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Dirac equation
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Dirac equation (1928)

• A consequence of solving the “negative probability” issue
in the Klein-Gordon equation (“square root” of the K-G eqn.)
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K-G eqn. (1926): 𝐻>?:= 𝐻A0

Niels Bohr: 
“What are you working on, Mr. Dirac?” 
Paul Dirac:
“I’m trying to take the square root 
of something.” 



Massless Dirac equation & Weyl equations
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• Linear crossing points: Dirac (4fold) and Weyl (2fold) points

• A Dirac point consists of two Weyl points with opposite chirality.                             
More generally, 𝐻NO= ∑ 𝜎#𝑣#4𝑝4�

#4 , its chirality is 𝑁R = 𝑠𝑖𝑔𝑛(𝑑𝑒𝑡 𝑣W )

• Dirac/Weyl points were realized recently in novel electronic materials

Weyl equations:



Massless 2D Dirac equation (graphene)

𝐻 = 𝑣X 𝜏Z𝜎[𝑝[ + 𝜎\𝑝\ ,
𝜏Z=± for K and K’ valleys

Two chiral fermions 
of opposite chirality

𝐻^' = 𝑚'𝜎Z, 		 𝑚' = 𝑉 − 𝑉a
Introducing mass in Dirac equation:
• Breaking inversion:

• Breaking time-reversal: 𝐻^0 = 𝑚0𝜏Z𝜎Z, 							 𝜏Z=±,
𝑚0 = −3 3� 𝑡0sin	𝜙

𝑁R=1 𝑁R=-1

𝜎Z = ±1 represents A & B  lattice sites 

Haldane, Phys. Rev. Lett. 61, 2015 (1988). 



2D Dirac electron & topology

• Topological Chern number is the integration of the Berry curvature over the Brillouin zone
																𝐶 = '

0g∬𝑑𝑘[𝑑𝑘\
�
� Ω ( for more, see Xiao et al. Rev. Mod. Phys. 82, 1959 (2010). )

• Chern number of a 2D Dirac electron is simply: 𝐶 = '
0
𝑠𝑖𝑔𝑛(𝑚 ∗ 𝑁R)

“a short-cut to topological material/number” 

• Z2 topological insulators: 𝐻^% = 𝑚%𝜏Z𝜎Z𝑠Z

Red curves: 
Berry curvature
Black: band-structure

Haldane model

Kane-mele
Model of 
time-reversal 
symmetry 
(Z2)
topological 
insulators



Nobel Prize for Physics 2016:
“for theoretical discoveries of topological phase transitions 
and topological phases of matter”
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Why topology in photonics?

1. Topological light-trapping at interfaces        
edge/surface states

2. Robust waveguiding
e.g., one-way edge waveguide

3. Zero refractive-index behaviors
effectively n=0 for light propagating at 𝜔= 𝜔Dirac

4. Dirac cones, synthetic gauge fields…

5. Anomalous refraction, etc.



Topological light-trapping & one-way waveguiding

• Breaking time-reversal symmetry via
magneto-optical effects

• Topological light trapping on the edge

• Robust unidirectional light-flow

Theory:
Haldane and Raghu
Phys. Rev. Lett. 100, 013904 (2008)
Wang et al.
Phys. Rev. Lett. 100, 013905 (2008)

Experiment:
Wang et al. Nature 461, 772-775 (2009)



Effective Zero-Index Media
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Dirac cones induced by accidental
degeneracy in photonic crystals and
zero-refractive-index materials
Xueqin Huang1†, Yun Lai1,2†, Zhi Hong Hang1†, Huihuo Zheng1 and C. T. Chan1*
A zero-refractive-index metamaterial is one in which waves
do not experience any spatial phase change, and such a
peculiar material has many interesting wave-manipulating
properties1–10. These materials can in principle be realized
using man-made composites comprising metallic resonators7

or chiral inclusions11,12, but metallic components have losses
that compromise functionality at high frequencies. It would
be highly desirable if we could achieve a zero refractive index
using dielectrics alone. Here, we show that by employing
accidental degeneracy, dielectric photonic crystals can be
designed and fabricated that exhibit Dirac cone dispersion
at the centre of the Brillouin zone at a finite frequency. In
addition to many interesting properties intrinsic to a Dirac
cone dispersion13–19, we can use effective medium theory
to relate the photonic crystal to a material with effectively
zero permittivity and permeability. We then numerically and
experimentally demonstrate in the microwave regime that
such dielectric photonic crystals with reasonable dielectric
constants manipulate waves as if they had near-zero refractive
indices at and near the Dirac point frequency.

Electronic13–15 and photonic systems16–23 with Dirac cones in the
band structure possess remarkable wave transport properties13–19.
Materials with a zero refractive index also possess very interesting
wave manipulation characteristics1–10. These two seemingly unre-
lated classes ofmaterial are actually related in a subtle way. For a dis-
persive homogeneous material in which the frequency-dependent
permittivity (") and permeability (µ) are simultaneously zero at a
particular frequency!0, it can be shown that the dispersion is linear
and cone-like at k= 0 at !0 (ref. 16). As "(!)= µ(!)= 0 implies
an effectively zero refractive index, there is an intimate relationship
between zero refractive index and Dirac cone dispersion. However,
a Dirac cone dispersion does not necessarily imply a zero refractive
index. Although it is well known that some photonic crystals (PCs)
have Dirac cone dispersion17–23, the Dirac points are at the zone
boundary, and these cannot be mapped to a zero-refractive-index
system. ADirac cone at k=0 is required, which is difficult to realize
because the dispersions are generally quadratic at the centre of the
Brillouin zone, making a linear dispersion at k = 0 (a necessary
condition for a Dirac cone) the exception rather than the rule. In
addition, even if we can design a PCwith aDirac cone at k=0, it can
be mapped to an "eff = µeff = 0 system only if an effective medium
theory24 can be satisfactorily applied.

The purpose of this work is to establish the conditions for
realizing Dirac cones at k=0 in dielectric PCs. We propose to show
by numerical simulations and throughmicrowave experiments that

1Department of Physics, Hong Kong University of Science and Technology, Clear Water Bay, Kowloon, Hong Kong, China, 2Department of Physics,
Soochow University, 1 Shizi Street, Suzhou 215006, China. †These authors contributed equally to this work. *e-mail: phchan@ust.hk.
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Figure 1 | The band structure of a two-dimensional photonic crystal with a
square lattice. a, The band structure for a 2D PC constructed of cylinders
with radius R= 0.2a, relative permittivity " = 12.5 and permeability µ = 1.
Two linear dispersion bands intersect at the Dirac point f = 0.541c/a, with
an additional flat band. b, Three-dimensional dispersion surfaces near the
Dirac point frequency of the band structure shown in a, showing the
relationship between the frequency and wave vectors (kx and ky). The
linear bands (purple) form cones that touch at the Dirac point. There is an
additional sheet (green) of quasi-longitudinal modes.

an effective medium theory can indeed link such ‘Dirac cone at
k= 0’ PCs with reasonable dielectric constants to a "eff = µeff = 0
system, and that purely dielectric PCs can behave as if they had a
zero refractive index.

Figure 1a shows that linear dispersion and Dirac cones can be
obtained at the 0 point (k = 0) using a simple two-dimensional
(2D) PC consisting of a square lattice of dielectric rods. The
band structures are calculated for the transverse magnetic (TM)
polarization with the electric field along the rod axis. Here, the

582 NATUREMATERIALS | VOL 10 | AUGUST 2011 | www.nature.com/naturematerials
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Figure 1 | The band structure of a two-dimensional photonic crystal with a
square lattice. a, The band structure for a 2D PC constructed of cylinders
with radius R= 0.2a, relative permittivity " = 12.5 and permeability µ = 1.
Two linear dispersion bands intersect at the Dirac point f = 0.541c/a, with
an additional flat band. b, Three-dimensional dispersion surfaces near the
Dirac point frequency of the band structure shown in a, showing the
relationship between the frequency and wave vectors (kx and ky). The
linear bands (purple) form cones that touch at the Dirac point. There is an
additional sheet (green) of quasi-longitudinal modes.

an effective medium theory can indeed link such ‘Dirac cone at
k= 0’ PCs with reasonable dielectric constants to a "eff = µeff = 0
system, and that purely dielectric PCs can behave as if they had a
zero refractive index.

Figure 1a shows that linear dispersion and Dirac cones can be
obtained at the 0 point (k = 0) using a simple two-dimensional
(2D) PC consisting of a square lattice of dielectric rods. The
band structures are calculated for the transverse magnetic (TM)
polarization with the electric field along the rod axis. Here, the
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“Liquid like propagation of light”,  Huang et al. Nat. Mater. 10, 
582 (2011); Liberal & Engheta Nat. Photon. 11, 149 (2017).
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Figure 2 |Accidental degeneracy conditions and effective parameters from effective medium theory. a, The value of the imaginary part of the scattering
coefficients S0 � 1/D0 (blue open squares) and S0 � 1/D1 (red open circles) as a function of frequency for the PC with the band structure shown in Fig. 1.
Note that the condition S0 = 1/D0 = 1/D±1 is satisfied at the Dirac point. b, The effective permittivity "eff (blue solid line) and permeability µeff (red dotted
line) as a function of frequency for the 2D PCs obtained using effective medium theory. Here, the cylinders have R= 0.2a," = 12.5,µ= 1, as in Fig. 1. Note
that "eff = µeff = 0 at the Dirac point frequency (marked by the green dashed line). c, The effective permittivity "eff (blue solid line) and permeability µeff

(red dotted line) as function of frequency (GHz) for a PC with a= 17 mm,R= 3.75 mm," = 8.8 and µ = 1. Note that "eff = µeff = 0 at the Dirac point
frequency of this PC as well.
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Figure 3 | Simulations demonstrating that waves can turn through a bent waveguide with and without embedded obstacles. a, The numerically simulated
field distribution for waves incident at the lower left, turning through a 90� bend in a channel filled with 2D PCs, and exiting from the upper right channel.
b, A PMC object marked by solid black lines is inserted inside the 2D PC array. The incident wave has a plane wavefront, and the boundary walls are PMCs.
The incident frequency is equal to the Dirac point frequency 0.541c/a. Note that in both cases the wave turns through the bends with little distortion.

lattice constant and the speed of light are denoted by a and
c , and the radius and relative permittivity of the cylinders are
set at R = 0.2a and " = 12.5, respectively. Two branches with
linear dispersion intersect at a triply-degenerate point at k = 0
(with frequency f = 0.541c/a), forming a Dirac cone. There is an
additional flat branch intersecting the Dirac point. That flat band
corresponds to a dipolar mode with its magnetic field polarized
parallel to the wave vector k near k = 0 (see the Supplementary
Information). Thus it is a magnetic longitudinal mode near the
0 point. The Dirac cone modes comprise a dipolar mode with
its magnetic field polarized perpendicular to k and a monopolar
mode. A Dirac cone at the 0 point can also be found in a PC with
a triangular lattice, as shown in the Supplementary Information.
To illustrate such Dirac cones visually, the dispersion surfaces for
the square lattice are plotted in Fig. 1b and for the triangular
lattice in the Supplementary Information. There are clearly Dirac
cones at the 0 point (purple) and a flat sheet (green) crossing
the Dirac point.

The Dirac cones at the K point in electronic graphene13–15 and
in PCs (refs 17–23) with a triangular lattice that have been studied
previously are consequences of the lattice symmetry. However,
lattice symmetry alone gives only zero group velocity and hence
quadratic dispersion at k= 0. A Dirac cone at k= 0 requires linear
dispersion, which can be induced by accidental degeneracy. The
condition for the existence of an ‘accidental-degeneracy-induced

Dirac point’ (ADIDP) can be established using multiple scattering
theory (MST). For the system under consideration, it is sufficient
(see Supplementary Information) to consider dipolar (m = ±1)
and monopolar (m= 0) terms, where m is the angular momentum
number. TheMST equations can bewritten inmatrix form as:

 S0 �1/D�1 �S1 S2
�S�1 S0 �1/D0 �S1
S�2 �S�1 S0 �1/D1

!

·
 b�1

b0
b1

!

= 0 (1)

where Dm and bm are the T -matrix and Mie scattering coefficients
respectively and Sm denotes the lattice sum with S�m = �S⇤

m. The
cylindrical symmetry of the cylinders ensures that D1 = D�1, and
lattice symmetry requires that S±1 = S±2 = 0 at k = 0 for the
square lattice. Solving equation (1) yields a monopolar eigenstate at
frequency !m, where S0�1/D0 = 0, and doubly-degenerate dipolar
eigenstates at a different frequency!d, where S0�1/D±1 =0.

The dispersion near k=0 can be obtained by using perturbation
methods (Supplementary Information). In general, D0 6= D±1
and the dispersion will have three branches, one branch
corresponding to monopolar modes and two dipolar branches,
all the branches with quadratic dispersion. If, however, there is
accidental degeneracy such that !m = !d = !⇤, or equivalently
S0 = 1/D0 = 1/D±1, the dispersion near k = 0 changes such that
one solution has dispersion !1 �!⇤ = 0+O(�k2), corresponding

NATUREMATERIALS | VOL 10 | AUGUST 2011 | www.nature.com/naturematerials 583
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Synthetic Gauge Fields & Photonic Landau Levels



Advantages	and	Challenges	for	Photonic	SystemsCreating optical topology using only dielectrics 

Hafezi et al., Nat. Photon. 7, 1001 (2013) Rechtsman et al, Nature 496, 196 (2013)

• No topological light-trapping  (light-trapping achieved by each 
lattice site)

• No subwavelength physics, no strong light-matter interaction, etc. 



Simulating Dirac physics for optics: challenges
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• “Spin”:  Kramers double degeneracy is absent for photons        
(polarization, EM duality symmetry, …. not working)

• “Orbital”:  Parity inversion to ensure k-linear Hamiltonian

• Need to realize both simultaneously (mapping from Maxwell 
equations to Dirac equation!)

• Using only dielectric materials 

𝐻mn[Ropp: = 𝐻A0



Wu & Hu, Phys. Rev. Lett. 114, 223901 (2015)

• Dielectric photonic crystal, but 2D (still assuming metallic cladding in z 
direction)

• Solution: A slab photonic crystal design with only dielectrics                            
Barik et al. New J. Phys. 18, 113013 (2016). Zhu et al., in preparation

Subwavelength photonic crystals



Experimental realization

Yang, JHJ, Hu, Hang, arXiv:1610.07780



Pseudo-spin of edge states

Yang, JHJ, Hu, Hang, arXiv:1610.07780



A simple core-shell dielectric photonic crystal
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Xu, Wang, Xu, Chen, & JHJ, Opt. Express 24, 18059 (2016)

C6 symmetry ensures:
p and d states
Doubly degenerate 
@Brillouin zone center
(“pseudo-Kramers
degeneracy”)



Advantages	and	Challenges	for	Photonic	SystemsPhysics and Observations

of various nodal points in the photonic spectrum. These nodal points are important for several
reasons. First, they are the mother states of topologically nontrivial states of photons. An
example has been demonstrated above for the relation between the double Dirac cone and the
photonic Z2 topological insulator. The Berry phase of each band for a loop L� enclosing the
� point

H
L�
h~ 

n

~
k

|ir~
k

|~ 
n

~
k

i (here |~ 
n

~
k

i denotes the vectorial photonic Bloch wavefunction), is
closely related to the formation of the photonic topological states [18, 27]. Usually, topological
nodal points are the critical states between normal band gaps and topological insulators. By
introducing time-reversal/inversion symmetry breaking perturbations, the double-Dirac-cone
state can become a photonic quantum anomalous Hall insulator (Z topological insulator), a Z2
topological insulator, or a trivial photonic band gap material, depending on the specific gap
opening perturbations [28]. Our study includes the triangle PhCs with dielectric rods as a special
limit of R2=0. From the phase diagram, it is clear that the p-d band inversion cannot be attained
using dielectric rods with R2=0. Thus the dielectric rod PhCs cannot support double Dirac cone.
They can only support Dirac-like cone due to s-p degeneracy or quadratic band touching due to
s-d degeneracy.

We plot in Fig. 3 the band structures of di↵erent kinds of accidental degeneracy’s marked
by the black points in Fig. 2. In Figs. 3(a) and 3(b), the linear dispersion due to the accidental
degeneracy of the singlet s mode and the doubly degenerate p modes are plotted, leading to the
Dirac-like cone. The Dirac-like cone is associated with a cone and a flat band intersecting at the
Dirac point. Its e↵ective Hamiltonian isH = v0~k · ~S where ~S is the pseudo-spin 1 consisting of
three modes s, p

x

, and p
y

[20]. v0 is the group velocity around the Dirac point. The upper, lower
and flat bands have pseudo-spin along the wave vector direction as 1, -1, and 0, respectively.

The Dirac-like cone can emerge in PhCs with R2 = 0 (cylinder rods) as well as for finite R2
(hollow cylinders). The photonic dispersions for these two situations are illustrated in Figs. 3(a)
and 3(b), respectively. Another Dirac-like cone dispersion is shown in Fig. 3(c) due to accidental
degeneracy of the singlet f mode and the doubly degenerate d modes. Linear, conical dispersion
appears for the s-p and d- f degeneracy’s because the parity of the s and p (d and f ) modes are
di↵erent. According to the ~k · ~P theory [29, 30], the linear in k coupling between two photonic
bands originates from the P matrix element which is finite only between bands with di↵erent
parities. For bands with the same parity, such coupling is quadratic [29, 30]. The quadratic
dispersion around the touching point of the s and d bands is shown in Fig. 3(d), while the
quadratic band touching around the f -p degeneracy is shown in Fig. 3(e).

The accidental degeneracy of the p doublets and the d doublets [Fig. 3(f)] carries nontrivial
topological properties which are the main focus of this work. Since the parity of the p modes and
the d modes are di↵erent, the dispersion around the accidental degeneracy is conical. The two
fold degeneracy’s of the p and d bands result in a double Dirac cone that resembles the dispersion
of Dirac’s famous equation for electron and positron with vanishing mass in 2D systems [14, 21].

We now exploit the ~k · ~P theory to derive the e↵ective Hamiltonian for the photonic bands
near the nodal points. The Maxwell equations for the TM modes can be written as

r ⇥ 1
"(~r)
r ⇥ ~h

n ,~k (~r) =
!2

c2
~h
n ,~k (~r), (2)

where n is the band index and ~h
n ,~k (~r) is the Bloch function of the magnetic field of photon.

The Bloch function is normalized as
R
u .c .

d~r~h⇤
n

0 ,~k
(~r) · ~h

n ,~k (~r) = �
nn

0 with u.c. denoting the

unit cell (i.e., integration in a unit cell). The Hermitian operator r ⇥ 1
" (~r )r⇥ can be regarded

as the photonic Hamiltonian. Expanding the Bloch function ~h
n ,~k (~r) in the basis of the Bloch
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wavefunctions at the � point, ~h
n ,0(~r), one can establish a ~k · ~P Hamiltonian,

H
nn

0 (~k) =
!2
n ,0

c2 �nn0 + ~k · ~P
nn

0 �
Z
u .c .

d~r
"(~r)
~h⇤
n ,0(~r) · [~k ⇥ (~k ⇥ ~h

n

0 ,0(~r))], (3)

where !
n ,0 is the eigen-frequency of the nth band at the � point. The matrix element of ~P is

given by

~P
nn

0 =

Z
u .c .

d~r
"(~r)

[~h⇤
n

0 ,0(~r) ⇥ (ir ⇥ ~h⇤
n ,0(~r)) + (ir ⇥ ~h

n

0 ,0(~r)) ⇥ ~h⇤
n ,0(~r)]. (4)

We notice that the matrix element of ~P is nonzero only when the n and n0 bands are of di↵erent
parity. Using the above ~k · ~P theory, to the linear order in ~k, the e↵ective Hamiltonian of the p
and d bands is written in the basis of (p+ , p� , d+ , d� )T as,

H =

0BBBBBBBBBBBBBBBBBBB@

!2
p

c

2 0 Ak+ 0

0
!2

p

c

2 0 A⇤k�
A⇤k� 0 !2

d

c

2 0

0 Ak+ 0 !2
d

c

2

1CCCCCCCCCCCCCCCCCCCA
, (5)

where k± = k
x

± ik
y

, and A is the coupling coe�cient. The double Dirac-cone appears at the
situations with p-d degeneracy, !

p

= !
d

⌘ !0. The group velocity for the double Dirac-cone
dispersion at � point is then ± |A |c2

2!0
(positive group velocity for bands above the Dirac point,

negative group velocity for bands below). The p bands behave as the valence band and the d
bands behave as the conduction band in our PhCs. Note that the coupling between the p and d
bands are within the same pseudo-spin, i.e., between p+ and d+, or between p� and d� . The
Berry phase for a loop circulating the Dirac point is ±⇡ for spin-up/down bands above the Dirac
point. The total Berry phase is zero, in accordance with time-reversal symmetry.

The physics described by Eq. (5) resembles that of the quantum spin Hall e↵ect in electronic
systems [18]. The p-d inversion at the � point leads to the formation of photonic Z2 topological
insulators which have helical edge states. This phenomenon is first discovered in [14]. The phase
transition from normal photonic band gaps with trivial topology to the photonic Z2 topological
insulator takes place at the black line in Fig. 2, where the double Dirac cone emerges. The key
information in Fig. 2 is the appearance of two regions support photonic topological insulators
(the two blue regions). This takes place for hollow dielectric cylinders with large outer and inner
radii, or for hollow air cylinders with small inner radius. We remark that although �!

pd

can
be quite large, ⇠ 40%, for both normal and reversed structures, the complete photonic band
gap is considerably smaller, particularly for the inverse structure. The photonic Z2 topological
insulators have helical edge states which can enable unprecedented manipulation of light flow.
For example, light propagation can be controlled by the orbital angular momentum. We shall
discuss the properties of the edge states below.

It is natural to ask how the phase diagram changes when the permittivity ratio "1/"2 is tuned.
In most PhCs the photonic band gap increases with the permittivity ratio "1/"2 [25]. Here we
find that, quite interestingly, the phase boundary between the Z2 topological insulator and the
normal photonic band gap changes negligibly for a very broad range of the permittivity ratio.
This interesting property is demonstrated in Fig. 4 where we examine the phase boundary along
the R2 axis for di↵erent permittivity ratio "1/"2 for fixed outer radius R1. The critical value of R2
where the double Dirac cone emerges is insensitive to the permittivity ratio "1/"2 in a very wide
range. Although the calculation is done for R1 = 0.45a1, the observed behavior holds true for
other values of the outer radius R1. In fact, we have chosen the R1 in the calculation such that the
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of various nodal points in the photonic spectrum. These nodal points are important for several
reasons. First, they are the mother states of topologically nontrivial states of photons. An
example has been demonstrated above for the relation between the double Dirac cone and the
photonic Z2 topological insulator. The Berry phase of each band for a loop L� enclosing the
� point
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i denotes the vectorial photonic Bloch wavefunction), is
closely related to the formation of the photonic topological states [18, 27]. Usually, topological
nodal points are the critical states between normal band gaps and topological insulators. By
introducing time-reversal/inversion symmetry breaking perturbations, the double-Dirac-cone
state can become a photonic quantum anomalous Hall insulator (Z topological insulator), a Z2
topological insulator, or a trivial photonic band gap material, depending on the specific gap
opening perturbations [28]. Our study includes the triangle PhCs with dielectric rods as a special
limit of R2=0. From the phase diagram, it is clear that the p-d band inversion cannot be attained
using dielectric rods with R2=0. Thus the dielectric rod PhCs cannot support double Dirac cone.
They can only support Dirac-like cone due to s-p degeneracy or quadratic band touching due to
s-d degeneracy.

We plot in Fig. 3 the band structures of di↵erent kinds of accidental degeneracy’s marked
by the black points in Fig. 2. In Figs. 3(a) and 3(b), the linear dispersion due to the accidental
degeneracy of the singlet s mode and the doubly degenerate p modes are plotted, leading to the
Dirac-like cone. The Dirac-like cone is associated with a cone and a flat band intersecting at the
Dirac point. Its e↵ective Hamiltonian isH = v0~k · ~S where ~S is the pseudo-spin 1 consisting of
three modes s, p
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, and p
y

[20]. v0 is the group velocity around the Dirac point. The upper, lower
and flat bands have pseudo-spin along the wave vector direction as 1, -1, and 0, respectively.

The Dirac-like cone can emerge in PhCs with R2 = 0 (cylinder rods) as well as for finite R2
(hollow cylinders). The photonic dispersions for these two situations are illustrated in Figs. 3(a)
and 3(b), respectively. Another Dirac-like cone dispersion is shown in Fig. 3(c) due to accidental
degeneracy of the singlet f mode and the doubly degenerate d modes. Linear, conical dispersion
appears for the s-p and d- f degeneracy’s because the parity of the s and p (d and f ) modes are
di↵erent. According to the ~k · ~P theory [29, 30], the linear in k coupling between two photonic
bands originates from the P matrix element which is finite only between bands with di↵erent
parities. For bands with the same parity, such coupling is quadratic [29, 30]. The quadratic
dispersion around the touching point of the s and d bands is shown in Fig. 3(d), while the
quadratic band touching around the f -p degeneracy is shown in Fig. 3(e).

The accidental degeneracy of the p doublets and the d doublets [Fig. 3(f)] carries nontrivial
topological properties which are the main focus of this work. Since the parity of the p modes and
the d modes are di↵erent, the dispersion around the accidental degeneracy is conical. The two
fold degeneracy’s of the p and d bands result in a double Dirac cone that resembles the dispersion
of Dirac’s famous equation for electron and positron with vanishing mass in 2D systems [14, 21].

We now exploit the ~k · ~P theory to derive the e↵ective Hamiltonian for the photonic bands
near the nodal points. The Maxwell equations for the TM modes can be written as
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n ,~k (~r) =
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~h
n ,~k (~r), (2)

where n is the band index and ~h
n ,~k (~r) is the Bloch function of the magnetic field of photon.

The Bloch function is normalized as
R
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d~r~h⇤
n

0 ,~k
(~r) · ~h

n ,~k (~r) = �
nn

0 with u.c. denoting the

unit cell (i.e., integration in a unit cell). The Hermitian operator r ⇥ 1
" (~r )r⇥ can be regarded

as the photonic Hamiltonian. Expanding the Bloch function ~h
n ,~k (~r) in the basis of the Bloch
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Xu, Wang, Xu, Chen, & JHJ, Opt. Express 24, 18059 (2016)
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negative group velocity for bands below). The p bands behave as the valence band and the d
bands behave as the conduction band in our PhCs. Note that the coupling between the p and d
bands are within the same pseudo-spin, i.e., between p+ and d+, or between p� and d� . The
Berry phase for a loop circulating the Dirac point is ±⇡ for spin-up/down bands above the Dirac
point. The total Berry phase is zero, in accordance with time-reversal symmetry.

The physics described by Eq. (5) resembles that of the quantum spin Hall e↵ect in electronic
systems [18]. The p-d inversion at the � point leads to the formation of photonic Z2 topological
insulators which have helical edge states. This phenomenon is first discovered in [14]. The phase
transition from normal photonic band gaps with trivial topology to the photonic Z2 topological
insulator takes place at the black line in Fig. 2, where the double Dirac cone emerges. The key
information in Fig. 2 is the appearance of two regions support photonic topological insulators
(the two blue regions). This takes place for hollow dielectric cylinders with large outer and inner
radii, or for hollow air cylinders with small inner radius. We remark that although �!
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can
be quite large, ⇠ 40%, for both normal and reversed structures, the complete photonic band
gap is considerably smaller, particularly for the inverse structure. The photonic Z2 topological
insulators have helical edge states which can enable unprecedented manipulation of light flow.
For example, light propagation can be controlled by the orbital angular momentum. We shall
discuss the properties of the edge states below.

It is natural to ask how the phase diagram changes when the permittivity ratio "1/"2 is tuned.
In most PhCs the photonic band gap increases with the permittivity ratio "1/"2 [25]. Here we
find that, quite interestingly, the phase boundary between the Z2 topological insulator and the
normal photonic band gap changes negligibly for a very broad range of the permittivity ratio.
This interesting property is demonstrated in Fig. 4 where we examine the phase boundary along
the R2 axis for di↵erent permittivity ratio "1/"2 for fixed outer radius R1. The critical value of R2
where the double Dirac cone emerges is insensitive to the permittivity ratio "1/"2 in a very wide
range. Although the calculation is done for R1 = 0.45a1, the observed behavior holds true for
other values of the outer radius R1. In fact, we have chosen the R1 in the calculation such that the
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(hollow cylinders). The photonic dispersions for these two situations are illustrated in Figs. 3(a)
and 3(b), respectively. Another Dirac-like cone dispersion is shown in Fig. 3(c) due to accidental
degeneracy of the singlet f mode and the doubly degenerate d modes. Linear, conical dispersion
appears for the s-p and d- f degeneracy’s because the parity of the s and p (d and f ) modes are
di↵erent. According to the ~k · ~P theory [29, 30], the linear in k coupling between two photonic
bands originates from the P matrix element which is finite only between bands with di↵erent
parities. For bands with the same parity, such coupling is quadratic [29, 30]. The quadratic
dispersion around the touching point of the s and d bands is shown in Fig. 3(d), while the
quadratic band touching around the f -p degeneracy is shown in Fig. 3(e).

The accidental degeneracy of the p doublets and the d doublets [Fig. 3(f)] carries nontrivial
topological properties which are the main focus of this work. Since the parity of the p modes and
the d modes are di↵erent, the dispersion around the accidental degeneracy is conical. The two
fold degeneracy’s of the p and d bands result in a double Dirac cone that resembles the dispersion
of Dirac’s famous equation for electron and positron with vanishing mass in 2D systems [14, 21].
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2D core-shell photonic crystal: phase diagram
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3D Z2 Dirac points in dielectric photonic crystal
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l Hexagonal photonic crystal

l C6v symmetry

l Inversion symmetry

Wang, JHJ et al. Phys. Rev. B 93, 235155 (2016)



3D Z2 Dirac points in dielectric photonic crystal
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3D Z2 Dirac points in dielectric photonic crystal

kz

Z210

3D (paired) topological Dirac points
• Differing from 

Unpaired Dirac point from fine-tuning (critical, unstable)
• Parent state of photonic weak topological insulator

(Slobozhanyuk et al., Nat. Photon. 2017)

Wang, JHJ et al. Phys. Rev. B 93, 235155 (2016)

THREE-DIMENSIONAL PHOTONIC DIRAC POINTS . . . PHYSICAL REVIEW B 93, 235155 (2016)

present stage several applications can be conceived: First,
it can be used as an effective zero-refractive-index medium
without loss [33]. Second, it can exploited for frequency-,
angle-, wave-vector- and AM-selective transmission [41].
Third, the Imbert-Federov effect depends on the winding
geometry of AM around the WPs as shown in Ref. [42]. The
Imbert-Federov effect will be qualitatively distinct for different
WPs in our PCs. Fourth, the DPs can be used to design other
photonic topological states, such as 3D topological insulators
of light. Fifth, the DPs can be used as a mechanism to suppress
backscattering and enhance signal transmission length in
communications [43]. This mechanism will be especially
valuable if a PC fiber design with DPs is invented.

We also remark that if an electronic version of our model is
realized, there will be a pair of stable Z2 double Dirac points,
each of which has eightfold degeneracy (including twofold
spin degeneracy). These materials are discussed only very
recently [44]. Finally, we emphasize that DPs realize all those
applications without breaking TRS and IS, which considerably
reduces material and fabrication difficulties.

Note Added. Shortly after the first submission of this
manuscript, a proposal exploiting a pair of DPs on the K-H
line of a hexagonal PC with C6 symmetry as the mother state
toward a 3D all-dielectric weak topological insulator of light
was raised [45].
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APPENDIX A: THE k⃗ · P⃗ THEORY FOR
PHOTONIC ENERGY BANDS

We use the k⃗ · P⃗ theory on the study of the photonic band
structure near the !-A line [i.e., we consider k∥ ≡ |k⃗∥| with
k⃗∥ = (kx,ky) to be small]. The eigenvalue problem in photonic
band structure is to solve the following Maxwell’s equations:

∇ × 1
ε(r⃗)

∇ × H⃗n,k⃗(r⃗) =
ω2

n,k⃗

c2
H⃗n,k⃗(r⃗), (A1)

where n is the band index and H⃗n,k⃗(r⃗) is the Bloch function of
the magnetic field of photon. The Bloch function is normalized
as

∫
u.c. dr⃗H⃗ ∗

n′,k⃗
(r⃗)H⃗n,k⃗(r⃗) = δnn′ with u.c. denoting the unit cell

(i.e., integration in a unit cell). The Hermitian operator ∇ ×
1

ε(r⃗)∇× can be viewed as the photonic Hamiltonian.

The essential idea of the k⃗ · P⃗ theory around the !-A line
is to expand the Bloch wave function at k⃗ with the wave
function at (0,0,kz) which is denoted as H⃗n,0,kz

(r⃗). Using such
expansion, we obtain the following k⃗ · P⃗ Hamiltonian:

Hnn′(k⃗) =
ω2

n,0,kz

c2
δnn′ + k⃗ · P⃗nn′

−
∫

u.c.

dr⃗

ε(r⃗)
H⃗ ∗

n,0,kz
(r⃗) · {k⃗ × [k⃗ × H⃗n′,0,kz

(r⃗)]},

(A2)

where ωn,0,kz
is the eigenfrequency of the nth band at the

!′ = (0,0,kz) point. The matrix element of P⃗ is given by

P⃗nn′ =
∫

u.c.

dr⃗

ε(r⃗)
{H⃗n′,0,kz

(r⃗) × [i∇ × H⃗ ∗
n,0,kz

(r⃗)]

+ [i∇ × H⃗n′,0,kz
(r⃗)] × H⃗ ∗

n,0,kz
(r⃗)}. (A3)

We notice that the matrix element of P⃗ is nonzero only
when the n and n′ bands are of different parity. Moreover,
the (approximate) conservation of orbital angular momentum
along the z direction Lz dictates that the P⃗ matrix element
is prominent only between bands of angular momentum
difference ±1. Therefore, the coupling between the p and
d bands are within the same pseudospin, that is, between
p+ and d+ (Lz = !,2!, respectively), or between p− and d−
(Lz = −!, − 2!).

Using the symmetry properties of the |px⟩, |py⟩, |dx2−y2⟩,
and |dxy⟩ wave functions and the Px and Py operators,
one can find that [20,34] ⟨px |Px |dx2−y2⟩ = ⟨px |Py |dxy⟩ =
⟨py |Px |dxy⟩ = −⟨py |Py |dx2−y2⟩. Therefore, ⟨p+|H|d+⟩ =
⟨p−|H|d−⟩∗ = A∥k∥e

iθk , where θk ≡ Arg[kx + iky] and A∥ ≡
⟨px |Px |dx2−y2⟩. Thus the k⃗ · P⃗ Hamiltonian written in the basis
of (d+,p+,d−,p−)T is

H = 2ω0

c2

⎛

⎜⎜⎜⎜⎜⎝

ω2
d (k⃗)

2ω0
v∥k∥e

−iθk 0 0

v∗
∥k∥e

iθk
ω2

p(k⃗)
2ω0

0 0

0 0 ω2
d (k⃗)

2ω0
v∗

∥k∥e
iθk

0 0 v∥k∥e
−iθk

ω2
p(k⃗)

2ω0

⎞

⎟⎟⎟⎟⎟⎠
,

(A4)

where ω0 is the frequency of the Dirac point and v∥ ≡ A∗
∥c

2

2ω0
. The

group velocity in the x-y plane is |v∥| which is a function of kz.
To the lowest nontrivial order in k⃗∥ and kz, ωd (k⃗) = ωd,0(kz)
and ωp(k⃗) = ωp,0(kz).

The condition ωp,0(kz) = ωd,0(kz) is satisfied only at kz =
±Kz (more rigorously, the two points (0,0, ± Kz) are the only
points where the p and d bands become degenerate). The
topological phase transition as a function of kz is illustrated in
Fig. 5. For kz < Kz the band structure and spin configuration
resembles that of a Dirac electron with negative mass. It is
known that the negative mass Dirac equation describes the
Z2 topological insulator in the electronic system [46,47]. For
kz = Kz the band gap closes and a Dirac cone emerges. For
kz > Kz the cone is gapped again where the spin configuration
resembles that of a Dirac electron with positive mass.

When the six micropillars are twisted, the symmetry of
the photonic crystal is reduced from C6v ⊗ Iz to C6 (Iz is
the inversion along the z direction). Since Iz is broken, the
spectrum for kz > 0 is no longer the mirror of that for kz < 0.
However, the TRS guarantees the degeneracy between the
|p+,kz⟩ state and the |p−, − kz⟩ state as well as the degeneracy
between the |d+,kz⟩ state and the |d−, − kz⟩ state. Since the
C6 symmetry is kept, those four bands can cross each other at
k⃗∥ = 0, as they correspond to different eigenvalues of the C6
operator. Therefore, along the !-A line the following “mass
terms” are introduced: ∼m1σ̂z + m2τ̂z + m3τ̂zσ̂z (the three
quantities, m1, m2, and m3 are the “masses”) which gap out

235155-5



All-dielectric Non-symmorphic Photonic crystals

Wang, Chen, Hang, Kee & JHJ, arXiv:1703.09899

l Tetragonal photonic crystal

l Screw symmetries 



Screw	Symmetry	induced	double	degenerate	planes

• Double degeneracy for all bands!

• Same for the k� = 𝜋/𝑎 plane!

	

Wang, Chen, Hang, Kee & JHJ, arXiv:1703.09899

To elucidate the e↵ect of screw symmetries, we construct the following anti-unitary opera-

tors: ⇥
i

⌘ S
i

⇤ T (i = x, y). The time-reversal operation T is manifested as the complex

conjugation of the photonic “wavefunction” for a Bloch state  
n
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(~r) = (~e
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,~h
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~

k

)T (here ~e

and ~h are the electric and magnetic fields of the photon, respectively) with additional sign

reversal for the magnetic fields. Since ⇥2
x

= S2
x

= T100 where T100 is a spatial translation by

the coordinate vector ~r = (1, 0, 0), acting ⇥
x
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and is hence an invariant operation on the k
x

= ⇡ plane where we find

⇥2
x

= eikx
��
k

x

=⇡

= �1. (1)

Following the same argument of the Kramers theorem, all Bloch states on the whole k
x

= ⇡

plane are doubly degenerate (see Fig. 1c). The above relation is crucial for the synthesis

of fermionic Kramers degeneracy in bosonic systems. Similarly, all Bloch states are doubly

degenerate on the whole k
y

= ⇡ plane, due to ⇥2
y

= �1.

Dirac Points

The synthetic “Kramers” double degeneracy on the two BZ boundary planes create a very

large wavevector space for the simulation of Dirac physics and Z2 topology. The next

important step is to realize parity-inversion. The parity can be defined through the C2

rotation around the z axis, which is invariant on the MA and XR lines. The product of

the two orthogonal screw rotations yields exactly C2: S
y

S
x

= T010C2 and S
x

S
y

= T100C2.

Therefore on the MA line one has ⇥
y

⇥
x

= ⇥
x

⇥
y

= �C2, i.e., the ⇥x

operator commutes with

both ⇥
y

and C2 on the MA line. Elegantly, the above algebra reveals that the two degenerate

states in any doublet have the same eigenvalue of the C2 operator. Such eigenvalues c2 = ±1

precisely represent the parities of the photonic states in the x-y plane. Crossing between two

doublets with opposite parities on the MA line leads to a 3D DP. According to Ref. [44], the

topological charge of the DP is a measure of parity-inversion, N
DP

= 1
2

⇥
c�2 (k

+
0 )� c�2 (k

�
0 )

⇤
,

where c�2 is the parity of the lower branch of the Dirac cone, and k+
0 = k0+0+ (k�

0 = k0�0+)

is the wavevector slightly larger (smaller) than the wavevector of the DP on the z direction,

k0. Hence a DP is essentially a source or sink of parity-inversion in photonic bands. Fig. 1d

shows that there are four DPs in the first six bands with topological charges N
DP

= ±1,

due to the crossing between the doubly degenerate p-wave and d-wave states (see Fig. 1d

5

: time-reversal (complex conjugation)



Type-II	and	type-I	Dirac	points
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Figure S3: Dispersion of the type-I Dirac points. 3D dispersion of the type-I Dirac point

at k
z

> 0 for h = 0.5, w = 0.2, l = 0.5, "
b

= 16, and "
m

= 1.9. a, Dispersion on the k
z

-k
x

plane.

b, Dispersion on the k
x

-k
y

plane around the DP.

where !
n,0 is the eigen-frequency of the nth band at the DP. The matrix element of ~P is

given by

~P
nn

0 =

Z

u.c.

d~r

"(~r)
[~h

n

0
,0(~r)⇥ (ir⇥ ~h⇤

n,0(~r)) + (ir⇥ ~h
n

0
,0(~r))⇥ ~h⇤

n,0(~r)]. (15)

A crucial fact is that the matrix element ~P
nn

0 is nonzero only when the n and n0 bands

are of di↵erent parity. In our system the mirror planes are the (110) and (110) planes.

Therefore, we shall calculate the two momentum matrix elements, P̂1 = (P̂
x

+ P̂
y

)/
p
2 and

P̂2 = (�P̂
x

+ P̂
y

)/
p
2. According to the symmetry of the p and d states, we find that ~q-linear

terms in the basis of (|d1i, |d2i, |p1i, |p2i)T is

q1P1 + q2P2 =

0

BBBBB@

0 0 a1q2 a2q1

0 0 b1q2 b2q1

a⇤1q2 b⇤1q2 0 0

a⇤2q1 b⇤2q1 0 0

1

CCCCCA
,

q
z

P
z

=
2!0v

c2
(q

z

⌧
z

+ ⌘q
z

⌧0), (16)

where !0 is the frequency of the Dirac point, v is the group velocity along the z direction,

⌘ measures the deformation of the Dirac cone along the z direction. The Pauli matrix ⌧
i

(i = 0, z) is defined in such a way that ⌧
z

gives the parity of the photonic states. Here we

consider the Dirac point with k
z

> 0.

The invariance of the Hamiltonian under ⇥
x

implies that

⇥
x

H(~k)⇥�1
x

= H(⇥
x

~k) (17)
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Robust light-trapping on photonic-crystal---air 
interfaces

Wang, Chen, Hang, Kee & JHJ, arXiv:1703.09899
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FIG. 2. Weyl points derived from Dirac points. a, Unit-cell structure of the symmetry-

broken PhC. Upper panel: 3D view with zoom-in illustration of structure deformations. Lower

panel: side view from [11̄0] direction. The geometry parameters are b1 = 0.1, b2 = 0.11, b3 = 0.094,

h1 = 0.5, and h2 = 0.3. The z coordinates of the centers of the two types of dielectric blocks are 0

and 0.65a, respectively. b, Band structure on the MA line for part of the first six photonic bands

indicates removal of double degeneracy and linear-crossing between non-degenerate p- and d-states.

These crossings are identified as type-I and type-II WPs. Purple (green) dots stand for WPs with

Chern number -1 (+1). c, Dispersions of a type-II WP (upper panel) and a type-I WP (lower

panel). The former is due to the crossing between band 1 and 2, while the latter originates from

the crossing between band 1 and 3. The bands are numerated in ascending order at the M point.
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Type-II	and	type-I	Weyl	points

Type-II

Type-I

Wang, Chen, Hang, Kee & JHJ, arXiv:1703.09899



Angular-momentum---wavevector	correlation

• Angular-momentum—wavevector	locking	of	Weyl/Dirac	points	leads	to	
suppressed	back-scattering	in	the	bulk	photonic	crystal

Condensed-matter experiment:		Liang,	et	al.,	Nat.	Mater.	14,	280	(2015)

x

y

z

Wang, JHJ et al. Phys. Rev. B 93, 235155 (2016)



Refraction:	Type-II	and	type-I	Dirac	points

Type II: anomalous refraction
with valley contrast

Type I: normal conical refraction
no valley contrast

Type II:
𝜂 > 1

Type I:
𝜂 < 1

𝜂=− 2

A pair of Dirac points (”two valleys”)
with opposite 	𝜂

Wang, Chen, Hang, Kee & JHJ, arXiv:1703.09899



Summary

l 2D topological insulators & 3D topological Dirac/Weyl points 

l Special edge states: 1D unpaired massive Dirac photons

l Photonic topological angular-momentum---wavevector correlation

l Topologically robust light-trapping on photonic-crystal---air interfaces 

l Anomalous refraction for type-II Dirac (Weyl) points

l Point group symmetry: core-shell photonic crystals

l Non-symmorphic screw symmetry: block photonic crystals

Ø Our photonic architectures

Ø Our discoveries:



Further	questions

l Topological cavities  (suppressing inhomoegeneous broadening)

l Nonlinear topological optics : polaritons

l Quantum effects? (nonreciprocal photon emission)……

l…..

Ø Topological	optics
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Breaking inversion symmetry: Z2 Weyl Points

+ -

A pair of Dirac points  --->
Two pairs of Weyl points

Wang, Jiang et al. Phys. Rev. B 
93, 235155 (2016)

𝑘Z Z2 Weyl points

Z2 nontrivial



Phase diagram & robustness







Strong	coupling	from	topological	surface	states

Wang, Chen, Hang, Kee & Jiang, arXiv:1608.02437 (2016)

Strong light-matter interaction due to topological light-trapping
@ photonic-crystal---air interfaces 



Deterministic	photonic	Line-node
5

We calculate the edge states on the (100) surface of
our photonic crystal using a supercell numerical scheme
(for details, see Appendix B). The screw symmetry Sy,
which is essential for double degeneracy at ky = ⇡

a , is kept
for the supercell. The surface BZ is shown in Fig. 4(a).
Two almost degenerate surface states can be identified
in Fig. 4(b). Their field profiles in Fig. 4(c) reveal that
those two states are edge states at opposite boundaries.
To make sure that those are the topological edge states,
we calculate the “Fermi arcs” through a scan of the edge
states in the surface BZ (see Appendix B). The “Fermi
arcs” for ! = 0.425 2⇡c

a are plotted in Fig. 4(d). From
the figure there are two Fermi arcs with opposite chi-
rality (labeled as red and blue), which is significantly
di↵erent from chiral Fermi arcs in Weyl PhCs[31, 34].
Those two Fermi arcs intersect with each other when
ky = ⇡

a . The degeneracy of the two Fermi arcs on the
ky = ⇡

a line is protected by the ⇥y symmetry. Moreover,
the spectra of the two Fermi arcs transform into each
other under ⇥y which is manifested in the surface BZ
as (ky, kz) ! (�ky, kz). Such mirror symmetric Fermi
arcs is a smoking-gun signature of the topological sur-
face states associated with Z2 DPs. The surface states
are also found to be quite robust to surface truncation
geometries (see Appendix C), demonstrating topological
protection. The surface states shown here are similar to
the double helicoid surface states predicted recently in
an electronic material with di↵erent symmetry[48].

IV. Z2 LINE-NODES AND THEIR SURFACE
STATES

A Z2 line-node is a line degeneracy at each point on
the line there is a linear crossing through which the par-
ity of the Bloch states is interchanged. Since a line-node
is a time-reversal invariant object (it includes both a ~k

point and its time-reversal partner �~k), line-nodes do
not have to emerge in pairs. Line-nodes in our PhC are
protected by the mirror symmetry Mz and the nonsym-
morphic screw symmetries as elaborated below. The Z2

topological charge of a line-node is defined as[49]

NLN =
1

2
(mi �mo). (12)

Here mi and mo denote the eigenvalues of the mirror
symmetry that protects the line-node for ~k inside and
outside the line-node, respectively. They are calculated
for the band with lower frequency that involves in the
line-node band-crossing. NLN can be ±1, if the line-node
is topologically nontrivial.

The line-nodes are on the kz = 0 plane which is in-
variant under Mz. Mz commute with both ⇥x and ⇥y

when kz = 0. If |mzi labels a Bloch state which is an
eigenstate of the Mz operator with eigenvalue mz, then

Mz⇥i|mzi = ⇥iMz|mzi = mz⇥i|mzi, (13)

M X
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FIG. 5. (Color online) (a) Photonic band structure for
kz = 0 plane. Red curves label bands with mz = �1, while
blue curves label bands with mz = 1. Inset: band structure
on �-B line. The B point (with wavevector (0.5, 0.25, 0) 2⇡

a
)

represents a generic, non-symmetric point on the X-M line.
(b) Upper: frequency di↵erence �! between the fourth band
and the sixth band; Lower: frequency di↵erence between the
fifth band and the sixth band in the kz = 0 plane. Bands
are numbered according their frequencies near the � point in
ascending orders.

for i = x, y. The above equation indicates that the de-
generate partners, |mzi and ⇥x|mzi, at the X-M line has
the same Mz eigenvalue. Due to the intrinsic property of
Maxwell equations, in the long wavelength limit � � a,
the photonic bands become TM and TE modes which
have opposite Mz eigenvalues. These two modes become
degenerate in the zero frequency limit. When such degen-
erate bands with opposite Mz eigenvalues evolve to some
generic point on the X-M line and then evolve back to
the � point, there must be at least one crossing of bands
with opposite Mz eigenvalues [see Fig. 5(a)]. Hence the
degenerate-partner switching between bands with oppo-
site Mz eigenvalues leads to a deterministic line-node.
Here the lowest line-node emerge as the deterministic
one. Higher line-nodes can in principle be removed by
continuously tuning the photonic bands without chang-
ing the symmetry of the PhC. The lowest line-node is
then protected by the mirror symmetry Mz as well as
the nonsymmorphic symmetry ⇥x.
Higher line-nodes can be understood through the na-

ture of degeneracy for higher bands at � point. At �
point, all nonsymmorphic operators commute with each
other as ~k = 0. The symmetry group of Bloch states
then becomes equivalent to C4v ⌦Mz. For instance, the
third and fourth bands are degenerate due to the C4v

group. The two bands are of the same Mz eigenvalue
(mz = 1) and of p-wave nature in the x-y plane. The
fifth band is also of mz = 1, however, it is of d-wave
nature in the x-y plane and hence non-degenerate. As a
consequence, there emerge another two line-nodes as the
odd parity band crossing the other two even parity bands
[see Fig. 5(a)]. To confirm that these crossings are indeed
line-nodes, we plot the frequency di↵erence between the

Wang, Chen, Hang, Kee & Jiang, arXiv:1608.02437 (2016)
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