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• Large Fluctuations: Average 
behaviour contained limited  
information:         
Probabilistic theory of 
measurable quantities

• How do we engineer the 
system to obtain a specific 
functionality,

• How do we maximize the 
efficiency of non-equilibrium 
quantum devices

Theoretical and  computational 
methods to incorporate 
1. non-equilibrium conditions,
2. many-body interactions, 
3. finite system-environment coupling 
(dissipation)
4. non-Markovian dynamics (finite 
memory)

 Challenge

• Quantum Thermodynamics 
Thermodynamic phenomena      
from quantum dynamical laws? 

Non-Equilibrium Quantum Systems
(open+ many-body interactions+ non-eq conditions)

PracticalFundamental

Non-Eq. Quantum Systems 
Open + Many-body interactions + Non-eq Conditions

F1 F2

B1 B2

S ⇢s(t)

Ie(t), IQ(t)

JQ(t)

hI(t)I(⌧)i
⌘ = W/Q

Non-Equilibrium Quantum Systems: Questions and Challenges
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• Quantum Dynamics 
(Transient, Steady state, 
relaxation)

(Diode, Thermoelectric, 
Optoelectronics, Optomechanics)

Quantum Devices
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Theoretical Methods:
Method Developments: Open Quantum Systems

Theoretical Tools : 
• Non-Equilibrium Green’s function 
• Quantum Langevin equations 
• Quantum Master Equation (Rate equations, NIBA) 
• Mean-field, hybrid QME-NEGF

G = G0 +G0⌃G F1 F2

B1 B2

S

Vibrational heat transport in molecular junctions, 
D. Segal, Bijay, K, Agarwalla , Ann. Rev. Phys. Chem 67, 185 (2016).

Review Articles:
Nonequilibrium Green’s function method for quantum thermal transport”, 

               J.-S. Wang, Bijay. K. Agarwalla, Huanan Li, and J. Thingna Front. Physics 9, 673 (2014)

Computational Tools: (Exact)
Iterative Influence Functional Path-Integral Approach (Ongoing), 
 HEOM, QMC

 



         Plan of the talk
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Hybrid (light + matter) Quantum systems: Photon Amplifier  
                             CIRCUIT QUANTUM ELECTRODYNAMICS 

Quantum Transport : 
1. Fluctuation relations 
2. Vibrationally assisted charge transport  
3. Numerically exact path integral approach 

Conclusion

�R

�L
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.. Petta et al. Science 347, 285 (2015)

Different circuit geometries : Versatile nano fabrication techniques 

photon mediated 
coupling between  two 
distant quantum dots

Deng et al. Nano Lett. 15, 6620 
(2015), 

Circuit Quantum Electrodynamics Experiments

Various types of Fermionic contacts: Normal, Superconducting, Ferromagnetic  

Excellent test bed to answer 
fundamental questions in quantum 

optics and quantum impurity systems 

    Experiments are widely tunable: Access to new parameter regimes 

…Cottet et al Phys. Rev. X 6, 021014 (2016)



Science 347, 285 (2015)
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Experimental observables
Photonic Measurements: 

• Photon Transmission (Gain)

• Phase Response (information about electronic charge susceptibility)
• Emission Spectrum

• Photon Statistics
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Liu et. al. Science 347, 285 (2015)



DQD circuit-QED setup

Double Quantum Dot c-QED setup

Agarwalla, Kulkarni, Mukamel, Segal 
Phys. Rev. B,  94, 035434 (2016)

11



Model Hamiltonian

Electronic part: 

system-bath
coupling

Double quantum dot

Ĥel = ✏1ĉ
†
1ĉ1 + ĉ†2ĉ2 + t(ĉ†1ĉ2 + h.c)

Fermionic 
baths

+ ĤB + ĤSB

Photonic part: 

Cavity mode Transmission line Coupling 

12

Light-Matter coupling:

Experiments: Coupling strength is typically weak

(Dipole-coupled)

Ĥel�ph = g(ĉ†1ĉ1�ĉ†2ĉ2)(â
†+â)



Quantities of Interest

Photon Green’s function (contour-ordered) :

13

Gain in photon |t(!)| > 1

Photon Number:

Power Spectrum:

Transmission and phase 
Response: = |t(!)| ei�(!)



Keldysh NEGF Diagrammatic approach 
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Dyson Equation for Photon Green’s functions: 

• Retarded Component: Non-equilibrium  charge susceptibility

F r
el(t� t0) / �i✓(t� t0)h[n(t), n(t0)]iel

Fel(⌧1, ⌧2) = �ihTcn(⌧1)n(⌧2)i
density-density correlation function



    Transmission (GAIN)

t(!) ⌘ iDr(!) =
i

(! � !0 � F
0
el(!)) + i(� F

00
el(!))

cavity 
decay rate

!0
Photon Transmission 

2

In this Letter, we describe from microscopic princi-
ples directions for enhancing photon emission, eventually
reaching the lasing threshold—from below. We achieve
a giant amplification of photonic observables (transmis-
sion, mean photon number, emission spectrum) by em-
ploying di↵erent large-scale gain media, (i) an N double
quantum dot system (N-DQD) with each DQD main-
tained at a finite dc bias, see Fig 1(a), (ii) M dc-biased
quantum dots arranged in series, see Fig 1(b). The sec-
ond scenario is similar in spirit to the quantum cascade
laser setup, and we refer to it as the Quantum Cascade
(QC) model [41]. In both cases the electronic systems are
coupled to the cavity with a Holstein-like light-matter in-
teraction model. For the N-DQD system, a simple scal-
ing law for the gain medium is identified, to reach giant
amplification of photonic properties, significantly larger
than a naive sum of individual gains for each DQD. In
contrast, the QC device is missing such scalibility, yet we
can identify cases beneficial for gain.

N-DQD Gain Medium.- We begin with the model dis-
played in Fig. 1(a) to explain the mechanism of photon
amplification in the cavity. The electronic gain medium
consists of N DQDs coupled to the same microwave cav-
ity. Each DQD is further coupled to electronic leads at
finite bias, denoted by �µ = µL�µR. The total Hamilto-
nian consists the N fermionic replicas, Ĥ =

PN
i=1 Ĥi

el +
PN

i=1 Ĥi
el�ph +Ĥph, with Ĥi

el = Ĥi
QD +Ĥi

lead+Ĥi
T . Here

Ĥi
QD = ✏ (n̂i1 � n̂i2)/2 + t(d̂†i1d̂i2 + h.c.) is the i-th DQD

hamiltonian with ✏ as the detuning energy, t the hopping
parameter, and n̂i1,i2 = d̂†i1,i2d̂i1,i2 are the number oper-
ator for dots 1,2 respectively. Each DQD is connected to
two electronic leads ↵ = L, R, Ĥi

lead =
P

k,↵ ✏k↵ĉ†ik↵ĉik↵,
where k is the index for momentum, with the stan-
dard tunnelling Hamiltonian Ĥi

T =
P

k vikLd̂†i1ĉikL +
P

k vikRd̂†i2ĉikR + h.c. d̂ and ĉ are fermionic annihila-
tion operators, h.c denotes Hermitian conjugate. We
define the spectral density for the electronic leads as
�i

↵(!) = 2⇡
P

k |vik↵|2�(!�✏k↵). The photonic (bosonic)

hamiltonian Ĥph consists of the cavity mode of fre-
quency !c, and two long transmission lines, left and
right, (K = L, R) with coupling ⌫j to the cavity mode,

Ĥph = !câ
†â+

P

j2K !jK â†
jK âjK +

P

j2K ⌫j â†
jK â+h.c.

The interaction between the microwave photon and the
dipole moment of excess electrons in the DQDs is given
by Ĥi

el�ph = gi (n̂i1� n̂i2)(â†+ â), with gi as the coupling
strength between the i-th DQD and the cavity. In what
follows we assume that the DQDs replicas are identical,
thus ignore the index i when appropriate.

We investigate the cavity response by focusing on the
transmission function. Experimentally, such measure-
ments are performed via heterodyne detection which can
be realized here by interpreting the bosonic modes of the
left and the right transmission lines as the input and out-
put microwave signals, respectively. Following the input-
output theory [42–44], the transmission function t(!) (ra-

tio of output vs input signal) for a single DQD (N = 1)
can be expressed in terms of the response function of the
cavity mode as

t(!)=
i

(! � !c) + i � F r
el(!)

= i Dr(!), (1)

where Dr(t) = �i ✓(t) h[â(t), â†(0)]i is the response func-
tion with the average performed over the combined elec-
tronic and photonic degrees of freedom. We further iden-
tify the electronic charge susceptibility in the time do-
main by F r

el(t � t0) = g2
P

l,j=1,2(2 �lj � 1) ⇤el
lj(t � t0).

Here

⇤el
lj(t � t0) = �i ✓(t � t0)

⌦⇥

n̂l(t), n̂j(t
0)
⇤↵

el(g=0)
(2)

is the electron density response function, with the average
performed over the electronic medium (dots and leads).
In Eq. (1),  = L = R is the decay rate of the cavity
mode per port [45]. Experimentally, it is large compared
to |F r

el(!)| [21, 40].
Inspecting Eq. (1), we immediately identify a simple-

fundamental principle for achieving gain, |t(!)|2 > 1: We
need to counteract the two di↵erent sources of response,
the imaginary component of the gain medium-induced
self-energy F

00

el(!) ⌘ Im[F r
el(!)], and the cavity decay

rate to the ports. In other words, F
00

el(!) should approach
 for achieving maximum gain. This objective cannot be
accomplished at equilibrium, as F

00

el(!) < 0 [44]. There-
fore, driving the electronic system out-of-equilibrium is
a necessary condition for gain. Most significantly, from
the causality condition of the retarded Green’s function
we receive the sum rule

Z 1

�1

d!

2⇡
t(!) =



2
, (3)

valid for  > F
00

el(!). It tells us that an enhancement
in maximum gain must be accompanied with the reduc-
tion in the width of the emission spectrum, thereby in-
creasing the coherence time significantly, a critical re-
quirement to eventually realize a maser [40]. Explicitly,
R1
�1

d!
2⇡ Re[t(!)]=/2 and

R1
�1

d!
2⇡ Im[t(!)]=0.

Our objective is to enhance the electronic response
F

00

el(!) to reach high gain even for a poor (lossy) cavity
with high rate . It can be optimized to a certain extent
in a single DQD by tuning the metal-dot hybridization �
and the bias voltage. We suggest an alternative, simple
yet powerful, scalable approach: include N replicas of
the DQD system to extensively-linearly increase the self-
energy F r

el(!) [46]. For the case of N DQDs, the absolute
value of the transmission, defined via t(!) = |t(!)|ei�(!),
is now given as

|t(!)|2 =
2

⇥

!�!c�N F
0
el(!)

⇤2
+

⇥

�N F
00
el(!)

⇤2 , (4)

Sum Rule for Transmission

Exact Result (NEGF):

15
B. K. Agarwalla, M. Kulkarni, S. Mukamel, D. Segal, Phys. Rev. B,  94, 035434 (2016)
B. K. Agarwalla, M. Kulkarni, S. Mukamel, D. Segal, Phys. Rev. B,  94, 121305 (R) (2016)

Gain

( > F
00

el(!))



!0

Photon Transmission

⇠ !0

⇠ !0

⇠ !0
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Photon Transmission

Princeton Experiment (Red)
Kulkarni et al PRB (2014)

Photon assisted transportg=0

Electronic Current:
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 N-DQD Circuit-QED

N- Double Quantum Dot Circuit-QED setup

Agarwalla et. al Phys. Rev. B,  94, 121305 (R) (2016)
18
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Agarwalla, Kulkarni, Mukamel,  
Segal, PRB,  94, 121305 (R) (2016)

Principle for Giant Photon Gain

t(!) =
i�

! � !0 �NF
0
el(!)

�
+ i

�
�NF

00
el(!0)

�

Extensive Scaling



Quantum Cascade Laser

Agarwalla et. al Phys. Rev. B,  94, 121305 (R) (2016)
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Summary I:
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FIG. 5. Two dimensional plot of |t(!)|2 as a function of ! and detuning ✏ for the N-DQD model (left 2 ⇥ 2 panels, also note
the log10 scale) and the QC model (right 2⇥ 2 panels). Parameters are same as in Fig. 2.

⌃>
L (!) = diag

�

�i[1�fL(!)]�L, 0
�

. In writing the compo-
nents ⌃r,a

L (!) we ignore the real part responsible for the
renormalization of the DQDs’ energies. Similar expres-
sions hold for the right lead self-energy, with �L ! �R

and fL(!) ! fR(!); f↵(!) = [e�(!�µ↵) +1]�1 where � is
the inverse temperature, identical for the photonic baths
(ports) and the fermionic leads. For simplicity, in nu-
merical calculations we assume the wide-band limit for
the electronic leads, and take the metal-dots coupling to
be symmetric (�L =�R =�). The lesser (<) and greater
(>) components of Fel(!) describe inelastic processes re-
sponsible for the exchange of energy between electrons
and the cavity mode,

F
</>
el (!)=�i

Z 1

�1

d!0

2⇡
Tr

h

gG
</>
0 (!+)gG

>/<
0 (!�)

i

,(7)

with F<
el (�!) = F>

el (!), satisfying the detailed balance
condition in equilibrium F>

el (!) = e�!F<
el (!).

We plot the real and imaginary components of F r
el(!c)

as a function of bias di↵erence in Figs. 3(a,b). Close
to equilibrium (�µ < !c), both components are negative
and the electronic system acts a dissipative bath. In con-
trast, far from equilibrium (�µ > !c), F 00

el(!c) saturates
to a positive value, a necessary condition for observing
gain. By further increasing the number of DQDs, F

00

el(!c)
approaches , to yield large gain (see Fig. 2). Note that
even for a single DQD (N =1), a careful tuning of param-
eters allows for an enhancement of F

00

el(!), thus photon
emission. This could be achieved by: (i) increasing the
light-matter coupling strength g, as F

00

el(!) scales with
g2, (ii) tuning the dot-lead hybridization �. For weak �,
the dwelling time of tunnelling electrons in the dots is
long (⇠ 1/�), resulting in an e↵ectively-strong electron-
photon interaction. (iii) As demonstrated in Figs. 3(c-d),
by adjusting both level-detuning ✏ and � we can increase
F

00

el(!c) considerably. We exemplify the dependence of
gain on detuning in Fig. 4(a). Both peak and dip in the

transmission, corresponding to photon emission and ab-
sorption events, respectively, are amplified upon increas-
ing the number of replicas N . The corresponding plot

for F
0/00

el (!c), for N = 4, is shown in Fig. 3(d).
The mean photon number in the cavity is another rel-

evant observable hn̂ci = hâ†âi = i
R1
�1

d!
2⇡ D<(!). In the

present low-temperature limit, � !c � 1, it follows

hn̂ci=
i N F<

el (!c)

2
⇥

�N F
00
el(!c)

⇤ . (8)

Therefore, it is again the competition between the charge
density response and photon losses to the ports which
determines the cavity photon number, see Fig. 4(b). For
N = 4, giant photon number is observed, correlated with
the associated high gain in the transmission function.
Quantum Cascade Model.- We next examine the cas-

cade architecture, see Fig. 1(b). Here, multiple single-
level quantum dots are sandwiched between source and
drain leads. The transmission is determined by Eq.
(1) with the electronic self-energy (6). In this case,
G0 and ⌃ are M ⇥ M matrices made from the cor-
responding non-interacting dot Hamiltonian, and g =
diag(g1, g2, · · · , gM ). In simulations we used g1 = �g2,
and gj>2 = 0, ✏ = ✏j+1 � ✏j , to allow a clear compari-
son with the N-DQD model [49]. It should be empha-
sized that in contrast to the N-DQD construction, the
self-energy F r

el(!) for the cascade model shows a non-
monotonic behavior with M .

Our results are summarized in Fig. 5, presenting sig-
nificant photon amplification in the N-DQD and the QC
models as a function of incoming photon ! and detuning
✏, for di↵erent number of composite units. The N-DQD
setup allows us to consistently enhance transmission with
N , up to five orders of magnitude when N = 4. Note, we
plot here log10|t(!)|. The QC model shows a moderate
enhancement, as we explain next. For M = 1, the QC

•     Mean photon number

3
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ω
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FIG. 2. (Color online) (a) Gain |t(!)|2 and (b) emission spec-
trum S(!) as a function of incoming frequencies ! for di↵er-
ent number of DQDs. Parameters are g = 50 MHz,  = 3.15
MHz, !c = 7880.5 MHz, � = 2.6, ✏ = 7.0, t = 16.4,�µ = 250,
kBT = 0.69, all in µeV.

with the area law
R1
�1

d!
2⇡ |t(!)|2 = 2

2
⇥

�N F
00
el(!c)

⇤ . Here,

F
0

el (F
00

el) stands for real (imaginary) component of F r
el(!).

It is clear that the transmission peak shifts from !c by
NF

0

el(!c), and the peak value is determined by the the
di↵erence between the electronic response and photon
loss,  � N F

00

el(!c). Fig. 2 demonstrates this enhance-
ment mechanism for a fixed detuning ✏. With increas-
ing number of DQDs, the transmission shows significant
gain, as well as a reduction in width—close to the cavity
frequency !c. In our parameters, F

00

el(!c) approaches 
for Nc = 4, materializing giant gain. The detuning ✏ was
chosen to satisfy a resonant condition, !c ⇠

p
✏2 + 4t2.

We later show that by searching for an optimal ✏ one can
enhance the maximum gain by five orders of magnitude
relative to the N=1 case.

Another relevant measure for the cavity response is
the emission spectrum, induced by the electronic current,
defined as S(!) =

R1
�1 dthâ†(0)â(t)iei!t = i D<(!). It

takes a structure similar to Eq. (4),

S(!) = i
N F<

el (!)
⇥

!�!c�N F
0
el(!)

⇤2
+
⇥

�N F
00
el(!)

⇤2 , (5)

and hence it can be similarly amplified, see Fig. 2(b). It
immediately follows that

R1
�1

d!
2⇡ S(!) = hâ†âi ⌘ hn̂ci.

Explicit expressions for the di↵erent components of

the self energy, F
0,00,<,>
el (!), can be derived by employ-

ing a scheme based on the random-phase approximation,
which is correct up to the second order of light-matter
coupling but non-perturbative in the dot-lead coupling.
With the help of Keldysh NEGF technique and the Lan-
greth formulae [47], we receive the real and imaginary
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FIG. 3. (Color online) (a) Real (F
0
el(!c)) and (b) imaginary

components (F
00
el(!c)) of F r

el(!) vs. bias di↵erence �µ. (c)

Two dimensional plot of F

00
el(!c) as a function of dot-lead

coupling � and detuning ✏. (d) F

0/00

el (!c) vs. ✏ for N = 4.
Other parameters are same as in Fig. (2).
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FIG. 4. (a) Gain |t(!c, ✏)|2 and (b) average photon number
hn̂ci as a function of energy detuning ✏ for di↵erent number
of DQDs. Other parameters are same as in Fig. 2.

components of the self energy as [48]

F
0

el(!)=�i

Z 1

�1

d!0

8⇡

n

Tr
h

gGk
0(!+)g

�

Gr
0(!�)+Ga

0(!�)
�

i

+Tr
h

gGk
0(!�)g

�

Gr
0(!+)+Ga

0(!+)
�

io

,

F
00

el(!) =

Z 1

�1

d!0

8⇡

n

Tr
h

gGk
0(!+)g

�

Gr
0(!�)�Ga

0(!�)
�

i

� Tr
h

gGk
0(!�)g

�

Gr
0(!+)�Ga

0(!+)
�

io

, (6)

which depend on the reactive and dissipative parts
of the electronic Green’s functions respectively. Here,
!± = !0 ± !

2 and g = diag(g,�g). The nontrivial
bias dependence enters through the Keldysh component
Gk

0(!) = G<
0 (!) +G>

0 (!). Here Gr,a
0 (!) =

⇥

!I�HQD�
⌃r,a(!)

⇤�1
and G

</>
0 (!) = Gr

0(!)⌃</>(!)Ga
0(!) fol-

lows the Keldysh equation. ⌃r,a,</>(!) = ⌃
r,a,</>
L (!)+

⌃
r,a,</>
R (!) are di↵erent components of the total self-

energy, additive in the metallic leads, associated with
the transfer of electrons between the metals and dots.
⌃r,a

L (!) = diag(⌥ i�L
2 , 0), ⌃<

L (!) = diag
�

ifL(!)�L, 0
�

,

• Emission Spectrum

• DQD electronic system can serve as a gain medium for the cavity photons 

• Principle for Gain:  Imaginary component of charge density response 
should counteract the cavity decay rate F

00

el(!) ) 

22

Future prospects: 

 Effect of electron-phonon coupling 

Going beyond the threshold— masing regime



         Plan of the talk
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Hybrid (light + matter) Quantum systems: Photon Amplifier  
                             CIRCUIT QUANTUM ELECTRODYNAMICS 

Quantum Transport : 
1. Fluctuation relations 
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Full probability distribution of transferred charge, heat, in a given time interval

What is Full-Counting Statistics (FCS)?

Origin of FCS - Quantum optics (Photon counting)

Complete

24

Instead of the distribution we often look at the characteristic function 

Cumulant generating 
function

Probability distribution: Full Counting Statistics



o General results:

o Heat transport

jq

o Charge transport

25

Fluctuation Relations: Microscopic statement of second law
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o Familiar inequalities of macroscopic thermodynamics are now equalities! 
o Thermodynamic laws are recovered at the level of the ensemble average

   Characteristic function

Fluctuation Relations: Microscopic statement of second law



Thermoelectric Efficiency and Universal Statistics

Affinity for Particle flux 

G(�e,�p) = G(��e + i(�L � �R),��p + i(�RµR � �LµL))

Steady State Fluctuation symmetry

Affinity for Energy flux 

Upper bound of 
efficiencyFollowing Jensen’s inequality h⌘i = �hwi/hqi  ⌘c

D
exp

h
� w

TL
�

⇣
1

TL
� 1

TR

⌘
q
iE

= 1`�w = �q = 0

Fluctuations in charge and energy currents translates to 
fluctuations in efficiency 

⌘ / charge current

heat current
stochastic quantity
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G(�w,�q) = G(��w + i�L,��q + i(�L � �R))
B. K. Agarwalla, 
J.-H. Jiang, and 
D. Segal, PRB 

92, 245418 
(2015)

Thermoelectric device:



Thermoelectric Efficiency and Universal Statistics

• Quantum efficiency bound for heat engines for non-canonical reservoir 

Agarwalla, Jiang, Segal ArXiv: 1706.06206.

• Universality in Efficiency statistics

Verley et al. Nat. Commun. 5, 4721 (2014)

⌘/⌘c

Jiang, Agarwalla, Segal  Phys. Rev. Lett 115, 
040601 (2015)
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Ballman et al., Phys. Rev. Lett. 109, 056801 (2012)

Donor-Acceptor model

Electron-vibration interaction:

donor acceptor

�R

�L

(Nano-Electromechanical system)

Model Variants:
Electron-Photon interaction:
Circuit-Quantum Electrodynamics

DC transport of electrons lead to photon 
emission: micromasers

Operational questions (diode, heating/cooling effects, thermoelectricity)

Signature of different types vibrational modes (harmonic, anharmonic)

Current statistics and fluctuation relations.

Questions:

Agarwalla et al. 
PRB 2015, JCP 2016



Vibrationally assisted Charge Transfer 

�R

�L
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[k�u ]
L!R =

Z
d✏

2⇡

h
JL(✏)fL(✏) JR(✏� !0)(1� fR(✏� !0))e

�i(�p+(✏�!0)�e)
i

[k�d ]
L!R = [k�u ]

L!R[!0 ! �!0]

kL!R
d

kR!L
u

= e��µ e�!0
kR!L
d

kL!R
u

= e���µ e�!0

Electron flow excites/de-excites the vibrational mode— heating and cooling of the 
vibrational mode  

Weak el-ph interaction g/!0 ⌧ 1

Vibrationally assisted charge transport

!0

g

Electronic Medium 

B. K. Agarwalla, J.-H. Jiang, and D. Segal, PRB 92, 245418 (2015)
B. K. Agarwalla and D. Segal, JCP 144, 074102 (2016)
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2-state impurity mode (Quantum master equation approach)

Harmonic (HO) mode (Keldysh Non-equilibrium Green’s function approach)

Steady State Fluctuation Symmetry

Affinity for Particle flux 

G(�e,�p) = G(��e + i(�L � �R),��p + i(�RµR � �LµL))

Affinity for Energy flux 

B. K. Agarwalla, J.-H. Jiang, and D. Segal, PRB 92, 245418 (2015)
B. K. Agarwalla and D. Segal, JCP 144, 074102 (2016)

CGF for Vibrationally assisted charge transport



Comparison of currents for harmonic and 2-state vibrational mode

s = +1  for AH model and s = -1  for HO model

hIpi =
@G(�e,�p)

@(i�p)

���
�e=�p=0

hIei =
@G(�e,�p)

@(i�p)

��
�e=�p=0

identical for low bias and 
low temperature

ku ⌧ kd
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high bias, large hybridization, low T

 

Nonlinear Transport Regime

 

Noise characteristics can expose the nature of the vibrational mode
B. K. Agarwalla, J.-H. Jiang, and D. Segal, PRB 92, 245418 (2015)



�µ = E1 � E0

Low-bias excitation Resonant condition
�µ = 2✏0 �µ = 2(✏0 + En � Em)

Mode heating

I-V for other vibrational modes

35H. Friedman, B. K. Agarwalla, D Segal, JCP, 2017
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Trotter decomposition

e�iH�t = e�i(HB+VSB)�t/2 e�iHS�t e�i(HB+VSB)�t/2

⇢S(s
00, s0; t) = TrBhs00|e�iHt ⇢(0) eiHt|s0i

Iterative Influence functional Path-Integral approach 
Exact Numerical Scheme for OQS

F1 F2

B1 B2

S

D. Segal,  A. J. Mills, D. R. Reichmann, Phys. Rev. B 82, 205303 (2010). 
L. Simine, D. Segal,  J. Chem. Phys. 138, 214111 (2013).
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Harmonic bath, linear coupling

Feynman-Vernon Influence Functional

IF can be truncated beyond a memory time 

⌧c = Ns�t ⇡ 1/max(�µ, T )

I(s±0 , s
±
1 · · · s±N ) ⇡ I(s±0 , s

±
1 · · · s±Ns

)
I(s±1 , s

±
2 · · · s±Ns+1

)

I(s±1 , s
±
2 · · · s±Ns

)
· · ·
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Results: Non-equilibrium spin-boson model 

Generating function for current

M. Kilgour, B. K. Agarwalla, D. Segal (under preparation)



Summary 2:

Small systems require statistical description: Important information beyond typical 
mean or average.

�R

�L

ln
hPt(+S)

Pt(�S)

i
= S
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     Extend open quantum systems methodologies to study quantum transport

       Full Counting Statistics: fluctuation theorem, cumulants , scaling laws
       Method Development:  numerically exact technique
       Functions: thermoelectricity, optical gain
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Thank you!
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