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LT s Data assimilation
Observz{ions
. y combination
&/ model + observations
/ I

identification of the initial condition

t of a geophysical system

Fundamental for a chaotic system (atmosphere, ocean, ...)
Issue : These systems are generally irreversible
Goal : Combine models and data

Typical inverse problem : retrieve the system state from sparse and noisy

observations
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Talk overview

= 1. Optimal nudging (use of a variational method)
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Model :
( dX
— =F(X), 0<t<T,
) dt
| X (0) = Xo,

Standard nudging applied to this model :

( dX
— = F(X)+K (Yo — H(X)), 0<t<T,
X
| X(0) = Xo,

where K is the nudging (or gain) matrix.
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i P Optimal determination of K

Goal : improve the standard nudging technique.

Use of a variational FDDA (Four Dimensional Data Assimilation) technique

for parameter estimation in order to determine the best K.

( dX
— = F(X)+K (Yops — H(X)), 0<t<T,
<
| X(0) = Xo,

Use of a variational approach : we consider the 4D-VAR cost function, measu-
ring the difference between the observations and the corresponding quantities

computed by the model :

J(X()) — %/O <R_1<Y058—H<X)),YObS—H(X>> dt—l—%<B_1(X0 — Xb),Xo — Xb>
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T b
/ Observations
Y >W Model governed by a system of ODE :
J
(dX
— =F(X), 0<t<T
< dt
. X(0) = Xo
>
t

Yops(t) : observations of the system, H : observation operator,
Xy : background state (a priori estimation of the initial condition),

B and R : covariance matrices of background and observation errors.

1

J(Xo) = 5(Xo — X)) 'B Y (X — Xp)
+ 5 [ Wonl) = HOXO)T R Vo) — HX )]
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i P Optimal determination of K

In the following, we do not take into account the background part of the cost

function. We need to add a term that controls the nudging matrix K :

TX0,K) = 5 [ (R (Vo = H(X)), Yo = HOO) + (67K = K). K = K)

where R and G are weighting (covariance) matrices, and K denotes the
estimated nudging coefficients.

This term can be seen as a regularization term, ensuring the strict (and even
strong) convexity of the cost function, and then existence and uniqueness of

the minimum. It also allows the minimization algorithm to be efficient.

Minimizing J with respect to K leads to the optimal nudging coefficients K*,

and then to an optimal nudging data assimilation scheme.
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s Minimization under constraints

The goal is to minimize J( X, K) under the model constraint : X (¢) has to be a
solution of the model (with nudging). We introduce then a Lagrange multiplier
associated to the constraint :

£, X, K, P) = I, )+ [ (P (00~ K (Y, 1))

— %A (<R_1(Y0bs — H(X))7Y0b3 T H(X)> T <G_1(K o K),K o K>) dt

" dt

where P is a function of time, defined over [0; T'], and the Lagrange multiplier

+/O (P X — F(X) - K(Yos — H(X)))

associated to the nudging model constraint. There is no more constraint, and

X is assumed to be any function of time.
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s Minimization under constraints

It is straightforward to see that

min J(Xp, K) = min max £( Xy, X, K, P)
Xo,K, X model solution Xo,K P

Indeed, for a given function X :

e cither X is a solution of the nudging model, and then the second term of L
is equal to 0, and £ = J;

e or X is not a solution of the nudging model, and then the maximum over
all functions P is equal to +o0.

Then the minimization can be restricted to X solution of the nudging model.

TIFR CAM, Bangalore, 9 July 2011 9/63



i P Optimality conditions

Optimality conditions : all partial derivatives of £ should be equal to 0.

oL
¢ Maximum with respect to P : the partial derivative 7P is equal to 0,
which implies
dX
y7 F(X)—K(Yyps — H(X)) =0, Vt,

and then X has to be a solution of the model with nudging.
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i P Optimality conditions

¢ Minimum with respect to X : using an integration by parts,

L= 5/0 <<R_1(Yobs _H(X))ayobs _H(X)> + <G_1(K_K)7K_[A(>) dt

HPIT).X(T) = (PO).X0)— [ (T30 = [ (PP + K (Vg = H(XD)

oL
and then, — = 0 implies that P is solution of the following adjoint model :

0X
dP

H' (X)"TRTYH(X) = Yys) — — (X' P+ [H (X)'K'P =0,

and that P(T) = 0.

Note that this model has to be solved backwards in time, from a final condition

to the initial time.
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i P Optimality conditions

¢ Minimum with respect to X, : using the previous expression of the
Lagrangian, if X is a solution of the nudging model, then £(Xy, X, K, P) =

oL
J(Xo, K) for any P, and then 8(9)}]0 = Xy’ and
oL
— = —P(0).
X, (0)
Then the optimaly condition is
—P(0) = 0.
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i P Optimality conditions

e Minimum with respect to K : in a similar way, g}i = g—f{ and

8—;51(:/OT<G—1(K—K),5K>dt—/OT<P SK(Yope — H(X))) dt = 0

for all 0K.
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i P Optimality system

Optimality system :

‘il_f CF(X) = K (Yo — H(X)) =0, X(0) = X,
—fl—f = [F'(X)]"P+ H'(X)"R™ ' (Yobs — H(X)) — [H'(X)]"K"P, P(T)=0

—P(0) =0

/T<G‘1(K — K),0K) dt — /T<P, 0K (Yops — H(X)))dt =0, VoK
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i P Optimal determination of K

Algorithm :

e For a given initial condition Xy and a given nudging matrix K, solve the
direct model with nudging = X.

e Linearize the model and observation operators around the trajectory X, and
solve the adjoint model = P.

e Compute the gradient of the cost function (as a function of P), and update
the controls Xy and K.

Vy,J = —P(0),

T
Vi 0K —/ (6K (Yope — H(X)), P) dt + G- 1K — K).0K.
0
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i P Optimal determination of K

Drawback : computational cost of the optimization, need for a good a priori

estimate.
[Zou-Navon-Le Dimet (92)]

Once J has been optimized, and the optimal nudging gain K* identified, one
may assume that this gain can be used for the next assimilation windows.
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i ﬁi:;;::':.’;.;;;;::;;: Talk overview

= 2. Kalman filter and optimal nudging
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“vt‘rsi'n" —
i Kalman filter

Kalman filter : extension to dynamical systems of the optimal interpolation,
or BLUE (Best Linear Unbiased Estimator) between the observation and the

forecast state.

Two steps, repeated for each observation time : prediction and correction.
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Kalman filter

<
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i Kalman filter
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s e Kalman filter

state
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s e Kalman filter

state
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s e Kalman filter

|
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i e Prediction step

We denote by X ¢ the analyzed state at time ¢,,, and M,, the system resolvent
from time %,, to t,1.

Prediction /forecast step : get a background state at time %, 1
f
Xno1 =M, X}

We denote by P/ the covariance matrix of forecast error X/ — X! and P? the

covariance matrix of analysis error X% — X!.

Pl =B (X0 - X0 - X))

= E (Mo X, — Mo X}, = e0) (M X = Mo X}, — )"

PJH — MnPgMg + Qn

where (),, is the model error covariance matrix at time ¢,,.
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| e Correction step

Analysis step : Correction of the background vector X/ n+1 With the innovation

vector YObSn—I—l - Hn+1Xn+1
a _ yf
n+1 — Xn_|_1 + Kn—l—l(YobSn+1 o Hn+1Xn+1>

] a S a
The new analysis error ef ,; = X2, — X! | is:

a _f f
€nt1 = €pa1 T Kn+1(€n+1 - Hn+16n+1)

where € is the observation error (of covariance matrix R) and e’ is the forecast

error (of covariance matrix P/).

n—l—l - [I Kn+1Hn+1]Pn—|-1[I Kn+1Hn+1] + Kn—l—an+1Kn+1

One chooses K, 11 such that the variance of analysis error is minimum :
Kyq1 = P7{+1Hn+1[Hn+1P7{+1H 1+ R ™

Then, 1 = | — Kn+1Hn+1]P7{—|—1
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KF algorithm

e Initialization :

e Analysis :

Xa
PCL

e Forecast :

Xof and Pof given

PIHIH,PIH! + R,
= XJ) 4+ K,(Yopsn, — H X))
= [I - K,H,|P/

T
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Comparison nudging - Kalman

Two main problems arise in the Kalman filter. First, the computational
complexity of advancing in time the error covariance matrices. Second, the
noise covariance matrices are assumed to be perfectly known, but this is not

the case in practice (particularly @,,).

The nudging scheme is carried out by the following procedure :

X% =My 150 X% |+ KnYopsy, — Ho X7).

n

The optimal nudging coefficients K,, are obtained by minimizing a cost function

measuring the distance between the analysis and the observations :

J(K) — Z(HH(XS) T Yobsn)TG_l(Hn(Xg) _ Yobsn)a

n=0

where GG is the same weighting matrix as before.
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Comparison nudging - Kalman

The core of the KF is the optimal merging of observation and forecast
information in the sense that the expected mean-square estimation error is

minimized at every time step.

The optimal nudging is the optimal merging of observations and analysis
in the sense that the total differences between them is minimized over the

assimilation window.

Main difference : the gain matrix is determined sequentially in the KF', at
each time step, while the nudging coefficients at every time step are obtained
simultaneously. Moreover, the two problems of the KF described above disap-
pear in the optimal nudging method : the computational cost is reduced, and
the optimal nudging does not require any knowledge of the noise covariance

matrices.
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Talk overview

= 3. Comparison optimal nudging - 4D-VAR
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L s 5 ot Comparison nudging - 4DVAR

Nudging

s Xob
Model

= = = Nudged Modsl!

0 —TIME —» P

"... introduces an artificial tendency ferm to
gradually correct the model solution where necessar- "

4-D VAR (Adjoint)

A ; » Xob
Xo, Model (Xo,)
- = = Model (Xo,)
0 —— TIME—» P

“... fits a model to the data by modifying the initial state
(Xo) to minimize model error (J) through the period (P)."

TIFR CAM, Bangalore, 9 July 2011 31/63



mvt‘rﬁill" [ ]
| W s Back to 4DVAR formulat 1011

Motivations : the nudging term provides a correction of the model with
the observations, and the nudging does not assume the model to be perfect

(weak-constrained model).

Adding a nudging term in the model equation, within the framework of 4D-
VAR, relaxes the strong model constraint. This is an easy way to consider the

model error n in VDA :

1 [t 1 1
J(Xo,1m) = §/O(R_1(Y058—HX),Y058—HX> dt+§<B_15XO,5X0>+§<Q_177,77>

by setting 1 = K (Y,ps — HX).
[Vidard-Le Dimet-Piacentini (03)]
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Comparison nudging - 4DVAR

The optimization is then performed with respect to Xy and K. The computa-
tion of the gradient of the cost function is done like in the 4D-VAR (adjoint

technique), but the optimization is harder.

Usually, it is not possible to consider a full rank matrix K. Simpler solutions :
scalar coefficient (varying with time), or pseudo-diagonal matrix (corrections

at the same location as observations).

Much cheaper than the 4D-VAR with an imperfect model, but it does not take

into account any model error term.
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M. Comparison (optimal) nudging - 4DVAR

Comparisons between nudging, optimal nudging, and variational

data assimilaiton :

Courtesy of X. Zou, I. M. Navon, and F.-X. Le Dimet (Q. J. R. Meteorol. Soc.

1992)

Tests on the national meteorological center model with 18 vertical layers.

CONTROL RUN 1; True solution

INITIALIZED
STATE

ACTUAL PREDICTION
>

CONTROL RUN 2: Inidal guess

UNINITIALIZED

ACTUAL PREDICTION
> o

STATE
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M. Comparison (optimal) nudging - 4DVAR

NUDGING

UPDATING

YYYYVYYYYYYYY

6 HR INTEGRATION

UNINITIALIZED WITH NUDGING TERM h; ACTUAL PREDICTION}

STATE

vV TION

ASSIMILATING

Y Y

MINIMIZATION WITH ¢ HR INTEGRATION OF THE
MODEL FCRWARD AND TS ADJOINT BACKWARDS

UNINITIALIZED < )_*
STATE

ACTUAL PREDICTION

>
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RMS of divergence

RMS difference for the divergence field between the true solution and the assimilated
fields at the end of 6-hour assimilation intervals : control run (-.-), nudging (...),

variational data assimilation (—), and optimal nudging (plain).
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RMS of divergence

RMS difference for the divergence field between the true solution and the assimilated
fields at the end of 12-hour assimilation intervals : control run (-.-), nudging (...),

variational data assimilation (—), and optimal nudging (plain).
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i P ( Sub- ) optimal nudging

Other experiments : in Vidard, Le Dimet, Piacentini, Tellus 2003

1D Burgers equation :

([ Ou ou 0% u
+tUu— —V— = [,

ot ox Ox?

u(0,t) = u(l,t) =0,

u(x,0) = sinmx

\

With discrete (in time and space) observations, the additional nudging term is

N
+ Z K [ul?® — uy] 8(x — 2,)0(t — t,)
n=1

where the nudging gains K, have to be optimized.

TIFR CAM, Bangalore, 9 July 2011 38/163



i P ( Sub- ) optimal nudging

Several gain matrices are considered :

e /K, is a full rank matrix, Vn : at each point, the correcting term is a linear
combination of all forecast/observation misfits at the same time;

e /K, is a pseudo-diagonal matrix : the model equations are only corrected
at observation locations, and the correction coefficient is different for each
observation ;

e K, is a scalar coefficient, just varying with time.

It is also possible to add a linear time interpolation of correcting terms, as a
temporal smoothing. And a convolution product with a gaussian function is

used as spatial smoothing.

Indeed, the correction of the model only at observation locations is not
consistent with the other coordinates, and then gravity waves can be created

to return to a more physical state (~» extreme fluctuations).
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i P (Sub-)(optlmal) nudging vs 4DVAR

Raw

Interpolated

RMS CPU

RMS CPU

Form of G Size of control
G 1s a full matrix ExMxN
G 1s a diagonal matrix M x N

G 1s a scalar coefficient N
4D-Var E

Without assimilation

4506  57.80s
65.30 6.90s
64.23 9.74s

13.73 5.82s

248.21

38.49 57.69s
17.57 7.43s
17.33 3.63s

Norm of the error and CPU time for 4D-VAR and optimal nudging on 1D
Burgers experiment. F is the size of the control vector, M is the number of

observations at a given time, and /N is the number of observation times.
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(82 (Sub-)(optimal) nudging vs 4DVAR

rms on sea level elevation according to time

0.015 | I I I I T | T —
i i i : i 4D-Var assimilation
i RHaw 4D-0ON ass:mﬂatsonl ———————
8014 Snmﬂthed 4D-ON asmmiiataon

0.013

W PRI, SOOI

0.012
£ 0011
0.01
0.009 .
W i
L SR YNPUINN WNGNUU TUNS:: WANSUN: OISO ; SON. SO o . AU | SN . a
0.007 i i i
3days 6Gdays Odays 12days 15days 18days 21days 24 days 27 days 30 days
time

RMS of the SSH error for smoothed optimal nudging compared to 4D-VAR

and raw optimal nudging (~~ gravity waves)
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Talk overview

= 4. Hybrid nudging - ensemble Kalman filter

TIFR CAM, Bangalore, 9 July 2011 42 /63



LT s Hybridization

Hybrid Nudging - EnKF :

In the Ensemble Kalman filter (EnKF), the background error covariances
are computed from an ensemble forecast. Like the standard KF', it performs
an analysis at each observation time and switches back to standard model
integration between analysis times. This cycle often causes discontinuities or

error spikes between the observation times.

The EnKF analyses can be improved by applying more continuously in time
the corrections. The idea is to use nudging-type terms to gradually apply the

correction terms in time, in order to minimize the insertion of shocks.
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| W s Hybrld Illld ging - EHKF

Nudging: / \ X it Gow, e (5°5)
E >

tobs time
EnkF: l' X, =%,+K(X-%,)
tobs tir:le
Hybrid \ (K.w,)- (i"—i)
nudging-EnKF: | ..
tobs time
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7 Hybrid nudging - EnKF

OBS 1 l 1

Ensemble
state

Nudging
state

oss 1 T 1

1. Compute the nudging coefficients using the EnKF gain matrix (use the EnKF

computed gain matrix, and add the regularization and spreading in time).
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A

Ensemble
state

Nudging
state

oss T T T

2. Compute the nudging state by continuously applying nudging with these

coeflicients.
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o

Ensemble
state

Nudging
state

OBS

3. Update each ensemble member using the EnKF.
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OBS 1 l 1

Ensemble
state

Nudging
state

oss T T T

4. Shift the ensemble from its ensemble mean to the analysis of the nudging

state while retaining the ensemble spread.
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A

Ensemble
state

Nudging
state

oss T T T

5. Integrate the ensemble and nudging state forward to the next analysis time.

TIFR CAM, Bangalore, 9 July 2011 49/63



s e Hybrld nud g in g - EnKF

In [Lei-Stauffer (AMS Conf Proc. 2009)], experiments on Lorenz and
shallow-water models : similar (or even better) results as the EnKS, for a
reduced computational cost (Nudging-EnKF cost similar to that of the EnKF).

The hybrid nudging-EnKF retains the spatial (flow-dependent) error corre-
lation weighting function from the EnKF and the gradual corrections of the
continuous nudging approach (digital filter unnecessary) to avoid the strong

corrections and discontinuities (error spikes) at the analysis steps.

In the hybrid nudging-EnKF, the model equations assist in the data assimila-

tion process.
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iz Comparison with Kalman smoother

Use of future observation in Kalman filter analyses :

The idea is to incorporate the future observations in the filtered estimate, and

not only the past information.
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'Y i
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Days

Might also reduce the shocks in the trajectory.
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s Kalman smoother

Kalman Smoother :

state
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s Kalman smoother

Kalman Smoother :
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s Kalman smoother

Kalman Smoother :
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s Kalman smoother

Kalman Smoother :
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Kalman smoother
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s Kalman smoother
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s Kalman smoother
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s Kalman smoother

Y
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7 Comparison hybrid nudging-EnKF

(a) NOFDDA
09 : Muddging
. EnKF
— = Hybrid EnKF
03 == EnK3
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RMS error for the height field (2D shallow water) : no data assimilation (green),
nudging (blue), EnKF (red), hybrid nudging-EnKF (black), EnKS (pink).
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RMS error for the wind field (2D shallow water) : no data assimilation (green),
nudging (blue), EnKF (red), hybrid nudging-EnKF (black), EnKS (pink).
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s e Conclusions

Conclusions :

e Optimal nudging is a very efficient four-dimensional data assimilation scheme
e Similar or better results than 4D-VAR or Kalman filter

e However : the optimization of the coefficients is expensive

e Hybridization with filters or smoothers in order to prevent shocks
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