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For the (non-Hermitian) Hamiltonian H of a P7-symmetric systems
one has:

[ﬁ,PT} =0
Parity operator P and time reversal operator7:

A~ A

P:2——-2,p— —D
T:2— Z,p——p,i——i
Potential V:

ReV (%) =ReV(—&), ImV(2)=—ImV(—&)
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Introduction - . — PT_synssiml

s PT symmetry

Probability current density:
](mv t) = % (¢(m’ t)V’l/) ($7 t) - ’QZJ (ma t)vw(ma t))
Continuity equation:

gt\w(ac, )2 + divj(z,t) = %h/}(ac, )2 Im V (x)

— Positive/negative imaginary parts describe sources/sinks of the
probability of presence

= Elegant way of an effective description of open quantum systems
with balanced gain and loss
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Introduction . TS e e

Proposal of a PT-symmetric quantum system

Bose-Einstein condensate in a laser-generated optical double well:

+iy —1y

/\ ReV

Y1 J (2
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Bose-Einstein condensate in a laser-generated optical double well:

+17 —iy

N

(2 J Uy

0 X

Mean-field description given by Graefe et al. [J. Phys. A 45, 444015 (2012)]
using the two-state Gross-Pitaevskii-Gleichung (GPE):

Do)=Y
ot \ 2 —J gla]?—iy (0

G. Wunner (ITP1) Mixed many-body particle states for P 7T~ PHHQP18, June 12, 2018 4/29



Introduction e e SN S

e
—

Stationary solutions of the two-mode model

12 ( (01 ) _ ( gl +in —J ) ( (01 >
ot \ s —J glipo|*—iy (0

Stationary solutions o< exp(—put) with real u exist with amplitudes

U1\ _ [ Vrnexp(ip) : _ "
< wi ) - ( Vnexp (—ip) > sin(2p) = =7 -
occupation number: n;(t) = n = const.

current density: jlg(t) = —i(Yf2 — Y39Y1) = 2ny/J = const.
correlation: c12(t) = (Yiha + Y5ihn) = 2ny/1 — 42/ J? = const.

<
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Embedding into a lﬂmiti&n'four-wéli system- o

Idea: [Kreibich et al., Phys. Rev. A 87, 051601 (2013)]

Simulate the non-hermitian open two-well system by a time-dependent
adjustment of the outer tunneling coefficients Ji2(t), J34(t) and the
energy offsets €1 (t), e4(t)
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Embedding into a iﬂmitian four-well system

Embedding into a hermitian four-well system

Idea: [Kreibich et al., Phys. Rev. A 87, 051601 (2013)]

Simulate the non-hermitian open two-well system by a time-dependent
adjustment of the outer tunneling coefficients Ji2(t), J34(t) and the
energy offsets €1 (t), e4(t)

Goal: To obtain the behaviour of the open PT-symmetric two-well
quantum system by embbeding into the four-well system
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Embedding into a lﬂmitiaﬂ' our-well sjtm:z\l\\ =

Embedding into a hermitian four-well system

9 ( V2 ) _ ( glal* 19 —J ) ( (> )
ot \ s —J  glusP-iy Y3

Y1(t) P1(t)
O () | oy Pa(t)
ot | vs(t) 1 ows@)
Ya(t) Pa(t)
gl +ei(t) —Jo(t) 0 0
2, — —J12(t) glal?  —J 0
* 0 —J  glus)? —J34(1)
0 0 —Jsa(t)  glval® +ealt)

—J12(t)1(t) = iyiba(t), —J34(t)a(t) = —iybs(t)
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Embedding into a iﬂmitian four-well system

Embedding into a hermitian four-well system

Result [Kreibich et al., Phys. Rev. A 87, 051601 (R) (2013)]

By requiring that the two inner wells behave exactly as in the
PT-symmetric two-well system, conditions can be derived which allow
for the explicit calculation of the time dependence of the tunneling
coefficients Ji2(t), J34(t) and the energy offsets €1 (), e4(t).
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Embedding into a iwmitian four-well system

Embedding into a hermitian four-well system

Result [Kreibich et al., Phys. Rev. A 87, 051601 (R) (2013)]

By requiring that the two inner wells behave exactly as in the
PT-symmetric two-well system, conditions can be derived which allow
for the explicit calculation of the time dependence of the tunneling
coefficients Ji2(t), J34(t) and the energy offsets €1 (), e4(t).
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Criticism: Will the behavior survive in a many-body description?
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Many-body descriptign e e — Bose-Hubbard medaitil

Many-body descrlptlon

Bose-Einstein condensates in optical lattices can be described by the
Bose-Hubbard-Model:

. e 1 A N
HBH = — Z Jmm/ainam/ + 5 Z Umnm (nm — 1) + Z EmMNm
(m,m/> m m

U
\'/ \/ Y & Jakschetal,

> Phys. Rev. Lett. 81, 3108 (1998)

X
U': strength of the contact interaction, €: on-site energies
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Many-body descripﬁn :_—_‘xﬁ;"\i\?‘&\:\
Many-body description
Time-dependent Bose-Hubbard model

Bose-Hubbard medsigy

The four-well condensate will be described by a time-dependent
Bose-Hubbard-Model:

€1(2) €4(t)
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Many-body descrip

=Y

Bogollubov back reactlon (BBR) method
Dynamics in the BBR approximation

BBR approxia
von Neumann equation for the full density matrix

0

i =([p-7])
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Many-body descriptign === - BBR approxj

Bogoliubov back reaction (BBR) method

Dynamics in the BBR approximation

von Neumann equation for the full density matrix:

201= (o)

Reduced density matrices oy = (&Zdw, Okimn = (@
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Many-body descriptign === —

Bogoliubov back reaction (BBR) method
Dynamics in the BBR approximation

von Neumann equation for the full density matrix:

201= (o)

Reduced density matrices o = (&Ldﬁ, Oklmn = (&Ldldin&n), etc.

BBGKY hierarchy (Bogoliubov—Born—Green—Kirkwood—Yvon):

i%@m = £ ((Gm), (Ghtmn))

0
i&«%klmn) = f (<5'kl>, <5'klmn>a <&klmnrs>)
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Many-body descriptign === e LSS

Bogoliubov back reaction (BBR) method
Dynamics in the BBR approximation

BBR approximaigiiil)

von Neumann equation for the full density matrix:

201= (o)

Reduced density matrices o = (&Ldﬁ, Oklmn = (&L&ldin&n), etc.
BBGKY hierarchy (Bogoliubov—Born—Green—Kirkwood—Yvon):

i%wm = £ ((Gm), (Ghtmn))

0
i&<6’klmn> = f (<5'kl>, <a'klmn>a <&klmnrs>)

Approximation (back reaction):

a'klmnrs = a'l~cl5-mm"s + &rsa'klmn + a'mna'klrs - 26kl&mn6rs
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Many-body descriptign — — BBR approximaigiiil)

Bogoliubov back reaction (BBR) method
Dynamics in the BBR approximation

von Neumann equation for the full density matrix:

201= (o)

Reduced density matrices o = <&L€Ll>, Oklmn = <&L&Z&Indn), etc.

BBGKY hierarchy (Bogoliubov—Born—Green—Kirkwood—Yvon):

i%@m = £ ((Gm), (Ghtmn))

0
ig(@'kleJ = f (<5'kl>, <a'klmn>a <&klmnrs>)

Approximation (back reaction):

a'klmnrs = a'l~cl6-mn?"s + &rsa'klmn + a'mna'lclrs - 26kl6mn6rs

— 42 + 4% = 16 + 256 = 272 time-dependent coupled differential egns
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Many-body descriptign === e e ;:::,;; BBR approximasigiiil}

Reduced many-body density matrices in MF

e In the mean-field description the single-particle density matrix is
simply given by o(t) = ¥y (t)vu(t)

occupation number of well k: ng(t) = ok (t)
current from well k to well I: ji; = Jyj, with
i = =1l — i) = —i(ow — o) = 2Im(og)

correlation: ¢y = (V5 + ¥ ) = 2Re(ok)
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Time dependences.“t e-control p:

-

Time dependences of the
Requirements

+ly —ly

NP

(! % (2

L0 (gl +iy —J 0
Y= ( —J dlin? —iv ) ¥ Tror = I (ont, onimn)
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Time dependences., ﬁthe%entrol-param\et‘ers T e

Tlme dependences of the control parameters

+1y —ly
/_\ /\ ReV
wl J ’(/12
2 : _ o
1%1/; — ( gw)llj-l— 1y g|w2|2=]_ ” ) P i&”“ = f(Oki, Okimn)
) 1 v Re(o22(1)) 1 yRe(o33(t))
Requirements: J1a(t) = J34(t) =
| Ll 0= ()

Y Refona(t))
Im(Ulg ('L’))
— J1a(O)o13(t) + Jsa(t)o2a(t) = 0
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Time dependences.of the-control-parameters-

Time dependences of the control parameters
#  Requirements

+i1 —iry
/_\ /‘ ReV
(0 J o
2 . _ a
I%Qb = ( gw)llj‘f' 1y g|1[)2|2J_ iy ) P iao'kl = f(Oki, Okimn)
- 7 Re(o(0) > Re(om()
Requirements: J1o(t) = Jau(t) =
q 12(1) 34(1) Tm(om(0))

Y Re(o2a(t))
Im(012 ('L’))
— J1a(O)o13(t) + Jsa(t)o2a(t) = 0

— Tunnel rates follow directly from the comparison of the dynamics.
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Time dependence

Ascia

Time dependences of the control parameters
Time dependence of the on-site energies
Requirement:

!

—le(t)alg(t) + J34(t)0’24(t) =0
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Time dependﬂﬂt

ST

Time dependences of the control parameters
Time dependence of the on-site energies

Requirement

!
—J12(t)o13(t) + J34(t)o24(t) =0
Fulfill requirement for all ¢

% (—J12(t)o13(t) + J34(t)o24(t)) L 0
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Time dependences.it e-contro rameters-. -

% Time dependences of the control parameters

Time dependence of the on-site energies

Requirement: —J12(t)o13(t) + J34(t)o24(t) 20

Fulfill requirement for all ¢:

0

¢ (~J12(0)013(t) + Jaa(t)o24(t)) )

= System of equations of the form:

ar(t)er(t) + Br(t)ea(t) = Q. (t)
ai(t)er(t) + Bi(t)ea(t) = Qi(t)
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Time dependences_ﬂthe-%—:entrol:p—iram\etf{[&.\;z;\lf-:f
Time dependences of the control parameters
Time dependence of the on-site energies

>

Requirement: —Ji2(t)o13(t) + J34(t)o24(t) 20

Fulfill requirement for all ¢:

0

¢ (T12(t)o13(t) + Jsa(t)o24(t)) )

= System of equations of the form:

ar(t)er(t) + Br(t)ea(t) = Q. (t)
ai(t)er(t) + Bi(t)ea(t) = Qi(t)

Solutions:

Bi (t)Qr(t) - /Br(t)Qz (t)
ar(t)Bi(t) — Br(t)ci(t)’

est) = —

e1(t) =
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Time dependences of the-control-parameters-

Abbreviations in ¢; und ¢,

Yaoc Xisc Xo0J

Q, = = Ji 22C13 n 1.2 13 n 22713 Y
2 2712 J12 2”2
1 Y33¢ Xaqc X337

( 33 24+ 3;4 24+ 33]24—1—1/24),
2”3 J34 27’L3

Xpocrs | Yaojis | Xioj
Jis (_ 22018 | 22]13 + 12]13 —X13>
2ng 2ny J12

1
2
1 Xsscos | Yasjoa | Xauj
= e (- 33C2d | 33J24 n §4J24 ~ Xy
2 2n3 2n3 J34
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Time dependences of the-control parameters-—

Time dependences of the control parameters
Time dependence of the on-site energies

Requirement: —Jlg(t)alg(t) + J34(t)0’24(t) ; 0
Fulfill requirement for all ¢:

gt (= J12(t)o13(t) + Jsa()oaa(t)) = 0

= System of equations of the form:
ar(t)er(t) + Br(t)ea(t) = Q- (t)
a;(t)er(t) + Bi(t)ea(t) = Qi(t)
Solutions:
o) = BODO) = BOXW (@D () —ar (09(1)
o (8)Bi(t) — Br(t)ai(t) o, (0)Bi(t) — Br(t)au(t)

= Dynamics of any initial state of the many-body system can be
simulated.
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Determining suitable inital states
Constraints
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Determmmg suntable mltal states
Constraints

(0) Re(015(0)) + J34(0) Re(a24(0)) = 0

from comparison
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Determining suitable i
Constraints

-

nital states

o O

2. —J12(0) Im(013(0)) + J34(0) Im(0'24(0))

from comparison

from comparison
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Determining suitable i nitial-states \‘:-“.::,:;\2?'-:‘:

Determining suitable inital states

Constraints

So far:
1. —J12(0) Re(013(0)) + J34(0) Re(024(0))
2. —Jlg(O) Im(alg(O)) + J34(0) Im(0'24(0))

0 from comparison
0

from comparison

PT-symmetric states of the open two-well condensate yield three
real-valued constraints for the elements of the single-particle density
matrix:
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Determining suitable initial ‘states—.. 77\’::‘\*:».::,\:35‘-:‘_

Determining suitable inital states

Constraints

So far:
1. —J12(0) Re(013(0)) + J34(0) Re(024(0))
2. —J12(O) Im(alg(O)) + J34(0) Im(0'24(0))

0 from comparison
0

from comparison

PT-symmetric states of the open two-well condensate yield three
real-valued constraints for the elements of the single-particle density
matrix:

3. Reo2(0) < Re 033(0) initial occupation
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Determining sultabhmlhalst\atesa\, i ——

Determining suitable mltal states

Constraints

So far:
1. —J12(0) Re(013(0)) + J34(0) Re(024(0))
2. —J12(O) Im(alg(O)) + J34(0) Im(0'24(0))

from comparison

0
0 from comparison

PT-symmetric states of the open two-well condensate yield three
real-valued constraints for the elements of the single-particle density
matrix:

3. Reo2(0) < Re 033(0) initial occupation
4, Im0'23(0) ; \/RGUQQ(O) Re 0'33(0) % current
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Determining suitable initial-states-—

Determining suitable mltal states

Constraints

So far:
1. —J12(0) Re(013(0)) + J34(0) Re(024(0))
2. —J12(O) Im(alg(O)) + J34(0) Il’n(0'24(0))

from comparison

0
0 from comparison

PT-symmetric states of the open two-well condensate yield three
real-valued constraints for the elements of the single-particle density
matrix:

3. Reo2(0) < Re 033(0) initial occupation
4, Im0'23(0) ; \/ReUQQ(O) Re 0'33(0) % current

5. Re03(0) < /Reo22(0) Reoz3(0)4/1 — :JLE correlation
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Determining _Suitahh!i i ates—. . Perturbing pure initial skates]

Determining suitable initial states

Pure initial states

o]

Pure initial many-body particle state (MF):

Nges!
|¢7Nges> = Z Lw?lwgz,lpgswlu |n1, ...,Tl4>

nolrialnag!
ny,m2.m3,m4 1Mo MN3:My:
n1+n2+n3+n4=Nges

=Cny,ng,ngz,ny
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Determining suitable initial-states- 0 Perturbing pure initial statssyy

> Determining suitable initial states

Pure initial states

Pure initial many-body particle state (MF):

Nies!
|¢7Nges> = Z ] 'g [T ?11#321/1?3%1124 |n1a ~-~an4>
ny,m2.m3,m4 T1: M2 M3 M4

n1+n2+n3+n4=Nges

=Cny,ng,ngz,ny

1(0) n1(0 exp icp

Pa(0) | n(O) exp ip) : _
1/;(0) N n(0) ex —1<p sin(2e) = J
%a(0) 14(0) exp(—ip)
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Determining sultabhlnlha@istatesﬁ.\ =

Perturbing pure initials

Determining suitable mltlal states

Pure initial states

Pure initial many-body particle state (MF):

N...!
— ges* ni,n2,Nn3, 14
|1/’7Nges> = T 1/)2 ¢3 ¢4 lnlu ...,n4>
MM N3Ny
71,N2,13,14
n1+n2+nz+ns=Nges —c
—tni1,n2,n3,ng
Result [Dizdarevic et al., Phys. Rev. A 77, 013623 (2018)]: No quasi-stationary
behavior can be found in the two inner wells:
wl@ S e ¢
80 Ha, i : B
X Y Tee = N P
g ;g: L 15 & m\\l Sy
0 A " S A :
50 — — 1
0[© 1 of@ )
2 30 = ~ T o 0 &
=20 ; &g e a
ol Jou - 1 1 g
o — 7 e 4
15 r T T T T T 0
. e ® .
R | | <5
05| T /.. =
0 I L = i I L L —2
0 2 4 6 8 10 0 2 4 6 8 10
t]JZ t/J5

G. Wunner (ITP1) Mixed many-body particle states for P 7T~ PHHQP18, June 12, 2018 19 / 29



Determining w i a —~- T Perturbing pure initial SrgESil

Determining suitable initial states
Perturbing pure initial states

Pure many-body particle state (MF):

N ! n n: n, .
|¢aNgeS> = Z — 1 Y92 syt 71, ..y 1)

Inolnalngd
n1,moms,ma T1:M2:MN3: M4
n1+n2+n3+ns=Nges

=Cny,ng,nz,ny
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Determining suitable mltlal states
Perturbing pure initial states

Determining sultabhlnl Perturbing pure initial siaigsiil

Pure many-body particle state (MF):

N ! n n: n, .
|¢aNgeS> = Z — 1 Y92 syt 71, ..y 1)

Inolnalngd
n1,moms,ma T1:M2:MN3: M4
n1+n2+n3+ns=Nges

=Cny,ng,nz,ny

Perturbation by random numbers with Gaussian distribution 2y, 1y ns.n,"

|¢5Nges> - § an,n2,n3,n4cn1,n2,n3,n4|n17n27n37n4>
n1,n2,N3,M4
n1+’n2+’n3+n4:Nges
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Perturbing pure initials

Determining suitable initial states
Perturbing pure initial states

Pure many-body particle state (MF):

|¢7Nges> = Z — 11¢22¢33¢44 |’I’L]_, "'an4>

nolnalng
n1,moms,ma T1:M2:MN3: M4
ni+na+ns +n4=Nges

=Cny,ng,nz,ny

Perturbation by random numbers with Gaussian distribution 2y, 1y ns.n,"

|¢5Nges> - § an,ng,ng,n4cn1,n2,n3,n4|n17n27n37n4>
n1,n2,N3,M4
n1+n2+n3+n4=Nges

= expectation values oy = (¢\d£&l|1/)), Olelmmn = (1/)|d£dldin&n|1p> yield the
initial values for determining the dynamics with the required symmetry
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Numerical results =

Numerical results
Dynamics of the first-order moments

T T T T T 2 T T T T T
11.0 Ha) na n— 4 1.8 Hb) ._
10.5 | ng ----n 1% 16 - i
10.0 F : ! i 8: 14 L J23n=s €235y |
9.5 L _J_ﬁ 192 L J28ppmn €3y g |
1F 3 1 -
0 I 1 1 1 1 1 0.8 1 1 1 1 1
04
0.35 ]
0.3 i
025 | = |
0.15 ]
0.1 1 1 1 1 1
40 T T T T LN i
] i
20 © 1 0.998 .
0F Ssmamimrme == —4a50.996 -
—20 €1 0.994 i
5 . 0.992 - . o
_40 E 1 IE4 1 1 ] 0.99 1 II>4 1 1 1
0 005 01 015 02 0.25 0 005 01 015 02 0.25
t t
Tina Mathea et al., arXiv:1802.01323v2 -~ -
[m] = = = =
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e Goal: Reproduce the dynamics of the P7-symmetric BEC in the
two inner wells in a many-body description
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Summary

e Goal: Reproduce the dynamics of the P7-symmetric BEC in the
two inner wells in a many-body description

i —iy T

N\ e

(G J Py

1 €4
e Time dependence of tunnelling rates and energy offsets:

_ 7yRe(o2) _ Bifh — B8
F2(t) = Im(o12) alt) = o fi — Brag’

o 7Re(033) o (OéiQT - Oerz‘)
MO T T T R
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Summary

Summary

e Goal: Reproduce the dynamics of the P7-symmetric BEC in the
two inner wells in a many-body description

e Time dependence of tunnelling rates a‘nd energy oste?s:
v Re(o22) Biflr — BrfY;
Jio(t) = L2227 t) =2 T
12( ) Im(0'12) Y 61( ) Q’Tﬁz _ /BTO[Z 9
’yRe(O'gg) (OziQr — OzTQZ‘)
Jau(t) = ——227 )= T
34( ) Im(034) ) 64( ) arﬁi . /Brai

e Mixed initial states: perturbe the pure mean-field inital state,
fulfilling constraints
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Summary

Summary

v

e Goal: Reproduce the dynamics of the P7-symmetric BEC in the
two inner wells in a many-body description

e Time dependence of tunnelling rates a‘nd energy oste?s:
v Re(o22) Biflr — BrfY;
Jio(t) = L2227 t) =2 T
12(f) Im(o12) ’ (t) o Bi — Brag’
’yRe(O'gg) (OziQr — OzTQZ‘)
Jag(t) = =27 )= 1T
U e R

e Mixed initial states: perturbe the pure mean-field inital state,
fulfilling constraints

Behaviour of the PT-symmetric BEC in the two inner wells can be
described in the first order of the many-body description hierarchy

G. Wunner (ITP1) Mixed many-body particle states for P 7T~ PHHQP18, June 12, 2018 22 /29



2 —— T " PR
Bonus slides - S T s

g Dynamics of the second-order moments
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moments
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Many-body description
BBR approximation

ﬁBH = - Z Imm! Omm + = Z UmOGmmmm + Z €mOmm

(m,m’)
Elements of the density matrices :
(6m) = (Ylajaly)
(Gktmn) = (V]afadl,anlt)
k
Reduced current density:
Jkt = 21Im (o)
Current : .
Tkl = Jkiki

Correlations:
Cil — 2 Re (Uk:l)
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Differential equations of the BBR method

i—0ok =Jk—1k0k—1,0 + ot 1, kOk+1,0 — J11-10k1—1 — 11410k 141

— U (ot — ok1) + Ui (ki — ox1) — (e — €1) Ot
=Zi — (ex — €1) Okl

iaaklmn = k-1 k0k—1,0mn T Tkt 1,k0k+1,0mn — J11-10k1—1,mn

— JL+10k1+1,mn T Im—1,m0ktm—1,m + Im+1,mOkl,m+1,n
— Jnn—10kimmn—1 — Jnn+10kimn+1

— Uk (Okkttmn — Okimn) + Ui (Okittmn — Okimn)

— Un (Oktmmmn — Okimn) + Un (Ckimnnn — Tkimn)

- (fk — €+ €em— en) Oklmn
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ot

= (TN E )P i = () Gunn)

gll® — iy
Compare the dynamics, for example:
F99 = 2y099 — 2J23 Im (023) G99 = 2J12Im (012) — 2J23 Im (0723)
= Yields directly expressions for the tunneling rates:

Y Re(UQQ)
Im(olg)

1 7 Re(o33)

|
Ji2 = ; J34 = T (o)
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Pure initial state is represented by:
or = Y
= The determinant of the system of equations for ¢; und €4 vanishes:
a3 — Pra; =0
= There remains an equation of the form
Aey + Bey =C
= Additional degree of freedom F'(t), possible choice of solutions: :

—F(t) + 3,
€ =—"—""
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Pure initial state

For a many-particle state one has:

d;"l,b, Nges> =V Ngeswkhp: Nges - 1>

This implies initial values of the single-particle and two-particle density
matrices of a pure state:

Ol = <¢7Nges|&2dl|¢7Nges> = Ngeswzwb

Oklmn = <¢7 Nges|d2&l&;rndn|¢a Nges>
= (8, Ngesla], (@l + 01 ) a0, Noes)
= Nges (Nges - 1) ﬁwﬂﬂfn% + Nges5lmwzwn-
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