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Photon Correlations in Waveguide QED: 
Rectification and Next-(Next-)Photon Statistics

emitters coupled to a 1D waveguide

• couple qubits to each other (possibly distant)  
• transfer quantum information (quantum network) 
• photon correlations (non-classical light) 
• quantum information components: single-photon router,  

diode, memory, detectors, etc.  
• photonic quantum gates 
• entanglement generation

growing interest:

Recent review: D. Roy, C. Wilson, and O. Firstenberg, Rev.Mod.Phys. 2017
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Figure 1 | Radiative interactions and optical potentials for an atom near the surface of a toroidal resonator. a, Simple overview of the experiment showing
a cloud of cold caesium atoms released so that a few atoms fall within the evanescent field of a microtoroidal resonator. Light in a tapered optical fibre
excites the resonator with input power Pin at frequency !p, leading to transmitted and reflected outputs PT,PR. b, Cross-section of the microtoroid at � = 0
showing the coherent coupling coefficient |g(r) = g(⇢,z,�)| for a transverse-electric-polarized whispering-gallery mode. The microtoroid has principal and
minor diameters (Dp,Dm) = (24,3) µm, respectively. c, (i) Coherent coupling |g(d,z,�)| for the external evanescent field as a function of distance
d = ⇢ �Dp/2 from the toroid’s surface for (z,�) = (0,0). (ii) The effective dipole potentials Ud for resonant !p = !a

(0), red !p < !a
(0) and blue !p > !a

(0)

free-space detunings of the probe Pin. The Casimir–Polder surface potential Us for the ground state of atomic Cs is also shown. (iii) The atomic decay rate
� (d) as a function of distance d from the toroid’s surface for transverse-electric (�k) and transverse-magnetic (�?) modes. All rates in this figure are scaled
to the decay rate in free space for the amplitude of the Cs 6P3/2 ! 6S1/2 transition, �0/2⇡= 2.6 MHz. The approximate distance scale probed in our
experiment is 0 < d < 300 nm.

have implemented by Monte Carlo simulation and which gives
insight into the underlying atomic dynamics, as detailed in the
Supplementary Information.

For the identification of atoms near the surface of the
microtoroid in the regime shown in Fig. 1c, we rely on the
strong interaction of atom and cavity field to modify the light
transmitted by the cavity. Specifically, because the atom–cavity
coupling coefficient g (r(t )) depends on the atomic trajectory
r(t ), we can select single atoms located within the cavity mode
by demanding a minimum criterion for the change in cavity
transmission due to the atomic trajectory. Our scheme for single-
atomdetection is similar to that used in previous work32–34, but with
significant modifications. Namely, by implementing fast digital
logic, we achieve reliable real-time identification of atomic transit
events in times as short as 250 ns from the photoelectric counts
due to the transmitted power PT(t ). Note that this identification
would not be possible for an atom in free space without the
emission rate enhancement and efficiency afforded by coupling to
the cavity. Given the identification of a falling atom, the control
logic switches the power Pin and frequency !p of the probe
input within ' 100 ns and records subsequent photoelectric counts
for the transmitted PT(t ) and reflected PR(t ) outputs from the
cavity. These records of photoelectric counts form the basis for
our analysis that follows, with further details presented in the
Supplementary Information.

To address experimentally the question of the distance scale
for the recorded atom transit events, we first examine the
time dependence of the cavity transmission T (t ) = PT(t )/Pin
immediately following a trigger heralding the arrival of an
atom into the cavity mode. Figure 2a shows T (t ) for the
case of resonant excitation, namely 1pa = !p � !(0)

a = 0 and
1ca = !c �!(0)

a = 0, where !(0)
a is the free-space atomic frequency

for the 6S1/2,F = 4 ! 6P3/2,F = 5 transition in atomic Cs, !p is
the incident laser probe frequency and !c is the resonant frequency
of the relevant toroidal cavity mode. Two characteristic decay
times are evident, with the background subtracted transmission
TB(t ) ⌘ T (t ) � B fitted well by the sum of an exponential
(/e�t/�tI ) and a Gaussian (/e�(t/�tII)2 ). Here, the background level
B ⌘ T (t � �tI,II) is determined from the cavity transmission for
times that are long compared with the duration of the transit event,
with B/T (1pa � ) ⇠< 0.01.

The time constants �tI,�tII can be associated with distance
scales dI,dII by way of the average velocity v̄ with which atoms
arrive at the toroid’s mode following release from the optical trap,
namely v̄ ⇠ 0.17m s�1, leading to dI ' 130 nm and dII ' 640 nm.
For comparison, the scale length for g (d) in the radial direction
is ⌦= 1/k0 = 136 nm (Fig. 1c(i)), whereas in the vertical direction,
the variation of g (z) is approximately Gaussian (/e�(z/w0)2 ) with
waist w0 ' 590 nm (Fig. 1b). The comparisons dI ⇠ ⌦ and dII ⇠w0
suggest that the short-lived component �tI in Fig. 2a arises from
atomic trajectories that are deflected from their otherwise vertical
fall to largely radial paths of length ⌦ that terminate at the dielectric
surface. Similarly, the longer-lived component �tII is associated
with trajectories that pass along z without significant radial motion
towards the surface of the toroid.

Of course an atom near the surface will not move with
constant velocity but will be accelerated by interactions with
surface potentials and the cavity field itself. To reach a quantitative
understanding of the external, centre-of-mass motion and the
internal, atomic dipole–cavity field coupling, we have implemented
a numerical simulation that incorporates both perturbative and
non-perturbative aspects of the radiative interaction of the atom
and microtoroid. Our Monte Carlo simulation draws random
initial trajectories for atoms falling from a thermal cloud and
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SC qubit + transmission line 

[Astafiev et al., Science 2010;  
 Abdumalikov et al., PRL 2011  
 Hoi et al., PRL 2011; PRL 2012]

nanowire + QD:

[Claudon et al., PRL 2011 
           N. Photonics 2010]

Waveguide QED: Variety of Physical Systems

[Alton et al., N.Phys. 2010]

dielectric + atom

[Laucht et al., PRX 2012]



Basic Model for wQED

 

 
 

two-level system decay rate to non-waveguide modes
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group; X. Zhang group; F. Nori group; A. Blais group; Garcia-Vidal group; D. 
Porras; ... 



| 1i =
Z
dx g1(x) a

†
e(x)|0, gi+ e1|0, ei

| 2i =
Z
dx1dx2 g2(x1, x2) a

†
e(x1)a

†
e(x2)|0, gi+

Z
dx e2(x)a

†
e(x)|0, ei

g1(x) ⇠ t

k

e

ikx

g2(x1, x2) ⇠ Sym
n

t

k1tk2e
i(k1x1+k2x2) +Be

i(k1+k2)x2
e

��|x2�x1|
o

2-Photon Scattering State: Photon-Photon Correlation

Scattering wave states for incoming plane waves — explicit for one 2LS

n=1

can satisfy Sch. Eq. with plane waves, ie. transmission:

n=2

g2(x1, x2) e2(x)no plane wave solution: can’t make and consistent

correlated state;
inelastic scattering



Two-Photon State: Spectral Entanglement

[Huaixiu Zheng]

Transmission: Spectrally entangled 
photon pair
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Beyond 1 Qubit: bosonic rep. with U→∞
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• solve for scattering eigenstate of bosonic model using Green function 
• →	formal solution for 𝜓[𝑈] 
• take 𝑈→∞, closed form for 𝜓[∞] for 2 photons 
• evaluate observable analytically (no time delays) or numerically



Single-Photon Transmission
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Power Spectrum & Total Inelastic Scattering
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Z
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�i!th 2|a†↵(x0)a↵(x0 + t)| 2i, ↵ = R, L

YAO-LUNG L. FANG AND HAROLD U. BARANGER PHYSICAL REVIEW A 91, 053845 (2015)

remains finite (for more discussion, see Appendix D). Since
the total incoherent (inelastic) power spectrum is the sum of
rightgoing and leftgoing incoherent power spectra

S incoherent(ω) = S incoherent
R (ω) + S incoherent

L (ω), (7)

one can normalize S incoherent
α (ω) in terms of the incoherently

scattered photon “flux”

F incoherent =
!

dω S incoherent(ω). (8)

In this paper, we omit the superscript “incoherent” for
simplicity and focus on the inelastic power spectra normalized
by F so that shapes and features can be readily compared.
Furthermore, both on- and off-resonance cases are studied.
In the off-resonant case, for a fair comparison of systems
in which the number of qubits is different, we choose the
incident frequency such that (i) the single-photon transmission
probability T is 50% in each case and (ii) it is the closest
such frequency to the bare qubit frequency ω0 (see discussion
in Ref. [80]). Because we mostly focus on cases with small
separation k0L ! π/2 (so L ! λ0/4 with the wavelength λ0 =
2πc/ω0), this choice leads to red-detuned incident frequencies,
as will become clear in the following discussion.

In interpreting the results, it will be useful to refer to the
poles of the system, by which we mean the zeros of the
denominator of the single-photon transmission or reflection
amplitudes t(k) or r(k).1 Denote the poles by z̃i = ω̃i − i%̃i/2
with i = 1,2, . . . ,N (the factor of 1/2 is in accordance with
the definition of the decay rate %); then, the denominator of
t(k) and r(k) can be written as a polynomial of degree N ,
(k − z̃1)(k − z̃2) . . . (k − z̃N ). We will see that this indeed gives
us the effective qubit frequency and decay rate, as implied by
the notation. In special cases, the poles may be symmetrically
arranged with respect to the ω = ω0 line. This happens when
k0L = π/2 because a wave function that is even about the
middle of the interval between two adjacent qubits has the
same magnitude at the site of those qubits as a wave function
that is odd. For other values of k0L, the amplitude in these
two cases is different, leading to an asymmetrical situation in
which there are superradiant and subradiant modes.

1In contrast to Ref. [99], we find that it is not always true that the
denominator of ei(k) gives N poles for all i = 1, . . . ,N . For instance,
with N = 5 the wave function of the central qubit e3(k) has only three
poles. Therefore, it is safer to look at the transmission or reflection
amplitudes t(k) or r(k).
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FIG. 3. (Color online) Time delay τ (top), single-photon transmission spectrum T = |t(k)|2 (middle), and poles of the transmission
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Power Spectrum & Total Inelastic Scattering
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FIG. 10. (Color online) Normalized power spectra of one or
two qubits coupled to a semi-infinite waveguide with qubit-qubit
separation k0L = π/2 (for N = 2). The qubit-mirror separation is
k0a = π/2 in (a) and (c), and π/4 in (b). The qubit frequency is
ω0 = 100#.

be symmetric for certain values of a, and the qubit-mirror
separation is varied to see how the mirror modifies the
fluorescence. We focus mostly on the case of one and two
qubits, commenting on the N = 10 results only at the end
of this section. For one or two qubits and k0a = π/2 or
π/4, results are presented in Figs. 10 and 11. First, note that
since the reflection fluorescence is the total fluorescence, the
spectrum is always symmetric with respect to the incident
frequency E/2. Second, since the single-photon reflection
probability is always one, the way we chose the off-resonant
driving frequency for the infinite case is no longer possible;
instead, we have studied properties at fixed detunings.

For N = 1, the results are similar to those of the infinite
waveguide (cf. Figs. 2 and 4). Resonant driving gives a
Lorentzian-type fluorescence, and off-resonant driving splits
the Lorentzian peak into two. The condition for resonance is,
of course, controlled by the single pole in this N = 1 case. The
main difference here compared to the infinite waveguide case
is that the pole is modulated by the qubit-mirror separation a:

ω̃ = ω0 − #

2
sin(2k0a), #̃ = # [1 − cos(2k0a)] . (13)

Thus, the effective frequency and decay rate of the qubit can
be changed. These relations agree with those of Ref. [90] for

FIG. 11. (Color online) Normalized power spectra of two qubits
coupled to a semi-infinite waveguide with qubit-qubit separation
k0L = π/2 and qubit-mirror separation k0a = π/4. The driving
frequencies for each plot are E/2# = 96.5,99,100,101, and 103.5
(from bottom to top). The black ticks label the position of the two
poles (and the qubit frequency ω0 = 100# is at the center), and the
blue arrow indicates the incident frequency.

a hard-wall boundary condition (θb = π/2 therein), and are
responsible for the shift in the peak in the k0a = π/4 case
shown in Fig. 10(b).

The spectrum changes dramatically compared with the infi-
nite waveguide case when N ! 2. For N = 2, the expressions
for the poles are much more complicated than in the infinite
waveguide case, and we do not reproduce them here. However,
for the special case k0L = π/2 we find that the poles can be
simplified to

z̃1,2(a) = ω0 − i#

2
± #

2

!
1 − 2e2ik0a. (14)

From this expression, one can see that the “center of mass”
is ω0 − i#/2; it is not affected by the mirror. The two poles
circulate this center in an elliptical trajectory on the complex
plane as a changes, in contrast to the infinite waveguide case
where the two poles circulate in a perfect circle as L changes
[24,99].

For the case k0a = π/2, the two poles have the same decay
rate and the spectra are symmetric between red and blue
detuning, so only the red-detuned case is shown in Fig. 10
c. When the driving frequency is far detuned, there are four
peaks, with the inner two higher and the outer two lower,
similar to that of the (total) power spectrum in the infinite case
(not shown). The main difference is that here there are nodes
(at which S = 0) between the inner and the outer peaks, one
of which is fixed at the bare qubit frequency ω0. As the driving
frequency approaches either of the poles, the two inner peaks
merge into one (a process similar to that seen in Fig. 2). Next,
when the driving frequency is tuned between the poles, both
nodes start to be shifted and lifted, and do not touch down to
zero again until the driving is on resonance (E/2 = ω0).
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be symmetric for certain values of a, and the qubit-mirror
separation is varied to see how the mirror modifies the
fluorescence. We focus mostly on the case of one and two
qubits, commenting on the N = 10 results only at the end
of this section. For one or two qubits and k0a = π/2 or
π/4, results are presented in Figs. 10 and 11. First, note that
since the reflection fluorescence is the total fluorescence, the
spectrum is always symmetric with respect to the incident
frequency E/2. Second, since the single-photon reflection
probability is always one, the way we chose the off-resonant
driving frequency for the infinite case is no longer possible;
instead, we have studied properties at fixed detunings.

For N = 1, the results are similar to those of the infinite
waveguide (cf. Figs. 2 and 4). Resonant driving gives a
Lorentzian-type fluorescence, and off-resonant driving splits
the Lorentzian peak into two. The condition for resonance is,
of course, controlled by the single pole in this N = 1 case. The
main difference here compared to the infinite waveguide case
is that the pole is modulated by the qubit-mirror separation a:

ω̃ = ω0 − #

2
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Thus, the effective frequency and decay rate of the qubit can
be changed. These relations agree with those of Ref. [90] for

FIG. 11. (Color online) Normalized power spectra of two qubits
coupled to a semi-infinite waveguide with qubit-qubit separation
k0L = π/2 and qubit-mirror separation k0a = π/4. The driving
frequencies for each plot are E/2# = 96.5,99,100,101, and 103.5
(from bottom to top). The black ticks label the position of the two
poles (and the qubit frequency ω0 = 100# is at the center), and the
blue arrow indicates the incident frequency.

a hard-wall boundary condition (θb = π/2 therein), and are
responsible for the shift in the peak in the k0a = π/4 case
shown in Fig. 10(b).

The spectrum changes dramatically compared with the infi-
nite waveguide case when N ! 2. For N = 2, the expressions
for the poles are much more complicated than in the infinite
waveguide case, and we do not reproduce them here. However,
for the special case k0L = π/2 we find that the poles can be
simplified to

z̃1,2(a) = ω0 − i#

2
± #

2

!
1 − 2e2ik0a. (14)

From this expression, one can see that the “center of mass”
is ω0 − i#/2; it is not affected by the mirror. The two poles
circulate this center in an elliptical trajectory on the complex
plane as a changes, in contrast to the infinite waveguide case
where the two poles circulate in a perfect circle as L changes
[24,99].

For the case k0a = π/2, the two poles have the same decay
rate and the spectra are symmetric between red and blue
detuning, so only the red-detuned case is shown in Fig. 10
c. When the driving frequency is far detuned, there are four
peaks, with the inner two higher and the outer two lower,
similar to that of the (total) power spectrum in the infinite case
(not shown). The main difference is that here there are nodes
(at which S = 0) between the inner and the outer peaks, one
of which is fixed at the bare qubit frequency ω0. As the driving
frequency approaches either of the poles, the two inner peaks
merge into one (a process similar to that seen in Fig. 2). Next,
when the driving frequency is tuned between the poles, both
nodes start to be shifted and lifted, and do not touch down to
zero again until the driving is on resonance (E/2 = ω0).
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Experiment: Two-point Correlation

correlations of transmitted field:
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FIG. 2. Second-order correlation function of a thermal state, a coherent state and the states generated by the artificial atom.
A) g(2) of a thermal state and a coherent state as a function of delay time τ . B) g(2) of the resonant transmitted microwaves
as a function of delay time for four different incident powers. Inset: g(2)(0) as a function of incident power. For comparison,
the result for a thermal state and a coherent state are also plotted. We see that the transmitted field statistics(red curve)
approaches that of a coherent field at high incident power, as expected. For a coherent state g(2)(0) = 1 is independent of
incident power (blue). C) g(2) of a resonant reflected field as a function of delay time for two different incident powers. The
antibunching behavior reveals the quantum nature of the field. The curves shown here had a digital filter with a 55 MHz
bandwidth applied to each detector. D) g(2) of a resonant reflected field as a function of delay time at -131dBm incident power
for different filter bandwidths. As the bandwidth decreases, the antibunching dip vanishes. The solid curves in B), C) and D)
are the theory curves, including trigger jitter model (see text). We extract a temperature of 50 mK from these fits, with no
additional free fitting parameters. The peculiar feature of g(2) around zero in the theory curves in B) is due to the trigger jitter
model. The error bar indicated for each data set is the same for all the points.

the time dynamics of antibunching cannot be resolved.
In other words, within that time interval, the atom has
had time to absorb and emit many photons.

To obtain the theoretical results in Fig. 2 B, C, and
D, we use a master equation formalism. The digital filter
is modeled by a single-mode resonator. A master equa-
tion describing both the transmon and the resonator is
derived using the formalism of cascaded quantum sys-
tems. To model the effect of the trigger jitter, the value
of g(2)(τ) at each point is replaced by the average value
of g(2)(τ), g(2)(τ -10 ns) and g(2)(τ+10 ns).

Our artifical atom selectively filters out the Fock state
n = 1 from the input coherent state. As a result, the
reflected and transmitted field display antibunched and

superbunched statistics, respectively. Thus, the qubit
acts as a passive photon-number filter, converting a co-
herent microwave state to a nonclassical one, with high
production rate.

While the scattered field requires a purely quantum
description, it can still maintain first-order coherence
similar to a classical field, as shown below. We can de-
fine the first-order correlation function in steady state as
g(1) = ⟨V ⟩2 /

!

V 2
"

. First-order coherence then refers to

g(1) = 1. As expected, for a thermal source, this function
is 0 and for a coherent state it is 1.

The first-order coherence properties of the scattered
resonance field strongly depend on the Rabi frequency
Ωp and the relaxation rate Γ10 of the atom. The Rabi
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Generation of nonclassical microwave states using an artificial atom in 1D open space

Io-Chun Hoi, Tauno Palomaki, Göran Johansson, Joel Lindkvist, Per Delsing & C.M.Wilson∗

Department of Microtechnology and Nanoscience (MC2),
Chalmers University of Technology, Göteborg, Sweden.
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We have embedded an artificial atom, a superconducting transmon qubit, in a 1D open space
and investigated the scattering properties of an incident microwave coherent state. By studying the
statistics of the reflected and transmitted fields, we demonstrate that the scattered states can be
nonclassical. In particular, by measuring the second-order correlation function, g(2), we show photon
antibunching in the reflected field and superbunching in the transmitted field. We also compare
the elastically and inelastically scattered fields using both phase-sensitive and phase-insensitive
measurements.

PACS numbers: 42.50.Gy,03.67.Hk,42.50.Ar,85.25.Cp

A single atom interacting with propagating electro-
magnetic fields in open space is a fundamental system
of quantum optics. Strong coupling between a single
artificial atom and resonant propagating fields has re-
cently been achieved in a 1D system [1, 2], experimentally
demonstrating nearly perfect extinction of the forward
propagating fields [2]. However, this extinction can be
explained by classical theory: a classical point-like oscil-
lating dipole perfectly reflects resonant incident fields [3].
In this Letter, we demonstrate the quantum nature of the
transmitted and reflected fields generated from our artifi-
cial atom in 1D open space by using a resonant coherent
state as the incident field. In particular, by measuring
the statistics of the fields we show that the reflected field
is antibunched [4, 5] while still maintaining first-order co-
herence. Moreover, we observe superbunching statistics
in the transmitted fields [4].

To understand how our artificial atom generates anti-
bunched and superbunched states, it is helpful to con-
sider the incident coherent state in the photon number
basis. For a low power incident field with less than 0.5
average photons per lifetime of our atom, we can safely
approximate the coherent field using only the first three
photon eigenstates. If we consider a one-photon inci-
dent state, the atom reflects it, leading to antibunching
statistics in the reflected field. Together with the zero-
photon state the reflected field still maintains first-order
coherence. For a two-photon incident state, since the
atom is not able to scatter more than one photon at a
time, the pair has a much higher probability of transmis-
sion, leading to superbunching statistics in transmission
[4, 6]. In this sense, our single artificial atom acts as
a photon-number filter, which extracts the one-photon
number state from a coherent state. This represents a
novel way to generate photon correlations and nonclas-
sical states in the microwave compared to other recent
work [7–11].

Our system consists of a superconducting transmon
qubit [12], strongly coupled to a 1D transmission line in
a coplanar waveguide configuration(see Fig. 1A). The
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FIG. 1. (A) A micrograph of our artificial atom, a supercon-
ducting transmon qubit embedded in a 1D open transmission
line. (Zoom In) Scanning-electron micrograph of the SQUID
loop of the transmon. (B) Schematic setup for measurement
of the second-order correlation function. This setup enables
us to do Hanbury Brown-Twiss measurements between out-
put ports 1 and 2. Depending on the choice of input port,
we can measure g(2) of the reflected/transmitted field. (C)
Transmittance on resonance as a function of incident power.
(Inset) A weak, resonant coherent state is reflected by the
atom.

ground state |0⟩ and first excited state |1⟩ have a tran-
sition energy h̄ω01. The relaxation rate of the atom is
dominated by an intentionally strong coupling to the Z
= 50 Ω transmission line through the coupling capacitor
Cc, defined in Fig. 1B.

The electromagnetic field in the transmission line is de-
scribed by an incoming voltage wave Vin, a reflected wave
VR and a transmitted wave VT . In Fig.1A, the transmit-
tance is defined as T = |VT /Vin|2. For a weak coherent
drive on resonance with the atom, we expect to see full
reflection of the incident signal [4, 13]. This can be un-
derstood in terms of interference between the incident
wave and wave scattered from the atom, which destruc-
tively interferes in transmission and constructively inter-
feres in reflection [4, 13]. In the sample measured here, we
achieved extinction of more than 99% in transmittance,
as shown in Fig. 1C. By measuring the transmission coef-

[Hoi, et al. 2012]
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Rectification DOES Occur (theoretically…)

Previous work:  D. Roy PRB 2010; J. Dai et al. PRA 2015;  
                          Fratini & Ghobadi PRA 2016; Mascarenhas et al. PRA 2016.    RECTIFICATION OF LIGHT IN THE QUANTUM REGIME PHYSICAL REVIEW A 92, 063848 (2015)

FIG. 3. (Color online) The diode efficiency as a function of the
mean number of photons per atomic lifetime for fixed detuning
!/γ = 0.12 and phase θ = 2π × 0.982 (same parameters as in Fig.
4 of Ref. [9]). (a) The diode efficiency L in black is plotted together
with T→ in dashed dotted green and T← in dashed red. (b) Light is
injected from the left. In orange (dashed dotted blue) is the probability
of excitation of the atom on the right (left), and in dashed black the
probability of having both atoms excited at the same time. (c) Same as
(b) but for light injected from the right. This indicates that rectification
happens for light that comes when only one atom is excited. At low
power, no atom is excited, and the diode is reflecting from both
directions; at high power, both atoms are excited, and the diode is
transparent from both directions.

IV. ATOM EXCITATION AS THE ORIGIN OF
RECTIFICATION

Both the single-photon result and the absence of rectifi-
cation for very low power indicate clearly that rectification is
due to multiphoton components in the light field.1 While this is
clearly established, looking at the horizontal axis of Fig. 3(a),
one may wonder what multiphoton effects one can expect
for a coherent state of power as small as |α|2/γ ≈ 10−3. In
other words, the qualitative behavior being admitted, one might
have expected to find the effective rectification range at higher

1Note that since the global phase of the coherent state is irrelevant,
we can reason in terms of a Poissonian mixture of photon number
states [29].

powers. We are going to provide evidence that rectification
becomes effective when one atom is excited but not both.
Obviously this mechanism requires at least two photons in the
field: one to excite one atom, the other(s) to be transmitted or
reflected.

Let us then study the excitation probabilities of the atoms
in the steady state. Specifically, we monitor the probability of
finding the first (second) atom excited Pe

1 (Pe
2 ) or of finding

both atoms excited simultaneously Pe
12. We calculate these

probabilities for the case where light is incident from the
left [Fig. 3(b)] as well as from the right [Fig. 3(c)]. We first
observe that Pe

12 is found to be independent of where the
light comes from and starts to increase significantly at input
power around |α|2/γ ≈ 1. This coincides with the drop in
rectification efficiency at the high power end, thus matching
the explanation given above: the diode becomes transparent
from both directions when both atoms are significantly excited.

On the other hand, while Pe
1 and Pe

2 are found to be
approximately equal (compare the two curves in each panel),
they vary significantly depending on the direction of the
incoming pulse (compare the two panels). When the light is
coming from the right, it encounters first the resonant atom,
which acts as an almost perfect mirror when |α|2/γ ≪ 1. This
can be seen from the reflection coefficient of a coherent state
on a single atom

R = 1
1 + (!/γ )2 + 2|α|2/γ

, (5)

which is in agreement in the limit of low power with the
single-photon result [30]. Hence we get T← ≈ 0 and the off-
resonant atom does not play any role. Only when the power
becomes non-negligible |α|2/γ ≈ 1 will the right atom start
saturating. However at this level of power both atoms start to
be significantly excited and no directionality is expected as
explained previously.

When the light is coming from the left, the behavior is
richer. Both Pe

1 and Pe
2 start increasing at a very low power of

|α|2/γ ≈ 10−4, reaching a plateau until a power of |α|2/γ ≈
1. This can understood as follows: because of the nonzero
detuning of the first atom, the light is able to enter the cavity
and is stored inside for some time. The resonant atom then
saturates at a lower power than when light is incident from
the right. We identify this as the key mechanism leading to
rectification of light in the range of power corresponding to
this plateau. At lower power, the light is not stored for long
enough time, so the device effectively sees one photon at a
time, and the single-photon result with no directionality is
recovered.

V. CONCLUSIONS

We presented a full quantum mechanical analysis of a
proposed optical diode consisting of two different atoms
coupled to a 1D waveguide using Heisenberg equations.
We found that the diode fails to work in the single-photon
regime but performs rectification for input coherent states in
an optimal range of power. The working mechanism of the
diode is revealed by studying the excitation probabilities of the
two atoms. This detailed understanding may inspire improved
designs of passive state-independent optical diodes.

063848-3
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FIG. 1. (Color online) A light pulse impinging on an optical
diode formed by a pair of two-level atoms strongly coupled to a
1D waveguide. The atom on the right is resonant with the pulse.
(a) When coming from the left, the pulse is transmitted through the
diode. (b) Conversely, a pulse entering from the right is reflected,
preventing contamination of the circuit.

We study the behavior of the alleged optical diode when
shined with either a single-photon pulse or a coherent pulse
of frequency bandwidth ! ≪ γ . For the latter we use the
multimode definition of a coherent state delivering a constant
mean photon flux |α|2 with Poissonian statistics [26] (see
Appendix A for more details). We can then obtain the fraction
of light transmitted (reflected) by the diode in the steady-state
regime when the light is injected from the left (right) as

N̄b = 1
|α|2

! ∞

0
dω⟨b̂†ωb̂ω⟩ss. (2)

Importantly, the atoms are initially in the ground state
independently of the incoming light pulse in order to ensure the
passive attribute of the rectifying device. Similar to previous
studies [8,27], the figure of merit characterising the diode
efficiency is then defined as

L = |T→ − T←|
T→ + T←

T→, (3)

where T→ = 1 − N̄b is the transmittance for the case when
light is incident from left [Fig. 1(a)] while T← = N̄b is for
the reversed situation [Fig. 1(b)]. A large efficiency L ensures
both strong directionality and significant transmission of light
when coming from the left.

III. RESULTS

For single-photon pulses, the rectification is found to be
negligible (see Appendix B for details). Indeed, denoting by
%j the detuning of the j th atom with the pulse, the reflectivity
of the diode is found to be

R =
"
(%1 + %2) cos θ

2 + 2 sin θ
#2 +

"
(%2 − %1) sin θ

2

#2

[%1%2 − 1 + cos θ ]2 + [%1 + %2 + sin θ ]2
, (4)

which is symmetric upon exchanging %1 and %2. Hence, R
is independent of the input direction of the photon: such a
setup cannot rectify light propagation in the single-photon
regime. Notice that these calculations agree with the fully
symmetric transmission coefficient obtained in Ref. [28]

FIG. 2. (Color online) The diode efficiency L for different pump
powers as a function of the detuning of the atom on the left, % = ω0 −
ω1, and the phase θ = 2ω0d/vg. (a) |α|2/γ = 1; (b) |α|2/γ = 10−1;
(c) |α|2/γ = 10−3; (d) |α|2/γ = 10−4.

using postscattering descriptions based on a real-space
formalism.

Fortunately, the diode does achieve rectification when the
inputs are coherent states. In Fig. 2, we plot the diode efficiency
L for coherent states of different mean photon flux |α|2
as a function of the detuning % = ω0 − ω1 and the phase
parameter θ = 2ω0d/vg. As a first observation, our results
agree qualitatively with the semiclassical calculation based
on a Fabry-Perot interferometer [8] where considerable direc-
tionality was obtained for a pumping power of |α|2/γ = 10−1.
However, the efficiency does not exceed 70% [see Fig. 2(b)], in
contrast with the semiclassical prediction that exceeded 92%.
Moreover, we notice another feature that was not discussed
previously: when the power is further decreased [Fig. 2(c) and
Fig. 2(d)), the efficiency is found to drop drastically over most
of the parameter space. One can still find small regions of high
efficiency, but it would require extreme fine-tuning to select
those working points when |α|2/γ ! 10−4.

In order to investigate how the efficiency varies with the
power of the input coherent state, we study the diode response
for fixed values of the detuning % and the phase θ . The results
are shown in Fig. 3(a). First, one notice that as the power
increases beyond approximately |α|2/γ ≈ 10−1, the diode
efficiency starts to drop. This is easily understood as being
a consequence of the fact that the atoms can absorb at most
one photon. Thus when a significant mean number of photon
per atomic lifetime enters the device, both atoms are highly
saturated, and most of the light is transmitted regardless of
which side it comes from. On the other hand, the efficiency
also goes to zero as the input power tends towards zero, in
agreement with the single-photon result.

063848-2



Case: L = n𝛌/2, Similarity to 𝚲-3LS and EIT
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experimental progress toward achieving strong coupling between
the waveguide and the local quantum system. Indeed, several
experimental waveguide-QED platforms are being actively pur-
sued. These include superconducting qubits coupled to a micro-
wave transmission line [25–30], semiconductor quantum dots
coupled to either a metallic nanostructure [31,32] or a photonic-
crystal waveguide [33], and more traditional quantum optics set-
tings in which atoms provide the local quantum system and the
waveguide is an optical fiber or glass capillary [34,35]. Interesting
waveguide-QED effects occur when the coupling to the waveguide
dominates other emission or dephasing processes. Experiments in
this interesting regime have been performed in several of the
above waveguide-QED platforms.

Two aspects of waveguide QED have attracted particular at-
tention theoretically: the manipulation of single photons and the
production of non-classical light. In the single photon arena, a
variety of devices have been proposed that build on the manip-
ulation of single photons by qubits or three-level systems (3LS)
that is possible in 1D systems; for representative work in this area
see Refs. [34,33,36] and references therein. With regard to non-
classical light, the main characteristics studied are the photon–
photon correlation function (also called the second-order co-
herence [37]) and the photon statistics. The majority of work on
these topics has treated a single quantum system coupled to the
waveguide, where the single quantum system is modeled as a
two-level system (2LS) or the only slightly more complicated
driven 3LS (for very recent work along these lines see, for example,
Refs. [38–41]). Correlation effects in a multi-qubit waveguide have
been studied in a number of recent papers using a variety of
techniques [42–55]. In most of these, the Markovian approxima-
tion is required in order to simplify the interactions between the
qubits via the waveguide [42–48]. There are, however, a few non-
Markovian results [49–55] which have been used to delineate the
range of validity of the Markov approximation.

Here we extend our recent results on multiple 2LS waveguide
QED [49–51] to the case in which driven 3LS are used. We calculate
the two-photon wavefunction and focus on photon–photon cor-
relations. We find that these correlations are substantially en-
hanced in systems containing 3LS, making them better experi-
mental candidates for further study of the non-classical light
produced. Furthermore, we find that the complexity of the struc-
ture enhances the photon–photon correlations—they are enhanced
by adding additional nonlinear elements (qubits) as well as by
simply adding a mirror. The photons can be either bunched or
anti-bunched depending on the situation, and we find cases of
both strong bunching and anti-bunching.

The paper is organized as follows. In the next section, we first
recap the standard model of waveguide QED and a 3LS and sum-
marize our approach to finding the two-photon wavefunction.
Then we present the physical quantities that are calculated, em-
phasizing the total inelastic scattering as a measure of the corre-
lated part of the wavefunction. Results for a single 3LS are pre-
sented in Section 3 as a basis for comparison to the more complex
structures studied later. In Section 4 we add a mirror to the sys-
tem, thus studying a single 3LS in a semi-infinite waveguide.
Section 5 covers results for two 3LS in an infinite waveguide. In the
results of both Sections 4 and 5, inelastic scattering is enhanced,
suggesting more visible correlation effects. Finally, in Section 6 we
discuss implications of the results and conclude.

2. Model and observables

2.1. Waveguide QED model with multiple three-level systems

The standard Hamiltonian of waveguide QED [20,22] consists of

a one-dimensional bosonic field that can travel to the left or right
coupled to N local quantum systems, often called simply qubits.
For a schematic see Fig. 1. Within the rotating-wave approxima-
tion, the Hamiltonian in real space reads (taking ℏ = =c 1)

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥∫

∫∑ ∑ δ σ σ

= − ( ) ( ) − ( ) ( )

+ ( − )[ ( ) + ( )]
( )α

α α

−∞

∞
† †

= = −∞

∞
† ( ) ( )

H H i dx a x d
dx

a x a x d
dx

a x

V dx x x a x a x ,
1i

N

i i ge
i

eg
i

QS R R L L

1 L,R

where σ = | 〉 〈 |( ) e geg
i

i denotes the Pauli raising operator of the i-th
qubit with position xi and coupling strength Vi, and aR,L denote the
annihilation operators of right- or left-going photons. The corre-
sponding decay rate of the i-th qubit to the waveguide is Γ ≡ V2i i

2.
Throughout this paper, the coupling of all of the qubits is the same,
V. In order to assess the maximum possible non-classical light
effects that could be present, we focus on the lossless limit.

The local quantum systems that we consider here are identical
3LS, = ∑ ( )H Hi

i
QS 3LS. The Hamiltonian for a Λ-type 3LS is

ω ω Ω= | 〉〈 | + | 〉〈 | + ( 〉〈 | + | 〉〈 ) ( )H e e s s e s s e
2

, 2s3LS 0

in which Ω is the Rabi frequency of the classical driving and
ω ω Δ= −s e with Δ being the detuning between the driving fre-
quency and the frequency of the | 〉s to | 〉e transition. (The frequency
corresponding to the ground state is taken to be zero.) Finally, we
note that a mirror can be introduced as a boundary condition
when solving for the single-photon wavefunction [51,56–58].

To construct the two-photon scattering wavefunction, we use
the Lippmann–Schwinger equation [59,49–51], in which the Pauli
raising and lowering operators, σeg and σge, are replaced by bosonic
creation and annihilation operators, †b and b. (A similar approach
has been used in the case of two-electron scattering [60,61].) To
satisfy the level statistics, it is necessary to introduce an additional
on-site repulsion U to be taken as infinite at the end. For a 2LS, it is
known that this approach correctly gives all measurable quantities
[49,51]. For a 3LS, in addition to repulsion for each upper level, an
extra term has to be added so that the double occupancy can be
fully ruled out: the repulsion operator Ṽ is
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Fig. 1. Schematic of waveguide QED. (a) Single 3LS coupled to a semi-infinite
waveguide with qubit-mirror separation a, ω ω=e 0 and ω ω Δ= −s 0 . (b) Two
identical 3LS, separated by distance L, coupled to an infinite waveguide.
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experimental progress toward achieving strong coupling between
the waveguide and the local quantum system. Indeed, several
experimental waveguide-QED platforms are being actively pur-
sued. These include superconducting qubits coupled to a micro-
wave transmission line [25–30], semiconductor quantum dots
coupled to either a metallic nanostructure [31,32] or a photonic-
crystal waveguide [33], and more traditional quantum optics set-
tings in which atoms provide the local quantum system and the
waveguide is an optical fiber or glass capillary [34,35]. Interesting
waveguide-QED effects occur when the coupling to the waveguide
dominates other emission or dephasing processes. Experiments in
this interesting regime have been performed in several of the
above waveguide-QED platforms.

Two aspects of waveguide QED have attracted particular at-
tention theoretically: the manipulation of single photons and the
production of non-classical light. In the single photon arena, a
variety of devices have been proposed that build on the manip-
ulation of single photons by qubits or three-level systems (3LS)
that is possible in 1D systems; for representative work in this area
see Refs. [34,33,36] and references therein. With regard to non-
classical light, the main characteristics studied are the photon–
photon correlation function (also called the second-order co-
herence [37]) and the photon statistics. The majority of work on
these topics has treated a single quantum system coupled to the
waveguide, where the single quantum system is modeled as a
two-level system (2LS) or the only slightly more complicated
driven 3LS (for very recent work along these lines see, for example,
Refs. [38–41]). Correlation effects in a multi-qubit waveguide have
been studied in a number of recent papers using a variety of
techniques [42–55]. In most of these, the Markovian approxima-
tion is required in order to simplify the interactions between the
qubits via the waveguide [42–48]. There are, however, a few non-
Markovian results [49–55] which have been used to delineate the
range of validity of the Markov approximation.

Here we extend our recent results on multiple 2LS waveguide
QED [49–51] to the case in which driven 3LS are used. We calculate
the two-photon wavefunction and focus on photon–photon cor-
relations. We find that these correlations are substantially en-
hanced in systems containing 3LS, making them better experi-
mental candidates for further study of the non-classical light
produced. Furthermore, we find that the complexity of the struc-
ture enhances the photon–photon correlations—they are enhanced
by adding additional nonlinear elements (qubits) as well as by
simply adding a mirror. The photons can be either bunched or
anti-bunched depending on the situation, and we find cases of
both strong bunching and anti-bunching.

The paper is organized as follows. In the next section, we first
recap the standard model of waveguide QED and a 3LS and sum-
marize our approach to finding the two-photon wavefunction.
Then we present the physical quantities that are calculated, em-
phasizing the total inelastic scattering as a measure of the corre-
lated part of the wavefunction. Results for a single 3LS are pre-
sented in Section 3 as a basis for comparison to the more complex
structures studied later. In Section 4 we add a mirror to the sys-
tem, thus studying a single 3LS in a semi-infinite waveguide.
Section 5 covers results for two 3LS in an infinite waveguide. In the
results of both Sections 4 and 5, inelastic scattering is enhanced,
suggesting more visible correlation effects. Finally, in Section 6 we
discuss implications of the results and conclude.

2. Model and observables

2.1. Waveguide QED model with multiple three-level systems

The standard Hamiltonian of waveguide QED [20,22] consists of

a one-dimensional bosonic field that can travel to the left or right
coupled to N local quantum systems, often called simply qubits.
For a schematic see Fig. 1. Within the rotating-wave approxima-
tion, the Hamiltonian in real space reads (taking ℏ = =c 1)
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i denotes the Pauli raising operator of the i-th
qubit with position xi and coupling strength Vi, and aR,L denote the
annihilation operators of right- or left-going photons. The corre-
sponding decay rate of the i-th qubit to the waveguide is Γ ≡ V2i i

2.
Throughout this paper, the coupling of all of the qubits is the same,
V. In order to assess the maximum possible non-classical light
effects that could be present, we focus on the lossless limit.

The local quantum systems that we consider here are identical
3LS, = ∑ ( )H Hi

i
QS 3LS. The Hamiltonian for a Λ-type 3LS is
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in which Ω is the Rabi frequency of the classical driving and
ω ω Δ= −s e with Δ being the detuning between the driving fre-
quency and the frequency of the | 〉s to | 〉e transition. (The frequency
corresponding to the ground state is taken to be zero.) Finally, we
note that a mirror can be introduced as a boundary condition
when solving for the single-photon wavefunction [51,56–58].

To construct the two-photon scattering wavefunction, we use
the Lippmann–Schwinger equation [59,49–51], in which the Pauli
raising and lowering operators, σeg and σge, are replaced by bosonic
creation and annihilation operators, †b and b. (A similar approach
has been used in the case of two-electron scattering [60,61].) To
satisfy the level statistics, it is necessary to introduce an additional
on-site repulsion U to be taken as infinite at the end. For a 2LS, it is
known that this approach correctly gives all measurable quantities
[49,51]. For a 3LS, in addition to repulsion for each upper level, an
extra term has to be added so that the double occupancy can be
fully ruled out: the repulsion operator Ṽ is

˜ = ( + + ) ( )
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match single-photon transmission:

�e = 2� ⌦ = �

!s = !0!e = !0 [for simplicity, � = 0 �1 = �2and

Also true in the two-excitation sector

Pair of detuned 2LS acts like a  Λ-3LS 
[Leo Fang]



No Inelastic Scattering at EIT-like Peak

3

|ggi

|Si |Ai

|eei
�

FIG. 2. Schematic of the level structure of two detuned 2LS with
k0L = 2n⇡ in the symmetric-antisymmetric basis. The effective
⇤-type 3LS is formed from the three states |ggi, |Si, and |Ai. In the
case of two incident photons at the resonant frequency !0, the doubly
excited state |eei is not populated because of interference similar to
that causing EIT.

the same decay rate, �1,2 = �. When mimicking a driven
⇤-3LS using a pair of 2LS, then, the frequency of the “ex-
cited state” is the average frequency !0 = (!1 + !2)/2, and
the “Rabi frequency” ⌦ is controlled by the 2LS detuning �.
Ref. [25] has a similar discussion in the L ⌧ �0 limit; see
also Ref. [48].

The mapping is made more transparent by rewriting H0
2LS

in the symmetric-antisymmetric (S-A) basis. Defining �
S� =

(�1� + �2�)/
p
2 and �

A� = (�1� � �2�)/
p
2, one finds

H0
2LS = !0

P
i=S,A

�

i+�i� + �/2(�

S+�A� + h.c.). More-
over, when k0L = n⇡, by transforming to the momentum
basis, we find that either the symmetric or the antisymmetric
operator couples to the photons (depending on whether n is
even or odd) but not both. Consequently, the operator struc-
ture for the pair in the S-A basis is precisely in the form of
a driven ⇤-3LS—see Fig. 2 for an illustration. However, an
important difference remains: a pair of 2LS can hold up to
two photons, �

S+�S+ = ��
A+�A+ = �1+�2+ 6= 0, while

a driven 3LS can absorb only one photon at a time. As we
discuss below, this difference impacts higher-order quantities.

The single-photon transmission T (k) = |t(k)|2 using
Eq. (4) is shown in Fig. 3 for several detunings �. For zero
detuning, one obtains a broad transmission minimum as ex-
pected based on the characteristics of a single 2LS. However,
for non-zero detuning, a clear T = 1 EIT-like peak appears
at the resonant frequency !0, even though no external pump-
ing is present. The transmission does still reach zero at certain
frequencies—the T =0 dips are at !1,2 = !0±�/2 since each
individual 2LS is perfectly reflecting at its resonant frequency.

B. Two-photon sector

We now turn from the single-photon to the two-photon sec-
tor. We find the response in this sector by computing the
two-photon scattering wavefunction | 2(k)i, where k is the
wavevector of both incoming photons, and then extracting ex-
perimental observables [34, 45, 46]. Two important observ-

FIG. 3. Pair of detuned 2LS: Single-photon transmission spectrum
T (k) (left column) and two-photon inelastic flux F (k) (right col-
umn) as a function of incident momentum k for a separation of �0/2
(so k0L = ⇡). The detuning �/� is set to 0 (top row), 0.35 (middle
row, EIT regime), and 1.5 (bottom row). In the right column, red
dotted curves represent transmitted flux FR, and brown solid curves
represent total flux F = FR + FL. Note that (i) F = 0 at k = !0,
(ii) T = 0 at k = !0 ± �/2, and (iii) T (!0) = 1 when � 6= 0. The
inset in panel (d) magnifies the peaks around !0 = 100�.

ables are the two-photon correlation function (second-order
coherence) in the transmission channel,

g2(t) ⌘ h 2|a†
R(x)a

†
R(x + t)aR(x + t)aR(x)| 2i

|T (k)|2 , (7)

and the inelastic power spectrum (resonance fluorescence),

S

↵

(!) ⌘
Z

dte

�i!th 2|a†
↵

(x)a

↵

(x + t)| 2i, (8)

where ↵ = R or L, with the elastic scattering delta-function
removed. The total inelastic scattering for incoming photons
of momentum k,

F = FR + FL with F

↵

(k) ⌘
Z

d! S

↵

(!), (9)

is a valuable figure of merit for the strength of photon-photon
interaction [44] since energy exchange between the photons
is a hallmark of such interaction. F

↵

(k) can then be used
to compare different structures with the aim of maximizing
interaction and correlation effects [44].

It is known that due to interference effects, a 3LS has a flu-
orescence quench (F = 0) at the EIT resonance !0 regardless

L = n𝜆/2

results are still symmetric— still no rectification…

[Leo Fang]



Drive the Dark Pole → Rectification  

!± = !0 �
i�

2
± 1

2

p
�2 � �2e2ik0L

Let � = !+ � !0 � ⌧ �and solve with �
opt

/� ⇡ ⇡
⇣ L

�
0

/2
� 1

⌘

100.00 100.05

dêG=+0.06
dêG=-0.06
dêG=+0.12
dêG=-0.12

HaL

10-2

10-1

100

101

102

99.5 100.0 100.5

HbL

100

101

102

99.9 100.0 100.1

HcL

10-1

100

101

99.9 100.0 100.1

F HkL Hk0L=0.98pL

kêG

»FÆ-F¨»

kêG

»XÆ-X¨»

kêG

large!

[Leo Fang]



Drive the Dark Pole → Rectification  
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is proportional to the difference in transmission.|X! �X |

• Rectification ↔ difference in inelastic scattering 
• Much larger correlation effects when driving the (nearly) dark pole! 
• For understanding phenomena: pole structure + total inelastic scattering 

[Leo Fang]



2. Photon Counting Statistics from Quantum Jumps

g(2)(0) > 1 g(2)(0) < 1

g(2)(⌧) =
ha†

out

(t)a†
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bunching

->   a clearer view of bunching/antibunching effect

}

anti-bunching

What is really happening to the photons? beyond 1st and 2nd moments… 

quantum jump approach 
input-output theory describe single photon events at the output 



Input-Output Theory
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need dynamics of 2LS → master equation  



Master Equation and Quantum Jumps
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Define new jump operators:*

*A similar relation was established for homodyne detection:

Carmichael, Statistical Methods in Quantum Optics 2: Non-Classical Fields; 


Milburn and Wiseman, Quantum Measurement and Control.

Generalization to two qubits is straightforward.

usual form:

Treat the coherent input differently → equivalent master equation



Not only jump down, 

but also jump up!

Back-action caused by 
J�
R

Quantum Jump Simulation

each jump → photon
transmitted

, on resonance↵k = 1

[Xin Zhang]



Quantum Jump Simulation (detail)

jump 0 jump 1

jump 2
jump 3

jump up followed by several jumps down → bunching   

[Xin Zhang]



Waiting Time Distribution (Next-Photon Statistics)

⌧1 ⌧2 ⌧3 ⌧4

[Xin Zhang]



Two Qubits

k�t = ⇡/2

Q: Bunching? Antibunching? Both?

, on resonance↵k = 1
distribution of adjacent intervals 

(3 photons)

[Xin Zhang]
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Conclusions

Leo Fang, Xin Zhang, and HUB

Qubits coupled to a 1D waveguide:
strong photon correlations & inelastic scattering

Æ Rectification occurs via inelastic scattering (non-linearity) 
• drive the (nearly) dark pole!!     
• huge inelastic scattering and correlation effects  
• non-Markovian effects 

Æ Photon statistics via Q. jumps      
• different jump operator for photon events     
• next and next-next photon statistics show  
  bunching/antibunching clearly


