧ A?, and we can approximate �1,2 ⇡

A?

q
1 ± �

e

B
x

/(
p

2A?) and �3 ⇡ (�
e

B
x

/
p

2)3/A2
?; the exact values have been determined

numerically. In the absence of a misalignment field, B
x

= 0, we find �3 = 0 and the number

of e↵ective LZ problems is reduced from three to two. The solution to the full problem is

given as  (t
f

) = U (t
i

) with U = U †
MSŨUMS, and

Ũ =

0

BBB@

U1 0 0

0 U2 0

0 0 U3

1

CCCA
, (8)

where U
i

is the exact solution of the standard LZ problem H
k

.

2. Impact of field misalignment

As mentioned briefly in the main text, misalignment of of the magnetic field from the

NV center’s symmetry axis introduces additional avoided level crossings that can reduce

the fidelity of storage. This can be see by inspecting supporting figure 5. For example,
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FIG. 6. Landau-Zener result. Probability P|0i for finding the NV center in the m
S

= 0 state

after a linear B-field ramp through the crossing around B = 1025 G, as a function of the ramp

time �t and starting field B
i

= B(t
i

). For comparison with the experiment, we also indicate the

electron spin precession frequency f
e

corresponding to B
i

. The ramp time controls the ramp speed

↵ = ��
e

�B/�t, since the sweep range �B = 10 G is held fixed. For starting fields B
i

< 1015 G,

the B-field sweep does not cross the level crossing point.
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where ⌘2
k

= �2
k

/~↵ and D
⌫

(z) are parabolic cylinder functions.

From this, one obtains  (t
f

) and the probability P|0i to find the NV center in the electronic

m
S

= 0 state as described above. In Fig. 6 we plot the result of a LZ calculation with fixed

�B = 10 G as a function of the starting field B(t
i

) and the ramp time �t. Despite the

approximatons made, the quantitative agreement with Fig. 2 in the main text is remarkably

good, thus indicating that we are indeed witnessing finite-time degenerate LZ transitions in

this system.

[1] R. J. Epstein, F. M. Mendoza, Y. K. Kato, and D. D. Awschalom, Nat. Phys. 1, 94 (2005)
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Figure 2 | Single electron–nuclear storage operations. a, Measurement diagram. b, Simulated probability of measuring the electronic spin in ms = 0 (P|0i,
including all three nuclear spin states) after storage from an initialized state of |�1,+1i. c, Experimental measurement of P|0i after storage, using the
measurement duty cycle as in a. d, Spectrally resolved photoluminescence measurement of the initialized state (red) and the final state after the ramp
pulse (blue) at fe = 24 MHz with a B

Z

ramp time of 140 ns. Arrows mark the electronic transition frequencies for each state of the nuclear spin. e, Same as
d, but with a B

Z

ramp time of 300 ns.

where thematrix element v describes the coupling strength between
levels and h̄↵ is the sweep rate through the crossing. Therefore, by
combining a comparatively slow sweep through the crossing that
maintains the system in the initial branch with a rapid return sweep
that will induce a transition between branches, we can store and
retrieve coherent states between the electronic and nuclear spins.

We study this idea using a single NV centre in diamond. This
defect has an electronic spin-1 ground state that is coupled to the
nuclear spin-1 from the intrinsic 14N. Figure 1b shows the level
structure of the spin system around the avoided level crossing
at longitudinal magnetic field, BZ ⇡ 1,025G. We use ms = 0 and
ms = �1 for the qubit states of the electronic spin, whereas we use
mI = 0 and mI = +1 for the qubit states of the nuclear spin. The
target of our experiment is to coherently and reversibly store an
arbitrary electronic spin state (a|�1ie +b|0ie)|+1in = a|�1,+1i+
b|0,+1i in the nuclear spin state |0ie(a|0in +b|+1in) = a|0,0i +
b|0,+1i, where we use the |ms,mIi basis. For this system, the
levels |�1,+1i and |0,0i are coupled by the transverse hyperfine
interaction |A?| = |v| ⇡ 2.7MHz (ref. 23). Unlike single-spin
Landau–Zener gates such as adiabatic passage4, our experiment
necessitates high-bandwidth control over the magnetic field along
two axes. Field sweeps parallel to the NV symmetry axis (BZ )
are used to produce Landau–Zener transitions, whereas a.c. fields
perpendicular to the symmetry axis (BX ) are used for resonant spin
manipulation. We achieve this vector field control by fabricating a
pair of resistively shorted coplanar waveguides on a [111]-oriented
diamond, shown in Fig. 1c,d.

To keep the ramp time (t ) short, we use a correspondingly
small energy sweep range, 1E =↵t . We choose a 10G sweep range
(1BZ ) corresponding to 1E ⇡ 28MHz, which is only an order
of magnitude larger than |v| ⇡ 2.7MHz. Starting or ending field
sweeps within such proximity of the avoided crossing leads to more
complex dynamics than predicted by the asymptotic Landau–Zener

formula, and puts us in the regime of finite-time Landau–Zener
dynamics. Therefore, to find conditions for a fast, high-fidelity
storage operation, we perform numerical simulations of the
experimental sequence (Fig. 1a) and analytical calculations using
finite time Landau–Zener theory (Supplementary Information).

Figure 2b shows the simulation, with no free parameters, of a
storage gate from the |�1,+1i spin eigenstate. The greyscale gives
the simulated probability of findingms =0 (P|0i) after the BZ ‘ramp’
pulse, which is 1 for successful state transfer when the final state
is |0,0i. The horizontal axis gives the duration of the rising edge
of the BZ ramp pulse and the vertical axis gives the electronic
spin transition frequency (fe) between |0,+1i and |�1,+1i at the
starting field. This quantity is chosen for comparison with the
experiment because we measure it directly. It is linearly related to
�BZ (inset Fig. 1b) and hence a measure of the starting magnetic
field. The simulation shows oscillations in the final spin projection
as a function of fe and t , which is a characteristic of finite-time
Landau–Zener dynamics24. The maxima in P|0i correspond with
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Next we experimentally demonstrated a storage gate between
eigenstates of the electronic and nuclear spins. After optically
polarizing the electronic spin into ms = 0 (refs 25,26) and the
nuclear spin into mI = +1 using dynamic nuclear polarization in
the excited state27–29, we applied an electronic spin ⇡-pulse (⇡e)
to complete initialization into the |�1,+1i state (more details are
available in the Supplementary Information). The BZ ‘ramp’ pulse
was then applied followed by spin read-out via photoluminescence
(Fig. 2a). Figure 2c shows the experimental data with the same
scale as the simulation. We find excellent agreement between the
measurements and the simulations. There are strong oscillations
for the shortest values of t , where we observe storage operations
in as little as 120 ns, including both the ramp time and the return
time. This is remarkably close to 93 ns, the theoretical minimum
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z

� �
n

B · I, (1)

with the zero-field splitting D = 2870 MHz, and electronic and nuclear Zeeman interactions

with gyromagnetic ratios �
e

= gµ
B

= 2µ
B

= 2.802 MHz/G and �
n

= 307.77 Hz/G. The

electron and nuclear spins S and I are coupled via the diagonal hyperfine tensor
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A quantummemory intrinsic to single
nitrogen–vacancy centres in diamond
G. D. Fuchs1, G. Burkard2, P. V. Klimov1 and D. D. Awschalom1*
A quantum memory, composed of a long-lived qubit coupled to each processing qubit, is important to building a scalable
platform for quantum information science. These two qubits should be connected by a fast and high-fidelity operation to store
and retrieve coherent quantum states. Here, we demonstrate a room-temperature quantum memory based on the spin of the
nitrogen nucleus intrinsic to each nitrogen–vacancy (NV) centre in diamond. We perform coherent storage of a single NV
centre electronic spin in a single nitrogen nuclear spin using Landau–Zener transitions across a hyperfine-mediated avoided
level crossing. By working outside the asymptotic regime, we demonstrate coherent state transfer in as little as 120 ns with
total storage fidelity of 88±6%. This work demonstrates the use of a quantum memory that is compatible with scaling as the
nitrogen nucleus is deterministically present in each NV centre defect.

The development of scalable memory elements is a critical
step toward realizing large-scale quantum technology1,2. A
quantummemory is challenging to implement, however, as it

must be capable of preserving both the amplitude and the phase of
a qubit during transfer and storage. Here we demonstrate an atomic
scale quantum memory for storing the electronic spin state of a
single diamond nitrogen–vacancy (NV) centre based on the nuclear
spin of the intrinsic nitrogen atom.

Among solid-state quantum systems, diamond NV centre spin
qubits are promising because of long-lasting spin coherence at room
temperature3, fast resonant spin manipulation4, low-temperature
optical coherence5,6, and coupling with nearby electronic and
nuclear spins7–13. Each NV centre consists of a substitutional
nitrogen atom and an adjacent lattice vacancy, as shown in Fig. 1a.
The nuclear spin of 13C can be coupled to individual NV centres and
has been previously studied as a quantum register using a different
method14. The 1.1% natural abundance of 13C, however, makes
finding a 13C atom coupled to an NV centre a matter of chance. For
scalability, it is ideal if thememory qubit is always created alongwith
the primary qubit at a desired location15, making the nuclear spin
of the intrinsic nitrogen atom an attractive candidate memory for
diamond-based quantum information processing devices.

One method to store the state of a primary qubit in the coupled
memory qubit is to use conventional resonant manipulation to
perform two CNOT gates1. In the case of NV centres in diamond,
where we choose the electronic spin as the primary qubit and the
nuclear spin on the intrinsic nitrogen as the memory qubit, it
is necessary to use a slow spin rotation rate compared with the
2–3MHz hyperfine splitting, making the total procedure longer
than a microsecond. This timescale is comparable to T ⇤

2 for all
but the most highly pure diamond substrates, which can lead to
low storage fidelity. An alternative approach is to make use of
the electron–nuclear hybridization that occurs in an avoided level
crossing due to the hyperfine interaction. As the coupled spin
system is swept through the avoided crossing, it makes a transition
from one branch to the other with a probability PLZ that depends on
the sweep rate. This idea was first described theoretically by Landau,
Zener, Stückelberg, andMajorana (refs 16–19) and recently studied
experimentally in a number of qubit systems to perform unitary
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Figure 1 | Structure and manipulation. a, A NV centre in the diamond
lattice including the electronic spin (red) and the nuclear spin (blue).
b, Electron–nuclear spin level diagram for the NV centre in the vicinity of
the avoided level crossing. We label the states in the |ms,mIi basis. The
storage/retrieval operation involves a sweep through the avoided crossing
which, if successful, will exchange the coefficients of |�1,+1i and |0,0i by
staying on the upper (blue) branch. The fast return to the start field
maintains these coefficients by jumping to the lower (red) branch. The
non-interacting reference level (|0,+1i) is shown in green. Inset: The
conversion between the electron spin precession frequency (fe) and the
Z-axis magnetic field (B

Z

). Throughout we use fe as a directly measurable
and model-independent stand-in for B

Z

at the starting field. c, Microscope
image of the coplanar waveguides used in the experiment to generate
high-bandwidth vector magnetic field control. One is resistively terminated
with a 2 µm wide Pt wire, whereas the other is terminated with 10 µm wide
ITO wire. We study NV centres below the ITO wire, as seen on the inset
photoluminescence image. d, Diagram of the vector field control from the
two wires (blue and gold), the direction of the external magnetic field
(black), and the symmetry axis of the NV spin (red).

single-spin gates4,20 and interferometry21,22. In the asymptotic limit,
PLZ decays exponentially with the dimensionless ratio 2⇡|v|2/h̄↵,
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lattice including the electronic spin (red) and the nuclear spin (blue).
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the avoided level crossing. We label the states in the |ms,mIi basis. The
storage/retrieval operation involves a sweep through the avoided crossing
which, if successful, will exchange the coefficients of |�1,+1i and |0,0i by
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at the starting field. c, Microscope
image of the coplanar waveguides used in the experiment to generate
high-bandwidth vector magnetic field control. One is resistively terminated
with a 2 µm wide Pt wire, whereas the other is terminated with 10 µm wide
ITO wire. We study NV centres below the ITO wire, as seen on the inset
photoluminescence image. d, Diagram of the vector field control from the
two wires (blue and gold), the direction of the external magnetic field
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Figure 2 | Single electron–nuclear storage operations. a, Measurement diagram. b, Simulated probability of measuring the electronic spin in ms = 0 (P|0i,
including all three nuclear spin states) after storage from an initialized state of |�1,+1i. c, Experimental measurement of P|0i after storage, using the
measurement duty cycle as in a. d, Spectrally resolved photoluminescence measurement of the initialized state (red) and the final state after the ramp
pulse (blue) at fe = 24 MHz with a B

Z

ramp time of 140 ns. Arrows mark the electronic transition frequencies for each state of the nuclear spin. e, Same as
d, but with a B

Z

ramp time of 300 ns.

where thematrix element v describes the coupling strength between
levels and h̄↵ is the sweep rate through the crossing. Therefore, by
combining a comparatively slow sweep through the crossing that
maintains the system in the initial branch with a rapid return sweep
that will induce a transition between branches, we can store and
retrieve coherent states between the electronic and nuclear spins.

We study this idea using a single NV centre in diamond. This
defect has an electronic spin-1 ground state that is coupled to the
nuclear spin-1 from the intrinsic 14N. Figure 1b shows the level
structure of the spin system around the avoided level crossing
at longitudinal magnetic field, BZ ⇡ 1,025G. We use ms = 0 and
ms = �1 for the qubit states of the electronic spin, whereas we use
mI = 0 and mI = +1 for the qubit states of the nuclear spin. The
target of our experiment is to coherently and reversibly store an
arbitrary electronic spin state (a|�1ie +b|0ie)|+1in = a|�1,+1i+
b|0,+1i in the nuclear spin state |0ie(a|0in +b|+1in) = a|0,0i +
b|0,+1i, where we use the |ms,mIi basis. For this system, the
levels |�1,+1i and |0,0i are coupled by the transverse hyperfine
interaction |A?| = |v| ⇡ 2.7MHz (ref. 23). Unlike single-spin
Landau–Zener gates such as adiabatic passage4, our experiment
necessitates high-bandwidth control over the magnetic field along
two axes. Field sweeps parallel to the NV symmetry axis (BZ )
are used to produce Landau–Zener transitions, whereas a.c. fields
perpendicular to the symmetry axis (BX ) are used for resonant spin
manipulation. We achieve this vector field control by fabricating a
pair of resistively shorted coplanar waveguides on a [111]-oriented
diamond, shown in Fig. 1c,d.

To keep the ramp time (t ) short, we use a correspondingly
small energy sweep range, 1E =↵t . We choose a 10G sweep range
(1BZ ) corresponding to 1E ⇡ 28MHz, which is only an order
of magnitude larger than |v| ⇡ 2.7MHz. Starting or ending field
sweeps within such proximity of the avoided crossing leads to more
complex dynamics than predicted by the asymptotic Landau–Zener

formula, and puts us in the regime of finite-time Landau–Zener
dynamics. Therefore, to find conditions for a fast, high-fidelity
storage operation, we perform numerical simulations of the
experimental sequence (Fig. 1a) and analytical calculations using
finite time Landau–Zener theory (Supplementary Information).

Figure 2b shows the simulation, with no free parameters, of a
storage gate from the |�1,+1i spin eigenstate. The greyscale gives
the simulated probability of findingms =0 (P|0i) after the BZ ‘ramp’
pulse, which is 1 for successful state transfer when the final state
is |0,0i. The horizontal axis gives the duration of the rising edge
of the BZ ramp pulse and the vertical axis gives the electronic
spin transition frequency (fe) between |0,+1i and |�1,+1i at the
starting field. This quantity is chosen for comparison with the
experiment because we measure it directly. It is linearly related to
�BZ (inset Fig. 1b) and hence a measure of the starting magnetic
field. The simulation shows oscillations in the final spin projection
as a function of fe and t , which is a characteristic of finite-time
Landau–Zener dynamics24. The maxima in P|0i correspond with
parameters that optimize a storage gate.

Next we experimentally demonstrated a storage gate between
eigenstates of the electronic and nuclear spins. After optically
polarizing the electronic spin into ms = 0 (refs 25,26) and the
nuclear spin into mI = +1 using dynamic nuclear polarization in
the excited state27–29, we applied an electronic spin ⇡-pulse (⇡e)
to complete initialization into the |�1,+1i state (more details are
available in the Supplementary Information). The BZ ‘ramp’ pulse
was then applied followed by spin read-out via photoluminescence
(Fig. 2a). Figure 2c shows the experimental data with the same
scale as the simulation. We find excellent agreement between the
measurements and the simulations. There are strong oscillations
for the shortest values of t , where we observe storage operations
in as little as 120 ns, including both the ramp time and the return
time. This is remarkably close to 93 ns, the theoretical minimum
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A quantummemory intrinsic to single
nitrogen–vacancy centres in diamond
G. D. Fuchs1, G. Burkard2, P. V. Klimov1 and D. D. Awschalom1*
A quantum memory, composed of a long-lived qubit coupled to each processing qubit, is important to building a scalable
platform for quantum information science. These two qubits should be connected by a fast and high-fidelity operation to store
and retrieve coherent quantum states. Here, we demonstrate a room-temperature quantum memory based on the spin of the
nitrogen nucleus intrinsic to each nitrogen–vacancy (NV) centre in diamond. We perform coherent storage of a single NV
centre electronic spin in a single nitrogen nuclear spin using Landau–Zener transitions across a hyperfine-mediated avoided
level crossing. By working outside the asymptotic regime, we demonstrate coherent state transfer in as little as 120 ns with
total storage fidelity of 88±6%. This work demonstrates the use of a quantum memory that is compatible with scaling as the
nitrogen nucleus is deterministically present in each NV centre defect.

The development of scalable memory elements is a critical
step toward realizing large-scale quantum technology1,2. A
quantummemory is challenging to implement, however, as it

must be capable of preserving both the amplitude and the phase of
a qubit during transfer and storage. Here we demonstrate an atomic
scale quantum memory for storing the electronic spin state of a
single diamond nitrogen–vacancy (NV) centre based on the nuclear
spin of the intrinsic nitrogen atom.

Among solid-state quantum systems, diamond NV centre spin
qubits are promising because of long-lasting spin coherence at room
temperature3, fast resonant spin manipulation4, low-temperature
optical coherence5,6, and coupling with nearby electronic and
nuclear spins7–13. Each NV centre consists of a substitutional
nitrogen atom and an adjacent lattice vacancy, as shown in Fig. 1a.
The nuclear spin of 13C can be coupled to individual NV centres and
has been previously studied as a quantum register using a different
method14. The 1.1% natural abundance of 13C, however, makes
finding a 13C atom coupled to an NV centre a matter of chance. For
scalability, it is ideal if thememory qubit is always created alongwith
the primary qubit at a desired location15, making the nuclear spin
of the intrinsic nitrogen atom an attractive candidate memory for
diamond-based quantum information processing devices.

One method to store the state of a primary qubit in the coupled
memory qubit is to use conventional resonant manipulation to
perform two CNOT gates1. In the case of NV centres in diamond,
where we choose the electronic spin as the primary qubit and the
nuclear spin on the intrinsic nitrogen as the memory qubit, it
is necessary to use a slow spin rotation rate compared with the
2–3MHz hyperfine splitting, making the total procedure longer
than a microsecond. This timescale is comparable to T ⇤

2 for all
but the most highly pure diamond substrates, which can lead to
low storage fidelity. An alternative approach is to make use of
the electron–nuclear hybridization that occurs in an avoided level
crossing due to the hyperfine interaction. As the coupled spin
system is swept through the avoided crossing, it makes a transition
from one branch to the other with a probability PLZ that depends on
the sweep rate. This idea was first described theoretically by Landau,
Zener, Stückelberg, andMajorana (refs 16–19) and recently studied
experimentally in a number of qubit systems to perform unitary

1Center for Spintronics and Quantum Computation, University of California, Santa Barbara, California 93106, USA, 2Department of Physics, University of
Konstanz, D-78457 Konstanz, Germany. *e-mail: awsch@physics.ucsb.edu.
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Figure 1 | Structure and manipulation. a, A NV centre in the diamond
lattice including the electronic spin (red) and the nuclear spin (blue).
b, Electron–nuclear spin level diagram for the NV centre in the vicinity of
the avoided level crossing. We label the states in the |ms,mIi basis. The
storage/retrieval operation involves a sweep through the avoided crossing
which, if successful, will exchange the coefficients of |�1,+1i and |0,0i by
staying on the upper (blue) branch. The fast return to the start field
maintains these coefficients by jumping to the lower (red) branch. The
non-interacting reference level (|0,+1i) is shown in green. Inset: The
conversion between the electron spin precession frequency (fe) and the
Z-axis magnetic field (B

Z

). Throughout we use fe as a directly measurable
and model-independent stand-in for B

Z

at the starting field. c, Microscope
image of the coplanar waveguides used in the experiment to generate
high-bandwidth vector magnetic field control. One is resistively terminated
with a 2 µm wide Pt wire, whereas the other is terminated with 10 µm wide
ITO wire. We study NV centres below the ITO wire, as seen on the inset
photoluminescence image. d, Diagram of the vector field control from the
two wires (blue and gold), the direction of the external magnetic field
(black), and the symmetry axis of the NV spin (red).

single-spin gates4,20 and interferometry21,22. In the asymptotic limit,
PLZ decays exponentially with the dimensionless ratio 2⇡|v|2/h̄↵,
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Figure 2 | Single electron–nuclear storage operations. a, Measurement diagram. b, Simulated probability of measuring the electronic spin in ms = 0 (P|0i,
including all three nuclear spin states) after storage from an initialized state of |�1,+1i. c, Experimental measurement of P|0i after storage, using the
measurement duty cycle as in a. d, Spectrally resolved photoluminescence measurement of the initialized state (red) and the final state after the ramp
pulse (blue) at fe = 24 MHz with a B

Z

ramp time of 140 ns. Arrows mark the electronic transition frequencies for each state of the nuclear spin. e, Same as
d, but with a B

Z

ramp time of 300 ns.

where thematrix element v describes the coupling strength between
levels and h̄↵ is the sweep rate through the crossing. Therefore, by
combining a comparatively slow sweep through the crossing that
maintains the system in the initial branch with a rapid return sweep
that will induce a transition between branches, we can store and
retrieve coherent states between the electronic and nuclear spins.

We study this idea using a single NV centre in diamond. This
defect has an electronic spin-1 ground state that is coupled to the
nuclear spin-1 from the intrinsic 14N. Figure 1b shows the level
structure of the spin system around the avoided level crossing
at longitudinal magnetic field, BZ ⇡ 1,025G. We use ms = 0 and
ms = �1 for the qubit states of the electronic spin, whereas we use
mI = 0 and mI = +1 for the qubit states of the nuclear spin. The
target of our experiment is to coherently and reversibly store an
arbitrary electronic spin state (a|�1ie +b|0ie)|+1in = a|�1,+1i+
b|0,+1i in the nuclear spin state |0ie(a|0in +b|+1in) = a|0,0i +
b|0,+1i, where we use the |ms,mIi basis. For this system, the
levels |�1,+1i and |0,0i are coupled by the transverse hyperfine
interaction |A?| = |v| ⇡ 2.7MHz (ref. 23). Unlike single-spin
Landau–Zener gates such as adiabatic passage4, our experiment
necessitates high-bandwidth control over the magnetic field along
two axes. Field sweeps parallel to the NV symmetry axis (BZ )
are used to produce Landau–Zener transitions, whereas a.c. fields
perpendicular to the symmetry axis (BX ) are used for resonant spin
manipulation. We achieve this vector field control by fabricating a
pair of resistively shorted coplanar waveguides on a [111]-oriented
diamond, shown in Fig. 1c,d.

To keep the ramp time (t ) short, we use a correspondingly
small energy sweep range, 1E =↵t . We choose a 10G sweep range
(1BZ ) corresponding to 1E ⇡ 28MHz, which is only an order
of magnitude larger than |v| ⇡ 2.7MHz. Starting or ending field
sweeps within such proximity of the avoided crossing leads to more
complex dynamics than predicted by the asymptotic Landau–Zener

formula, and puts us in the regime of finite-time Landau–Zener
dynamics. Therefore, to find conditions for a fast, high-fidelity
storage operation, we perform numerical simulations of the
experimental sequence (Fig. 1a) and analytical calculations using
finite time Landau–Zener theory (Supplementary Information).

Figure 2b shows the simulation, with no free parameters, of a
storage gate from the |�1,+1i spin eigenstate. The greyscale gives
the simulated probability of findingms =0 (P|0i) after the BZ ‘ramp’
pulse, which is 1 for successful state transfer when the final state
is |0,0i. The horizontal axis gives the duration of the rising edge
of the BZ ramp pulse and the vertical axis gives the electronic
spin transition frequency (fe) between |0,+1i and |�1,+1i at the
starting field. This quantity is chosen for comparison with the
experiment because we measure it directly. It is linearly related to
�BZ (inset Fig. 1b) and hence a measure of the starting magnetic
field. The simulation shows oscillations in the final spin projection
as a function of fe and t , which is a characteristic of finite-time
Landau–Zener dynamics24. The maxima in P|0i correspond with
parameters that optimize a storage gate.

Next we experimentally demonstrated a storage gate between
eigenstates of the electronic and nuclear spins. After optically
polarizing the electronic spin into ms = 0 (refs 25,26) and the
nuclear spin into mI = +1 using dynamic nuclear polarization in
the excited state27–29, we applied an electronic spin ⇡-pulse (⇡e)
to complete initialization into the |�1,+1i state (more details are
available in the Supplementary Information). The BZ ‘ramp’ pulse
was then applied followed by spin read-out via photoluminescence
(Fig. 2a). Figure 2c shows the experimental data with the same
scale as the simulation. We find excellent agreement between the
measurements and the simulations. There are strong oscillations
for the shortest values of t , where we observe storage operations
in as little as 120 ns, including both the ramp time and the return
time. This is remarkably close to 93 ns, the theoretical minimum
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FIG. 6. Landau-Zener result. Probability P|0i for finding the NV center in the m
S

= 0 state

after a linear B-field ramp through the crossing around B = 1025 G, as a function of the ramp

time �t and starting field B
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= B(t
i

). For comparison with the experiment, we also indicate the

electron spin precession frequency f
e

corresponding to B
i

. The ramp time controls the ramp speed

↵ = ��
e

�B/�t, since the sweep range �B = 10 G is held fixed. For starting fields B
i

< 1015 G,

the B-field sweep does not cross the level crossing point.
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where ⌘2
k

= �2
k

/~↵ and D
⌫

(z) are parabolic cylinder functions.

From this, one obtains  (t
f

) and the probability P|0i to find the NV center in the electronic

m
S

= 0 state as described above. In Fig. 6 we plot the result of a LZ calculation with fixed

�B = 10 G as a function of the starting field B(t
i

) and the ramp time �t. Despite the

approximatons made, the quantitative agreement with Fig. 2 in the main text is remarkably

good, thus indicating that we are indeed witnessing finite-time degenerate LZ transitions in

this system.
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value, which corresponds to a half-rotation in the minimum
energy splitting 2A?. Moreover, we measure values P|0i at the first
maxima in line-cuts along t that transfer between 85 ± 4 and
92±4% of the population.

We can interpret a large P|0i as related to storage in this
measurement only if we ensure a high degree of polarization
into the initial state and only if we transfer population between
|�1,+1i and |0,0iwithout unintentionally populating |0,�1i. The
latter can occur if the external magnetic field is not well aligned
with the Z -axis of the NV centre spin, which causes additional
couplings between levels that are mediated by a perpendicular
Zeeman interaction rather than the hyperfine interaction. To
check this, we spectrally resolved the electronic spin transitions
after performing storage gates. Figure 2d,e shows measurements of
normalized IPL using the same measurement sequence shown in
Fig. 2a, but with the addition of a swept frequency probe pulse with
a 2 µs duration (small dashed box). The power of the probe pulse
was tuned to generate slightly less than a⇡-rotation of the electronic
spin on resonance. The frequency of each resonant feature marks
a nuclear spin state and its sign determines the corresponding
electronic spin state.

Figure 2d shows two sets of data, each with the static value of BZ
tuned such that the |0,+1i to |�1,+1i transition was fe = 24MHz.
The red data are from a control measurement that included the
initialization sequence but omitted the BZ ramp pulse. The positive
resonance at 24.055± 0.008MHz is a rotation of the electronic
spin starting from |�1,+1i into |0,+1i by the probe pulse. In
addition, the absence of other resonances within the signal-to-noise
ratio demonstrates that the nuclear spin state is polarized >92%
into mI = +1 by optical pumping. The blue data included both
initialization and a 140 ns BZ ramp pulse. The value of the IPL
base level, the resonant frequency of 22.15 ± 0.01MHz with a
negative sign, and the absence of any detectable feature at 24MHz
indicate that the probe pulse rotated the spin from an initial state
of |0,0i toward |�1,0i. There is also no indication of spurious
population transfer into the mI = �1 state which would produce a
feature at⇡19.6MHz. Comparing the areas in the resonant features
between the control and the ramp measurements, we estimate
87± 5% of the population was transferred. For comparison, we
also performed similar spectrally resolved measurements using
a 300 ns ramp pulse, shown in Fig. 2e. Here the population
transfer is not complete, resulting in two distinct resonances in
the ramp pulse data (blue) rather than only one, and hence a
75±5% population transfer.

These measurements demonstrated population transfer be-
tween eigenstates, but they did not demonstrate preservation of
the quantum phase during transfer and storage. To establish
the phase coherence, we performed a modified Ramsey mea-
surement of the nuclear spin, shown schematically in Fig. 3a.
The initial ⇡e/2 pulse generated an electronic spin superposition
(|0,+1i+|�1,+1i)/

p
2, which was then transferred to a nuclear

spin superposition (|0,+1i+ei�1 |0,0i)/
p
2 via a BZ ramp pulse,

where �1 is an acquired deterministic phase that does not depend
on the initial state. After allowing the spin system to evolve for a
variable time ⌧ at the initial field, we apply a second ramp pulse
with a reversed direction to retrieve the superposition back to
the electronic spin: (|0,+1i+ei�2 |�1,+1i)/

p
2, where �2 includes

static contributions to the phase from both ramps and a phase
that grows with ⌧ . Finally, we applied a second ⇡e/2 pulse with a
phase 2⇡f�⌧ with respect to the first pulse, where f� is chosen to be
slightly below the nuclear spin precession frequency fn. Figure 3b,c
shows two such measurements at fe = 24MHz and fe = 14MHz,
respectively, with large amplitude Ramsey fringes, demonstrating
that we have preserved the coherent spin state during storage.

The frequency of the Ramsey fringes, when added to f� , is a
precise measure of fn. We repeated Ramsey measurements as a
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Figure 3 | Coherent nuclear spin storage. a, Measurement diagram
showing state preparation with a ⇡e/2-pulse, a forward B

Z

ramp for state
transfer from the NV spin to the nitrogen nuclear spin, a free evolution
period (⌧ ), a reverse B

Z

ramp for state retrieval to the NV centre spin, and a
final ⇡e/2-pulse for spin read-out. Note that we use a forward ramp for
storage and a reverse ramp for retrieval but, except for a difference in the
deterministic phase, the storage operation does not depend on the B

Z

ramp
direction, as we verified in a separate Ramsey experiment. b, Ramsey
measurement of nuclear spin storage at fe = 24 MHz using f� = 4.81 MHz.
The shaded region indicates the inhomogeneous spin coherence time of the
electron spin. c, The same as b, but fe = 14 MHz using f� = 4.20 MHz.
d, Nuclear spin precession rate extracted from Ramsey measurements. The
error bars on the data are 3⇥ smaller than the point. e, The inhomogeneous
coherence time T

⇤
2 of the nuclear spin as a function of fe (points). The error

bars are from the fits. The dashed line is the longitudinal gyromagnetic ratio
normalized by the bare gyromagnetic ratio, as described in the text.

function of starting magnetic field to compare the experimentally
measured precession frequencies with the theoretical expectation
for nuclear spin precession from a |0,0i and |0,+1i superposition.
These data are fitted to a sinusoid with Gaussian decay. We plot
the extracted precession frequencies in Fig. 3d along with the
theoretical prediction (dashed red curve). The excellent agreement
confirms that we observed coherent evolution of the nuclear
spin state and thus succeeded in storing the electronic spin state
coherently in the nuclear spin.

By fitting the Ramsey data in Fig. 3b,c we also determine
the inhomogeneous spin coherence time, T ⇤

2,nuc = 18.5 ± 1.8 µs
and T ⇤

2,nuc = 58.1 ± 3.4 µs for fe = 14MHz and fe = 24MHz,
respectively. For comparison, the inhomogeneous electronic spin
coherence T ⇤

2,elec is 1.53± 0.05 µs. The short electron coherence
time underscores the effect of using a diamond substrate with
⇡1 ppm nitrogen impurities (P1 centres), which is more than
two orders of magnitude greater than in the best commercially
available synthetic diamond. This bath of impurity spins, along
with 13C spins, generates a fluctuating magnetic field environment
that limits the spin coherence time3,30. Although the spin bath
also limits the coherence time of the nitrogen nuclear spin, T ⇤

2,nuc
is substantially longer than T ⇤

2,elec because the nuclear spin has a
smaller gyromagnetic ratio than the electronic spin and hence less
sensitivity to the magnetic environment. This is also why nuclear
spins make good quantummemories.

Analysis of the coherence times from our Ramseymeasurements
as a function of the starting magnetic field shows a strong
increase in T ⇤

2,nuc as a function of increasing fe. To understand
this behaviour, we consider the curvature in Fig. 3d, which reflects
hybridization of the electronic and nuclear spins as the starting
field moves closer to the avoided crossing. At magnetic fields
far away from the avoided crossing, the slope of the nuclear
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A quantummemory intrinsic to single
nitrogen–vacancy centres in diamond
G. D. Fuchs1, G. Burkard2, P. V. Klimov1 and D. D. Awschalom1*
A quantum memory, composed of a long-lived qubit coupled to each processing qubit, is important to building a scalable
platform for quantum information science. These two qubits should be connected by a fast and high-fidelity operation to store
and retrieve coherent quantum states. Here, we demonstrate a room-temperature quantum memory based on the spin of the
nitrogen nucleus intrinsic to each nitrogen–vacancy (NV) centre in diamond. We perform coherent storage of a single NV
centre electronic spin in a single nitrogen nuclear spin using Landau–Zener transitions across a hyperfine-mediated avoided
level crossing. By working outside the asymptotic regime, we demonstrate coherent state transfer in as little as 120 ns with
total storage fidelity of 88±6%. This work demonstrates the use of a quantum memory that is compatible with scaling as the
nitrogen nucleus is deterministically present in each NV centre defect.

The development of scalable memory elements is a critical
step toward realizing large-scale quantum technology1,2. A
quantummemory is challenging to implement, however, as it

must be capable of preserving both the amplitude and the phase of
a qubit during transfer and storage. Here we demonstrate an atomic
scale quantum memory for storing the electronic spin state of a
single diamond nitrogen–vacancy (NV) centre based on the nuclear
spin of the intrinsic nitrogen atom.

Among solid-state quantum systems, diamond NV centre spin
qubits are promising because of long-lasting spin coherence at room
temperature3, fast resonant spin manipulation4, low-temperature
optical coherence5,6, and coupling with nearby electronic and
nuclear spins7–13. Each NV centre consists of a substitutional
nitrogen atom and an adjacent lattice vacancy, as shown in Fig. 1a.
The nuclear spin of 13C can be coupled to individual NV centres and
has been previously studied as a quantum register using a different
method14. The 1.1% natural abundance of 13C, however, makes
finding a 13C atom coupled to an NV centre a matter of chance. For
scalability, it is ideal if thememory qubit is always created alongwith
the primary qubit at a desired location15, making the nuclear spin
of the intrinsic nitrogen atom an attractive candidate memory for
diamond-based quantum information processing devices.

One method to store the state of a primary qubit in the coupled
memory qubit is to use conventional resonant manipulation to
perform two CNOT gates1. In the case of NV centres in diamond,
where we choose the electronic spin as the primary qubit and the
nuclear spin on the intrinsic nitrogen as the memory qubit, it
is necessary to use a slow spin rotation rate compared with the
2–3MHz hyperfine splitting, making the total procedure longer
than a microsecond. This timescale is comparable to T ⇤

2 for all
but the most highly pure diamond substrates, which can lead to
low storage fidelity. An alternative approach is to make use of
the electron–nuclear hybridization that occurs in an avoided level
crossing due to the hyperfine interaction. As the coupled spin
system is swept through the avoided crossing, it makes a transition
from one branch to the other with a probability PLZ that depends on
the sweep rate. This idea was first described theoretically by Landau,
Zener, Stückelberg, andMajorana (refs 16–19) and recently studied
experimentally in a number of qubit systems to perform unitary

1Center for Spintronics and Quantum Computation, University of California, Santa Barbara, California 93106, USA, 2Department of Physics, University of
Konstanz, D-78457 Konstanz, Germany. *e-mail: awsch@physics.ucsb.edu.
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Ẑ

n

ee E
/h

 (
M

H
z)

⎪¬1, +1〉

⎪0, 0〉
⎪0, 0〉

fe

fe
⎪0, +1〉 ⎪0, +1〉

⎪¬1, +1〉

Bz (G)
1,030

Bz

Diamond
IIa [111]
oriented

Bz,static 

from external magnet

ITO

20
30

10

a b

d

c

¬20

20

0

Figure 1 | Structure and manipulation. a, A NV centre in the diamond
lattice including the electronic spin (red) and the nuclear spin (blue).
b, Electron–nuclear spin level diagram for the NV centre in the vicinity of
the avoided level crossing. We label the states in the |ms,mIi basis. The
storage/retrieval operation involves a sweep through the avoided crossing
which, if successful, will exchange the coefficients of |�1,+1i and |0,0i by
staying on the upper (blue) branch. The fast return to the start field
maintains these coefficients by jumping to the lower (red) branch. The
non-interacting reference level (|0,+1i) is shown in green. Inset: The
conversion between the electron spin precession frequency (fe) and the
Z-axis magnetic field (B

Z

). Throughout we use fe as a directly measurable
and model-independent stand-in for B

Z

at the starting field. c, Microscope
image of the coplanar waveguides used in the experiment to generate
high-bandwidth vector magnetic field control. One is resistively terminated
with a 2 µm wide Pt wire, whereas the other is terminated with 10 µm wide
ITO wire. We study NV centres below the ITO wire, as seen on the inset
photoluminescence image. d, Diagram of the vector field control from the
two wires (blue and gold), the direction of the external magnetic field
(black), and the symmetry axis of the NV spin (red).

single-spin gates4,20 and interferometry21,22. In the asymptotic limit,
PLZ decays exponentially with the dimensionless ratio 2⇡|v|2/h̄↵,
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value, which corresponds to a half-rotation in the minimum
energy splitting 2A?. Moreover, we measure values P|0i at the first
maxima in line-cuts along t that transfer between 85 ± 4 and
92±4% of the population.

We can interpret a large P|0i as related to storage in this
measurement only if we ensure a high degree of polarization
into the initial state and only if we transfer population between
|�1,+1i and |0,0iwithout unintentionally populating |0,�1i. The
latter can occur if the external magnetic field is not well aligned
with the Z -axis of the NV centre spin, which causes additional
couplings between levels that are mediated by a perpendicular
Zeeman interaction rather than the hyperfine interaction. To
check this, we spectrally resolved the electronic spin transitions
after performing storage gates. Figure 2d,e shows measurements of
normalized IPL using the same measurement sequence shown in
Fig. 2a, but with the addition of a swept frequency probe pulse with
a 2 µs duration (small dashed box). The power of the probe pulse
was tuned to generate slightly less than a⇡-rotation of the electronic
spin on resonance. The frequency of each resonant feature marks
a nuclear spin state and its sign determines the corresponding
electronic spin state.

Figure 2d shows two sets of data, each with the static value of BZ
tuned such that the |0,+1i to |�1,+1i transition was fe = 24MHz.
The red data are from a control measurement that included the
initialization sequence but omitted the BZ ramp pulse. The positive
resonance at 24.055± 0.008MHz is a rotation of the electronic
spin starting from |�1,+1i into |0,+1i by the probe pulse. In
addition, the absence of other resonances within the signal-to-noise
ratio demonstrates that the nuclear spin state is polarized >92%
into mI = +1 by optical pumping. The blue data included both
initialization and a 140 ns BZ ramp pulse. The value of the IPL
base level, the resonant frequency of 22.15 ± 0.01MHz with a
negative sign, and the absence of any detectable feature at 24MHz
indicate that the probe pulse rotated the spin from an initial state
of |0,0i toward |�1,0i. There is also no indication of spurious
population transfer into the mI = �1 state which would produce a
feature at⇡19.6MHz. Comparing the areas in the resonant features
between the control and the ramp measurements, we estimate
87± 5% of the population was transferred. For comparison, we
also performed similar spectrally resolved measurements using
a 300 ns ramp pulse, shown in Fig. 2e. Here the population
transfer is not complete, resulting in two distinct resonances in
the ramp pulse data (blue) rather than only one, and hence a
75±5% population transfer.

These measurements demonstrated population transfer be-
tween eigenstates, but they did not demonstrate preservation of
the quantum phase during transfer and storage. To establish
the phase coherence, we performed a modified Ramsey mea-
surement of the nuclear spin, shown schematically in Fig. 3a.
The initial ⇡e/2 pulse generated an electronic spin superposition
(|0,+1i+|�1,+1i)/

p
2, which was then transferred to a nuclear

spin superposition (|0,+1i+ei�1 |0,0i)/
p
2 via a BZ ramp pulse,

where �1 is an acquired deterministic phase that does not depend
on the initial state. After allowing the spin system to evolve for a
variable time ⌧ at the initial field, we apply a second ramp pulse
with a reversed direction to retrieve the superposition back to
the electronic spin: (|0,+1i+ei�2 |�1,+1i)/

p
2, where �2 includes

static contributions to the phase from both ramps and a phase
that grows with ⌧ . Finally, we applied a second ⇡e/2 pulse with a
phase 2⇡f�⌧ with respect to the first pulse, where f� is chosen to be
slightly below the nuclear spin precession frequency fn. Figure 3b,c
shows two such measurements at fe = 24MHz and fe = 14MHz,
respectively, with large amplitude Ramsey fringes, demonstrating
that we have preserved the coherent spin state during storage.

The frequency of the Ramsey fringes, when added to f� , is a
precise measure of fn. We repeated Ramsey measurements as a
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Figure 3 | Coherent nuclear spin storage. a, Measurement diagram
showing state preparation with a ⇡e/2-pulse, a forward B

Z

ramp for state
transfer from the NV spin to the nitrogen nuclear spin, a free evolution
period (⌧ ), a reverse B

Z

ramp for state retrieval to the NV centre spin, and a
final ⇡e/2-pulse for spin read-out. Note that we use a forward ramp for
storage and a reverse ramp for retrieval but, except for a difference in the
deterministic phase, the storage operation does not depend on the B

Z

ramp
direction, as we verified in a separate Ramsey experiment. b, Ramsey
measurement of nuclear spin storage at fe = 24 MHz using f� = 4.81 MHz.
The shaded region indicates the inhomogeneous spin coherence time of the
electron spin. c, The same as b, but fe = 14 MHz using f� = 4.20 MHz.
d, Nuclear spin precession rate extracted from Ramsey measurements. The
error bars on the data are 3⇥ smaller than the point. e, The inhomogeneous
coherence time T

⇤
2 of the nuclear spin as a function of fe (points). The error

bars are from the fits. The dashed line is the longitudinal gyromagnetic ratio
normalized by the bare gyromagnetic ratio, as described in the text.

function of starting magnetic field to compare the experimentally
measured precession frequencies with the theoretical expectation
for nuclear spin precession from a |0,0i and |0,+1i superposition.
These data are fitted to a sinusoid with Gaussian decay. We plot
the extracted precession frequencies in Fig. 3d along with the
theoretical prediction (dashed red curve). The excellent agreement
confirms that we observed coherent evolution of the nuclear
spin state and thus succeeded in storing the electronic spin state
coherently in the nuclear spin.

By fitting the Ramsey data in Fig. 3b,c we also determine
the inhomogeneous spin coherence time, T ⇤

2,nuc = 18.5 ± 1.8 µs
and T ⇤

2,nuc = 58.1 ± 3.4 µs for fe = 14MHz and fe = 24MHz,
respectively. For comparison, the inhomogeneous electronic spin
coherence T ⇤

2,elec is 1.53± 0.05 µs. The short electron coherence
time underscores the effect of using a diamond substrate with
⇡1 ppm nitrogen impurities (P1 centres), which is more than
two orders of magnitude greater than in the best commercially
available synthetic diamond. This bath of impurity spins, along
with 13C spins, generates a fluctuating magnetic field environment
that limits the spin coherence time3,30. Although the spin bath
also limits the coherence time of the nitrogen nuclear spin, T ⇤

2,nuc
is substantially longer than T ⇤

2,elec because the nuclear spin has a
smaller gyromagnetic ratio than the electronic spin and hence less
sensitivity to the magnetic environment. This is also why nuclear
spins make good quantummemories.

Analysis of the coherence times from our Ramseymeasurements
as a function of the starting magnetic field shows a strong
increase in T ⇤

2,nuc as a function of increasing fe. To understand
this behaviour, we consider the curvature in Fig. 3d, which reflects
hybridization of the electronic and nuclear spins as the starting
field moves closer to the avoided crossing. At magnetic fields
far away from the avoided crossing, the slope of the nuclear
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Figure 4 |Multi-axis storage. Storage measurements performed using six
separate input states: |±Xie = (|0,+1i±|�1,+1i)/

p
2,

|±Yie = (|0,+1i± i|�1,+1i)/
p

2, |+Zie = |0,+1i, and |�Zie = |�1,+1i.
For these measurements, f� = fe = 24 MHz, which makes the precession
frequency |fe � fn|. Using the Ramsey fringe amplitudes for |±Xie and
|±Yie input states, along with the P|0i level for |±Zie input states, we find
the average fidelity of storage is F = 88±6%.

spin splitting as a function of magnetic field is due solely to the
nuclear Zeeman energy, which leads to the gyromagnetic ratio
�n =2⇡⇥307.7±0.7HzG�1 (ref. 31). In the vicinity of the avoided
crossing, however, hybridization of the nuclear spin with the
electronic spin disrupts the otherwise linear relationship between
fn and BZ . This may be viewed as a BZ -dependent enhancement
of the longitudinal component of a �n-tensor, �n,Z = 2⇡@fn/@BZ ,
which produces greater sensitivity of the nuclear spin state to
quasi-static fluctuations in BZ and hence suppresses T ⇤

2,nuc in our
measurements. It is likely that these fluctuations are from nearby
electronic and nuclear spins as well as mechanical drift of the
sample with respect to the permanent magnet that we use to source
the static BZ . During our measurements, we periodically stop,
re-measure fe spectroscopically, and adjust the permanent magnet
position slightly to maintain the set value of fe. Nevertheless, we
observed drift in fe of up to 300 kHz between adjustments. The
fact that we see a spread around the trend of increasing T ⇤

2,nuc with
increasing fe reflects that instability.

As a measure of the fidelity (F) for 10 µs storage at
fe = 24MHz we repeated Ramsey experiments using six dif-
ferent input states of the electronic spin, presented in
Fig. 4. First we prepared |±Xie = (|0,+1i±|�1,+1i)/

p
2 and

|±Y ie = (|0,+1i± i|�1,+1i)/
p
2. The measurement cycle was

similar to Fig. 3a, where the first ⇡e/2 pulse prepares one of the
superposition input states and the second maps the final state
after storage for spin measurement in the SX basis in the frame
of the electronic spin. The peak-to-peak Ramsey fringe amplitude
1hSX i = 1P|0i that we determined from fitting relates to the
storage fidelity for each curve by F = (1+1hSX i)/2. We also
prepared initial states |+Z ie =|0,+1i by optical pumping only and
|�Z ie = |�1,+1i by optical pumping followed by a ⇡e pulse. After
the second BZ ramp we immediately measured in the SZ -basis using
standard photoluminescence read-out. As these are eigenstates, we
expect no precession during the free evolution period, however,
from the average signal level we can calculate F|+Z i = P|0i and
F|�Z i = 1 � P|0i. Averaging over F calculated from each curve

T2,nuc = 1.3 ± 0.4 ms
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Figure 5 |Nuclear spin coherence time. Hahn echo measurement of the
nuclear spin coherence time T

⇤
2,nuc = 1.3±0.4 ms. The measurement

sequence consists of initialization into |0,+1i via optical pumping, followed
by the pulse sequence ⇡e/2—B

Z

ramp—free evolution (⌧ )—reverse B

Z

ramp—⇡e—B

Z

ramp—free evolution (⌧ )—reverse B

Z

ramp—⇡e/2 and
photoluminescence read-out. The ⇡e and second ⇡e/2-pulses each
accumulate phase with respect to the first ⇡e/2-pulse at the nuclear spin
precession rate fn measured in the previous Ramsey experiment. The error
bars on each point are calculated from the photon shot noise statistics, and
the error in T

⇤
2,nuc is from the fit. For comparison, the shaded region gives

T

⇤
2,elec = 350±90 µs.

individually, we find F = 88± 6%, where the uncertainty is from
photon shot noise statistics (additional details of this measurement
are presented in the Supplementary Information).

To measure the nitrogen nuclear spin coherence time T2,nuc
that is compensated for quasi-static drift in BZ we incorporated
a spin echo sequence into our experiment. We performed storage
and retrieval as before, but rather than applying a ⇡e/2 pulse,
we applied a refocusing ⇡e pulse followed by a second round
of storage and retrieval. Finally, a ⇡e/2 pulse was applied with
the appropriate phase to project the electronic spin onto the
measurement basis. As before, we varied the total free evolution
time 2⌧ . The results are plotted in Fig. 5 for fe = 20MHz. These
data indicate that we maintain a coherent superposition as we
transfer it between the electronic and nuclear spin states, even after
storing the electronic state in the nuclear spin twice. Moreover,
it persists substantially longer than the Hahn echo electronic spin
coherence T2,elec = 350±90 µs. We find T2,nuc = 1.3±0.4ms for the
nuclear spin at this field.

This nitrogen nuclear spin coherence time is lower than
that observed in 13C nuclear spins at low magnetic field14 and
comparable to the lifetimes of NV centre electronic spins in
a chemically and isotopically pure diamond host3. The spin
coherence we measure is not fundamental, however, because T2,nuc
is limited by hybridization with the electronic spin at these values
of fe, which enhances its sensitivity to the decohering magnetic
field fluctuations that are present in our impure substrate. Modest
improvement to our waveguides will enable operation at starting
fields several hundred Gauss from the avoided crossing4, which
will suppress the |�n,Z | enhancement and thereby boost T2,nuc. In
addition, the magnetic field fluctuations themselves can be reduced
by using diamond substrates with fewer electronic and nuclear spin
impurities3 or compensated using dynamical methods to decouple
the spin from its environment32.

The emergence of quantum technologies will require rapid,
high-fidelity quantum control over coupled qubits. Our strategy of
fabricating high-bandwidth vector control over the magnetic field
is a powerful tool for studying the dynamics of a coupled spin
system. We use it to show that a Landau–Zener approach to storing
quantum information in the intrinsic nitrogen nuclear spin is both
fast and high-fidelity. A quantum memory formed from a nitrogen
nuclear spin is an ever-present resource for NV centres, potentially
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For these measurements, f� = fe = 24 MHz, which makes the precession
frequency |fe � fn|. Using the Ramsey fringe amplitudes for |±Xie and
|±Yie input states, along with the P|0i level for |±Zie input states, we find
the average fidelity of storage is F = 88±6%.

spin splitting as a function of magnetic field is due solely to the
nuclear Zeeman energy, which leads to the gyromagnetic ratio
�n =2⇡⇥307.7±0.7HzG�1 (ref. 31). In the vicinity of the avoided
crossing, however, hybridization of the nuclear spin with the
electronic spin disrupts the otherwise linear relationship between
fn and BZ . This may be viewed as a BZ -dependent enhancement
of the longitudinal component of a �n-tensor, �n,Z = 2⇡@fn/@BZ ,
which produces greater sensitivity of the nuclear spin state to
quasi-static fluctuations in BZ and hence suppresses T ⇤

2,nuc in our
measurements. It is likely that these fluctuations are from nearby
electronic and nuclear spins as well as mechanical drift of the
sample with respect to the permanent magnet that we use to source
the static BZ . During our measurements, we periodically stop,
re-measure fe spectroscopically, and adjust the permanent magnet
position slightly to maintain the set value of fe. Nevertheless, we
observed drift in fe of up to 300 kHz between adjustments. The
fact that we see a spread around the trend of increasing T ⇤

2,nuc with
increasing fe reflects that instability.

As a measure of the fidelity (F) for 10 µs storage at
fe = 24MHz we repeated Ramsey experiments using six dif-
ferent input states of the electronic spin, presented in
Fig. 4. First we prepared |±Xie = (|0,+1i±|�1,+1i)/

p
2 and

|±Y ie = (|0,+1i± i|�1,+1i)/
p
2. The measurement cycle was

similar to Fig. 3a, where the first ⇡e/2 pulse prepares one of the
superposition input states and the second maps the final state
after storage for spin measurement in the SX basis in the frame
of the electronic spin. The peak-to-peak Ramsey fringe amplitude
1hSX i = 1P|0i that we determined from fitting relates to the
storage fidelity for each curve by F = (1+1hSX i)/2. We also
prepared initial states |+Z ie =|0,+1i by optical pumping only and
|�Z ie = |�1,+1i by optical pumping followed by a ⇡e pulse. After
the second BZ ramp we immediately measured in the SZ -basis using
standard photoluminescence read-out. As these are eigenstates, we
expect no precession during the free evolution period, however,
from the average signal level we can calculate F|+Z i = P|0i and
F|�Z i = 1 � P|0i. Averaging over F calculated from each curve
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precession rate fn measured in the previous Ramsey experiment. The error
bars on each point are calculated from the photon shot noise statistics, and
the error in T
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individually, we find F = 88± 6%, where the uncertainty is from
photon shot noise statistics (additional details of this measurement
are presented in the Supplementary Information).

To measure the nitrogen nuclear spin coherence time T2,nuc
that is compensated for quasi-static drift in BZ we incorporated
a spin echo sequence into our experiment. We performed storage
and retrieval as before, but rather than applying a ⇡e/2 pulse,
we applied a refocusing ⇡e pulse followed by a second round
of storage and retrieval. Finally, a ⇡e/2 pulse was applied with
the appropriate phase to project the electronic spin onto the
measurement basis. As before, we varied the total free evolution
time 2⌧ . The results are plotted in Fig. 5 for fe = 20MHz. These
data indicate that we maintain a coherent superposition as we
transfer it between the electronic and nuclear spin states, even after
storing the electronic state in the nuclear spin twice. Moreover,
it persists substantially longer than the Hahn echo electronic spin
coherence T2,elec = 350±90 µs. We find T2,nuc = 1.3±0.4ms for the
nuclear spin at this field.

This nitrogen nuclear spin coherence time is lower than
that observed in 13C nuclear spins at low magnetic field14 and
comparable to the lifetimes of NV centre electronic spins in
a chemically and isotopically pure diamond host3. The spin
coherence we measure is not fundamental, however, because T2,nuc
is limited by hybridization with the electronic spin at these values
of fe, which enhances its sensitivity to the decohering magnetic
field fluctuations that are present in our impure substrate. Modest
improvement to our waveguides will enable operation at starting
fields several hundred Gauss from the avoided crossing4, which
will suppress the |�n,Z | enhancement and thereby boost T2,nuc. In
addition, the magnetic field fluctuations themselves can be reduced
by using diamond substrates with fewer electronic and nuclear spin
impurities3 or compensated using dynamical methods to decouple
the spin from its environment32.

The emergence of quantum technologies will require rapid,
high-fidelity quantum control over coupled qubits. Our strategy of
fabricating high-bandwidth vector control over the magnetic field
is a powerful tool for studying the dynamics of a coupled spin
system. We use it to show that a Landau–Zener approach to storing
quantum information in the intrinsic nitrogen nuclear spin is both
fast and high-fidelity. A quantum memory formed from a nitrogen
nuclear spin is an ever-present resource for NV centres, potentially
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For these measurements, f� = fe = 24 MHz, which makes the precession
frequency |fe � fn|. Using the Ramsey fringe amplitudes for |±Xie and
|±Yie input states, along with the P|0i level for |±Zie input states, we find
the average fidelity of storage is F = 88±6%.

spin splitting as a function of magnetic field is due solely to the
nuclear Zeeman energy, which leads to the gyromagnetic ratio
�n =2⇡⇥307.7±0.7HzG�1 (ref. 31). In the vicinity of the avoided
crossing, however, hybridization of the nuclear spin with the
electronic spin disrupts the otherwise linear relationship between
fn and BZ . This may be viewed as a BZ -dependent enhancement
of the longitudinal component of a �n-tensor, �n,Z = 2⇡@fn/@BZ ,
which produces greater sensitivity of the nuclear spin state to
quasi-static fluctuations in BZ and hence suppresses T ⇤

2,nuc in our
measurements. It is likely that these fluctuations are from nearby
electronic and nuclear spins as well as mechanical drift of the
sample with respect to the permanent magnet that we use to source
the static BZ . During our measurements, we periodically stop,
re-measure fe spectroscopically, and adjust the permanent magnet
position slightly to maintain the set value of fe. Nevertheless, we
observed drift in fe of up to 300 kHz between adjustments. The
fact that we see a spread around the trend of increasing T ⇤

2,nuc with
increasing fe reflects that instability.

As a measure of the fidelity (F) for 10 µs storage at
fe = 24MHz we repeated Ramsey experiments using six dif-
ferent input states of the electronic spin, presented in
Fig. 4. First we prepared |±Xie = (|0,+1i±|�1,+1i)/

p
2 and

|±Y ie = (|0,+1i± i|�1,+1i)/
p
2. The measurement cycle was

similar to Fig. 3a, where the first ⇡e/2 pulse prepares one of the
superposition input states and the second maps the final state
after storage for spin measurement in the SX basis in the frame
of the electronic spin. The peak-to-peak Ramsey fringe amplitude
1hSX i = 1P|0i that we determined from fitting relates to the
storage fidelity for each curve by F = (1+1hSX i)/2. We also
prepared initial states |+Z ie =|0,+1i by optical pumping only and
|�Z ie = |�1,+1i by optical pumping followed by a ⇡e pulse. After
the second BZ ramp we immediately measured in the SZ -basis using
standard photoluminescence read-out. As these are eigenstates, we
expect no precession during the free evolution period, however,
from the average signal level we can calculate F|+Z i = P|0i and
F|�Z i = 1 � P|0i. Averaging over F calculated from each curve

T2,nuc = 1.3 ± 0.4 ms
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Figure 5 |Nuclear spin coherence time. Hahn echo measurement of the
nuclear spin coherence time T

⇤
2,nuc = 1.3±0.4 ms. The measurement

sequence consists of initialization into |0,+1i via optical pumping, followed
by the pulse sequence ⇡e/2—B

Z

ramp—free evolution (⌧ )—reverse B

Z

ramp—⇡e—B

Z

ramp—free evolution (⌧ )—reverse B

Z

ramp—⇡e/2 and
photoluminescence read-out. The ⇡e and second ⇡e/2-pulses each
accumulate phase with respect to the first ⇡e/2-pulse at the nuclear spin
precession rate fn measured in the previous Ramsey experiment. The error
bars on each point are calculated from the photon shot noise statistics, and
the error in T

⇤
2,nuc is from the fit. For comparison, the shaded region gives

T

⇤
2,elec = 350±90 µs.

individually, we find F = 88± 6%, where the uncertainty is from
photon shot noise statistics (additional details of this measurement
are presented in the Supplementary Information).

To measure the nitrogen nuclear spin coherence time T2,nuc
that is compensated for quasi-static drift in BZ we incorporated
a spin echo sequence into our experiment. We performed storage
and retrieval as before, but rather than applying a ⇡e/2 pulse,
we applied a refocusing ⇡e pulse followed by a second round
of storage and retrieval. Finally, a ⇡e/2 pulse was applied with
the appropriate phase to project the electronic spin onto the
measurement basis. As before, we varied the total free evolution
time 2⌧ . The results are plotted in Fig. 5 for fe = 20MHz. These
data indicate that we maintain a coherent superposition as we
transfer it between the electronic and nuclear spin states, even after
storing the electronic state in the nuclear spin twice. Moreover,
it persists substantially longer than the Hahn echo electronic spin
coherence T2,elec = 350±90 µs. We find T2,nuc = 1.3±0.4ms for the
nuclear spin at this field.

This nitrogen nuclear spin coherence time is lower than
that observed in 13C nuclear spins at low magnetic field14 and
comparable to the lifetimes of NV centre electronic spins in
a chemically and isotopically pure diamond host3. The spin
coherence we measure is not fundamental, however, because T2,nuc
is limited by hybridization with the electronic spin at these values
of fe, which enhances its sensitivity to the decohering magnetic
field fluctuations that are present in our impure substrate. Modest
improvement to our waveguides will enable operation at starting
fields several hundred Gauss from the avoided crossing4, which
will suppress the |�n,Z | enhancement and thereby boost T2,nuc. In
addition, the magnetic field fluctuations themselves can be reduced
by using diamond substrates with fewer electronic and nuclear spin
impurities3 or compensated using dynamical methods to decouple
the spin from its environment32.

The emergence of quantum technologies will require rapid,
high-fidelity quantum control over coupled qubits. Our strategy of
fabricating high-bandwidth vector control over the magnetic field
is a powerful tool for studying the dynamics of a coupled spin
system. We use it to show that a Landau–Zener approach to storing
quantum information in the intrinsic nitrogen nuclear spin is both
fast and high-fidelity. A quantum memory formed from a nitrogen
nuclear spin is an ever-present resource for NV centres, potentially
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A quantummemory intrinsic to single
nitrogen–vacancy centres in diamond
G. D. Fuchs1, G. Burkard2, P. V. Klimov1 and D. D. Awschalom1*
A quantum memory, composed of a long-lived qubit coupled to each processing qubit, is important to building a scalable
platform for quantum information science. These two qubits should be connected by a fast and high-fidelity operation to store
and retrieve coherent quantum states. Here, we demonstrate a room-temperature quantum memory based on the spin of the
nitrogen nucleus intrinsic to each nitrogen–vacancy (NV) centre in diamond. We perform coherent storage of a single NV
centre electronic spin in a single nitrogen nuclear spin using Landau–Zener transitions across a hyperfine-mediated avoided
level crossing. By working outside the asymptotic regime, we demonstrate coherent state transfer in as little as 120 ns with
total storage fidelity of 88±6%. This work demonstrates the use of a quantum memory that is compatible with scaling as the
nitrogen nucleus is deterministically present in each NV centre defect.

The development of scalable memory elements is a critical
step toward realizing large-scale quantum technology1,2. A
quantummemory is challenging to implement, however, as it

must be capable of preserving both the amplitude and the phase of
a qubit during transfer and storage. Here we demonstrate an atomic
scale quantum memory for storing the electronic spin state of a
single diamond nitrogen–vacancy (NV) centre based on the nuclear
spin of the intrinsic nitrogen atom.

Among solid-state quantum systems, diamond NV centre spin
qubits are promising because of long-lasting spin coherence at room
temperature3, fast resonant spin manipulation4, low-temperature
optical coherence5,6, and coupling with nearby electronic and
nuclear spins7–13. Each NV centre consists of a substitutional
nitrogen atom and an adjacent lattice vacancy, as shown in Fig. 1a.
The nuclear spin of 13C can be coupled to individual NV centres and
has been previously studied as a quantum register using a different
method14. The 1.1% natural abundance of 13C, however, makes
finding a 13C atom coupled to an NV centre a matter of chance. For
scalability, it is ideal if thememory qubit is always created alongwith
the primary qubit at a desired location15, making the nuclear spin
of the intrinsic nitrogen atom an attractive candidate memory for
diamond-based quantum information processing devices.

One method to store the state of a primary qubit in the coupled
memory qubit is to use conventional resonant manipulation to
perform two CNOT gates1. In the case of NV centres in diamond,
where we choose the electronic spin as the primary qubit and the
nuclear spin on the intrinsic nitrogen as the memory qubit, it
is necessary to use a slow spin rotation rate compared with the
2–3MHz hyperfine splitting, making the total procedure longer
than a microsecond. This timescale is comparable to T ⇤

2 for all
but the most highly pure diamond substrates, which can lead to
low storage fidelity. An alternative approach is to make use of
the electron–nuclear hybridization that occurs in an avoided level
crossing due to the hyperfine interaction. As the coupled spin
system is swept through the avoided crossing, it makes a transition
from one branch to the other with a probability PLZ that depends on
the sweep rate. This idea was first described theoretically by Landau,
Zener, Stückelberg, andMajorana (refs 16–19) and recently studied
experimentally in a number of qubit systems to perform unitary

1Center for Spintronics and Quantum Computation, University of California, Santa Barbara, California 93106, USA, 2Department of Physics, University of
Konstanz, D-78457 Konstanz, Germany. *e-mail: awsch@physics.ucsb.edu.
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Figure 1 | Structure and manipulation. a, A NV centre in the diamond
lattice including the electronic spin (red) and the nuclear spin (blue).
b, Electron–nuclear spin level diagram for the NV centre in the vicinity of
the avoided level crossing. We label the states in the |ms,mIi basis. The
storage/retrieval operation involves a sweep through the avoided crossing
which, if successful, will exchange the coefficients of |�1,+1i and |0,0i by
staying on the upper (blue) branch. The fast return to the start field
maintains these coefficients by jumping to the lower (red) branch. The
non-interacting reference level (|0,+1i) is shown in green. Inset: The
conversion between the electron spin precession frequency (fe) and the
Z-axis magnetic field (B

Z

). Throughout we use fe as a directly measurable
and model-independent stand-in for B

Z

at the starting field. c, Microscope
image of the coplanar waveguides used in the experiment to generate
high-bandwidth vector magnetic field control. One is resistively terminated
with a 2 µm wide Pt wire, whereas the other is terminated with 10 µm wide
ITO wire. We study NV centres below the ITO wire, as seen on the inset
photoluminescence image. d, Diagram of the vector field control from the
two wires (blue and gold), the direction of the external magnetic field
(black), and the symmetry axis of the NV spin (red).

single-spin gates4,20 and interferometry21,22. In the asymptotic limit,
PLZ decays exponentially with the dimensionless ratio 2⇡|v|2/h̄↵,

NATURE PHYSICS | ADVANCE ONLINE PUBLICATION | www.nature.com/naturephysics 1

0 6

0.8

1

ʏ ʏ

a b

0

0.2

0.4

0.6

P
0@

T2,nuc=1.9±0.8 ms

Bz

Bx
ʌe/2 ʌe/2ʌe

Read
0 0.5 1 1.5 2 2.5 3

0

2W +ms/
Read 
out

FIG. 4. T2 measurement of the nuclear spin at f
e

=24 MHz a. Sequence used to measure

the nuclear spin coherence time, T2,nuc

at f
e

=24 MHz. b. Measurement (points) along with fit

(solid curve) to spin bath decay (e�(2⌧/T2,nuc)3). We find T2,nuc

=1.9±0.8 ms. The error bars on the

points are calculated from photon shot noise statistics.
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Level structure of the NV center: ! configuration
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Optical control scheme
• virtual transitions via excited state (triplet) 
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Coherent population trapping (CPT)

• dark state: 

• can be any position on the Bloch sphere
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Δ

which the spin is both polarized into the ms = 0 spin sublevel
under optical illumination and measured with spin-dependent PL
intensity emitted in the NV center’s phonon sideband (650–800
nm). While the unique attributes of the NV center’s intersystem
crossing have made its spin stand out as an optically addressable
qubit, the intersystem crossing is not necessary for our optical
approaches to address the spin.
We select the subspace spanned by two ground-state spin-

triplet sublevels (ms = 0 and +1) as our qubit states; the presence
of the third sublevel (ms = –1) causes only a small loss in fidelity
(SI Appendix). We denote these states j0g〉 and j+1g〉. To form
the necessary excited state, we apply a magnetic field to reach
a spin sublevel anticrossing, whose levels are a function of crystal
strain, spin–spin, spin–orbit, and Zeeman interactions (34, 35)
(Methods). The anticrossing we use is between the j0e1〉 and
j+1e1〉 spin sublevels within the lower energy excited-state orbital
branch and results in two spin-composite levels, denoted jRe1〉
and jLe1〉, separated in energy by δe1 ∼h · 0.18 GHz (Fig. 1B).
Two independent Λ systems result with either jRe1〉 or jLe1〉 as
the upper state (Fig. 1A).
To simultaneously address both transitions in a Λ system, we

split light from a 637 nm (ωL/2π ∼470,000 GHz) laser tunable
across the NV center’s optical transitions into sidebands (mul-
tiples of ωmw/2π ∼4.6 GHz) with an electro-optic phase modu-
lator (EOM). We energetically tune two harmonics of this light
to be resonant with either jRe1〉 or jLe1〉 as the upper state of the
Λ system we excite (detailed in Fig. 1A). Other optical tran-
sitions, such as those involving the third ground-state spin sub-
level j–1g〉 and the rest of the excited state fine structure, are

sufficiently off-resonance from the driving fields and other har-
monics that they are not excited. The relative phase (ϕ) between
the two driving fields determines the azimuthal position of the
dark state on the Bloch sphere in the ωmw rotating frame. Sim-
ilarly, the relative amplitude of the two optical fields determines
the dark state’s polar angle, θ (Fig. 1A). We first observe CPT
spectroscopically (1–7) by examining the PL under quasicontinuous
photoexcitation that optically drives only one of the Λ systems.
A sharp dip in PL is observed centered at ωmw = δGS/h! , where
δGS is the mean energy splitting between the spin eigenstates
(Fig. 1C), indicating that the spin is being coherently trapped in
the dark state. Because jRe1〉 and jLe1〉 are orthogonal in the j0e1〉
and j+1e1〉 spin subspace, the dark states from each of the sep-
arate Λ systems have opposite azimuthal phases but the same
polar position on the rotating-frame Bloch sphere for a given
optical Λ-driving configuration. For this reason, when we tune
the laser to equally excite both Λ systems (“center” curve in Fig.
1C), their competing dark states quench the PL dip. For sub-
sequent studies, we set ωmw = δGS/h! so that ΔGS, the detuning of
ωmw/2π from δGS/h, equals 0 unless otherwise noted.

CPT for Arbitrary-Basis Spin Initialization
We extend our investigation of the CPT interaction further by
probing the time dynamics of the resultant spin state. We set the
lasers resonant with the jRe1〉 Λ system to produce a dark state
near the Bloch sphere equator. After preparing the initial spin
state in either j0g〉 or j+1g〉 with traditional off-resonant (532 nm
laser) optical polarization and microwave electron spin reso-
nance (ESR) techniques (36), we engage the CPT interaction for
a variable duration to polarize the spin toward the dark state,
with an optical Rabi frequency, Ω ∼50 MHz. We then perform
quantum state tomography (Methods and SI Appendix) on the
post-CPT spin state via microwave ESR pulses phase-matched to
ωmw and subsequent spin readout via a second laser resonant
with the j0g〉 to j0e2〉 cycling transition (21) (Fig. 1A and Meth-
ods). The tomographic reconstructions (Fig. 2A) show that the
spin state evolves toward the dark state regardless of its initial
state, and a theoretical model accounting for both Λ systems
(Fig. 2B) is in qualitative agreement with our data (Methods and
SI Appendix). As a function of pulse duration, the initialization
fidelity saturates at about 80% after 100 ns (Fig. 2C). The fidelity
is limited, in particular, by decoherence from some optical
coupling to the other Λ system (in this case jLe1〉; Fig. 1A) due to
their closeness in energy (δe1) coupled with the finite bandwidth
of optical driving and spectral diffusion (28). A careful balance in
optical driving power must be maintained such that its bandwidth
is small enough to selectively couple to only one Λ system yet its
strength is sufficient to adequately prepare the spin faster than it
dephases out of the dark state, a result of finite T2* spin co-
herence (37). Additionally, some pumping into the third spin
state j–1g〉 and finite-time decay through the intersystem crossing
also contribute to losses in fidelity(SI Appendix).
The allure of this technique is the ability to initialize the spin

arbitrarily on the Bloch sphere solely by varying the relative
phase and amplitude of the two optical fields. In Fig. 3A, we
demonstrate initialization along different equatorial points of
the Bloch sphere by changing the relative phase between the two
driving optical fields resonant with jRe1〉. Because jRe1〉 and jLe1〉
are orthogonal spin mixtures, tuning the lasers to jLe1〉 instead is
equivalent to shifting ϕ of the final state by π radians (Fig. 3B).
Alternatively, by tuning the relative amplitudes of the two optical
fields, we initialize the spin at various points along a meridian of
the Bloch sphere (Fig. 3C). Finally, we combine polar and azi-
muthal control to demonstrate spin initialization at points along
a great circle rotated π/4 radians from the polar axis (Fig. 3D).

A

B C

Fig. 1. Λ configuration and the NV center. (A) Λ configuration within the
NV center–level structure (Left), depicting excitation with two optical driving
fields from ground states (GS) to excited states (ES). At the center of the
excited-state anticrossing, the two upper Λ states jRe1〉 and jLe1〉 (bolded
green) are the orthogonal, equal superpositions of j0e1〉 and j+1e1〉. An ex-
ample dark state, jD〉, from the jRe1〉 Λ system is plotted on the rotating-
frame Bloch sphere (Right), where its polar, θ, and azimuthal, ϕ, positions are
a function of applied laser power and phase (equation). (B) PL from resonant
excitation as a function of magnetic field and laser frequency illustrating the
anticrossing between the j0e1〉 and j+1e1〉. (C) PL from excitation with two
optical fields as a function of ΔGS = δGS/h – ωmw/2π, the detuning from the
ground state precession frequency, resonant with either jRe1〉, jLe1〉, or cen-
tered between both resonances.
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3 Model of arbitrary initialization and rotation

The Hamiltonian describing our system (Equation [1] from Methods) is presented below in matrix form,

H = h

⎛

⎜⎜⎜⎜⎝

∆L 0 Ω cos(θ/2) Ω cos(θ/2) 0
0 ∆L Ω sin(θ/2)eiφ −Ω sin(θ/2)eiφ 0

Ω cos(θ/2) Ω sin(θ/2)e−iφ 0 0 0
Ω cos(θ/2) −Ω sin(θ/2)e−iφ 0 −δe1/h 0

0 0 0 0 ϵS/h

⎞

⎟⎟⎟⎟⎠
(S5)

where the ordering of the states in the matrix is: {|+ 1g⟩, |0g⟩, |Re1⟩, |Le1⟩, |S⟩}, ∆L is the detuning of the laser
frequency (ωL/2π) from resonance to the |Re1⟩ Λ system, δe1 is the separation of the excited state levels, Ω is
the optical Rabi frequency, φ is the relative phase between the two coherent light fields, and tan(θ/2) is the
relative amplitude between the driving fields. As such, φ and θ will describe the azimuthal and polar angle,
respectively, of the resultant dark state.

The time evolution of the system is described by the Lindblad master equation [48, 49],

ρ̇ = i [ρ, H] + ∑
α,α′

Γαα′

(
σα′αρσαα′ −

1
2

σααρ − 1
2

ρσαα

)
≡ Wρ, (S6)

with the Lindblad operators σαα = |α⟩⟨α| = σ†
α′ασα′α and σα′α = σ†

αα′ = |α′⟩⟨α|. For n = 5 levels, the density
matrix ρ is a Hermitian 5x5 matrix and can thus be described by n2 = 25 real parameters (n2 − 1 = 24
including the normalization condition Tr (ρ) = 1). The superoperator W can thus be viewed as a 25x25 matrix
with rank 24. We denote the decay rate from the excited states (E = L, R) to the ground states (G = 0, 1) with
Γ = ΓEe1,Gg , the rate for inter-system crossing from the excited states to the singlet Γi = ΓEe1,S, and the inverse
intersystem crossing rate from |S⟩ to one of the ground state levels as Γ′

i = ΓS,Gg . The spin relaxation rate in
the ground state is Γ1 = 1/T1 = Γ+1g ,0g and at sufficiently low temperature Γ0g ,+1g ≈ 0. The pure dephasing
between the two ground state levels is denoted γ = 1/T2 = Γ0g ,0g . All other rates are set to zero.

The state of the system after optical excitation during time t is obtained as

ρ(t) = eWtρ(0), (S7)

where we choose one of the ground states as the initial state, ρ(0) = |0g⟩⟨0g| or ρ(0) = |+ 1g⟩⟨+1g|. We
typically determine ρ(t) by performing the exponentiation Eq. (S7) numerically. The resulting Bloch vector in
the ground state subspace can be obtained from

b(t) = Tr (σρ(t)) , (S8)

where the components of σ are the Pauli matrices in the ground-state subspace,

σx = |+ 1g⟩⟨0g|+ |0g⟩⟨+1g|, (S9)
σy = i(|+ 1g⟩⟨0g|− |0g⟩⟨+1g|), (S10)
σz = |0g⟩⟨0g|− |+ 1g⟩⟨+1g|. (S11)

In the idealized case Γ1 = γ = Γi = 0, and with only one of the excited levels included, the stationary
state ρ̄ in the long-time limit t ≫ 1/Γ obtained from ρ̇ = 0 as the eigenvector of W with eigenvalue 0 is the
dark state:

|D⟩ = cos(θ/2)|0g⟩ − exp(∓iφ) sin(θ/2)|+ 1g⟩ (S12)

where the upper (lower) sign holds for the single excited state level being E = R (E = L). The fidelity of the
state after a finite pumping time t with realistic parameters is then

F(t) = ⟨D|ρ(t)|D⟩. (S13)
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|Di = 1p
|⌦+1|2 + |⌦0|2

(⌦+1|0i � ⌦0|+ 1i)

⌦+1 = cos(✓/2)

⌦0 = ei� sin(✓/2)



Spin (qubit) control with CPT

which the spin is both polarized into the ms = 0 spin sublevel
under optical illumination and measured with spin-dependent PL
intensity emitted in the NV center’s phonon sideband (650–800
nm). While the unique attributes of the NV center’s intersystem
crossing have made its spin stand out as an optically addressable
qubit, the intersystem crossing is not necessary for our optical
approaches to address the spin.
We select the subspace spanned by two ground-state spin-

triplet sublevels (ms = 0 and +1) as our qubit states; the presence
of the third sublevel (ms = –1) causes only a small loss in fidelity
(SI Appendix). We denote these states j0g〉 and j+1g〉. To form
the necessary excited state, we apply a magnetic field to reach
a spin sublevel anticrossing, whose levels are a function of crystal
strain, spin–spin, spin–orbit, and Zeeman interactions (34, 35)
(Methods). The anticrossing we use is between the j0e1〉 and
j+1e1〉 spin sublevels within the lower energy excited-state orbital
branch and results in two spin-composite levels, denoted jRe1〉
and jLe1〉, separated in energy by δe1 ∼h · 0.18 GHz (Fig. 1B).
Two independent Λ systems result with either jRe1〉 or jLe1〉 as
the upper state (Fig. 1A).
To simultaneously address both transitions in a Λ system, we

split light from a 637 nm (ωL/2π ∼470,000 GHz) laser tunable
across the NV center’s optical transitions into sidebands (mul-
tiples of ωmw/2π ∼4.6 GHz) with an electro-optic phase modu-
lator (EOM). We energetically tune two harmonics of this light
to be resonant with either jRe1〉 or jLe1〉 as the upper state of the
Λ system we excite (detailed in Fig. 1A). Other optical tran-
sitions, such as those involving the third ground-state spin sub-
level j–1g〉 and the rest of the excited state fine structure, are

sufficiently off-resonance from the driving fields and other har-
monics that they are not excited. The relative phase (ϕ) between
the two driving fields determines the azimuthal position of the
dark state on the Bloch sphere in the ωmw rotating frame. Sim-
ilarly, the relative amplitude of the two optical fields determines
the dark state’s polar angle, θ (Fig. 1A). We first observe CPT
spectroscopically (1–7) by examining the PL under quasicontinuous
photoexcitation that optically drives only one of the Λ systems.
A sharp dip in PL is observed centered at ωmw = δGS/h! , where
δGS is the mean energy splitting between the spin eigenstates
(Fig. 1C), indicating that the spin is being coherently trapped in
the dark state. Because jRe1〉 and jLe1〉 are orthogonal in the j0e1〉
and j+1e1〉 spin subspace, the dark states from each of the sep-
arate Λ systems have opposite azimuthal phases but the same
polar position on the rotating-frame Bloch sphere for a given
optical Λ-driving configuration. For this reason, when we tune
the laser to equally excite both Λ systems (“center” curve in Fig.
1C), their competing dark states quench the PL dip. For sub-
sequent studies, we set ωmw = δGS/h! so that ΔGS, the detuning of
ωmw/2π from δGS/h, equals 0 unless otherwise noted.

CPT for Arbitrary-Basis Spin Initialization
We extend our investigation of the CPT interaction further by
probing the time dynamics of the resultant spin state. We set the
lasers resonant with the jRe1〉 Λ system to produce a dark state
near the Bloch sphere equator. After preparing the initial spin
state in either j0g〉 or j+1g〉 with traditional off-resonant (532 nm
laser) optical polarization and microwave electron spin reso-
nance (ESR) techniques (36), we engage the CPT interaction for
a variable duration to polarize the spin toward the dark state,
with an optical Rabi frequency, Ω ∼50 MHz. We then perform
quantum state tomography (Methods and SI Appendix) on the
post-CPT spin state via microwave ESR pulses phase-matched to
ωmw and subsequent spin readout via a second laser resonant
with the j0g〉 to j0e2〉 cycling transition (21) (Fig. 1A and Meth-
ods). The tomographic reconstructions (Fig. 2A) show that the
spin state evolves toward the dark state regardless of its initial
state, and a theoretical model accounting for both Λ systems
(Fig. 2B) is in qualitative agreement with our data (Methods and
SI Appendix). As a function of pulse duration, the initialization
fidelity saturates at about 80% after 100 ns (Fig. 2C). The fidelity
is limited, in particular, by decoherence from some optical
coupling to the other Λ system (in this case jLe1〉; Fig. 1A) due to
their closeness in energy (δe1) coupled with the finite bandwidth
of optical driving and spectral diffusion (28). A careful balance in
optical driving power must be maintained such that its bandwidth
is small enough to selectively couple to only one Λ system yet its
strength is sufficient to adequately prepare the spin faster than it
dephases out of the dark state, a result of finite T2* spin co-
herence (37). Additionally, some pumping into the third spin
state j–1g〉 and finite-time decay through the intersystem crossing
also contribute to losses in fidelity(SI Appendix).
The allure of this technique is the ability to initialize the spin

arbitrarily on the Bloch sphere solely by varying the relative
phase and amplitude of the two optical fields. In Fig. 3A, we
demonstrate initialization along different equatorial points of
the Bloch sphere by changing the relative phase between the two
driving optical fields resonant with jRe1〉. Because jRe1〉 and jLe1〉
are orthogonal spin mixtures, tuning the lasers to jLe1〉 instead is
equivalent to shifting ϕ of the final state by π radians (Fig. 3B).
Alternatively, by tuning the relative amplitudes of the two optical
fields, we initialize the spin at various points along a meridian of
the Bloch sphere (Fig. 3C). Finally, we combine polar and azi-
muthal control to demonstrate spin initialization at points along
a great circle rotated π/4 radians from the polar axis (Fig. 3D).

A

B C

Fig. 1. Λ configuration and the NV center. (A) Λ configuration within the
NV center–level structure (Left), depicting excitation with two optical driving
fields from ground states (GS) to excited states (ES). At the center of the
excited-state anticrossing, the two upper Λ states jRe1〉 and jLe1〉 (bolded
green) are the orthogonal, equal superpositions of j0e1〉 and j+1e1〉. An ex-
ample dark state, jD〉, from the jRe1〉 Λ system is plotted on the rotating-
frame Bloch sphere (Right), where its polar, θ, and azimuthal, ϕ, positions are
a function of applied laser power and phase (equation). (B) PL from resonant
excitation as a function of magnetic field and laser frequency illustrating the
anticrossing between the j0e1〉 and j+1e1〉. (C) PL from excitation with two
optical fields as a function of ΔGS = δGS/h – ωmw/2π, the detuning from the
ground state precession frequency, resonant with either jRe1〉, jLe1〉, or cen-
tered between both resonances.
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Arbitrary-Basis Spin Readout via CPT Photoexcitation
Readout along an arbitrarily chosen basis (38) is realized through
a complementary process as the emitted PL during the CPT inter-
action is proportional to the projection of the spin along the bright-
state axis. This can be thought of as a recasting of the ground states
of our Λ system in terms of the bright and dark states, orthogonal
superpositions of the original spin eigenstates j0g〉 and j+1g〉. The
two driving light fields are correspondingly recast as a single op-
tical pump acting on the bright state transition (Fig. 4A), since
they do not couple to the dark state from destructive interference
of photoexcitation. During the interaction, the spin evolves to-
ward the dark state, and the emitted PL provides a measure of the
spin state before the interaction (Fig. 4B). This technique, which
we refer to as dark/bright-state projection (DBP), bears similarity
to electromagnetically induced transparency (10), but we instead
measure the transient optical response of the NV center rather
than the amount of transmitted light.
To demonstrate arbitrary-basis readout, we prepare the spin

state with ESR pulses either along various positions on either the
equator (Fig. 4C) or a meridian (Fig. 4D) of the Bloch sphere,
and then use DBP to read out the spin state along six separate
bases with bright states corresponding to the ±X, ±Y, and ±Z
positions of the rotating frame Bloch sphere. The number of
photons measured is in direct proportion to the projection of the
spin state along the chosen axis. The signal-to-noise of spin
readout using DBP along polar bright states is comparable to
traditional spin readout techniques via the intersystem crossing,
while DBP spin readout along equatorial states requires roughly
3× more averaging (SI Appendix) to achieve a similar signal-
to-noise ratio. By combining both CPT initialization and DBP
readout, we perform an all-optical Ramsey measurement (39)
with detuning ΔGS = –7.5 MHz by varying the delay between the
CPT and DBP pulses to measure the transverse inhomogeneous

spin coherence time,T2* (Fig. 4E,Upper). Collapses and revivals in
the signal are indicative of hyperfine coupling to the 14N spin. The
all-optical response is similar to Ramsey measurements taken at
room temperature using ESR pulses and traditional intersystem
crossing-based initialization and readout (Fig. 4E, Lower).

Arbitrary-Axis Spin Rotations via SRTs
Within this same optical coupling framework, we also demon-
strate unitary spin rotations about any qubit axis via SRTs. By
detuning ωL from resonance while keeping ΔGS = 0, driving the
lambda system produces adiabatic energy shifts of the bright state
during the laser pulse without modifying the dark state energy,
generating unitary spin rotations (8, 9, 16, 20, 40) along the dark/
bright state Bloch sphere axis. To drive rotations about an
equatorial axis, we tune the two equal-intensity (tan(θ/2) = 1)
driving fields at an optical Rabi frequency, Ω ∼60 MHz to be
centered between the jRe1〉 and jLe1〉 resonances. Consequently,
each Λ system is driven equally but oppositely detuned and when
combined with their respective orthogonal bright states, spin
rotations generated from SRTs add constructively from both Λ
systems. Conversely, unwanted CPT effects due to incidental
spontaneous decay within each Λ system reduce coherence but
produce no net spin polarization as a result of their competing
dark states. In Fig. 5A, we present the dynamics of SRT spin
rotations along two different equatorial rotation axes of the Bloch
sphere (“σX” or “σY”), corresponding to different relative phases
(ϕ) of the two optical fields. We measure a 69% process fidelity
for a σX or σY π-rotation, limited largely by spontaneous decay.
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Fig. 2. Time dynamics of CPT. (A) Bloch sphere representation of the spin
state as a function of the CPT interaction time, on resonance with jRe1〉.
Beginning near either j0g〉 (orange) or j+1g〉 (blue), this process polarizes the
spin toward jD〉 regardless of its initial state. Errors are ∼3× the point size
and are detailed in the SI Appendix. The optical Rabi frequency, Ω, is roughly
50 MHz. (B) Model of the time dynamics using a Lindblad master equation
approach (description in SI Appendix). (C) Fidelity of initialized spin state as
a function of pulse duration. Fidelity is compared with the pure state jD〉. A B

C D

Fig. 3. Arbitrary spin-state initialization. (A) Azimuthal initialization of
spins via CPT on resonance with jRe1〉. Varying the relative phase between
the two optical fields (ϕ) changes the azimuthal location. (B) X, Y, and Z
projections of azimuthal initialization, on resonance with jLe1〉 (Upper) ver-
sus the orthogonal state jRe1〉 (Lower). Error bars are within point size. (C)
Polar initialization of spins, on resonance with jRe1〉. Varying the relative
amplitude between the two optical fields (tan(θ/2)) changes the polar lo-
cation. (D) Initialization of spins along a great circle canted π/4 off the polar
axis, achieved through control of both the relative phase and amplitude of
the two optical fields. Before CPT, the spin was polarized into j+1g〉 (SI Ap-
pendix). The CPT pulse duration was 200 ns (A, C, and D) or 100 ns (B). Errors
are ∼2× the point size and are detailed in the SI Appendix.
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CPT for arbitrary-basis spin initialization

thus can be used to investigate and control a wide array of
defects and other localized quantum states in solid-state mate-
rials, not just those with NV-like structures (44, 45). As such,
these techniques open the door to exploring quantum coherence
and developing quantum information platforms in a broad range
of semiconductors and nanostructures.

Methods
Sample. The sample was a 2 × 2 × 0.5 mm electronic grade diamond pur-
chased from Element Six, consisting of <5 parts per billion nitrogen that was
irradiated with a 1e14 electrons/cm2, 2 MeV dose, and subsequently
annealed at 850 °C for 2 h. Ti/Pt/Au devices, consisting of direct current (DC)
pads and a short-terminated waveguide, were deposited on the sample
using standard photolithographic techniques. All experiments were per-
formed in a confocal microscopy setup (SI Appendix) with a liquid helium
flow cryostat held at 8 K. The sample was thermally sunk to the cryostat, and
the waveguide was wirebonded to a microwave line in the cryostat for on-
chip ESR. The studied NV center excited-state orbital strain splitting between
ms = 0 spin sublevels varied from 4.6 GHz to 5.8 GHz between cryostat
cooldowns, as thermal cycling modified the crystal strain. As a result, the DC-
applied magnetic field at which the lower branch excited-state spin anti-
crossing occurred varied (550–750 G), which led to variations in the ground-
state spin splitting between j0g〉 and j+1g〉 (δGS/h ∼4.3–5.0 GHz).

Experimental Techniques.Our confocal microscopy setup consists of a 100 mW
532 nm nonresonant excitation laser used for the standard NV center in-
tersystem crossing spin initialization and readout protocol (18) and two
tunable 637 nm lasers resonant with various NV center optical transitions.
The light field from one of the resonant lasers was fiber-coupled to an EOM
to split the optical field, at ωL, into different frequency sidebands, separated
by ωmw, to optically drive the Λ system. The main frequency of these light
fields, ωL, had to be adjusted to compensate for relative drift between the
NV center transitions and the laser frequency on the order of every 10 min,
which was performed by observing PL while scanning the laser frequency.
For the CPT and SRT measurements, a second resonant laser functioned as
a one-color spin-state readout laser along the SZ basis by being resonant
with the j0g〉 to j0e2〉 transition (21) (Fig. 1A) resulting in higher collected PL
when the spin was in j0g〉. In Fig. 5C only, the light field from this second
resonant laser was instead fiber-coupled to a second EOM, where the first
laser was used to perform CPT and DBP and the second laser was used to
perform SRTs for this Hahn echo pulse sequence. Because the resonant lasers
can photoionize the charge state of the NV center, the 532 nm excitation
laser was required to return the NV center to its original negatively charged
state. We applied 532 nm excitation upon every iteration of these experi-
ments to both mitigate these charging effects and reset the spin state. All
three lasers were gated using separate acousto-optic modulators (AOMs)
for pulse timing control. They were subsequently passed through a variety of
polarization optics, combined with beamsplitters, and focused onto the
sample with a 0.85 numerical aperture 100× microscope objective that was
aberration-corrected for the cryostat window. PL from the NV’s red-shifted
phonon sideband was collected back through the objective, filtered by dichroic
beamsplitters, and focused onto a silicon avalanche photodiode (APD).

Microwaves to drive the EOM(s) and for on-chip microwave ESR driving
(36) originated from the same signal generator at frequency ωmw/2π, which
varied from 4.3–5.0 GHz due to variations in δGS/h from changes in NV center
strain. The microwaves going to the EOMs and to the sample for ESR passed
through IQ modulators for phase control between the various CPT, SRT, DBP,
and ESR pulses. These microwave signals were also gated in time and am-
plitude-controlled using microwave modulators and switches. Timing for the
microwave switches, AOMs, and IQ modulators were controlled by an arbi-
trary waveform generator, a PulseBlaster card, and a pulse-pattern gener-
ator. Pulse sequences used for these experiments consisted of a traditional
initialization pulse at 532 nm as a spin and charge reset, followed by a

sequence consisting of a number of the following techniques: on-chip mi-
crowave ESR pulses, as well as techniques using the 637 nm tunable lasers,
including CPT spin-state initialization, DBP spin-state readout, j0e2〉 spin-
state readout, and/or SRT coherent spin rotation. Details for each pulse se-
quence are discussed in the SI Appendix. A magnetic field was applied along
the NV center axis with a permanent magnet on a motorized stage and was
adjusted to tune to the anticrossing used.

Quantum State Tomography. To perform quantum state tomography on our
CPT spin-state initialization and SRT coherent rotation, we read out the X, Y,
and Z projections of the postinteraction state. All projections were mapped
onto the SZ basis using ESR pulses and then read out with the laser resonant
with j0e2〉. We applied a Bayesian approach to the tomographic reconstruction
of the spin state (46), detailed in the SI Appendix, that takes into account
finite readout contrast, laser drift, and axial/length imperfections in the mi-
crowave rotations used to project the different spin components.

Theoretical Modeling. To describe the dynamics of the NV center spin under
optical excitation in the Λ level configuration (47), we include five energy
levels: two out of the three ground-state levels j0g〉, j+1g〉, the two mixed
excited states jLe1〉 and jRe1〉 as the upper state of each Λ system, as well as
the intermediate singlet jS〉, which here plays a role for unintentional in-
tersystem crossings. The Hamiltonian, in the rotating frame, for the subspace
spanned by these five basis states can be expressed as:

H=
X

α

«αjαæÆαj+
X

G=0;1

X

E=L;R

h
!
ΩGE jEe1æÆGg

""+h:c:
#
; [1]

where the first sum runs over all states α = 0g, +1g, Le1, Re1, and S with
corresponding energies «0g = «+1g =h ·ΔL (where ΔL is detuning of ωL/2π from
resonance to a Λ system), «Re1 = 0, «Le1 = − δe1; and «S. The laser excitation
from one of the lower states G = 0, 1 to one of the upper states E = L, R is
described by the Rabi frequencies in the rotating frame:

Ω1E =Ωcosðθ=2Þ; [2]

Ω0E = ±Ωsin
!
θ=2

#
eiϕ; [3]

where the upper (lower) sign holds for E = R (E = L). We studied the time
evolution of the system by numerically solving the Lindblad master equation
(48, 49) for the density matrix of the NV center in the rotating frame. In
addition to coherent processes such as excitation from the two driving fields,
the master equation also accounts for spontaneous decays of charge and
spin with some rates known from independent experiments. In the ideal-
ized, long-time limit case, with only one excited level included, the resulting
eigenvector with eigenvalue 0 corresponds to the dark state:

jDæ= cos
!
θ=2

#""0gæ− e∓iϕsin
!
θ=2

#""+ 1gæ; [4]

where the upper (lower) sign holds for the single excited-state level being
E = R (E = L). In actuality, the steady state is described by a mixed state,
which can deviate slightly from jD〉〈Dj. The simulated behavior of the NV
spin during CPT and SRTs is in good qualitative agreement with the ex-
perimental data (Fig. 2 and SI Appendix, Figs. S6–S9). Further details can be
found in the SI Appendix.
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3 Model of arbitrary initialization and rotation

The Hamiltonian describing our system (Equation [1] from Methods) is presented below in matrix form,

H = h

⎛

⎜⎜⎜⎜⎝

∆L 0 Ω cos(θ/2) Ω cos(θ/2) 0
0 ∆L Ω sin(θ/2)eiφ −Ω sin(θ/2)eiφ 0

Ω cos(θ/2) Ω sin(θ/2)e−iφ 0 0 0
Ω cos(θ/2) −Ω sin(θ/2)e−iφ 0 −δe1/h 0

0 0 0 0 ϵS/h

⎞

⎟⎟⎟⎟⎠
(S5)

where the ordering of the states in the matrix is: {|+ 1g⟩, |0g⟩, |Re1⟩, |Le1⟩, |S⟩}, ∆L is the detuning of the laser
frequency (ωL/2π) from resonance to the |Re1⟩ Λ system, δe1 is the separation of the excited state levels, Ω is
the optical Rabi frequency, φ is the relative phase between the two coherent light fields, and tan(θ/2) is the
relative amplitude between the driving fields. As such, φ and θ will describe the azimuthal and polar angle,
respectively, of the resultant dark state.

The time evolution of the system is described by the Lindblad master equation [48, 49],

ρ̇ = i [ρ, H] + ∑
α,α′

Γαα′

(
σα′αρσαα′ −

1
2

σααρ − 1
2

ρσαα

)
≡ Wρ, (S6)

with the Lindblad operators σαα = |α⟩⟨α| = σ†
α′ασα′α and σα′α = σ†

αα′ = |α′⟩⟨α|. For n = 5 levels, the density
matrix ρ is a Hermitian 5x5 matrix and can thus be described by n2 = 25 real parameters (n2 − 1 = 24
including the normalization condition Tr (ρ) = 1). The superoperator W can thus be viewed as a 25x25 matrix
with rank 24. We denote the decay rate from the excited states (E = L, R) to the ground states (G = 0, 1) with
Γ = ΓEe1,Gg , the rate for inter-system crossing from the excited states to the singlet Γi = ΓEe1,S, and the inverse
intersystem crossing rate from |S⟩ to one of the ground state levels as Γ′

i = ΓS,Gg . The spin relaxation rate in
the ground state is Γ1 = 1/T1 = Γ+1g ,0g and at sufficiently low temperature Γ0g ,+1g ≈ 0. The pure dephasing
between the two ground state levels is denoted γ = 1/T2 = Γ0g ,0g . All other rates are set to zero.

The state of the system after optical excitation during time t is obtained as

ρ(t) = eWtρ(0), (S7)

where we choose one of the ground states as the initial state, ρ(0) = |0g⟩⟨0g| or ρ(0) = |+ 1g⟩⟨+1g|. We
typically determine ρ(t) by performing the exponentiation Eq. (S7) numerically. The resulting Bloch vector in
the ground state subspace can be obtained from

b(t) = Tr (σρ(t)) , (S8)

where the components of σ are the Pauli matrices in the ground-state subspace,

σx = |+ 1g⟩⟨0g|+ |0g⟩⟨+1g|, (S9)
σy = i(|+ 1g⟩⟨0g|− |0g⟩⟨+1g|), (S10)
σz = |0g⟩⟨0g|− |+ 1g⟩⟨+1g|. (S11)

In the idealized case Γ1 = γ = Γi = 0, and with only one of the excited levels included, the stationary
state ρ̄ in the long-time limit t ≫ 1/Γ obtained from ρ̇ = 0 as the eigenvector of W with eigenvalue 0 is the
dark state:

|D⟩ = cos(θ/2)|0g⟩ − exp(∓iφ) sin(θ/2)|+ 1g⟩ (S12)

where the upper (lower) sign holds for the single excited state level being E = R (E = L). The fidelity of the
state after a finite pumping time t with realistic parameters is then

F(t) = ⟨D|ρ(t)|D⟩. (S13)

S9

Rotations about nonequatorial axes, such as the polar axis (20)
(“σZ”), are also achievable in this system (Fig. 5B) but require
different configurations of the light fields (SI Appendix).
Finally, to illustrate the full suite of these optical control proto-

cols, we present an all-optical Hahn echo measurement of an NV
center spin’s homogeneous spin coherence time, T2. This mea-
surement consists of an on-resonance CPT laser pulse for spin ini-
tialization along theBloch equator, followed by a detuned SRT laser
pulse to flip the spin to produce an echo, and finally an on-resonance
DBP readout pulse to measure the final spin state along an equa-
torial basis (SI Appendix). A second laser and EOM were used to
generate both on-resonance and detuned pulses in such quick suc-
cession. We determine T2 ∼900 μs, corroborated by an ESR-based
Hahn echo measurement at room temperature (Fig. 5C).

Conclusions
We demonstrate all-optical initialization, readout, and coherent
unitary rotations of an individual NV center spin, forming a tri-
umvirate of protocols for single-spin control that can be per-
formed along any arbitrarily chosen basis. Using these protocols,
we demonstrate two measurements of transverse spin coherence
solely with optical pulses. The ability to select any basis allows for
quantum operations to be implemented directly without the
need for extra control steps to project onto or from the preferred
energy eigenstate basis. This eliminates the need for ESR
operations (36), enabling control of individual spins within
a much smaller device footprint, even at subwavelength scales
(41, 42), with promise for large-scale implementations of arrays
of individually addressable spins (43) or photonic networks (22,
23). Perhaps most importantly, these methodologies mitigate the
need for the NV center’s intersystem crossing spin-selectivity and
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Fig. 4. Arbitrary-basis spin-state readout. (A) Λ configuration recast in
terms of ground-state orthogonal superpositions, the bright jB〉 and dark jD〉
states. The driving fields are similarly recast as an optical pump on the bright
state transition. (B) The emitted PL response of the NV center spin as it
settles into the dark state, starting either near the bright or dark state. This
trace is a sum of 2.3 × 106 iterations with the data binned into 10 ns time
intervals. (C) Spins initialized at points along the equator and read out
through DBP. The DBP basis is chosen such that the corresponding bright
state, indicated in the legend, is at one of four points on the equator (Upper)
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CPT for arbitrary-basis spin readout

CPT for arbitrary-axis spin rotation
Rotations about nonequatorial axes, such as the polar axis (20)
(“σZ”), are also achievable in this system (Fig. 5B) but require
different configurations of the light fields (SI Appendix).
Finally, to illustrate the full suite of these optical control proto-

cols, we present an all-optical Hahn echo measurement of an NV
center spin’s homogeneous spin coherence time, T2. This mea-
surement consists of an on-resonance CPT laser pulse for spin ini-
tialization along theBloch equator, followed by a detuned SRT laser
pulse to flip the spin to produce an echo, and finally an on-resonance
DBP readout pulse to measure the final spin state along an equa-
torial basis (SI Appendix). A second laser and EOM were used to
generate both on-resonance and detuned pulses in such quick suc-
cession. We determine T2 ∼900 μs, corroborated by an ESR-based
Hahn echo measurement at room temperature (Fig. 5C).

Conclusions
We demonstrate all-optical initialization, readout, and coherent
unitary rotations of an individual NV center spin, forming a tri-
umvirate of protocols for single-spin control that can be per-
formed along any arbitrarily chosen basis. Using these protocols,
we demonstrate two measurements of transverse spin coherence
solely with optical pulses. The ability to select any basis allows for
quantum operations to be implemented directly without the
need for extra control steps to project onto or from the preferred
energy eigenstate basis. This eliminates the need for ESR
operations (36), enabling control of individual spins within
a much smaller device footprint, even at subwavelength scales
(41, 42), with promise for large-scale implementations of arrays
of individually addressable spins (43) or photonic networks (22,
23). Perhaps most importantly, these methodologies mitigate the
need for the NV center’s intersystem crossing spin-selectivity and
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separated by π/2 radians, and show the trajectory of a spin originating near
j0g〉 (orange) and j+1g〉 (blue). The axes of rotation are added as guides to
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ries originating near orthogonal points on the equator (maroon and gray).
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Pancharatnam-Berry phase

• Hamiltonian 

• Dynamics 

• Instantaneous eigenstates 

• Adiabatic evolution 

• Adiabatic evolution along closed loop in parameter space 
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Optical accumulation of geometric phase
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Robustness of the geometric phase against noise

C.G. Yale, J.F. Heremans, B.B. Zhou, A. Auer, G. Burkard, D.D. Awschalom, Nature Photonics 10, 184 (2016)

ideal loops enclosing four disparate Berry phase angles. We find
these distributions remain constant regardless of the intended
Berry phase. This feature results from the symmetric, path-
length-preserving nature of our class of trajectories (‘tangerine
slice’), as the sensitivity to fluctuations does not depend on the
given Φ. This property is in contrast to other classes of trajectories
(paths of variable radius) typically accessed by rotating field
approaches4,10,14, where larger Berry phases are more susceptible
to noise.

In Fig. 5c, we examine the impact of increasing the amplitude of
the two different noise types. Consistent with the expectation that
parallel noise does not change the enclosed solid angle, the
measured Berry phases remain minimally dephased for increased
δθ noise. In the case of perpendicular noise, δϕ, which modifies
the enclosed solid angle, we see an enhanced effect on the angular
distribution of the Berry phases. In both cases, larger noise ampli-
tudes reduce the visibility as fewer adiabatic loops are preserved.
Assuming the dark state adiabatically follows the noisy path3, we
derive an analytic relationship between the variance in the Berry
phase and the noise amplitude sϕ for our specific trajectory
(Supplementary Section 2.4.5):

σ2γB =
s2f
2

1 − e−2πΔvτ

(1 + (Δvτ)2)
2 +

πΔvτ
1 + (Δvτ)2

[ ]

(2)

This variance does not depend on wedge angle Φ, but only on the
product Δvτ, a measure of the number of noise oscillations per
cycle. In Supplementary Section 2.4.4 we describe the estimation
of the intrinsic σγB from the shot-noise-broadened standard devi-
ations σ̂γB,echo. From this, we confirm in Fig. 5d that σγB is strongly
robust to δθ noise, while its dependence on δϕ noise matches
well the expected result σγB = 0.64sϕ from equation (2) (solid line

in Fig. 5d), using the experimental parameters Δv = 3 MHz and
τ = 1,200 ns. In contrast to dynamic phase, the adiabatic geometric
phase becomes increasingly robust to noise as the traversal time
increases, as seen in σ2γB ! (πs2f)/(2Δvτ) for Δvτ ≫ 1. Figure 5e
displays the estimated σγB as a function of traversal time τ for
measurements at Δv = 3 MHz and with a constant noise amplitude
sϕ = 14°, demonstrating the predicted σγB ∼ τ–1/2 scaling that is the
hallmark of noise resiliency for geometric phases.

Conclusions and discussion
We have demonstrated an all-optical approach to accumulate Berry
phase in a solid-state system that enables independent, geometric
manipulation of individual qubits with diffraction-limited spatial
resolution. Using the |A2〉 Λ system of the NV centre in diamond,
we control the adiabatic passage of a dark state, understand the
mechanisms that limit the successful enclosure of the Berry phase,
and characterize the nature of its robustness to noise. Due to imper-
fect initialization and loss mechanisms, the experimental Berry
phase visibilities peak at 51%, corresponding to an estimated peak
state fidelity of 73%. This fidelity is lower than previous geometric
phase demonstrations in atomic systems9,17 and in the solid state
using microwaves10–14. However, we estimate this fidelity could be
improved substantially by limiting the effect of far-detuned harmo-
nics, either through increased ground state Zeeman splitting or
extinction of unwanted optical drives via cavity rejection and polar-
ization selectivity (Supplementary Sections 1.4 and 1.5). Extensions
to this technique could be realized by harnessing other solid-state Λ
systems, such as in the silicon–vacancy in diamond35,36 with its
strong zero-phonon line emission, which is important for photonic
applications37. Alternatively, adding another optical field to actively
control the third ground-state level in a solid-state tripod system
provides an avenue for all-optical universal geometric single qubit
gates6,17–19. The prevalence of Λ and tripod energy structures

sϕ = 8°δϕ noiseδθ noise

δϕδθ

1
3
5

No. of passes

〈Xnorm〉

〈Y
no

rm
〉

0 90 180 270 360
0

10

20

30

γB,echo angle (°)

O
cc

ur
re

nc
es

 (%
)

si = 4°
si = 22°

〈Xnorm〉

〈Y
no

rm
〉

i = θ

〈Xnorm〉

〈Y
no

rm
〉

i = ϕ

0 20 40 60 80
0

20

40

si, noise amplitude (°)

i = θ
i = ϕ

τ = 1.2 µs

0 2 4 6
0

5

10

15

τ (µs)

σ γ
B (°

)

σ γ
B (°

)

sϕ = 14°

a b

c

d e

90

225

157

333

γB,echo (°)
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to the path and does not (does) affect the enclosed solid angle. b, Angular distributions (broadened by photon collection statistics) of the measured Berry
phases for a specific noise amplitude sϕ = 8° are plotted on the equatorial slice of the Bloch sphere (left) and binned into histograms with bin size of 6°
(right) and show independence from the intended phases: γB,echo = 90° (red), 157° (green), 225° (blue) and 333° (purple). Because of the echo sequence,
γB,echo is double the single loop Berry phase. Projections are normalized by the zero-noise case for b and c. Yellow circle indicates the 95% confidence
interval of photon collection shot noise about the intended γB,echo. c, Shot-noise broadened angular distributions of γB,echo = 225° for both δθ and δϕ noise at
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• robust against δθ noise 

• affected by δΦ noise

ideal loops enclosing four disparate Berry phase angles. We find
these distributions remain constant regardless of the intended
Berry phase. This feature results from the symmetric, path-
length-preserving nature of our class of trajectories (‘tangerine
slice’), as the sensitivity to fluctuations does not depend on the
given Φ. This property is in contrast to other classes of trajectories
(paths of variable radius) typically accessed by rotating field
approaches4,10,14, where larger Berry phases are more susceptible
to noise.

In Fig. 5c, we examine the impact of increasing the amplitude of
the two different noise types. Consistent with the expectation that
parallel noise does not change the enclosed solid angle, the
measured Berry phases remain minimally dephased for increased
δθ noise. In the case of perpendicular noise, δϕ, which modifies
the enclosed solid angle, we see an enhanced effect on the angular
distribution of the Berry phases. In both cases, larger noise ampli-
tudes reduce the visibility as fewer adiabatic loops are preserved.
Assuming the dark state adiabatically follows the noisy path3, we
derive an analytic relationship between the variance in the Berry
phase and the noise amplitude sϕ for our specific trajectory
(Supplementary Section 2.4.5):

σ2γB =
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2
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This variance does not depend on wedge angle Φ, but only on the
product Δvτ, a measure of the number of noise oscillations per
cycle. In Supplementary Section 2.4.4 we describe the estimation
of the intrinsic σγB from the shot-noise-broadened standard devi-
ations σ̂γB,echo. From this, we confirm in Fig. 5d that σγB is strongly
robust to δθ noise, while its dependence on δϕ noise matches
well the expected result σγB = 0.64sϕ from equation (2) (solid line

in Fig. 5d), using the experimental parameters Δv = 3 MHz and
τ = 1,200 ns. In contrast to dynamic phase, the adiabatic geometric
phase becomes increasingly robust to noise as the traversal time
increases, as seen in σ2γB ! (πs2f)/(2Δvτ) for Δvτ ≫ 1. Figure 5e
displays the estimated σγB as a function of traversal time τ for
measurements at Δv = 3 MHz and with a constant noise amplitude
sϕ = 14°, demonstrating the predicted σγB ∼ τ–1/2 scaling that is the
hallmark of noise resiliency for geometric phases.

Conclusions and discussion
We have demonstrated an all-optical approach to accumulate Berry
phase in a solid-state system that enables independent, geometric
manipulation of individual qubits with diffraction-limited spatial
resolution. Using the |A2〉 Λ system of the NV centre in diamond,
we control the adiabatic passage of a dark state, understand the
mechanisms that limit the successful enclosure of the Berry phase,
and characterize the nature of its robustness to noise. Due to imper-
fect initialization and loss mechanisms, the experimental Berry
phase visibilities peak at 51%, corresponding to an estimated peak
state fidelity of 73%. This fidelity is lower than previous geometric
phase demonstrations in atomic systems9,17 and in the solid state
using microwaves10–14. However, we estimate this fidelity could be
improved substantially by limiting the effect of far-detuned harmo-
nics, either through increased ground state Zeeman splitting or
extinction of unwanted optical drives via cavity rejection and polar-
ization selectivity (Supplementary Sections 1.4 and 1.5). Extensions
to this technique could be realized by harnessing other solid-state Λ
systems, such as in the silicon–vacancy in diamond35,36 with its
strong zero-phonon line emission, which is important for photonic
applications37. Alternatively, adding another optical field to actively
control the third ground-state level in a solid-state tripod system
provides an avenue for all-optical universal geometric single qubit
gates6,17–19. The prevalence of Λ and tripod energy structures
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interval of photon collection shot noise about the intended γB,echo. c, Shot-noise broadened angular distributions of γB,echo = 225° for both δθ and δϕ noise at
noise amplitudes si= 4° (blue) and 22° (red). Each dashed circle indicates the mean visibility, 〈
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The smaller magnitude of the visibility indicates that fewer adiabatic loops are preserved. d, Estimated standard deviation σγB, of intrinsic distributions versus
noise amplitude si for both δθ (blue) and δϕ (red). The grey shaded region is the 95% confidence interval on the experimental slope. e, Estimated σγB
showing a τ–1/2 decrease as the STIRAP traversal time τ increases for a constant noise amplitude sϕ = 14°. Errors in d and e represent 95% confidence
intervals. Indigo lines in d and e are the predicted behaviour for σγB using experimental parameters and equation (2).
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Geometric phase in open system
• Hamiltonian in the basis 

• Master equation: 

• Lindblad operators: 

- Relaxation 

- Spin dephasing 

- Orbital dephasing
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Two-qubit gates between (remote) NV spins
• idea: optical cavity-mediated spin-spin interaction

• laser photons scatter at NV into cavity mode and back

• spin-dependent scattering 
 

• two NVs: spin-dependent phase

• controlled-phase gate (CPHASE)
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Single nitrogen-vacancy center

• strained NV center


• in the co-rotating frame of the laser 
 
 
 
 
 

• ES spin-spin interactions (dotted lines)
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FIG. 2. (a) GS and ES energy levels as a function of the
magnetic field B. In the ES, only one orbital triplet is shown.
The e↵ect of the spin-spin interactions �1,2 is shown schemat-
ically by the dotted lines. (b) Simplified energy level scheme.
Here, |0ig and |� 1ig denote orbital ground-state levels with
spin projection ms = 0 and ms = �1. Similarly, |0ie and
| � 1ie stand for the corresponding excited-state levels. The
scattering of a laser photon (blue) into a cavity photon (red)
via the intermediate excitation of the NV center is prevented
in the ms = �1 state by destructive quantum interference
when �L = �+ �C/2.

ent zero-field splittings in the GS and ES, the m
s

= 0
and m

s

= �1 states in the ES are not degenerate at B0,
which can lead to di↵erent scattering matrix elements for
the m

s

= 0 and m
s

= �1 states. It can e.g. be arranged
that a laser photon can only be scattered into the cavity
mode (or vice versa) if the NV spin is m

s

= 0. If two
NV centers are simultanously coupling in this way to the
same cavity mode, they will exchange a cavity photon if
and only if both NV spins are in the m

s

= 0 state. This
virtual photon exchange generates a conditional phase
shift; once the accumulated phase amounts to ⇡, one has
achieved a CPHASE gate on the two NV spin qubits.

Single NV center in a cavity. The NV center in its
ground state (GS) and excited state (ES) spin triplet
will be described by the Hamiltonian
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where the first term describes the Zeeman splitting of
the spin S with eigenvalues m

s

= �1, 0, 1 in a magnetic
field applied along the NV (z) axis with identical g fac-
tor for the GS and ES (µ

B

denotes the Bohr magneton).
The second term in Eq. (1) includes the GS-ES energy
gap E
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= 1.945 eV and the distinct GS and ES zero-field
spin splittings Dgs = 2.88GHz and Des = 1.42GHz. The
o↵-diagonal terms describe laser excitation at a frequency
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, with the spin-independent dipole matrix element g
L

.
We assume that the ES orbital state energies are strongly
split by the strain in the diamond crystal, such that we
can concentrate on one of the two orbital ES triplets.
The prerequisite for this to be a reasonable approxima-
tion is that the strain splitting exceeds the ES spin-orbit

coupling � = 5.3GHz. Strain splittings in excess of this
value are readily available for common NV centers in di-
amond. Taking only one orbital ES into account, we can
view the matrix in Eq. (1) as a 6x6 matrix consisting of
four 3x3 blocks. The Zeeman splitting described by the
first term in Eq. (1) is independent of the orbital state.
Using Pauli matrices ⌧
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to describe the GS-ES orbital
state, i.e., ⌧
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= +1 for the GS and ⌧
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= �1 for the ES,
and working in a rotating frame with the frequency !
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where D = (Dgs + Des)/2 = 2.15GHz and � = Dgs �
Des = 1.46GHz denote the mean and di↵erence between
the GS and ES zero-field splittings, and �
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is
the laser detuning. We have so far neglected the spin-spin
couplings in the ES, but will discuss their e↵ect further
below.
We now consider a single NV center coupled to a near-

resonant mode of a surrounding optical cavity which we
describe, using the rotating-wave approximation, with
the following Hamiltonian,
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)/2 describe transitions between the GS and ES, and
a† (a) creates (annihilates) a cavity photon. The dipole
matrix element g
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of the cavity field can be made real-
valued by an appropriate phase convention in the excited
state. However, g

L

can in general not be made real-
valued at the same time; its phase depends on the phase
of the laser field.
The magnetic field is chosen at a working point around

the GS level crossing B0 = Dgs/gµB

where we focus
our description on the nearly degenerate m

s

= �1 and
m

s

= 0 levels (the m
s

= +1 level will be included fur-
ther below). We describe here the situation of an ini-
tially empty cavity, which subsequently holds at most
one virtual photon. Starting from an empty cavity,
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and
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of the cavity and laser frequencies, we can fur-
ther reduce the relevant states to |G0i = |G,n = 0i,
|G1i = |G,n = 1i, and |E0i = |E, n = 0i, where G and
E denote the GS and ES, respectively, and n denotes the
cavity photon number. Including the two remaining spin
projections, m

s

= �1, 0 this leaves us with six states for
a single NV and the cavity.
The combined action of the coupling to the laser and

cavity fields can scatter a photon from the laser into the
cavity or vice versa, via an intermediate virtual ES. To
describe such second-order processes in the perturbation
Hamiltonian
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ent zero-field splittings in the GS and ES, the m
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= 0
and m
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= �1 states in the ES are not degenerate at B0,
which can lead to di↵erent scattering matrix elements for
the m
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= 0 and m
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= �1 states. It can e.g. be arranged
that a laser photon can only be scattered into the cavity
mode (or vice versa) if the NV spin is m

s

= 0. If two
NV centers are simultanously coupling in this way to the
same cavity mode, they will exchange a cavity photon if
and only if both NV spins are in the m

s

= 0 state. This
virtual photon exchange generates a conditional phase
shift; once the accumulated phase amounts to ⇡, one has
achieved a CPHASE gate on the two NV spin qubits.

Single NV center in a cavity. The NV center in its
ground state (GS) and excited state (ES) spin triplet
will be described by the Hamiltonian
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where the first term describes the Zeeman splitting of
the spin S with eigenvalues m

s

= �1, 0, 1 in a magnetic
field applied along the NV (z) axis with identical g fac-
tor for the GS and ES (µ

B

denotes the Bohr magneton).
The second term in Eq. (1) includes the GS-ES energy
gap E

g

= 1.945 eV and the distinct GS and ES zero-field
spin splittings Dgs = 2.88GHz and Des = 1.42GHz. The
o↵-diagonal terms describe laser excitation at a frequency
!
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, with the spin-independent dipole matrix element g
L

.
We assume that the ES orbital state energies are strongly
split by the strain in the diamond crystal, such that we
can concentrate on one of the two orbital ES triplets.
The prerequisite for this to be a reasonable approxima-
tion is that the strain splitting exceeds the ES spin-orbit

coupling � = 5.3GHz. Strain splittings in excess of this
value are readily available for common NV centers in di-
amond. Taking only one orbital ES into account, we can
view the matrix in Eq. (1) as a 6x6 matrix consisting of
four 3x3 blocks. The Zeeman splitting described by the
first term in Eq. (1) is independent of the orbital state.
Using Pauli matrices ⌧
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to describe the GS-ES orbital
state, i.e., ⌧
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= +1 for the GS and ⌧
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= �1 for the ES,
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where D = (Dgs + Des)/2 = 2.15GHz and � = Dgs �
Des = 1.46GHz denote the mean and di↵erence between
the GS and ES zero-field splittings, and �
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is
the laser detuning. We have so far neglected the spin-spin
couplings in the ES, but will discuss their e↵ect further
below.
We now consider a single NV center coupled to a near-

resonant mode of a surrounding optical cavity which we
describe, using the rotating-wave approximation, with
the following Hamiltonian,
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a† (a) creates (annihilates) a cavity photon. The dipole
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of the cavity field can be made real-
valued by an appropriate phase convention in the excited
state. However, g
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can in general not be made real-
valued at the same time; its phase depends on the phase
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The magnetic field is chosen at a working point around
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where we focus
our description on the nearly degenerate m
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= �1 and
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= 0 levels (the m
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ther below). We describe here the situation of an ini-
tially empty cavity, which subsequently holds at most
one virtual photon. Starting from an empty cavity,
and assuming su�ciently large detunings �
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of the cavity and laser frequencies, we can fur-
ther reduce the relevant states to |G0i = |G,n = 0i,
|G1i = |G,n = 1i, and |E0i = |E, n = 0i, where G and
E denote the GS and ES, respectively, and n denotes the
cavity photon number. Including the two remaining spin
projections, m

s

= �1, 0 this leaves us with six states for
a single NV and the cavity.
The combined action of the coupling to the laser and

cavity fields can scatter a photon from the laser into the
cavity or vice versa, via an intermediate virtual ES. To
describe such second-order processes in the perturbation
Hamiltonian

V = g
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we eliminate the ES and derive an e↵ective interaction
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the e↵ective coupling Hamiltonian for two NV spins (see
Methods),

H2q =
X
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�B
i

◆
|0i

i

h0|� g12|00ih00|,

(6)
where |00i = |0i1|0i2. The two-qubit coupling strength
is given by

g12 =
|g1g2|
�
C

cos(�1 � �2), (7)

where �1 � �2 denotes the phase di↵erence between the
two exciting lasers, with �

i

= arg(g
Li

). The second term
in Eq. (6) generates a conditional phase shift in the case
where both NV center spins are in the m

s

= 0 state. We
note that the two-qubit coupling can be switched on and
o↵ either by changing the intensities or relative phase
of the two exciting lasers. In the case where the exciting
lasers are switched on for a time t = 1/(4g12), one obtains
a ⇡ phase shift (g12 given in Hz). The resulting CPHASE
gate,

UCPHASE = 11� 2|00ih00|, (8)

is a two-qubit gate that, along with single-qubit gates,
forms a universal set of quantum gates for quantum com-
putation. Since the two terms in Eq. (6) commute, the
entire quantum time evolution is U = (U1⌦U2)UCPHASE,
a CPHASE gate followed by trivial single-qubit gates.
The latter can, if necessary, be undone by sequential sin-
gle qubit gates, or alternatively, be avoided altogether by
choosing g

i

=
p
g
e

µ
B

�B
i

�
C

. By tuning the laser inten-
sities individually for the two NV centers, one can reach
|g1|2 � g

e

µ
B

�B1 = |g2|2 � g
e

µ
B

�B2 and thus U1 = U2.
Such identical single-qubit unitaries could be undone via
microwave control. In the case of di↵erent single-qubit
interactions, or more than two qubits, one can use single-
qubit unitaries generated by laser excitation of one NV
center at a time [16].

Spin-spin interaction. To make quantitative pre-
dictions, we need to include the spin-spin interactions
in the ES which has been studied both experimentally
[14, 15, 17] and theoretically [18, 19],
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S
z
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z

S
x

)

�
,

(9)
where �1 = 1.55GHz and �2 ' 0.15GHz. The larger
�1 term mixes the m

s

= �1 and m
s

= +1 states in
the ES. The mixing of the corresponding GS spin states
via virtual laser excitation is suppressed for magnetic
fields around �B ⇡ 0 where the GS m

s

= +1 state
is split o↵ from the other two GS spin projections by
2Dgs = 5.76GHz. However, there is a significant e↵ect
of the �1 term because the mixing of the m

s

= �1 and
m

s

= +1 states in the ES allows for two separate virtual
processes leading to scattering of a laser photon into a
cavity photon in the spinm

s

= �1 state, which we denote

with the qubit ket |1i ⌘ |m
s

= �1i, omitting the minus
sign because m

s

= +1 in the GS is no longer considered.
In this case, it is simpler to choose the laser detuning such
that the scattering in the |0ih0| state is canceled, and the
remaining coupling has the form g|1ih1|

�
a+ a†

�
. This is

possible, e.g., for �
L

= �
C

/2, and we find

g = g
L
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8D
�
8D�+�2

1

�
� 4��2

c
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which reduces to Eq. (5) in the limit �1 ! 0. We find
a resulting e↵ective spin-spin coupling of g12 ' 1.3MHz
for �B = 0, �

C

= 2�
L

= 0.5GHz, g
C

= 0.1GHz, and
g
L

= 0.5GHz. A stronger coupling can be achieved by
adjusting the laser frequency away from the point where
scattering from one of the two NV spin states is absent.
In this more general case, the two-qubit Hamiltonian can
be written in the form (up to an irrelevant additive con-
stant)

H2q = g|01ih01|+ g|10ih10|+ (g12 + 2g)|11ih11|

= g
X

i=1,2

|1i
i

h1|+ g12|11ih11|. (11)

The two-qubit coupling g12 amounts to about 28 MHz
for g

L

= 0.5GHz, g
C

= 50MHz, �
C

= 0.5GHz,
�
L

= 1.71GHz, and �B = 0. This coupling lends it-
self to a CPHASE gate operation with a gate time below
t ⇡ 20 ns.
Finally, we also include the smaller spin-spin interac-

tion �2 which leads to additional small spin rotations,
described by o↵-diagonal terms in H2q. Despite the ef-
fect of the �2 spin-spin coupling, we find numerically
that the resulting e↵ective two-qubit time evolution is
equivalent to CPHASE (or controlled-not, CNOT) up to
single-qubit operations. To demonstrate the successful
realization of CPHASE, we compute the Makhlin invari-
ants (see Methods) (G1, G2) [20] of exp(�2⇡itH2q) as a
function of gate time t, see Fig. 3 (here, H2q is given in
frequency units). The generated two-qubit gate corre-
sponds to CPHASE when G1 = 0 and G2 = 1. We find
that (G1, G2) = (0, 1) for t ' 18 ns if g

L

= 0.5GHz,
g
C

= 70MHz, �
C

= 0.4GHz, �
L

= 1.71GHz, and
�B = 0.

Discussion

We have shown that virtual exchange of photons in
an optical cavity can mediate two-qubit gates such as
CPHASE between two NV spin qubits in diamond. Com-
bined with single-qubit operations, produced by rf exci-
tation or by laser fields [16], the CPHASE gate allows
for arbitrary (universal) quantum computations. There-
fore, optical cavity QED with NV centers in diamond
represents a realistic path towards spin-based quantum
information processing.

As a further prerequisite for the scheme to work, the
NV spin coherence time and average time between pho-
ton loss from the cavity must be longer than the gate
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Here, |0ig and |� 1ig denote orbital ground-state levels with
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via the intermediate excitation of the NV center is prevented
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when �L = �+ �C/2.

ent zero-field splittings in the GS and ES, the m
s

= 0
and m

s

= �1 states in the ES are not degenerate at B0,
which can lead to di↵erent scattering matrix elements for
the m

s

= 0 and m
s

= �1 states. It can e.g. be arranged
that a laser photon can only be scattered into the cavity
mode (or vice versa) if the NV spin is m

s

= 0. If two
NV centers are simultanously coupling in this way to the
same cavity mode, they will exchange a cavity photon if
and only if both NV spins are in the m

s

= 0 state. This
virtual photon exchange generates a conditional phase
shift; once the accumulated phase amounts to ⇡, one has
achieved a CPHASE gate on the two NV spin qubits.

Single NV center in a cavity. The NV center in its
ground state (GS) and excited state (ES) spin triplet
will be described by the Hamiltonian
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where the first term describes the Zeeman splitting of
the spin S with eigenvalues m

s

= �1, 0, 1 in a magnetic
field applied along the NV (z) axis with identical g fac-
tor for the GS and ES (µ

B

denotes the Bohr magneton).
The second term in Eq. (1) includes the GS-ES energy
gap E

g

= 1.945 eV and the distinct GS and ES zero-field
spin splittings Dgs = 2.88GHz and Des = 1.42GHz. The
o↵-diagonal terms describe laser excitation at a frequency
!
L

, with the spin-independent dipole matrix element g
L

.
We assume that the ES orbital state energies are strongly
split by the strain in the diamond crystal, such that we
can concentrate on one of the two orbital ES triplets.
The prerequisite for this to be a reasonable approxima-
tion is that the strain splitting exceeds the ES spin-orbit

coupling � = 5.3GHz. Strain splittings in excess of this
value are readily available for common NV centers in di-
amond. Taking only one orbital ES into account, we can
view the matrix in Eq. (1) as a 6x6 matrix consisting of
four 3x3 blocks. The Zeeman splitting described by the
first term in Eq. (1) is independent of the orbital state.
Using Pauli matrices ⌧
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to describe the GS-ES orbital
state, i.e., ⌧

z

= +1 for the GS and ⌧
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= �1 for the ES,
and working in a rotating frame with the frequency !
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where D = (Dgs + Des)/2 = 2.15GHz and � = Dgs �
Des = 1.46GHz denote the mean and di↵erence between
the GS and ES zero-field splittings, and �
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= !
L

�E
g

is
the laser detuning. We have so far neglected the spin-spin
couplings in the ES, but will discuss their e↵ect further
below.
We now consider a single NV center coupled to a near-

resonant mode of a surrounding optical cavity which we
describe, using the rotating-wave approximation, with
the following Hamiltonian,

H = HNV + �
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denotes the detuning of the cavity
mode from the GS-ES excitation frequency, ⌧± = (⌧
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)/2 describe transitions between the GS and ES, and
a† (a) creates (annihilates) a cavity photon. The dipole
matrix element g

C

of the cavity field can be made real-
valued by an appropriate phase convention in the excited
state. However, g

L

can in general not be made real-
valued at the same time; its phase depends on the phase
of the laser field.
The magnetic field is chosen at a working point around

the GS level crossing B0 = Dgs/gµB

where we focus
our description on the nearly degenerate m

s

= �1 and
m

s

= 0 levels (the m
s

= +1 level will be included fur-
ther below). We describe here the situation of an ini-
tially empty cavity, which subsequently holds at most
one virtual photon. Starting from an empty cavity,
and assuming su�ciently large detunings �
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and
�
L

& g
L

of the cavity and laser frequencies, we can fur-
ther reduce the relevant states to |G0i = |G,n = 0i,
|G1i = |G,n = 1i, and |E0i = |E, n = 0i, where G and
E denote the GS and ES, respectively, and n denotes the
cavity photon number. Including the two remaining spin
projections, m

s

= �1, 0 this leaves us with six states for
a single NV and the cavity.
The combined action of the coupling to the laser and

cavity fields can scatter a photon from the laser into the
cavity or vice versa, via an intermediate virtual ES. To
describe such second-order processes in the perturbation
Hamiltonian

V = g
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†), (4)

we eliminate the ES and derive an e↵ective interaction
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using the standard Schrie↵er-Wol↵ transformation,

He↵ = e�SHeS = H0 +
1

2
[S, V ] + · · · , (5)

generated by the antihermitian operator
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)�1 |G1ihE0|� h.c., (6)

such that [S,H0] = �V , where H = H0 + V , and obtain
the e↵ective GS interaction Hamiltonian

H̃ =
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2
[S, V ]
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a†a+ �B|0ih0|+ g|0ih0|
�
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�
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where |0ih0| denotes the projection operator on the m

s

=
0 spin state, |0i ⌘ |m

s

= 0i,

g = g
L

g
C

�

�2 � (�
C

/2)2
, (8)

the e↵ective coupling strength, and �B = B�Dgs/gµB

is
the magnetic field detuning from the GS level crossing.
The last term in Eq. (7) describes scattering processes
at the NV center of a cavity photon into a laser photon
or vice versa. When calculating the right-hand side of
Eq. (7), we have chosen the laser detuning �

L

= �+�
C

/2
such as to allow cavity photon scattering only if the NV
spin is m

s

= 0, but not if m
s

= �1. Alternatively,
the laser detuning could be chosen �

L

= �
C

/2 in order
to allow photon scattering exclusively for the other spin
state, m

s

= �1 and not m
s

= 0. In this case, the same
coupling strength Eq. (8) is found for the laser-cavity
scattering in the m

s

= �1 state. Generally, we find that
in order to construct a CPHASE gate, it is su�cient if the
scattering matrix element in m

s

= 0 di↵ers from that in
m

s

= �1 (see also below). In Eq. (7), we have suppressed
optical Stark and Lamb shifts of order g2

L

and g2
C

, which
will not play an essential role in what follows.

Two NV centers coupled to a common cavity mode.

The scattering of a photon from the laser to the cavity
field and vice versa, conditional on the spin (qubit) state
of an NV center can be used to construct a cavity-photon
mediated quantum gate between two NV spin qubits cou-
pled to a common cavity mode. A related scheme to
couple spins in semiconductor quantum dots via an op-
tical cavity has been analyzed using similar theoretical
methods [8]. Starting from two NV centers (i = 1, 2),
each coupled to the same cavity mode as described above
(Fig. 1),
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(9)
with g
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= g
Li

g
Ci

�
i

/[�2
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� (�
C

/2)2], we derive the ef-
fective (empty-cavity) coupling between the two spin
qubits using a second Schrie↵er-Wol↵ transformation,
with S = �

P
i=1,2(gi/�C)|0iih0|

�
a+ a†

�
+ O(g2

i

). We

find the e↵ective coupling Hamiltonian for two NV spins
to be
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where |00i = |0i1|0i2. The two-qubit coupling strength
is given by

g12 =
|g1g2|
�
C

cos(�1 � �2), (11)

where �1 � �2 denotes the phase di↵erence between the
two exciting lasers. The second term in Eq. (10) gen-
erates a conditional phase shift in the case where both
NV center spins are in the m

s

= 0 state. We note that
the two-qubit coupling can be switched on and o↵ either
by changing the intensities or relative phase of the two
exciting lasers. In the case where the exciting lasers are
switched on for a time tgate = 1/(4g12), one obtains a
⇡ phase shift (g12 given in Hz). The resulting CPHASE
gate,

UCPHASE = 11� 2|00ih00|, (12)

is a two-qubit gate that, along with single-qubit gates,
forms a universal set of quantum gates for quantum com-
putation. Since the two terms in Eq. (10) commute, the
entire quantum time evolution is U = (U1⌦U2)UCPHASE,
a CPHASE gate followed by trivial single-qubit gates.
The latter can, if necessary, be undone by sequential sin-
gle qubit gates, or alternatively, be avoided altogether by
choosing g1 = g2 =
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. By tuning the laser inten-
sities or the zero-field splittings individually for the two
NV centers, one could reach g1 = g2 and thus U1 = U2.
Such identical single-qubit unitaries could be undone via
microwave control. In the case of di↵erent single-qubit
interactions, or more than two qubits, one can use single-
qubit unitaries generated by laser excitation of one NV
center at a time [14].
Spin-spin interaction. To make quantitative predic-

tions, we need to include the spin-spin interactions in the
ES which has been studied both experimentally [9, 10]
and theoretically [11, 12],
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at the NV center of a cavity photon into a laser photon
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field and vice versa, conditional on the spin (qubit) state
of an NV center can be used to construct a cavity-photon
mediated quantum gate between two NV spin qubits cou-
pled to a common cavity mode. A related scheme to
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entire quantum time evolution is U = (U1⌦U2)UCPHASE,
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sities or the zero-field splittings individually for the two
NV centers, one could reach g1 = g2 and thus U1 = U2.
Such identical single-qubit unitaries could be undone via
microwave control. In the case of di↵erent single-qubit
interactions, or more than two qubits, one can use single-
qubit unitaries generated by laser excitation of one NV
center at a time [14].
Spin-spin interaction. To make quantitative predic-
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= 0 state. We note that
the two-qubit coupling can be switched on and o↵ either
by changing the intensities or relative phase of the two
exciting lasers. In the case where the exciting lasers are
switched on for a time tgate = 1/(4g12), one obtains a
⇡ phase shift (g12 given in Hz). The resulting CPHASE
gate,

UCPHASE = 11� 2|00ih00|, (12)

is a two-qubit gate that, along with single-qubit gates,
forms a universal set of quantum gates for quantum com-
putation. Since the two terms in Eq. (10) commute, the
entire quantum time evolution is U = (U1⌦U2)UCPHASE,
a CPHASE gate followed by trivial single-qubit gates.
The latter can, if necessary, be undone by sequential sin-
gle qubit gates, or alternatively, be avoided altogether by
choosing g1 = g2 =

p
�B�

C

. By tuning the laser inten-
sities or the zero-field splittings individually for the two
NV centers, one could reach g1 = g2 and thus U1 = U2.
Such identical single-qubit unitaries could be undone via
microwave control. In the case of di↵erent single-qubit
interactions, or more than two qubits, one can use single-
qubit unitaries generated by laser excitation of one NV
center at a time [14].
Spin-spin interaction. To make quantitative predic-

tions, we need to include the spin-spin interactions in the
ES which has been studied both experimentally [9, 10]
and theoretically [11, 12],

H
s

=
1

2
(1� ⌧

z

)
h
�1

�
S2
x

� S2
y

�
�

p
2�2Sy

i
, (13)

where �1 = 1.55GHz and �2 ' 0.2GHz. The larger
�1 term mixes the m

s

= �1 and m
s

= +1 states in
the ES. The mixing of the corresponding GS spin states
via virtual laser excitation is suppressed for magnetic
fields around �B ⇡ 0 where the GS m

s

= +1 state
is split o↵ from the other two GS spin projections by
2Dgs = 5.76GHz. However, there is a significant e↵ect
of the �1 term because the mixing of the m

s

= �1 and
m

s

= +1 states in the ES allows for two separate virtual
processes leading to scattering of a laser photon into a
cavity photon in the spinm

s

= �1 state, which we denote
with the qubit ket |1i ⌘ |m

s

= �1i, omitting the minus

/ gL1gL2 cos(�1 � �2)

control: laser intensities & relative phase!

H2q =
X

i=1,2

✓
� |gi|2

�C
+ gµB�B

◆
|0iih0|� g12|00ih00|

NV1 NV2

ωL1 ωL2

ωC
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Interesting directions 
• cavity QED and hybrid quantum systems involving spins

• valley coherence

• coupling (remote) defect spins

• geometric two-qubit gates
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