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Bound states in continuum 

Bound states in continuum (BICs) represent localized 
states with energy directly in the scattering continuum. 

!   BICs appear due to interference effects in quantum 
     mechanics 

!   Predicted in 1929 by von Neumann and Wigner 

J. von Neumann and E Wigner, Phys. Z. 30, 465 (1929). 

!   BICs can only appear in open quantum systems 
     (discrete levels and energy continuum) 
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context, this side-coupled waveguide is called the ‘‘auto-
ionizing’’ waveguide (AW). The waveguide structure
consists of a 1D chain of identical waveguides. The propa-
gation direction and the transverse direction are z and x,
respectively. The chain is coupled to the AW with strength
V. The part containing the waveguides 1 toN is a resonator
region. Here, the coupling coefficient between neighboring
waveguides is C. We consider the general situation when
the coupling strength Cb in the ‘‘background’’ region, i.e.,
the semi-infinite array section containing the waveguides
N þ 1; N þ 2; . . . , is different. As we demonstrate below,
the variation of the background coupling enables the selec-
tive manipulation of Fano modes and regular exponentially
localized modes.

We model the evolution of the optical mode amplitudes
along the propagation direction using a coupled-mode
approach with nearest-neighbor coupling [31],

i
@c j

@z
þ Cðc jþ1 þ c j#1Þ ¼ 0; 1 & j < N;

i
@c F

@z
þ Vðc Nþ1 þ c NÞ ¼ 0;

i
@c N

@z
þ Vc F þ Cðc N#1 þ c Nþ1Þ ¼ 0;

i
@c Nþ1

@z
þ Vc F þ Cc N þ Cbc Nþ2 ¼ 0;

i
@c j

@z
þ Cbðc jþ1 þ c j#1Þ ¼ 0; j > N þ 1;

(1)

where c j describes the optical mode amplitude in the jth
waveguide. We put c 0 ' 0 due to the array termination.
In this formulation, the spectrum is centered around the
propagation constant of an isolated waveguide.

The waveguide F is a defect to the 1D chain, and plane
waves incident on the triangle of waveguides exhibit a
transmission that is dependent on the value of their propa-
gation constant !. It is convenient to represent the field
inside the resonator region (n ¼ 1; . . . ; N) in terms of
incident and reflected waves as c n ¼ expði!zÞ½expðiðn#
NÞ"Þ þ R expð#iðn# NÞ"Þ) and in the background region
(n ¼ N þ 1; N þ 2; . . . ) the field will be the transmitted
wave c n¼expði!zÞTexp½iðn#N#1Þ"b), where the lin-
ear dispersion relations are !¼2Ccosð"Þ¼2Cbcosð"bÞ.
One finds from Eq. (1) with Cb ¼ C that the transmission
amplitude is

T ¼ 2i sinð"Þ½2 cosð"ÞC2 þ V2)CD#1 (2)

where D ¼ C3ei" # C2Cbe
#ið2"þ"bÞ þ 2CV2ei"b # ðC2 #

V2ÞCbe
#i"b þ CðC2 þ V2Þe#i". We see that the transmis-

sion vanishes at a certain nontrivial wave number value
"F ¼ cos#1ð#V2C#2=2Þ, which corresponds to a Fano
resonance [31,32]. At resonance, the reflection amplitude
can be simply expressed as Rð"FÞ ¼ # expði"FÞ. In order
to use the Fano resonance to trap light in the resonator
region, it is necessary to also satisfy the Fabry-Perot con-
dition for one round-trip of the plane wave between the
edge of the chain and the AW. This condition is obtained
by enforcing the field relations at the right boundary
(n ¼ 1), leading to expð#iN"FÞ þ R expðiN"FÞ ¼ 0, and
accordingly

ð2N þ 1Þ"F ¼ 2#m; (3)

where m is an integer. We see that the Fano and Fabry-
Perot resonance conditions are satisfied simultaneously
when V2¼#2C2cos½2#m=ð2Nþ1Þ). For the case of equal
coupling V ¼ C, we have "F ¼ 2#=3, and the combined
Fano and Fabry-Perot resonances occur for the number of
waveguides in the resonator region N ¼ ð3m# 1Þ=2 ¼
1; 4; 7; . . . , corresponding to m ¼ 1; 3; 5; . . . .
In the following, the case V ¼ C and N ¼ 4 is studied

numerically and experimentally. For the experimental
study, the waveguide array has to be finite, and we consider
an array with total J ¼ 49 waveguides (48 waveguides in
the 1D chain plus the AW). We first consider the case of a
homogeneous coupling in the waveguide arrayCb ¼ C and
numerically calculate the spectrum of eigenmodes from
Eq. (1) by a stationary field approach. The allowed spec-
trum of propagation constants is presented in Fig. 2(a). We
find extended eigenstates with eigenvalues! 2 ½#2C; 2C)
representing a quasicontinuum. Furthermore, as indicated
by arrows in the figure we identify two localized states,
which arise from the coupling of the AW with the 1D
chain. The state indicated by a red arrow is a defect state
residing inside the gap above the band of eigenvalues, and
it is thus exponentially localized (! ¼ 2:38C). The second
state, indicated by the blue arrow, occurs at the eigenvalue
corresponding to the Fano resonance, as it has a funda-
mentally different field structure with the zero amplitude in
the background; i.e., this state strictly exists only between
the edge and the AW. This property is referred to as
‘‘compactness.’’ Furthermore, the propagation constant of
this Fano-compact state (FCS) resides inside the allowed
propagation band. The Fano resonance does not break up
the band of eigenvalues of the unperturbed 1D chain,
which makes the FCS a bound state in the quasicontinuum
of the 1D chain. The vanishing of the electric field in
waveguides n ¼ 5; 6; 7; . . . does not allow any interaction
of the FCS with the residual lattice. Therefore, the state
is completely insensitive to the lattice structure in the
background. Hence, the FCS does not change if Cb or
the number of waveguides in the background is varied.

FIG. 1 (color online). Sketch of a semi-infinite waveguide
array, where a side-coupled waveguide is introduced to provide
the Fano resonance.
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Bound states in continuum: Waveguide array 

Although predicted in 1929, BICs are only very recently 
observed in optical waveguide array experiments. 

S. Weimann, et al, Phys. Rev. Lett. 111, 240403 (2013). 

BIC mode (spatially decoupled)



Bound states in continuum: Waveguide array 

Both bound states and 
BICs were observed: 

S. Weimann, et al, Phys. Rev. Lett. 111, 240403 (2013). 

context, this side-coupled waveguide is called the ‘‘auto-
ionizing’’ waveguide (AW). The waveguide structure
consists of a 1D chain of identical waveguides. The propa-
gation direction and the transverse direction are z and x,
respectively. The chain is coupled to the AW with strength
V. The part containing the waveguides 1 toN is a resonator
region. Here, the coupling coefficient between neighboring
waveguides is C. We consider the general situation when
the coupling strength Cb in the ‘‘background’’ region, i.e.,
the semi-infinite array section containing the waveguides
N þ 1; N þ 2; . . . , is different. As we demonstrate below,
the variation of the background coupling enables the selec-
tive manipulation of Fano modes and regular exponentially
localized modes.

We model the evolution of the optical mode amplitudes
along the propagation direction using a coupled-mode
approach with nearest-neighbor coupling [31],
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þ Cbðc jþ1 þ c j#1Þ ¼ 0; j > N þ 1;

(1)

where c j describes the optical mode amplitude in the jth
waveguide. We put c 0 ' 0 due to the array termination.
In this formulation, the spectrum is centered around the
propagation constant of an isolated waveguide.

The waveguide F is a defect to the 1D chain, and plane
waves incident on the triangle of waveguides exhibit a
transmission that is dependent on the value of their propa-
gation constant !. It is convenient to represent the field
inside the resonator region (n ¼ 1; . . . ; N) in terms of
incident and reflected waves as c n ¼ expði!zÞ½expðiðn#
NÞ"Þ þ R expð#iðn# NÞ"Þ) and in the background region
(n ¼ N þ 1; N þ 2; . . . ) the field will be the transmitted
wave c n¼expði!zÞTexp½iðn#N#1Þ"b), where the lin-
ear dispersion relations are !¼2Ccosð"Þ¼2Cbcosð"bÞ.
One finds from Eq. (1) with Cb ¼ C that the transmission
amplitude is

T ¼ 2i sinð"Þ½2 cosð"ÞC2 þ V2)CD#1 (2)

where D ¼ C3ei" # C2Cbe
#ið2"þ"bÞ þ 2CV2ei"b # ðC2 #

V2ÞCbe
#i"b þ CðC2 þ V2Þe#i". We see that the transmis-

sion vanishes at a certain nontrivial wave number value
"F ¼ cos#1ð#V2C#2=2Þ, which corresponds to a Fano
resonance [31,32]. At resonance, the reflection amplitude
can be simply expressed as Rð"FÞ ¼ # expði"FÞ. In order
to use the Fano resonance to trap light in the resonator
region, it is necessary to also satisfy the Fabry-Perot con-
dition for one round-trip of the plane wave between the
edge of the chain and the AW. This condition is obtained
by enforcing the field relations at the right boundary
(n ¼ 1), leading to expð#iN"FÞ þ R expðiN"FÞ ¼ 0, and
accordingly

ð2N þ 1Þ"F ¼ 2#m; (3)

where m is an integer. We see that the Fano and Fabry-
Perot resonance conditions are satisfied simultaneously
when V2¼#2C2cos½2#m=ð2Nþ1Þ). For the case of equal
coupling V ¼ C, we have "F ¼ 2#=3, and the combined
Fano and Fabry-Perot resonances occur for the number of
waveguides in the resonator region N ¼ ð3m# 1Þ=2 ¼
1; 4; 7; . . . , corresponding to m ¼ 1; 3; 5; . . . .
In the following, the case V ¼ C and N ¼ 4 is studied

numerically and experimentally. For the experimental
study, the waveguide array has to be finite, and we consider
an array with total J ¼ 49 waveguides (48 waveguides in
the 1D chain plus the AW). We first consider the case of a
homogeneous coupling in the waveguide arrayCb ¼ C and
numerically calculate the spectrum of eigenmodes from
Eq. (1) by a stationary field approach. The allowed spec-
trum of propagation constants is presented in Fig. 2(a). We
find extended eigenstates with eigenvalues! 2 ½#2C; 2C)
representing a quasicontinuum. Furthermore, as indicated
by arrows in the figure we identify two localized states,
which arise from the coupling of the AW with the 1D
chain. The state indicated by a red arrow is a defect state
residing inside the gap above the band of eigenvalues, and
it is thus exponentially localized (! ¼ 2:38C). The second
state, indicated by the blue arrow, occurs at the eigenvalue
corresponding to the Fano resonance, as it has a funda-
mentally different field structure with the zero amplitude in
the background; i.e., this state strictly exists only between
the edge and the AW. This property is referred to as
‘‘compactness.’’ Furthermore, the propagation constant of
this Fano-compact state (FCS) resides inside the allowed
propagation band. The Fano resonance does not break up
the band of eigenvalues of the unperturbed 1D chain,
which makes the FCS a bound state in the quasicontinuum
of the 1D chain. The vanishing of the electric field in
waveguides n ¼ 5; 6; 7; . . . does not allow any interaction
of the FCS with the residual lattice. Therefore, the state
is completely insensitive to the lattice structure in the
background. Hence, the FCS does not change if Cb or
the number of waveguides in the background is varied.

FIG. 1 (color online). Sketch of a semi-infinite waveguide
array, where a side-coupled waveguide is introduced to provide
the Fano resonance.
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Figure 2(b) demonstrates the change of the FCS (left) and
the defect state (right) with increasing Cb. By an increase
of Cb ! C the propagation band broadens until the expo-
nentially localized state is absorbed into the band, whereas
the FCS remains unchanged at ! ¼ #C. The critical ratio
of the coupling constants for which the exponentially
localized state ceases to exist is Ccr

b =C ’ 1:36.
A light beam coupled to the waveguide array will excite

a superposition of different modes. The amplitudes of
eigenstates will be proportional to the overlap of their
spatial profiles with the input field distribution. For a
single-waveguide excitation of the first site in the above
structure, the amount of intensity dedicated to the FCS is
25%. The defect state is only excited with a fraction of
0.37% of the input intensity when Cb ¼ C, and this
decreases further when Cb > C.

For our experiments, we fabricated several waveguiding
structures in fused silica using the femtosecond laser
direct-writing approach [33]. The samples are 10 cm
long, which is the maximum length feasible with our
current fabrication technology. The experimental investi-
gations now deal with two separate issues: first, observing
the Fano resonance in an array with homogeneous coupling
in the entire structure; second, proving the compactness of
the FCS by varying the coupling constant Cb in the back-
ground. In order to directly observe the light evolution
inside the structures we employ a fluorescence microscopy

technique [34]. Among the possible single-waveguide
excitations, the excitation of the first waveguide at the
edge of the structure has the largest overlap with the FCS
compared to the overlap with the defect state. In our
experiments, linearly polarized light oriented along the x
direction at " ¼ 633 nm is launched into this waveguide
using a fiber butt coupling. In a first set of experiments,
the spacing between neighboring waveguides of the chain
is fixed to 13 #m, such that Cb ¼ C. This results in a
coupling of about C ¼ 0:2 mm#1. Figure 3(a) shows the
microscope image of the front facet of the fabricated array.
Because of the strongly elliptical shape of the waveguides,
resulting from the fabrication process, the coupling
strength depends not only on the separation of the wave-
guides but also on their orientation with respect to the
coupling direction [35]. The vertical offset (h) of the AW
with respect to the chain was carefully tuned in the experi-
ment to match the condition V ¼ C. For " ¼ 633 nm,

equal coupling was achieved for h ¼ ð
ffiffiffi
3

p
d=2þ 2:6Þ #m.

The experiments show that the resonance already disap-
pears at h' 0:5 #m, indicating a high sensitivity to devi-
ations from the resonance condition C ¼ V. Changing the
wavelength " would also lead to V ! C. The experimental
data are shown in Fig. 3(b). When launching light into the
edge waveguide of the structure, several eigenstates of
the system are excited, including the FCS. Because of the
reflection at the defect caused by the AW, the light carried
by the extended eigenstates is transmitted gradually into

FIG. 2 (color online). (a) Eigenvalue spectrum of a structure
with 49 homogeneously coupled waveguides (Cb ¼ V ¼ C).
The amplitude profiles of the exponentially localized defect state
(upper row) and the FCS (lower row) are shown on the right.
(b) The profile of FCS (left) and defect state (right) as functions
of Cb. The limit where the exponentially localized state ceases to
exist is Ccr

b ¼ 1:36C. For Cb ! Ccr
b , the defect state is absorbed

in the quasicontinuum and, hence, spreads over the entire array.

FIG. 3 (color online). (a) Microscope image of the front facet
of the processed fused silica sample serving as the experimental
realization of the structure. (b) Corresponding fluorescence
microscopy measurement and the near-field image of the output
facet. (c) Computed intensity evolution for 20 cm of propaga-
tion. The fluorescence images are normalized to their respective
peak value.
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Both bound states and 
BICs were observed: 

S. Weimann, et al, Phys. Rev. Lett. 111, 240403 (2013). 

context, this side-coupled waveguide is called the ‘‘auto-
ionizing’’ waveguide (AW). The waveguide structure
consists of a 1D chain of identical waveguides. The propa-
gation direction and the transverse direction are z and x,
respectively. The chain is coupled to the AW with strength
V. The part containing the waveguides 1 toN is a resonator
region. Here, the coupling coefficient between neighboring
waveguides is C. We consider the general situation when
the coupling strength Cb in the ‘‘background’’ region, i.e.,
the semi-infinite array section containing the waveguides
N þ 1; N þ 2; . . . , is different. As we demonstrate below,
the variation of the background coupling enables the selec-
tive manipulation of Fano modes and regular exponentially
localized modes.

We model the evolution of the optical mode amplitudes
along the propagation direction using a coupled-mode
approach with nearest-neighbor coupling [31],
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@z
þ Cbðc jþ1 þ c j#1Þ ¼ 0; j > N þ 1;

(1)

where c j describes the optical mode amplitude in the jth
waveguide. We put c 0 ' 0 due to the array termination.
In this formulation, the spectrum is centered around the
propagation constant of an isolated waveguide.

The waveguide F is a defect to the 1D chain, and plane
waves incident on the triangle of waveguides exhibit a
transmission that is dependent on the value of their propa-
gation constant !. It is convenient to represent the field
inside the resonator region (n ¼ 1; . . . ; N) in terms of
incident and reflected waves as c n ¼ expði!zÞ½expðiðn#
NÞ"Þ þ R expð#iðn# NÞ"Þ) and in the background region
(n ¼ N þ 1; N þ 2; . . . ) the field will be the transmitted
wave c n¼expði!zÞTexp½iðn#N#1Þ"b), where the lin-
ear dispersion relations are !¼2Ccosð"Þ¼2Cbcosð"bÞ.
One finds from Eq. (1) with Cb ¼ C that the transmission
amplitude is

T ¼ 2i sinð"Þ½2 cosð"ÞC2 þ V2)CD#1 (2)

where D ¼ C3ei" # C2Cbe
#ið2"þ"bÞ þ 2CV2ei"b # ðC2 #

V2ÞCbe
#i"b þ CðC2 þ V2Þe#i". We see that the transmis-

sion vanishes at a certain nontrivial wave number value
"F ¼ cos#1ð#V2C#2=2Þ, which corresponds to a Fano
resonance [31,32]. At resonance, the reflection amplitude
can be simply expressed as Rð"FÞ ¼ # expði"FÞ. In order
to use the Fano resonance to trap light in the resonator
region, it is necessary to also satisfy the Fabry-Perot con-
dition for one round-trip of the plane wave between the
edge of the chain and the AW. This condition is obtained
by enforcing the field relations at the right boundary
(n ¼ 1), leading to expð#iN"FÞ þ R expðiN"FÞ ¼ 0, and
accordingly

ð2N þ 1Þ"F ¼ 2#m; (3)

where m is an integer. We see that the Fano and Fabry-
Perot resonance conditions are satisfied simultaneously
when V2¼#2C2cos½2#m=ð2Nþ1Þ). For the case of equal
coupling V ¼ C, we have "F ¼ 2#=3, and the combined
Fano and Fabry-Perot resonances occur for the number of
waveguides in the resonator region N ¼ ð3m# 1Þ=2 ¼
1; 4; 7; . . . , corresponding to m ¼ 1; 3; 5; . . . .
In the following, the case V ¼ C and N ¼ 4 is studied

numerically and experimentally. For the experimental
study, the waveguide array has to be finite, and we consider
an array with total J ¼ 49 waveguides (48 waveguides in
the 1D chain plus the AW). We first consider the case of a
homogeneous coupling in the waveguide arrayCb ¼ C and
numerically calculate the spectrum of eigenmodes from
Eq. (1) by a stationary field approach. The allowed spec-
trum of propagation constants is presented in Fig. 2(a). We
find extended eigenstates with eigenvalues! 2 ½#2C; 2C)
representing a quasicontinuum. Furthermore, as indicated
by arrows in the figure we identify two localized states,
which arise from the coupling of the AW with the 1D
chain. The state indicated by a red arrow is a defect state
residing inside the gap above the band of eigenvalues, and
it is thus exponentially localized (! ¼ 2:38C). The second
state, indicated by the blue arrow, occurs at the eigenvalue
corresponding to the Fano resonance, as it has a funda-
mentally different field structure with the zero amplitude in
the background; i.e., this state strictly exists only between
the edge and the AW. This property is referred to as
‘‘compactness.’’ Furthermore, the propagation constant of
this Fano-compact state (FCS) resides inside the allowed
propagation band. The Fano resonance does not break up
the band of eigenvalues of the unperturbed 1D chain,
which makes the FCS a bound state in the quasicontinuum
of the 1D chain. The vanishing of the electric field in
waveguides n ¼ 5; 6; 7; . . . does not allow any interaction
of the FCS with the residual lattice. Therefore, the state
is completely insensitive to the lattice structure in the
background. Hence, the FCS does not change if Cb or
the number of waveguides in the background is varied.

FIG. 1 (color online). Sketch of a semi-infinite waveguide
array, where a side-coupled waveguide is introduced to provide
the Fano resonance.
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Figure 2(b) demonstrates the change of the FCS (left) and
the defect state (right) with increasing Cb. By an increase
of Cb ! C the propagation band broadens until the expo-
nentially localized state is absorbed into the band, whereas
the FCS remains unchanged at ! ¼ #C. The critical ratio
of the coupling constants for which the exponentially
localized state ceases to exist is Ccr

b =C ’ 1:36.
A light beam coupled to the waveguide array will excite

a superposition of different modes. The amplitudes of
eigenstates will be proportional to the overlap of their
spatial profiles with the input field distribution. For a
single-waveguide excitation of the first site in the above
structure, the amount of intensity dedicated to the FCS is
25%. The defect state is only excited with a fraction of
0.37% of the input intensity when Cb ¼ C, and this
decreases further when Cb > C.

For our experiments, we fabricated several waveguiding
structures in fused silica using the femtosecond laser
direct-writing approach [33]. The samples are 10 cm
long, which is the maximum length feasible with our
current fabrication technology. The experimental investi-
gations now deal with two separate issues: first, observing
the Fano resonance in an array with homogeneous coupling
in the entire structure; second, proving the compactness of
the FCS by varying the coupling constant Cb in the back-
ground. In order to directly observe the light evolution
inside the structures we employ a fluorescence microscopy

technique [34]. Among the possible single-waveguide
excitations, the excitation of the first waveguide at the
edge of the structure has the largest overlap with the FCS
compared to the overlap with the defect state. In our
experiments, linearly polarized light oriented along the x
direction at " ¼ 633 nm is launched into this waveguide
using a fiber butt coupling. In a first set of experiments,
the spacing between neighboring waveguides of the chain
is fixed to 13 #m, such that Cb ¼ C. This results in a
coupling of about C ¼ 0:2 mm#1. Figure 3(a) shows the
microscope image of the front facet of the fabricated array.
Because of the strongly elliptical shape of the waveguides,
resulting from the fabrication process, the coupling
strength depends not only on the separation of the wave-
guides but also on their orientation with respect to the
coupling direction [35]. The vertical offset (h) of the AW
with respect to the chain was carefully tuned in the experi-
ment to match the condition V ¼ C. For " ¼ 633 nm,

equal coupling was achieved for h ¼ ð
ffiffiffi
3

p
d=2þ 2:6Þ #m.

The experiments show that the resonance already disap-
pears at h' 0:5 #m, indicating a high sensitivity to devi-
ations from the resonance condition C ¼ V. Changing the
wavelength " would also lead to V ! C. The experimental
data are shown in Fig. 3(b). When launching light into the
edge waveguide of the structure, several eigenstates of
the system are excited, including the FCS. Because of the
reflection at the defect caused by the AW, the light carried
by the extended eigenstates is transmitted gradually into

FIG. 2 (color online). (a) Eigenvalue spectrum of a structure
with 49 homogeneously coupled waveguides (Cb ¼ V ¼ C).
The amplitude profiles of the exponentially localized defect state
(upper row) and the FCS (lower row) are shown on the right.
(b) The profile of FCS (left) and defect state (right) as functions
of Cb. The limit where the exponentially localized state ceases to
exist is Ccr

b ¼ 1:36C. For Cb ! Ccr
b , the defect state is absorbed

in the quasicontinuum and, hence, spreads over the entire array.

FIG. 3 (color online). (a) Microscope image of the front facet
of the processed fused silica sample serving as the experimental
realization of the structure. (b) Corresponding fluorescence
microscopy measurement and the near-field image of the output
facet. (c) Computed intensity evolution for 20 cm of propaga-
tion. The fluorescence images are normalized to their respective
peak value.
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Both bound states and 
BICs were observed: 

S. Weimann, et al, Phys. Rev. Lett. 111, 240403 (2013). 

Figure 2(b) demonstrates the change of the FCS (left) and
the defect state (right) with increasing Cb. By an increase
of Cb ! C the propagation band broadens until the expo-
nentially localized state is absorbed into the band, whereas
the FCS remains unchanged at ! ¼ #C. The critical ratio
of the coupling constants for which the exponentially
localized state ceases to exist is Ccr

b =C ’ 1:36.
A light beam coupled to the waveguide array will excite

a superposition of different modes. The amplitudes of
eigenstates will be proportional to the overlap of their
spatial profiles with the input field distribution. For a
single-waveguide excitation of the first site in the above
structure, the amount of intensity dedicated to the FCS is
25%. The defect state is only excited with a fraction of
0.37% of the input intensity when Cb ¼ C, and this
decreases further when Cb > C.

For our experiments, we fabricated several waveguiding
structures in fused silica using the femtosecond laser
direct-writing approach [33]. The samples are 10 cm
long, which is the maximum length feasible with our
current fabrication technology. The experimental investi-
gations now deal with two separate issues: first, observing
the Fano resonance in an array with homogeneous coupling
in the entire structure; second, proving the compactness of
the FCS by varying the coupling constant Cb in the back-
ground. In order to directly observe the light evolution
inside the structures we employ a fluorescence microscopy

technique [34]. Among the possible single-waveguide
excitations, the excitation of the first waveguide at the
edge of the structure has the largest overlap with the FCS
compared to the overlap with the defect state. In our
experiments, linearly polarized light oriented along the x
direction at " ¼ 633 nm is launched into this waveguide
using a fiber butt coupling. In a first set of experiments,
the spacing between neighboring waveguides of the chain
is fixed to 13 #m, such that Cb ¼ C. This results in a
coupling of about C ¼ 0:2 mm#1. Figure 3(a) shows the
microscope image of the front facet of the fabricated array.
Because of the strongly elliptical shape of the waveguides,
resulting from the fabrication process, the coupling
strength depends not only on the separation of the wave-
guides but also on their orientation with respect to the
coupling direction [35]. The vertical offset (h) of the AW
with respect to the chain was carefully tuned in the experi-
ment to match the condition V ¼ C. For " ¼ 633 nm,

equal coupling was achieved for h ¼ ð
ffiffiffi
3

p
d=2þ 2:6Þ #m.

The experiments show that the resonance already disap-
pears at h' 0:5 #m, indicating a high sensitivity to devi-
ations from the resonance condition C ¼ V. Changing the
wavelength " would also lead to V ! C. The experimental
data are shown in Fig. 3(b). When launching light into the
edge waveguide of the structure, several eigenstates of
the system are excited, including the FCS. Because of the
reflection at the defect caused by the AW, the light carried
by the extended eigenstates is transmitted gradually into

FIG. 2 (color online). (a) Eigenvalue spectrum of a structure
with 49 homogeneously coupled waveguides (Cb ¼ V ¼ C).
The amplitude profiles of the exponentially localized defect state
(upper row) and the FCS (lower row) are shown on the right.
(b) The profile of FCS (left) and defect state (right) as functions
of Cb. The limit where the exponentially localized state ceases to
exist is Ccr

b ¼ 1:36C. For Cb ! Ccr
b , the defect state is absorbed

in the quasicontinuum and, hence, spreads over the entire array.

FIG. 3 (color online). (a) Microscope image of the front facet
of the processed fused silica sample serving as the experimental
realization of the structure. (b) Corresponding fluorescence
microscopy measurement and the near-field image of the output
facet. (c) Computed intensity evolution for 20 cm of propaga-
tion. The fluorescence images are normalized to their respective
peak value.
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Motivation for the present study 

We have seen BICs that occur due to interference and 
have been detected in optical systems. 

We propose to apply this recent progress on the BICs to 
make progress on another subtle effect: deviations from 
exponential decay in quantum and optical systems. 



Resonance condition and exponential decay 

Usually when the so-called resonance condition is 
satisfied, exponential decay is the dominant process 

€ 

P(t) = P
0
e−Γt

Examples: nuclear decay, atomic relaxation 

resonance eigenvalue: 
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E
R
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Resonance condition and exponential decay 

Usually when the so-called resonance condition is 
satisfied, exponential decay is the dominant process 

€ 

P(t) = P
0
e−Γt

Examples: nuclear decay, atomic relaxation 

resonance eigenvalue: 

€ 

E
R
− iΓ
2

continuum threshold introduces 
deviations from exponential decay 

However: 
L. A. Khalfin, Sov. Phys. 
-JETP, 6, 1053 (1958). 



Deviations from exponential decay (1/2) 

!   Deviations from exponential decay exist at least on 
     extremely short and extremely long time scales 

More detailed picture: deviations from exp. 
decay always exist in quantum mechanics 

1 

0 

P(t) 

t € 

P(t) = ψ
0
e−iHtψ

0

2

Survival Probability: 
~ 1 - t2 

~ 1/tα 

~ e-γt 

C. B. Chiu, B. Misra, and E. C. G. 
Sudarshan, Phys. Rev. D, 16, 520 (1977). 



Deviations from exponential decay (1/2) 

!   Deviations from exponential decay exist at least on 
     extremely short and extremely long time scales 

More detailed picture: deviations from exp. 
decay always exist in quantum mechanics 

1 

0 

P(t) 

t 

~ 1 - t2 

~ 1/tα 

~ e-γt 

Typical long-time  
power law: 

€ 

α = 3,      P(t) ~ 1
t 3

C. B. Chiu, B. Misra, and E. C. G. 
Sudarshan, Phys. Rev. D, 16, 520 (1977). 



Deviations from exponential decay (2/2) 
Deviations from exponential decay in 
quantum mechanics 

For example, the long time deviation usually does not 
appear until after many exponential lifetimes have 
passed. 

However, these deviations are typically extremely 
difficult to detect in experiment. 

C. Rothe, S. I. Hintschich, and A. P. Monkman, 
Phys. Rev. Lett. 96, 163601 (2006). 

One experimental
detection:



Motivation for the present study 

In this work, we propose a new approach to studying 
non-exponential decay in quantum and optical systems. 

Initial observation: exponential decay is suppressed at BIC 

(stable evolution)

Our proposal: consider the time evolution of a state that lies 
orthogonal to the BIC 

BIC state itself Hamiltonian eigenstate 

€ 

ψ
BIC

€ 

ψ
⊥
ψ
BIC

= 0



Model: semi-infinite optical waveguide array 

We use a slightly simplified variation of the geometry 
from the optical waveguide experiment: 

€ 

H = ε
d
d d − J n n +1 + n +1 n[ ]

n=1

∞

∑ − g d 2 + 2 d[ ]

€ 

−g

€ 

−J

€ 

ε
d

1 2 3 4 
∞ 



Semi-infinite waveguide array: continuum 

€ 

H = ε
d
d d − J n n +1 + n +1 n[ ]

n=−∞

∞

∑ − g d 2 + 2 d[ ]

€ 

n =
2
π

dk sinnk k
0

π

∫
Half-range Fourier transform 

€ 

H = ε
d
d d + E

k
k k dk

0

π

∫ + g V
k
d k + k d[ ]dk

0

π

∫

€ 

E
k

= −2J cosk € 

+2J
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−2J
€ 

V
k

=
2
π
sin2kcontinuum: 



Discrete Spectrum: Green’s function 

€ 

d 1
z −H

d =
1

z −ε
d
−Σ(z)

€ 

Σ(z) =  g2 dk
V
k
2

z − E
k

 =  zg
2

2
z2 − 2 − z z2 − 4( )0

π

∫

We can obtain the discrete spectrum from the poles of 
the impurity site Green’s function 

with the self-energy function  



Discrete Spectrum: 4th order equation 

€ 

z −ε
d

=
zg2

2
z2 − 2 − z z2 − 4( )

We obtain the (4th order) discrete dispersion equation 

In the range of typical physical values 
we find: 

€ 

ε
d
∈ −2, 2( );  g ~ 1

(2) solutions: bound states/virtual states 
real eigenvalue

(2) solutions: resonance/anti-resonance pair 
complex eigenvalues

€ 

z = E
R

± iΓ



Discrete Spectrum: 4th order equation 

€ 

z −ε
d

=
zg2

2
z2 − 2 − z z2 − 4( )

We obtain the (4th order) discrete dispersion equation 

If we choose            it is easy to see that a solution appears 
at         , which is the BIC. 

€ 

ε
d

= 0

€ 

z = 0

resonance solution: 

€ 

E
R
− iΓ →  E

BIC
= 0
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ε
d
→  0as 
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ψ
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1
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d − g1( )
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Discrete Spectrum for εd = 0 

Let us focus on the spectrum in the case           as the 
coupling g varies  
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exponential dynamicspure non-exponential decay
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Survival probability for BIC-orthogonal state 

The BIC eigenstate is given by  

€ 

ψ
⊥

=
1
1+ g2

g d + 1( )

€ 

ψ
BIC

=
1
1+ g2

d − g1( )

We will study the time evolution of the simplest BIC- 
orthogonal state, given by 

€ 

A
⊥
(t) = ψ

⊥
e−iHt ψ

⊥

survival probability: 
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P
⊥
(t) = A

⊥
(t)

2



Time evolution due to bound states 

For g > 1 case we find 

€ 

A
⊥
(t) =

g2 −1
g2

cos z
±
t( ) + A

br
(t)
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Time evolution: branch cut integral 
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A
br
(t) =

1+ g2

4πig2
e− izt z2 − 4

z − z
+( ) z − z−( )CE

∫

For g ≤ 1 the non-exponential dynamics from the branch 
cut will dominate the evolution. 
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Time evolution: branch cut integral 

We can deform the contour and apply an integration 
variable transform to obtain 
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A
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P
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(t) ≈ (1+ g2)2 cos2(2t − 3π /4)
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Time evolution: branch cut integral 

Two key time zones: 
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Time evolution: phase shift between time zones 

For g = 0.9, we see transition 
from near zone to far zone: 
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Time evolution at the delocalization transition 

For g = 1, the near zone 
dynamics drive the evolution: 
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Experimental picture: two considerations 

To bring our analysis closer to real experiment, we 
consider the following issues: 

(1)  BIC detuning: 

Exact BIC resonance with narrow width 
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Experimental picture: two considerations 

To bring our analysis closer to real experiment, we 
consider the following issues: 

(1)  BIC detuning: 

Exact BIC resonance with narrow width 

€ 

ψ
⊥(2) it may be difficult to measure output state 

€ 

P
1d
(t) = d e− iHt ψ

⊥

2
+ 1e−iHt ψ

⊥

2

In fact, we will find it convenient to study 

as 
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P
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(t) = P

⊥
(t) for 

€ 

ε
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= 0
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Resonance imprint from BIC detuning 

As we detune the system from the BIC, we expect the 
resonance will begin to impact the dynamics.  

€ 

E
BIC

€ 

E
R
− iΓ

€ 

=
ε
d

1+ g2
− i

g2ε
d
2

1+ g2( )3

We estimate this impact from the resonance pole: 

€ 

P
⊥,res
(t) ≈

g4ε
d
4

1+ g2( )8
e−Γt

Lowest and next-lowest orders have canceled!  Hence, 
our method is remarkably robust against detuning. 



Measuring output quantity P1d(t) 

We find that P1d (t) is essentially the same as        for 
much of the evolution. 

The one significant difference is the resonance effect 
is suppressed only to lowest order: 
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P
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2
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Impact of small detuning 

For small detuning, the difference between the two 
quantities does not appear until late times: 
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For larger detuning, the difference between the two 
appears only in the (short-lived) exponential regime: 
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Impact of modest detuning 

For larger detuning, the difference between the two 
appears only in the (short-lived) exponential regime: 
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g = 0.9

         exhibits interesting 
pre-exponential inverse 
power law decay 
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P
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the two quantities 
agree again in the 
t-3 FZ regime 



Conclusion (1/2) 

We have shown that populating a BIC-orthogonal state 
provides an interesting opportunity to study deviations 
from exponential decay. 

In the case there are no other bound states or resonance 
states present, we obtain fully non-Markovian dynamics. 

"  Near zone (1/t) to far zone (1/t3) transition associated 
    with virtual bound state energy gap 

"  BIC in the middle of the band: coherent oscillations 
    appear [π/2 phase shift between the two zones] 

"  Including chain sites in initial state induces 
    decoherence 



Conclusion (2/2) 

Our method is remarkably robust against BIC detuning: 

We introduced a new measurement quantity for which 
the resonance influenced is somewhat less suppressed: 
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P
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g4ε
d
4

1+ g2( )8
e−Γt
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P
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2
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2
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P
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g2ε

d
2

1+ g2( )4
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Recalling our initial motivation is to observe deviations 
from exponential decay, maybe P1d(t) is more interesting. 


