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To whom it may concern: 

Recommendation letter supporting the postdoc application of Shasvath J Kapadia 

Dear colleagues, 

I am writing to express my strongest support for the postdoc application of Shasvath J Kapadia. 
Shasvath is a highly motivated, ambitious and hardworking young researcher, and is one of the 
strongest candidates in his peer group in gravitational-wave (GW) physics and astronomy. 

I have known Shasvath for the last three years. I met him in 2012 at a conference in KITP Santa 
Barbara where he was presenting an interesting poster on floating orbits in extreme-mass-ratio 
inspirals. He asked whether he could with me on a project related to LIGO’s science. Although, I 
tried to brush him aside citing the difficulty of long-distance collaboration (I was moving to 
India at that time), he persisted. After a year or so we actually started working together which 
turned out to be a very fruitful collaboration. I will be basing my letter on the aspect of his work 
that I know the best. However, his PhD work is quite diverse, covering problems related to the 
computation of orbits of extreme-mass-ratio inspirals, use of machine learning algorithms to 
distinguish between real GW triggers and spurious noise-generated triggers in the search for 
GWs from compact binaries using LIGO, etc. I hope that his other referees will elaborate on these 
aspects. 

The project (arXiv:1509.06366) that Shasvath worked with myself and Nathan Johnson-McDaniel 
was on computing the effective higher order terms in the post-Newtonian (PN) expansions of the 
gravitational binding energy and GW energy flux from inspiralling compact binaries. In the 
adiabatic PN approximation, the phase evolution of GWs from inspiralling compact binaries is 
computed by equating the change in binding energy with the GW flux. This energy balance 
equation can be solved in different ways, which result in multiple “approximants” of the PN 
waveforms. Due to the poor convergence of the PN expansion, these approximants tend to differ 
from each other during the late inspiral. Which of these approximants should be chosen as 
templates for GW detection and parameter estimation is not obvious. We computed some 
effective higher order (beyond the currently available 4PN and 3.5PN) non-spinning terms in the 
PN expansion of the energy and the flux that minimize the difference of multiple PN 
approximants (TaylorT1, TaylorT2, TaylorT4, TaylorF2) with effective one body waveforms 
calibrated to numerical relativity (EOBNR). We showed that PN approximants constructed using 
the effective higher order terms show significantly better agreement (as compared to 3.5PN) with 
the inspiral part of the EOBNR. For non-spinning binaries with component masses 1.4 -- 15 M⊙, 
most of the approximants have a match (faithfulness) of better than 99% with both EOBNR and 
each other. Although these effective terms are not the same as actual higher order terms, they find 
immediate practical use in GW searches. PN waveforms employing these effective higher order 
terms can be used in LIGO/Virgo searches for compact binaries as computationally inexpensive 
surrogates of EOBNR waveforms in the “low-mass” region of the parameter space. We are in the 
process of extending this computation to the case of spinning binaries, where this work is of 
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The first observational run of Advanced LIGO

• The first observing run (O1) of  Advanced LIGO: 
12 Sep 2015 to 19 Jan 2016.

2LIGO Observatories in Hanford and Livingston, USA

the gravitational-wave signal extraction by broadening the
bandwidth of the arm cavities [51,52]. The interferometer
is illuminated with a 1064-nm wavelength Nd:YAG laser,
stabilized in amplitude, frequency, and beam geometry
[53,54]. The gravitational-wave signal is extracted at the
output port using a homodyne readout [55].
These interferometry techniques are designed to maxi-

mize the conversion of strain to optical signal, thereby
minimizing the impact of photon shot noise (the principal
noise at high frequencies). High strain sensitivity also
requires that the test masses have low displacement noise,
which is achieved by isolating them from seismic noise (low
frequencies) and designing them to have low thermal noise
(intermediate frequencies). Each test mass is suspended as
the final stage of a quadruple-pendulum system [56],
supported by an active seismic isolation platform [57].
These systems collectively provide more than 10 orders
of magnitude of isolation from ground motion for frequen-
cies above 10 Hz. Thermal noise is minimized by using
low-mechanical-loss materials in the test masses and their

suspensions: the test masses are 40-kg fused silica substrates
with low-loss dielectric optical coatings [58,59], and are
suspended with fused silica fibers from the stage above [60].
To minimize additional noise sources, all components

other than the laser source are mounted on vibration
isolation stages in ultrahigh vacuum. To reduce optical
phase fluctuations caused by Rayleigh scattering, the
pressure in the 1.2-m diameter tubes containing the arm-
cavity beams is maintained below 1 μPa.
Servo controls are used to hold the arm cavities on

resonance [61] and maintain proper alignment of the optical
components [62]. The detector output is calibrated in strain
by measuring its response to test mass motion induced by
photon pressure from a modulated calibration laser beam
[63]. The calibration is established to an uncertainty (1σ) of
less than 10% in amplitude and 10 degrees in phase, and is
continuously monitored with calibration laser excitations at
selected frequencies. Two alternative methods are used to
validate the absolute calibration, one referenced to the main
laser wavelength and the other to a radio-frequency oscillator

(a)

(b)

FIG. 3. Simplified diagram of an Advanced LIGO detector (not to scale). A gravitational wave propagating orthogonally to the
detector plane and linearly polarized parallel to the 4-km optical cavities will have the effect of lengthening one 4-km arm and shortening
the other during one half-cycle of the wave; these length changes are reversed during the other half-cycle. The output photodetector
records these differential cavity length variations. While a detector’s directional response is maximal for this case, it is still significant for
most other angles of incidence or polarizations (gravitational waves propagate freely through the Earth). Inset (a): Location and
orientation of the LIGO detectors at Hanford, WA (H1) and Livingston, LA (L1). Inset (b): The instrument noise for each detector near
the time of the signal detection; this is an amplitude spectral density, expressed in terms of equivalent gravitational-wave strain
amplitude. The sensitivity is limited by photon shot noise at frequencies above 150 Hz, and by a superposition of other noise sources at
lower frequencies [47]. Narrow-band features include calibration lines (33–38, 330, and 1080 Hz), vibrational modes of suspension
fibers (500 Hz and harmonics), and 60 Hz electric power grid harmonics.
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The first observational run of Advanced LIGO

• The first observing run (O1) of  Advanced LIGO 
12 Sep 2015 to 19 Jan 2016.

Unprecedented sensitivity to GWs              
in the frequency range 30 Hz                   
to a few kHz. 
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Detection of gravitational waves from binary black holes 

• The first observing run (O1) of  Advanced LIGO 
12 Sep 2015 to 19 Jan 2016.

• Two confident (>5σ) detections of  binary 
black holes: GW150914, GW151226. A 
third, less confident (~1.7σ)  possible 
candidate LVT151012.

Detected by independent pipelines using 
CBC waveform models with similar 
confidence.

GW150914 was, in addition, confidently 
detected by a generic transient search 
pipeline. 
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FIG. 3. Search results from the two analyses. The upper left hand plot shows the PyCBC result for signals with chirp mass M > 1.74M�
and fpeak > 100Hz while the upper right hand plot shows the GstLAL result. In both analyses, GW150914 is the most significant event in
the data, and is more significant than any background event in the data. It is identified with a significance greater than 5s in both analysies.
As GW150914 is so significant, the high significance background is dominated by its presence in the data. Once it has been identified as
a signal, we remove it from the background estimation to evaluate the significance of the remaining events. The lower plots show results
with GW150914 removed from both the foreground and background, with the PyCBC result on the left and GstLAL result on the right. In
both analyses, GW151226 is identified as the most significant event remaining in the data. GW151226 is more significant than the remaining
background in the PyCBC analysis, with a significance of greater than 5s . In the GstLAL search GW151226 is measured to have a significance
of 4.5s . The third most significant event in the search, LVT151012 is identified with a significance of 1.7s and 2.0s in the two analyses
respectively. The significance obtained for LVT151012 is only marginally affected by including or removing background contributions from
GW150914 and GW151226.

both the foreground and background distributions.282

A. GW150914283

GW150914 was observed on September 14, 2015 at284

09:50:45 UTC with a matched filter SNR of 23.7.1 In this285

search, it is recovered with a combined SNR in the PyCBC286

1 We quote the matched filter SNR as computed by the PyCBC search using
the updated calibration, the GstLAL values agree within 2%.

analysis of r̂c = 22.7 and a likelihood of 84.7 in the Gst-287

LAL analysis. A detailed discussion of GW150914 is given288

in [16, 38, 42], where it was presented as the most signifi-289

cant event in the first 16 days of Advanced LIGO observing.290

The results presented here differ from the previous ones in291

two ways: they make use of the full O1 data set, and they use292

the final instrumental calibration. Thus, while GW150914 re-293

mains the most significant in this search, the recovered SNR294

and significance of the event differ slightly from the previ-295

ously reported values. In particular, for the PyCBC analysis,296

the event is recovered with slightly lower SNR than with the297

preliminary calibration and with a higher value of the c

2 con-298
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Detection of gravitational waves from binary black holes 

• GW150914 Loud (SNR ~ 24), short-lived signal     
(duration ~ 0.2s) in the detector ⟹ massive binary. 

• GW151226 Weaker (SNR ~ 13) and longer (duration 
~ 1s) signal in the detector ⟹ less massive binary. 
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FIG. 1. GW151226 observed by the LIGO Hanford (left column) and Livingston (right column) detectors, where times are relative
to December 26, 2015 at 03:38:53.648 UTC. First row: Strain data from the two detectors, where the data are filtered with a 30-
600 Hz bandpass filter to suppress large fluctuations outside this range and band-reject filters to remove strong instrumental spectral
lines [45]. Also shown (black) is the best-match template from a non-precessing spin waveform model reconstructed using a Bayesian
analysis [21] with the same filtering applied. As a result, modulations in the waveform are present due to this conditioning and not
due to precession effects. The thickness of the line indicates the 90% credible region. See Fig. 5 for a reconstruction of the best-
match template with no filtering applied. Second row: The accumulated peak signal-to-noise ratio (SNR

p

) as a function of time when
integrating from the start of the best-match template, corresponding to a gravitational-wave frequency of 30 Hz, up to its merger time.
The total accumulated SNR

p

corresponds to the peak in the next row. Third row: Signal-to-noise ratio (SNR) time series produced by
time-shifting the best-match template waveform and computing the integrated SNR at each point in time. The peak of the SNR time
series gives the merger time of the best-match template for which the highest overlap with the data is achieved. The single-detector
SNRs in LIGO Hanford and Livingston are 10.5 and 7.9, respectively, primarily because of the detectors’ differing sensitivities. Fourth
row: Time-frequency representation [46] of the strain data around the time of GW151226. In contrast to GW150914 [4], the signal is
not easily visible.

LIGO Hanford where the SNR is larger. The SNR differ-
ence is predominantly due to the different sensitivities of
the detectors at the time. Only with the accumulated SNR
from matched filtering does the signal become apparent in
both detectors.

Detectors. The LIGO detectors measure gravitational-
wave strain using two modified Michelson interferometers
located in Hanford, WA and Livingston, LA [2, 3, 45]. The

two orthogonal arms of each interferometer are 4 km in
length, each with an optical cavity formed by two mirrors
acting as test masses. A passing gravitational wave alters
the differential arm length so that the measured difference
is �L(t) = �L

x

� �L
y

= h(t)L, where L = L
x

= L
y

and h is the gravitational-wave strain amplitude projected
onto the detector. Calibration of the interferometers is per-
formed by inducing test mass motion using photon pressure
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9!0.5

!0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Searches for binary black holes in O1 

• Two different matched-filter based searches employing GR based models 
of  the expected signals from CBCs (including effects of  aligned spins).  
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complemented by generic transient searches which are sensi-210

tive to BBH mergers with total mass ⇠ 30M� or greater [59].211

A bank of template waveforms is used to cover the parame-212

ter space to be searched [52, 60–63]. The gravitational wave-213

forms depend upon the masses m1,2 (using the convention that214

m1 � m2), and angular momenta S1,2 of the binary compo-215

nents. We characterise the angular mometum in terms of the216

dimensionless spin magnitude217

a1,2 =
c

Gm2
1,2

|S1,2| , (2)

and the component aligned with the direction orbital angular218

momentum of the binary [64, 65],219

c1,2 =
c

Gm2
1,2

S1,2 · L̂ . (3)

We restrict this template bank to systems for which the spin220

of the systems is aligned (or anti-aligned) with the orbital an-221

gular momentum of the binary. Consequently, the waveform222

depends upon the chirp mass [66–68]223

M =
(m1m2)3/5

M1/5 ; (4)

the mass ratio [18]224

q =
m2

m1
 1, (5)

and effective spin parameter [69–72]225

ceff =
m1c1 +m2c2

M
, (6)

where M = m1 +m2 is the binary’s total mass. The chirp mass226

and effective spin are combinations of masses and spin which227

have significant impact on the evolution of the inspiral, and228

are therefore accurately measured parameters for gravitational229

waveforms [73–76].23 0

The minimum black hole mass is taken to be 2M�, con-23 1

sistent with the largest known masses of neutron stars [77].23 2

There is no known maximum black hole mass [78], however23 3

we limit this template bank to binaries with a total mass less23 4

than M  100M�. For higher mass binaries, the Advanced23 5

LIGO detectors are sensitive to only the final few cycles of in-23 6

spiral plus merger, making the analysis more susceptible to23 7

noise transients. The results of searches for more massive23 8

BBH mergers will be reported in future publications. In prin-23 9

ciple, black hole spins can lie anywhere in the range from �124 0

(maximal and anti-aligned) to +1 (maximal and aligned). We24 1

limit the spin magnitude to less than 0.99, which is the re-24 2

gion over which we are able to generate valid template wave-24 3

forms [8]. The bank of templates used for the analysis is24 4

shown in Figure 2.24 5

Both analyses separately correlate the data from each de-24 6

tector with template waveforms that model the expected sig-24 7

nal. The analyses identify candidate events that are detected24 8

at both the Hanford and Livingston observatories consistent24 9

with the 10 ms inter-site propagation time. Additional sig-25 0

nal consistency tests are performed to mitigate the effects of25 1

100 101 102

Mass 1 [ M �]

100

101

M
as

s
2

[M
�

]

| �1 | < 0.9895, | �2 | < 0.05

| �1 ,2 | < 0.05

| �1 ,2 | < 0.9895

GW150914
GW151226
LVT151012 (gstlal)
LVT151012 (PyCBC)

FIG. 2. The four-dimensional search parameter space covered by
the template bank shown projected into the component-mass plane,
using the convention m1 > m2. The colours indicate mass regions
with different limits on the dimensionless spin parameters c1 and
c2. Symbols indicate the best matching templates for GW150914,
GW151226 and LVT151012. For GW150914, GW151226 the tem-
plate was the same in the PyCBC and GstLAL searches while for
LVT151012 they differed. The parameters of the best matching tem-
plates are not the same as the detector frame masses provided by the
detailed parameter estimation discussed in Section IV.

non-stationary transients in the data. Events are assigned a25 2

detection-statistic value that ranks their likelihood of being a25 3

gravitational-wave signal. For PyCBC, this detection statis-25 4

tic is denoted r̂c and for GstLAL it is denoted lnL . This25 5

detection statistic is compared to the estimated detector noise25 6

background to determine, for each candidate event, the proba-25 7

bility that detector noise would give rise to at least one equally25 8

significant event. Further details of the analysis methods are25 9

available in Appendix A.26 0

The results for the two different analyses are presented26 1

in Figure 3. The figure shows the observed distribution of26 2

events, as well as the background distribution used to assess26 3

significance. In both analyses, there are three events that26 4

lie above the estimated background: GW150914, GW15122626 5

and LVT151012. All three of these are consistent with being26 6

BBH merger signals and are discussed in further detail below.26 7

The templates producing the highest significance in the two26 8

analyses are depicted in Figure 2, the gravitational waveforms26 9

are shown in Figure 1 and key parameters are summarized in27 0

Table I. There were no other significant BBH triggers in the27 1

first advanced LIGO observing run. All other observed events27 2

are consistent with the noise background for the search.27 3

It is clear from Figure 3 that at high significance, the27 4

background distribution is dominated by the presence of27 5

GW150914 in the data. Consequently, once an event has been27 6

confidently identified as not arising due to the noise back-27 7

ground, we remove triggers associated to it from the back-27 8

ground in order to get an accurate estimate of the noise back-27 9

ground for lower amplitude events. The lower panel of Fig-28 0

ure 3 shows the search results with GW150914 removed from28 1
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FIG. 1. Left: amplitude spectral density of the total strain noise of the H1 and L1 detectors,
p

S( f ), in units of strain per
p

Hz, and the
recovered signals of GW150914, GW151226 and LVT151012 plotted so that the relative amplitudes can be directly related to the SNR of the
signal (as described in the text). Right: the time evolution of the waveforms from when they enter the detectors’ sensitive band at 30 Hz. All
bands show the 90% credible regions of the LIGO Hanford signal reconstructions from a coherent Bayesian analysis using a non-precessing
spin waveform model [44].

In general, the gravitational-wave signal from a BBH155

merger takes the form of a chirp, increasing in frequency and156

amplitude as the black holes spiral inwards. The amplitude157

of the signal is maximum at the merger, after which it de-158

cays rapidly as the final black hole rings down to equilibrium.159

In the frequency domain, the amplitude decreases with fre-160

quency during inspiral, as the signal spends a greater num-161

ber of cycles at lower frequencies. This is followed by a162

slower falloff during merger and then a steep decrease dur-163

ing the ringdown. The amplitude of GW150914 is signifi-164

cantly larger than the other two events and at the time of the165

merger the gravitational-wave signal lies well above the noise.166

GW151226 has lower amplitude but sweeps across the whole167

detector’s sensitive band up to nearly 800 Hz. The corre-168

sponding time series of the three waveforms are plotted in the169

right panel of Figure 1 to better visualize the difference in du-170

ration within the Advanced LIGO band: GW150914 lasts only171

a few cycles while LVT151012 and GW151226 have lower172

amplitude but last longer.173

The analysis presented in this paper includes the total set174

of O1 data from September 12, 2015 to January 19, 2016,175

corresponding to a total coincident analysis time of 51.5 days176

accumulated when both detectors were operating in their nor-177

mal state. As described in [13] with regard to the first 16 days178

of O1 data, the output data of both detectors typically con-179

tain non-stationary and non-Gaussian features, in the form of180

transient noise artifacts of varying durations. The longer du-181

ration artifacts, such as non-stationary behavior in the inter-182

ferometer noise, are not very detrimental to CBC searches as183

they occur on a time-scale that is much longer than any CBC184

waveform. However, the shorter duration artifacts can pollute185

the noise background distribution of CBC searches. Many of186

these artifacts have distinct signatures [47] visible in the aux-187

iliary data channels provided by the large number of sensors188

used to monitor instrumental or environmental disturbances189

at each observatory site [48]. When a significant noise source190

is identified, contaminated data are removed from the analy-191

sis data set. After applying this data quality process, detailed192

in [49], the remaining coincident analysis time in O1 is 48.6193

days. The analyses search only stretches of data longer than a194

minimum duration, to ensure that the detectors are operating195

stably. The choice is different in the two analyses and reduces196

the available data to 46.1 days for the PyCBC analysis and197

48.3 days for the GstLAL analysis.198

III. SEARCH RESULTS199

Two different, largely independent, analyses have been im-200

plemented to search for stellar-mass BBH signals in the data201

of O1: PyCBC [2–4] and GstLAL [5–7]. Both these analyses202

employ matched filtering [50–58] with waveforms given by203

models based on general relativity [8, 9] to search for gravi-204

tational waves from binary neutron stars, BBHs, and neutron205

star–black hole binaries. In this paper, we focus on the results206

of the matched filter search for BBHs. Results of the searches207

for binary neutron stars and neutron star–black hole binaries208

will be reported elsewhere. These matched-filter searches are209

Most probable templates for the eventsSearch template bank

[arXiv:1606.04856]

https://dcc.ligo.org/LIGO-P1600088
https://dcc.ligo.org/LIGO-P1600088


Verification of the detector and data quality 

• Both the detectors were in a 
steady state of  operation at the 
times around the events -- no 
evidence that these could be 
instrumental artifacts. 

None of  the environmental 
sensors recorded 
disturbances that could 
potentially explain the events.  

Ruled out the possibility of  
“signal injections”. 

7



Estimating the parameters of the astrophysical source 

• Posterior distributions of  the component masses computed by 
comparing the data with theoretical templates (Bayesian inference). 
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Hz. The priors on spin orientation for the precessing model
is uniform on the 2 -sphere. F or the non-precessing model ,
the prior on the spin magnitudes may b e interpreted as the
dimensionl ess spin proj ection onto L̂ hav ing a uniform dis-
trib ution [ �1 , 1 ] . This range incl udes b inaries w here the
tw o spins are strongl y antial igned rel ativ e to one another.
M any such antial igned-spin comparab l e-mass sy stems are
unstab l e to l arge-angl e precession w el l b efore entering our
sensitiv e b and [8 2 , 8 3 ] and coul d not hav e formed from an
asy mptotical l y spin antial igned b inary . W e coul d ex cl ude
those sy stems if w e b el iev e the b inary is not precessing.
How ev er, w e do not mak e this assumption here and instead
accept that the model s can onl y ex tract l imited spin infor-
mation ab out a more general , precessing b inary .

W e al so need to specify the prior ranges for the
ampl itude and phase error functions � A k ( f ; ~#) and
��k ( f ; ~#) . The cal ib ration during the time of ob serv a-
tion of G W 1 5 0 9 1 4 is characterised b y a 1 -� statistical
uncertainty of no more than 1 0 % in ampl itude and 1 0 �

in phase [1 , 3 8 ]. W e use zero-mean G aussian priors on
the v al ues of the spl ine at each node w ith w idths corre-
sponding to the uncertainties q uoted ab ov e [3 9 ]. C al ib ra-
tion uncertainties therefore add 1 0 parameters per instru-
ment to the model used in the anal y sis. F or v al idation pur-
poses w e al so considered an independent method that as-
sumes freq uency -independent cal ib ration errors [8 4 ], and
ob tained consistent resul ts.

Results— The resul ts of the anal y sis using b inary coa-
l escence w av eforms are posterior P D F s for the parameters
describ ing the G W signal and the model ev idence. A sum-
mary is prov ided in Tab l e I . F or the model ev idence, w e
q uote (the l ogarithm of) the B ay es factor B

s/n = Z / Z
n

,
w hich is the ratio of the ev idence for a coherent signal hy -
pothesis div ided b y that for (G aussian) noise [4 5 ]. A t the
l eading order, the B ay es factor and the optimal signal -to-
noise ratio ⇢ = [

P
k�h M

k | h M

k �] 1/2 are rel ated b y l n B
s/n �

⇢2 / 2 [8 5 ].
B efore discussing parameter estimates in detail , w e

consider how the inference is affected b y the choice of
compact-b inary w av eform model . F rom Tab l e I , w e see
that the posterior estimates for each parameter are b roadl y
consistent across the tw o model s, despite the fact that they
are b ased on different anal y tical approaches and that they
incl ude different aspects of B B H spin dy namics. The mod-
el s’ l og B ay es factors, 2 8 8 . 7 ± 0 . 2 and 2 9 0 . 1 ± 0 . 2 , are al so
comparab l e for b oth model s: the data do not al l ow us to
concl usiv el y prefer one model ov er the other [8 8 ]. There-
fore, w e use b oth for the O v eral l col umn in Tab l e I . W e
comb ine the posterior sampl es of b oth distrib utions w ith
eq ual w eight, in effect marginal ising ov er our choice of
w av eform model . These av eraged resul ts giv e our b est es-
timate for the parameters describ ing G W 1 5 0 9 1 4 .

I n Tab l e I , w e al so indicate how sensitiv e our resul ts are
to our choice of w av eform. F or each parameter, w e giv e
sy stematic errors on the b oundaries of the 9 0 % credib l e

F I G . 1 . P osterior P D F s for the source-frame component masses
msource

1

and msource

2

, w here msource

2

 msource

1

. I n the
1-dimensional marginal ised distrib utions w e show the O v eral l
(sol id b l ack ), I M R P henom (b l ue) and E O B N R (red) P D F s; the
dashed v ertical l ines mark the 90% credib l e interv al for the O v er-
al l P D F . The 2-dimensional pl ot show s the contours of the 50%
and 90% credib l e regions pl otted ov er a col our-coded posterior
density function.

interv al s due to the uncertainty in the w av eform model s
considered in the anal y sis; the q uoted v al ues are the 9 0 %
range of a normal distrib ution estimated from the v ariance
of resul ts from the different model s.4 A ssuming normal l y
distrib uted error is the l east constraining choice [8 9 ] and
giv es a conserv ativ e estimate. The uncertainty from w av e-
form model l ing is l ess signifi cant than statistical uncer-
tainty ; therefore, w e are confi dent that the resul ts are ro-
b ust against this potential sy stematic error. W e consider
this point in detail l ater in the paper.

The anal y sis presented here y iel ds an optimal coherent
signal -to-noise ratio of ⇢ = 2 5 . 1 +1.7

�1.7. This v al ue is higher
than the one reported b y the search [1 , 3 ] b ecause it is ob -
tained using a fi ner sampl ing of (a l arger) parameter space.

G W 1 5 0 9 1 4 ’ s source corresponds to a stel l ar-mass B B H
w ith indiv idual source-frame masses m source

1

= 3 6+5

�4

M �
and m source

2

= 2 9 +4

�4

M � , as show n in Tab l e I and F igure 1 .

4 I f X w ere an edge of a credib l e interv al , w e q uote sy stematic uncertainty
±1.64�sys using the estimate �2

sys = [(XEOBNR � XOverall)2 +

(XIMRPhenom � XOverall)2]/2. F or parameters w ith b ounded ranges,
l ik e the spins, the normal distrib utions shoul d b e truncated. How ev er, for
transparency , w e stil l q uote the 90% range of the uncut distrib utions. These
numb ers prov ide estimates of the order of magnitude of the potential sy s-
tematic error.
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TABLE I. Source parameters for GW151226. We report median
values with 90% credible intervals that include statistical and sys-
tematic errors from averaging results of the precessing and non-
precessing spin waveform models. The errors also take into ac-
count calibration uncertainties. Masses are given in the source
frame; to convert to the detector frame multiply by (1 + z) [57].
The spins of the primary and secondary black holes are con-
strained to be positive. The source redshift assumes standard
cosmology [58]. Further parameters of GW151226 are discussed
in [5].

Primary black hole mass 14 .2 +8.3

�3.7

M �

Secondary black hole mass 7 .5 +2.3

�2.3

M �

Chirp mass 8 . 9+0.3

�0.3

M �

Total black hole mass 2 1.8 +5.9

�1.7

M �

Final black hole mass 2 0 .8 +6.1

�1.7

M �

Radiated gravitational-wave energy 1.0 +0.1

�0.2

M �c2

Peak luminosity 3 .3 +0.8

�1.6

⇥ 10 56 erg/s

Final black hole spin 0 .7 4 +0.06

�0.06

Luminosity distance 4 4 0 +180

�190

Mpc

Source redshift z 0 .0 9+0.03

�0.04

the detection statistic value assigned to GW151226, the
searches estimate a false alarm probability of < 10�7

(>5 �) [14] and 3. 5 ⇥ 10�6 ( 4 . 5 �) [17] when including
candidate events in the background calculation. This pro-
cedure strictly limits the probability of obtaining a false
positive outcome in the absence of signals [56]. The esti-
mates from the two searches are consistent with expecta-
tions for a compact binary coalescence signal, given the
differences in methods of data selection and candidate
event ranking. When excluding search candidate events
from the background calculation, a procedure that yields a
mean-unbiased estimate of the distribution of noise events,
the significance is found to be greater than 5� in both
searches. Further details of the noise background and sig-
nificance estimation methods for each search are given
in [18] and discussions specific to GW151226 are in [5].

Source discussion. To estimate the source param-
eters, a coherent Bayesian analysis [21, 59] of the data
was performed using two families of waveform models.
Both models are calibrated to numerical simulations of
binary black holes in general relativity. One waveform
model includes spin-induced precession of the binary or-
bital plane [60], created by rotating the model described
in [61]. The other waveform model restricts the component
black hole spins to be aligned with the binary orbital angu-
lar momentum [42, 43]. Both are publicly available [62].
Table I shows source parameters for GW151226 including
the initial and final masses of the system. The parameter
uncertainties include statistical and systematic errors from
averaging posterior probability samples over the two wave-

FIG. 3. Posterior density function for the source-frame masses
msource

1

(primary) and msource

2

(secondary). The 1-dimensional
marginalized distributions include the posterior density functions
for the precessing (blue) and non-precessing (red) spin waveform
models where average (black) represents the mean of the two
models. The dashed lines mark the 90 % credible interval for the
average posterior density function. The 2 -dimensional plot shows
the contours of the 5 0 % and 90 % credible regions plotted over a
color-coded posterior density function.

form models, in addition to calibration uncertainties. Here
we report the median and 90% credible intervals.

The initial binary was composed of two stellar-mass
black holes with a source-frame primary mass m

1

=
14 .2+8.3

�3.7

M �, secondary mass m
2

= 7 . 5 +2.3

�2.3

M �, and
a total mass of 21. 8 +5.9

�1.7

M �. The binary merged into a
black hole of mass 20. 8 +6.1

�1.7

M �, radiating 1.0+0.1

�0.2

M �c2

in gravitational waves with a peak luminosity of 3.3+0.8

�1.6

⇥
1056 e r g /s . These estimates of the mass and spin of the
final black hole, the total energy radiated in gravitational
waves, and the peak gravitational-wave luminosity are de-
rived from fits to numerical simulations [39, 63–65]. The
source localization is refined to 8 5 0 d e g 2, owing to the dif-
ferent methods used [21], and refined calibration.

The long inspiral phase of GW151226 allows accurate
estimates of lower-order post-Newtonian expansion param-
eters, such as the chirp mass [26, 47]. However, only loose
constraints can be placed on the total mass and mass ra-
tio (m

2

/m
1

) because the merger and ringdown occur at
frequencies where the detectors are less sensitive. Fig-
ure 3 shows the constraints on the component masses of
the initial black hole binary. The component masses fol-
low a line of constant chirp mass, 8 . 9 +0.3

�0.3

M �, and con-
strain the mass ratio to be greater than 0.28 . The posterior
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Estimating the parameters of the astrophysical source 

• The individual spins are not well measured. 
However, the mass and spin of  the final 
black hole can be inferred accurately using 
numerical-relativity simulations. 
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FIG. 2. Posterior PDFs for the source luminosity distance D
L

and
the binary inclination ✓JN . In the 1-dimensional marginalised
distributions we show the Overall (solid black), IMRPhenom
(blue) and EOBNR (red) PDFs; the dashed vertical lines mark the
90% credible interval for the Overall PDF. The 2-dimensional
plot shows the contours of the 50% and 90% credible regions
plotted over a colour-coded PDF.

misaligned to the line of sight is disfavoured; the probabil-
ity that 45� < ✓JN < 135� is 0.35.

The masses and spins of the BHs in a (circular) binary
are the only parameters needed to determine the final mass
and spin of the BH that is produced at the end of the
merger. Appropriate relations are embedded intrinsically
in the waveform models used in the analysis, but they do
not give direct access to the parameters of the remnant BH.
However, applying the fitting formula calibrated to non-
precessing NR simulations provided in [96] to the posterior
for the component masses and spins [97], we infer the mass
and spin of the remnant BH to be M source

f

= 62+4

�4

M�,
and a

f

= 0.67+0.05
�0.07, as shown in Figure 3 and Table I.

These results are fully consistent with those obtained us-
ing an independent non-precessing fit [55]. The systematic
uncertainties of the fit are much smaller than the statistical
uncertainties. The value of the final spin is a consequence
of conservation of angular momentum in which the total
angular momentum of the system (which for a nearly equal
mass binary, such as GW150914’s source, is dominated by
the orbital angular momentum) is converted partially into
the spin of the remnant black hole and partially radiated
away in GWs during the merger. Therefore, the final spin
is more precisely determined than either of the spins of the
binary’s BHs.

The calculation of the final mass also provides an esti-

FIG. 3. PDFs for the source-frame mass and spin of the rem-
nant BH produced by the coalescence of the binary. In the
1-dimensional marginalised distributions we show the Overall
(solid black), IMRPhenom (blue) and EOBNR (red) PDFs; the
dashed vertical lines mark the 90% credible interval for the Over-
all PDF. The 2-dimensional plot shows the contours of the 50%
and 90% credible regions plotted over a colour-coded PDF.

mate of the total energy emitted in GWs. GW150914 ra-
diated a total of 3.0+0.5

�0.5 M�c
2 in GWs, the majority of

which was at frequencies in LIGO’s sensitive band. These
values are fully consistent with those given in the literature
for NR simulations of similar binaries [98, 99]. The ener-
getics of a BBH merger can be estimated at the order of
magnitude level using simple Newtonian arguments. The
total energy of a binary system at separation r is given by
E ⇡ (m

1

+ m
2

)c2 � Gm
1

m
2

/(2r). For an equal-mass
system, and assuming the inspiral phase to end at about
r ⇡ 5GM/c2, then around 2–3% of the initial total energy
of the system is emitted as GWs. Only a fully general rela-
tivistic treatment of the system can accurately describe the
physical process during the final strong-field phase of the
coalescence. This indicates that a comparable amount of
energy is emitted during the merger portion of GW150914,
leading to ⇡ 5% of the total energy emitted.

We further infer the peak GW luminosity achieved dur-
ing the merger phase by applying to the posteriors a sep-
arate fit to non-precessing NR simulations [100]. The
source reached a maximum instantaneous GW luminosity
of 3.6+0.5

�0.4 ⇥ 1056 erg s�1 = 200+30

�20

M�c
2/s. Here, the

uncertainties include an estimate for the systematic error
of the fit as obtained by comparison with a separate set
of precessing NR simulations, in addition to the dominant
statistical contribution. An order-of-magnitude estimate of
the luminosity corroborates this result. For the dominant
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Event GW150914 GW151226 LVT151012
Signal-to-noise ratio

r

23.7 13.0 9.7

False alarm rate
FAR/yr�1 < 6.0⇥10�7 < 6.0⇥10�7 0.37

p-value 7.5⇥10�8 7.5⇥10�8 0.045

Significance > 5.3s > 5.3s 1.7s

Primary mass
msource

1 /M�
36.2+5.2

�3.8 14.2+8.3
�3.7 23+18

�6

Secondary mass
msource

2 /M�
29.1+3.7

�4.4 7.5+2.3
�2.3 13+4

�5

Chirp mass
M source/M�

28.1+1.8
�1.5 8.9+0.3

�0.3 15.1+1.4
�1.1

Total mass
Msource/M�

65.3+4.1
�3.4 21.8+5.9

�1.7 37+13
�4

Effective inspiral spin
ceff

�0.06+0.14
�0.14 0.21+0.20

�0.10 0.0+0.3
�0.2

Final mass
Msource

f /M�
62.3+3.7

�3.1 20.8+6.1
�1.7 35+14

�4

Final spin af 0.68+0.05
�0.06 0.74+0.06

�0.06 0.66+0.09
�0.10

Radiated energy
Erad/(M�c2)
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TABLE I. Details of the three most significant events. The false
alarm rate, p-value and significance are from the PyCBC analysis;
the GstLAL results are consistent with this. For source parameters,
we report median values with 90% credible intervals that include sta-
tistical errors, and systematic errors from averaging the results of
different waveform models. The uncertainty for the peak luminos-
ity includes an estimate of additional error from the fitting formula.
The sky localization is the area of the 90% credible area. Masses are
given in the source frame; to convert to the detector frame multiply
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The observed events begin to reveal a population of stellar-91

mass black hole mergers. We use these signals to constrain the92

rates of BBH mergers in the universe, and begin to probe the93

mass distribution of black hole mergers. The inferred rates are94

consistent with those derived from GW150914 [41]. We also95

discuss the astrophysical implications of the observations and96

the prospects for future Advanced LIGO and Virgo observing97

runs.98

The results presented here are restricted to BBH systems99

with total masses less than 100M�. Results of searches for100

more massive black holes, compact binary systems containing101

neutron stars and unmodeled transient signals will be reported102

elsewhere.103

This paper is organized as follows: Sec. II provides an104

overview of the Advanced LIGO detectors during the first ob-105

serving run, and the data used in the search. Sec. III presents106

the results of the search, details of the two gravitational wave107

events, GW150914 and GW151226, and the candidate event108

LVT151012. Sec. IV provides detailed parameter-estimation109

results for the events. Sec. V presents results for the consis-110

tency of the two events, GW150914 and GW151226, with the111

predictions of general relativity. Sec. VI presents the inferred112

rate of stellar-mass BBH mergers, and VII discusses the im-113

plications of these observations and future prospects. We in-114

clude appendices that provide additional technical details of115

the methods used. Appendix A describes the CBC search,116

with A 1 and A 2 presenting details of the construction and117

tuning of the two independently implemented analyses used118

in the search, highlighting differences from the methods de-119

scribed in [42]. Appendix B provides a description of the120

parameter-estimation analysis and includes a summary table121

of results for all three events. Appendix C and Appendix D122

provide details of the methods used to infer merger rates and123

mass distributions respectively.124

II. OVERVIEW OF THE INSTRUMENTS AND THE DATA125

SET126

The two Advanced LIGO detectors, one located in Han-127

ford, Washington (H1) and one in Livingston, Louisiana (L1)128

are modified Michelson interferometers with 4-km long arms.129

The interferometer mirrors act as test masses, and the pas-130

sage of a gravitational wave induces a differential arm length131

change which is proportional to the gravitational-wave strain132

amplitude. The Advanced LIGO detectors came on line in133

September 2015 after a major upgrade targeting a 10-fold im-134

provement in sensitivity over the initial LIGO detectors [43].135

While not yet operating at design sensitivity, both detectors136

achieved an instrument noise 3 to 4 times lower than ever137

measured before in their most sensitive frequency band be-138

tween 100 Hz and 300 Hz [1]. The corresponding observable139

volume of space for BBH mergers, in the mass range reported140

in this paper, was ⇠ 30 greater, enabling the successful search141

reported here.142

The typical instrument noise of the Advanced LIGO de-143

tectors during O1 is described in detail in [45]. In the left144

panel of Figure 1 we show the amplitude spectral density of145

the total strain noise of both detectors (
p

S( f )), calibrated in146

units of strain per
p

Hz [46]. Overlaid on the noise curves of147

the detectors, the waveforms of GW150914, GW151226 and148

LVT151012 are also shown. The expected SNR of a signal,149

h(t), can be expressed as150

r

2 =
Z •

0

|2
p

f h̃( f )|2

Sn( f )
dln( f ) , (1)

where h̃( f ) is the Fourier transform of the signal. Writing it in151

this form motivates the normalization of the waveform plotted152

in Figure 1 as the area between the signal and noise curves is153

indicative of the SNR of the events.154
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the prospects for future Advanced LIGO and Virgo observing97

runs.98

The results presented here are restricted to BBH systems99

with total masses less than 100M�. Results of searches for100

more massive black holes, compact binary systems containing101

neutron stars and unmodeled transient signals will be reported102

elsewhere.103

This paper is organized as follows: Sec. II provides an104

overview of the Advanced LIGO detectors during the first ob-105

serving run, and the data used in the search. Sec. III presents106

the results of the search, details of the two gravitational wave107

events, GW150914 and GW151226, and the candidate event108

LVT151012. Sec. IV provides detailed parameter-estimation109

results for the events. Sec. V presents results for the consis-110

tency of the two events, GW150914 and GW151226, with the111

predictions of general relativity. Sec. VI presents the inferred112

rate of stellar-mass BBH mergers, and VII discusses the im-113

plications of these observations and future prospects. We in-114

clude appendices that provide additional technical details of115

the methods used. Appendix A describes the CBC search,116

with A 1 and A 2 presenting details of the construction and117

tuning of the two independently implemented analyses used118

in the search, highlighting differences from the methods de-119

scribed in [42]. Appendix B provides a description of the120

parameter-estimation analysis and includes a summary table121

of results for all three events. Appendix C and Appendix D122

provide details of the methods used to infer merger rates and123

mass distributions respectively.124

II. OVERVIEW OF THE INSTRUMENTS AND THE DATA125

SET126

The two Advanced LIGO detectors, one located in Han-127

ford, Washington (H1) and one in Livingston, Louisiana (L1)128

are modified Michelson interferometers with 4-km long arms.129

The interferometer mirrors act as test masses, and the pas-130

sage of a gravitational wave induces a differential arm length131

change which is proportional to the gravitational-wave strain132

amplitude. The Advanced LIGO detectors came on line in133

September 2015 after a major upgrade targeting a 10-fold im-134

provement in sensitivity over the initial LIGO detectors [43].135

While not yet operating at design sensitivity, both detectors136

achieved an instrument noise 3 to 4 times lower than ever137

measured before in their most sensitive frequency band be-138

tween 100 Hz and 300 Hz [1]. The corresponding observable139

volume of space for BBH mergers, in the mass range reported140

in this paper, was ⇠ 30 greater, enabling the successful search141

reported here.142

The typical instrument noise of the Advanced LIGO de-143

tectors during O1 is described in detail in [45]. In the left144

panel of Figure 1 we show the amplitude spectral density of145

the total strain noise of both detectors (
p

S( f )), calibrated in146

units of strain per
p

Hz [46]. Overlaid on the noise curves of147

the detectors, the waveforms of GW150914, GW151226 and148

LVT151012 are also shown. The expected SNR of a signal,149

h(t), can be expressed as150

r

2 =
Z •

0

|2
p

f h̃( f )|2

Sn( f )
dln( f ) , (1)

where h̃( f ) is the Fourier transform of the signal. Writing it in151

this form motivates the normalization of the waveform plotted152

in Figure 1 as the area between the signal and noise curves is153

indicative of the SNR of the events.154

90% credible intervals including statistical & systematic errors

Observed signals are 
fully consistent with 

the predictions of GR. 
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Figure 1: aLIGO (left) and AdV (right) target strain sensitivity as a function of frequency. The
binary neutron-star (BNS) range, the average distance to which these signals could be detected,
is given in megaparsec. Current notions of the progression of sensitivity are given for early, mid
and late commissioning phases, as well as the final design sensitivity target and the BNS-optimized
sensitivity. While both dates and sensitivity curves are subject to change, the overall progression
represents our best current estimates.

The commissioning of aLIGO is well under way. The original plan called for three identical
4-km interferometers, two at Hanford (H1 and H2) and one at Livingston (L1). In 2011, the LIGO
Lab and IndIGO consortium in India proposed installing one of the aLIGO Hanford detectors (H2)
at a new observatory in India (LIGO-India) [64]. As of early 2015, LIGO Laboratory has placed
the H2 interferometer in long-term storage for possible use in India. Funding for the Indian portion
of LIGO-India is in the final stages of consideration by the Indian government.

Advanced LIGO detectors began taking sensitive data in August 2015 in preparation for the
first observing run. O1 formally began 18 September 2015 and ended 12 January 2016. It involved
the H1 and L1 detectors; the detectors were not at full design sensitivity. We aimed for a BNS
range of 40 – 80 Mpc for both instruments (see Figure 1), and both instruments were running with a
60 – 80 Mpc range. Subsequent observing runs will have increasing duration and sensitivity. We aim
for a BNS range of 80 – 170 Mpc over 2016 – 2018, with observing runs of several months. Assuming
that no unexpected obstacles are encountered, the aLIGO detectors are expected to achieve a
200 Mpc BNS range circa 2019. After the first observing runs, circa 2020, it might be desirable to
optimize the detector sensitivity for a specific class of astrophysical signals, such as BNSs. The
BNS range may then become 215 Mpc. The sensitivity for each of these stages is shown in Figure 1.

As a consequence of the planning for the installation of one of the LIGO detectors in India, the
installation of the H2 detector has been deferred. This detector will be reconfigured to be identical
to H1 and L1 and will be installed in India once the LIGO-India Observatory is complete. The final
schedule will be adopted once final funding approvals are granted. If project approval comes soon,
site development could start in 2016, with installation of the detector beginning in 2020. Following
this scenario, the first observing runs could come circa 2022, and design sensitivity at the same
level as the H1 and L1 detectors is anticipated for no earlier than 2024.

The time-line for the AdV interferometer (V1) [23] is still being defined, but it is anticipated
that in 2016 AdV will join the aLIGO detectors in their second observing run (O2). Following an
early step with sensitivity corresponding to a BNS range of 20 – 60 Mpc, commissioning is expected
to bring AdV to a 60 – 85 Mpc in 2017 – 2018. A configuration upgrade at this point will allow the
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FIG. 12. The probability of observing N > 10, N > 35, and N > 70
highly significant events, as a function of surveyed time-volume. The
vertical line and bands show, from left to right, the expected sensitive
time-volume for the second (O2) and third (O3) advanced detector
observing runs.

or very high black hole natal kicks of several hundred km/s904

[171]. However, since the population synthesis studies have905

typically varied one parameter at a time, individual parame-906

ter values cannot be ruled out until the full parameter space is907

explored [e.g., 172].908

It is likely, however, that multiple formation channels are909

in operation simultaneously, and GW150914, LVT151012,910

and GW151226 could have been formed through different911

channels or in different environments. A lower limit on the912

merger rate cannot be used to rule out evolutionary parame-913

ters if multiple channels contribute. Future observations will914

be required to test whether binaries can be classified into dis-915

tinct clusters arising from different formation channels [173],916

or to compare the population to specific evolutionary models917

[174–177]. Such observations will make it possible to further918

probe the underlying mass distribution of merging BBHs and919

the dependence of the merger rate on redshift. Meanwhile,920

space-borne detectors such as eLISA could observe heavy921

BBHs several years before merger; multi-spectrum observa-922

tions with ground-based and space-borne observatories would923

aid in measuring binary parameters, including location, and924

determining the formation channel by measuring the eccen-925

tricity at lower frequencies [178–180].926

We can use the inferred rates to estimate the number of927

BBH mergers expected in future observing runs. We make928

use of the future observing plans laid out in [127] to predict929

the expected rate of signals in the second and third advanced930

LIGO and Virgo observing runs. To do so, we restrict atten-931

tion to those signals which will be observed with a false alarm932

rate smaller than 1/100yr. In the injections used to estimate933

sensitive time-volumes, a fraction 0.61 of the events above the934

low threshold used in the PyCBC rates calculation are found935

with a search false alarm rate lower than one per century. The936

expected number of observed events will then scale linearly937

with the sensitive time-volume hV T i of a future search. The938

improvement in sensitivity in future runs will vary across the939

frequency band of the detectors and will therefore have a dif-940

ferent impact for binaries of different mass. For concreteness,941

we use a fiducial BBH system with total mass 60M� and942

mass ratio q = 1 [141], to estimate a range of sensitive time-943

volumes for future observing runs. The second observing run944

(O2) is anticipated to begin in late 2016 and last six months,945

and the third run (O3) to begin in 2017 and last nine months.946

We show the predictions for the probability of obtaining N or947

more high-significance events as a function of hV T i (in units948

of the time-volume surveyed during O1) in Fig. 12. Current949

projections for O2 suggest that the sensitivity will be consis-950

tent with the lower end of the band indicated in Figure 12.951

VIII. CONCLUSION952

During its first observing run Advanced LIGO has observed953

gravitational waves from the coalescence of two stellar-mass954

BBHs GW150914 and GW151226 with a third candidate955

LVT151012 also likely to be a BBH system. Our mod-956

eled binary coalescence search detects both GW150914 and957

GW151226 with a significance greater than 5.3s , while958

LVT151012 is found with a significance 1.7s . The compo-959

nent masses of these systems span a range from the heav-960

iest black hole in GW150914 with a mass of 36.2+5.2
�3.8M�,961

to 7.5+2.3
�2.3M�, the lightest black hole of GW151226. The962

spins of the individual coalescing black holes are weakly con-963

strained, but we can rule out two non-spinning components964

for GW151226 at 99% credible level. All our observations are965

consistent with the predictions of general relativity, and the fi-966

nal black holes formed after merger are all predicted to have967

high spin values with masses that are larger than any black968

hole measured in x-ray binaries. The inferred rate of BBH969

merger based on our observations is 9–240Gpc�3 yr�1which970

gives confidence that future observing runs will observe many971

more BBHs.972
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