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• Quasi-Hermitian (QH) vs. Strictly Quasi-Hermitian (SQH) Matrices
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STRICTLY QUASI-HERMITIAN MATRICES

H†M = MH

M

M,H N ⇥N matrices

hermitian positive metric

Hthe complex matrix 

is strictly quasi-hermitian with respect to the metric M

if it fulfills the intertwining relation 

(              reduces to ordinary hermiticity)M = 1
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The intertwining relation H†M = MH

simply means that H is hermitian with respect to the metric M

hu1|u2iM = hu1|Mu2i

hu1|Hu2iM = hHu1|u2iM

Inner product with respect to metric M

hermiticity with respect to this inner product 

hu1|MHu2i = hHu1|Mu2i = hu1|H† Mu2i

that is 
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the general solution of the intertwining relation  H†M = MH is

H = AM , A† = A

Thus,  given      , there are       independent (strictly) quasi-hermitian 
matrices with respect to  

M N2

M

h =
p

MA
p

M

h =
p

MH
1p
M

The spectrum of      is real, since it is similar to the hermitian matrix H

(see e.g., Y.N. Joglekar and W.A. Karr, PRE83(2011)031122  )            
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Numerical investigation of level spacing statistics in SQH-RM 
models was carried in 

Y.N. Joglekar and W.A. Karr, PRE83(2011)031122

T. Deguchi, P.K. Gosh & K. Kudo, PRE80(2009)026213

S. Kumar and A. Ahmed, PRE96(2017)022157

I should also mention in this context the recent paper 
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then the  intertwining relation H†M = MH

QUASI-HERMITIAN MATRICES

relax positivity of        , but keep it invertibleM

thus,        is allowed to have either positive or negative eigenvalues, but not zeros   M

defines      merely as a quasi-hermitian matrix.H
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imply that the  characteristic polynomial P (z) = det (z �H)

Quasi-Hermitian (QH) matrices, as opposed to Strictly-Quasi-Hermitian 
(SQH) matrices, may have pairs of complex-conjugate eigenvalues 

H = AM , A† = A

remains the general solution of the intertwining relation

h =
p

MA
p

M

however,         is no longer hermitian, and therefore 
p

M

can possibly be non-hermitian as well

Mthe intertwining relation and invertibility  of 

has real coefficients, namely, P ⇤(z) = P (z⇤)
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A SIMPLE PHYSICAL EXAMPLE OF SQH MATRICES

a mechanical system of s-degrees of freedom executing small 
oscillations about a stable equilibrium state

Mx

·· + Kx = 0

M,K strictly positive hermitian sxs matrices

M mass matrix K matrix of spring constants

M = a(q0) Kij =
@2U

@qi@qj |q0

Hessian at minimum

L =
1
2
q·T a(q)q· � U(q) q0 equilibrium point

x = q� q0strictly  positive definite matrix
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Harmonic eigenmodes

�
�!2M + K

�
A = 0

x = Aei!t

amplitude vector

Eigenfrequencies are roots of the characteristic polynomial

Ps

�
!2

�
= det

�
�!2M + K

�

small oscillations about a stable minimum, so all frequencies must be real, 
and therefore all roots      of the polynomial must be positive, which is the 

case, since in a given mode,  
!2

!2 =
A†KA
A†MA

is the ratio of two positive numbers

eigenmode equation
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another way to establish positivity of eigenfrequencies:  
rewrite the eigenmode equation as 

1p
M

K
1p
M

⇣p
MA

⌘
= !2

⇣p
MA

⌘

p
M the all-positive root (among the      roots of      ) 2s M

thus hÃ = !2Ã

h =
1p
M

K
1p
M Ã =

p
MA,

the matrix h is hermitian and strictly positive

it is of course hermitian 
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1
M

KA = !2Ayet another way to write the eigenmode equation:

that is, HA = !2A where

H =
1
M

K H† = K
1
M

and

clearly, H† 6= H however, 

H†M = MH (= K) intertwining relation

H is an example of a (strictly) quasi-hermitian matrix, with respect to a metric M

or, equivalently, H† = MH
1
M

H and H† are similar;

and it is similar to a (positive) hermitian matrix: H =
1p
M

h
p

M

hence its spectrum is real (and positive)
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SQH Random Matrix Theory

For very large mechanical systems, with high connectivity (all 
mechanical d.o.f.‘s are coupled to each other), this problem 

naturally lends itself to analysis in terms of random matrices. 

Draw the matrices      and      from sensible uncorrelated 
probability distributions of positive definite matrices, and 

compute the resulting eigenvalue statistics of  

M K

H =
1
M

K

Free probability theory offers a natural approach to 
this mathematical problem (S-transforms)

(J. Feinberg - to appear)
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Indefinite Metric
Physical and Mathematical Motivation

A more likely physical situation is that some 
of the mechanical springs become unstable. 

That is, the Hessian     develops some 
negative modes.  

K

We can think of     as the metric, writing the spectral problem as K MA =
1
!2

KA

Imagine the matrix       in our mechanical example 
acquires some negative eigenvalues. In other words, 
the (real symmetric) metric      becomes indefinite. 
Some of the eigenvalues       will be negative, with 

purely imaginary frequencies. 

M

M

!2

1.
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2. Pesudo-anti-hermiticity of the infinitesimal generators of the 
classical non-compact groups

M = diag(+1,+1, . . . ,+1,�1,�1, . . . ,�1)indefinite metric

mn

O(n, m)orthogonal groups

infinitesimal generators g = 1 + ✏

gT Mg = Mg 2 O(n, m)

✏T M + M✏ = 0intertwining relation ✏ = AM , AT = �A!

U(n, m)

{
unitary groups

infinitesimal generators g = 1 + ✏

intertwining relation

g 2 U(n, m) g†Mg = M

✏†M + M✏ = 0 ! ✏ = AM A† = �A

Quasi/Pseudo-Hermitian RMT: draw a generator at random. What 
will be the distribution of eigenvalues in the complex plane?
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3. Studying the PT-symmetry breaking transition in a 
quantum system, defined in a finite dimensional Hilbert 
space. As some parameters in the model vary, the metric 
develops negative eigenvalues. Similarly - studying the 

phase of broken PT-symmetry (gain-loss balance) in optics
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Quasi-Hermitian Random Matrix Theory: the Case 
of Fixed Deterministic Metric

'N ⇥N random matrix
fixed deterministic metric B , B† = B

intertwining relation '†B = B'

general solution of this relation: ' = AB , A† = A

draw     from a probability ensemble invariant under 
unitary rotations, e.g.,                                

A
P (A) =

1

Z exp(�NtrV (A))

For simplicity, it is enough to consider the GUE ensemble

P (A) =

1

Z exp(�Nm2

2

trA2
)

(J. Feinberg & R. Reiser - to appear)
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' B
Goal: calculate the average eigenvalue density of the 

QH random matrix   , given the fixed metric        (in the 
large-N limit)  

With no loss of generality, we can take the metric      to be 
diagonal, since its unitary diagonalizing matrix can be always 

absorbed into a unitary rotation of     without changing the 
statistics, due to unitary-rotational invariance of the GUE.

B

A

The latter can be obtained from the resolvent of  ' = AB

G(w) = h 1
N

Tr
1

w � AB
i

averaged over the GUE ensemble of     A

Thursday, June 7, 18



The matrix               is typically non-hermitian. ' = AB

Its eigenvalues are complex, and in the large-N limit, they may 
occupy a two-dimensional domain in the complex plane. 

Therefore, the resolvent (a.k.a. Green’s function) 

G(w) = h 1
N

Tr
1

w � AB
i

is NOT an analytic function of the complex variable w

P (') =

1

Z exp(�Ntr'†')

For example, if the              complex matrix     is drawn from 
Ginibre’s ensemble 

'N ⇥N

Difficulties in spectral analysis of non-hermitian 
matrices & the Method of Hermitization (an interlude)
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then it’s resolvent is (in the large-N limit) 

G(w, w⇤) = h 1
N

Tr
1

w � '
i =

8
<

:

w⇤ , |w|  1

1
w , |w| > 1

which is manifestly a non-holomorphic function of w

One can infer from this Green’s function that the eigenvalues 
of       uniformly occupy the unit disk in the complex     plane.  w'

interpretation in terms of 2d electrostatics 
G(w, w⇤) is the electrostatic field 
generated by the “charge” (eigenvalue) density 

⇢(w, w⇤) =
1
⇡

@

@w⇤G(w, w⇤) (Gauss Law)

G(w, w⇤) is non-holomorphic precisely where the eigenvalues condense
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The Method of Hermitization

J. Chalker and J. Wang (1997)

J.F. and A. Zee (1997)

and also, independently: 

K. Efetov (1997)

M. Nowak et al (1997)

offers a way to overcome these difficulties, by reducing the 
problem of determining the spectrum of a nonhermitian 

matrix, to that of determining the spectrum of a hermitian one:

H =

0

@
0 '

'† 0

1

A

This non-analyticity of the Green’s function poses serious difficulties to analyzing spectra of  
non-hermitian matrices, because most methods in our toolbox are tailored for analyzing hermitian 

matrices, whose eigenvalues are restricted to the real axis, rendering  their resolvents 
analytic functions in the complex plane, off the real axis. 
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More precisely, one computes the doubled                 resolvent  2N ⇥ 2N

where 

is the bare inverse propagator
(where each             block is proportional to the unit matrix),N ⇥N

by expanding it in inverse powers of the complex variable ⌘

Ĝ�1
0 =

0

@
⌘ w

w⇤ ⌘

1

A

Ĝ(⌘, w,w⇤) = h 1
Ĝ�1

0 � H
i
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The resulting series converges to a unique analytic function of ⌘

(in the complex      plane, cut appropriately along the real axis)  ⌘

At the end of computation we set ⌘ = 0

and thus obtain 

Ĝ(0, w, w⇤) =
D

0

@
0 1

(w�')†

1
w�' 0

1

A
E

The desired Green’s function 

G(w, w⇤) = h 1
N

Tr
1

w � '
i

is obtained by tracing the lower left block of Ĝ(0, w, w⇤)
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Each diagram is weighted by an inverse power of N,       , where

Ĝ(⌘, w,w⇤) ⌘Each term in the expansion of                     in inverse powers of      
has a diagrammatic representation in terms of certain Feynman 
diagrams, in which propagators of matrices are represented by 
oriented double lines, since a matrix carries two indices (G. ‘t 

Hooft 1974) 

is the Euler character of the graph 

N�

� = #vertices�#edges (propagators) + #faces (index loops)

= 2(1�G)�#boundaries (holes)

Thus the perturbative diagrammatic expansion is 
organized according to topology of the diagrams. 

a few words on the diagrammatic expansion
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Borrowing terminology of particle physics, we may think of the 
Green’s function 

as the propagator of a “quark”    (fundamental representation - 
a single index)  in the color field of “gluons” 

Ĝij = hqiq̄ji = h
✓

1
w � '

◆

ij

i

qi

'ij

So that G(w, w⇤) =
1
N

Ĝii = h 1
N

Tr
1

w � '
i

closes an unpaired index loop

Thus, the leading diagrams are planar (          ) with a 
single boundary (a quark loop at the perimeter         )

G = 0
b = 1

so that the leading large-N behavior of  G(w, w⇤) =
1
N

Ĝii

1
N

N� = N�1+2�1 = N0is
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In this work we restrict ourselves to the leading contribution in 
the      expansion. That is, planar diagrams (with a single quark 

loop at the exterior perimeter). 
1
N
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Non-Hermitian RMT: planar diagrams and the ‘single-ring’ theorem 10039

Figure 3. An example of a simply connected checkerboard surface which contains, in addition
to quark–gluon vertices, only quartic gluon self-interaction vertices. There is a single quark loop
which forms the edge. This diagram has 16 quark–gluon vertices plus 16 gluon quartic vertices
(V = 32), 25 index loops (faces, F = 25), and 40 gluon propagators and 16 quark propagators
(edges, E = 56). As explained below (see (32)), this diagram scales like N.

(This figure is in colour only in the electronic version)

Note that when a closed index loop occurs in a diagram, its index should be summed over.
Therefore, we should assign a factor N to each index loop.

We would like now to study the 1
N

behaviour of these double-line diagrams, and show
that it is determined by their topological properties [20]. (An excellent discussion of this issue
is given in [21], which I shall now follow with the appropriate modifications.) Let us start, for
simplicity, with connected ‘vacuum to vacuum’ diagrams, i.e., connected double-line diagrams
without external legs. (Such diagrams arise, for example, in the perturbative computation of
the normalization factor Z in (20). Their sum is essentially log Z. The expansion (27) of
the quark propagator is of course not the sum of vacuum diagrams.) Since there are no
external legs, each index line in the diagram has to be a closed oriented loop. Obviously,
there are two types of such loops—loops made of a full line and loops made of a dashed
line. Let us attach a little surface—a polygon—to each of these index loops. Since there
are two kinds of loops, there are two kinds of such polygons. Thus, we can think of the
double-line diagram in question as a tiled, triangulated (or more precisely polygonated) big
two-dimensional surface, where any pair of edges of two different polygons, which share a
gluonic double-line propagator, are identified. Since these two edges always run in opposite
directions (recall figure 1(a)), the orientations of all polygons are the same, and the surface
thus constructed is orientable7. Moreover, since the two lines which make a gluon propagator
are of different types, and since index lines flow unobstructed through the vertices, any two
neighbouring polygons which share a gluonic edge must be of different types. In other words,
our surface has a checkerboard structure8. This surface may have edges, formed by quark
lines. Also, it will generally be multiply connected, i.e., contain ‘handles’ and internal holes.
An example of such a (simply connected) surface appears in figure 3.

7 This is all due to the fact that all lines here are directed. For real asymmetric matrices, we would obtain unoriented
lines and therefore unoriented surfaces [22], e.g., a Klein bottle.
8 Such checkerboard surfaces appear in certain models of two-dimensional quantum gravity; see, e.g., [19].
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A. Zee/Nuclear Physics B 474 [FS] (1996) 726-744 

1 
z 

(a) 

729 

j ~ t N ~ J 

(b) 

w f 

_g 

(c) (d) 
Fig. 1. Feynman rules: (a) quark propagator, (b) gluon propagator, (c) quark gluon vertex, (d) gluon 
interaction illustrated here with a g~p4 vertex. 

÷ 

+ + . . . . .  

Fig. 2. Quark propagator and one-particle irreducible self-energy. 

G(z = lim f DOtDOD~oP(~o)O~lq_ exp - ~ O~(z . (8) 
n---*0 c~=l 

Note that in this language the ~p's represent the quark fields and q~ the gluon fields. 
The interaction between gluon and quarks are given by ~p~p~b,~. (Color indices are 
suppressed here.) The interaction of  the gluons with each other is determined by P(~p). 
Since internal quark loops are proportional to the number of  replicas n, they vanish in 
the n --~ 0 limit. 

Let us then calculate the Green's function, which as usual can be written as (see 
Fig. 2) 

A. Zee, NPB474(1996)726-744
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Hermitization is essential to carrying the 
diagrammatic expansion of the Green’s function!

e.g., in Ginibre’s case, h 1
N

Tr'ni = �n,0

due to rotational invariance 

Thus, resumming all moments (which is equivalent to carrying 
out the diagramatic expansion) will result in  

G(w) =
1
w

which is just the holographic branch of          , outside the 
condensate of eigenvalues in the unit disk. 

G(w)
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Quasi-Hermitian Random Matrix Theory: 
the Case of Fixed Deterministic Metric (continued)

our aim is to compute G(w) = h 1
N

Tr
1

w � AB
i

which is quadratic in the matrices.  
It is obviously desirable to linearize the problem, i.e., to avoid 
the product of matrices        . This will render averaging over     

easier. 
AB

This can be achieved by the following trick, due to Burda et al.
(Z. Burda, R.A. Janik & M.A. Nowak, Phys. Rev. E84(2011)061125)

H =

0

@
0 A

B 0

1

Aconsider

A
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This trick actually has physical meaning. Recall our earlier 
mechanical problem. If we assign 

then 

A = M�1 and B = �K

H = L =

0

@
0 M�1

�K 0

1

A

is the Liouvillian of the system:

✓
ẋ

ṗ

◆
= L

✓
x

p

◆
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it’s resolvent is

thus, the desired Green’s function is obtained from the upper 
left block of this resolvent (after dividing by     and 

substituting              ) 
z

w = z2

1
z �H

=

0

@
z �A

�B z

1

A
�1

=

0

@
z

z2�AB
1

z2�AB A

1
z2�BAB z

z2�BA

1

A

0

@
z �A

�B z

1

AAlas, we are not done yet, since 

is not hermitian! We have to carry out the 
hermitization procedure. 
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We end up with this                    resolvent 4N ⇥ 4N

Ĝ =

2

4

0

@
⌘ z

z⇤ ⌘

1

A�

0

@
0 H

H† 0

1

A

3

5
�1

=

0

BBBBBBBB@

⌘ 0 z �A

0 ⌘ �B z

z⇤ �B ⌘ 0

�A z⇤ 0 ⌘

1

CCCCCCCCA

�1

2N ⇥ 2N

N ⇥N

blocks

blocks

Thursday, June 7, 18



The procedure from now on is to expand the resolvent Ĝ

Ĝ0 =

0

BBBBBBBB@

⌘ 0 z 0

0 ⌘ �B z

z⇤ �B ⌘ 0

0 z⇤ 0 ⌘

1

CCCCCCCCA

�1

in powers of the bare propagator

which includes the deterministic matrix       (the 
metric), and average over the random GUE matrix

B
A
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A. Zee/Nuclear Physics B 474 [FS] (1996) 726-744 

1 
z 

(a) 

729 

j ~ t N ~ J 

(b) 

w f 

_g 

(c) (d) 
Fig. 1. Feynman rules: (a) quark propagator, (b) gluon propagator, (c) quark gluon vertex, (d) gluon 
interaction illustrated here with a g~p4 vertex. 

÷ 

+ + . . . . .  

Fig. 2. Quark propagator and one-particle irreducible self-energy. 

G(z = lim f DOtDOD~oP(~o)O~lq_ exp - ~ O~(z . (8) 
n---*0 c~=l 

Note that in this language the ~p's represent the quark fields and q~ the gluon fields. 
The interaction between gluon and quarks are given by ~p~p~b,~. (Color indices are 
suppressed here.) The interaction of  the gluons with each other is determined by P(~p). 
Since internal quark loops are proportional to the number of  replicas n, they vanish in 
the n --~ 0 limit. 

Let us then calculate the Green's function, which as usual can be written as (see 
Fig. 2) 

we then rearrange the perturbative expansion (the Born 
series) in terms of the self energy ⌃̂

hĜi =
1

Ĝ�1
0 � ⌃̂

=
1X

n=0

⇣
Ĝ0⌃̂

⌘n
Ĝ0

where        is the sum over all 1-quark irreducible diagrams⌃̂

and may be obtained in terms of the connected cumulants of 
the distribution of       and the full propagator A hĜi
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Non-Hermitian RMT: planar diagrams and the ‘single-ring’ theorem 10043

i g j

Γ2

Figure 7. Contribution of the quadratic cumulant !2 to self-energy.

makes sense, since any of the diagrams contributing to !2k can be thought of as a planar,
connected pure glue vacuum diagram (and thus of order N2), cut open at k places along
its peripheral gluon propagators11 in such a way that it remains connected (i.e., there must
be at least one gluon self-interaction vertex between consecutive cutting points), and then
amputating the gluon legs thus formed. A moment’s reflection reveals that this operation
removes k + 1 index loops (i.e., k internal index loops as well as the outer perimeter loop) and
also k gluon propagators. Thus, it costs a factor of 1

N
, reducing the N-power counting of the

diagram from 2 to 1.
Diagrammatically speaking, the !2k may be thought of as a proper vertex of k φ’s and

φ†’s, i.e., upon embedding it in a planar diagram it appears as a ‘blob’ out of which emanate
k φ’s and φ†’s in an alternate manner and without crossings, and which cannot be separated
into two smaller blobs, with k1 φ’s and φ†’s in one blob and k2 φ’s and φ†’s in the other (with
k1 + k2 = k of course).

The way N# is determined by the cumulants !2k can be deduced by working out a few
simple cases. For example, the contribution of !2 is shown in figure 7.

Counting powers of N in figure 7 is as follows: !2 is of order N. The 1
N

factors associated
with the two gluon propagators poking out of the dark gluon blob representing !2 are cancelled
against the factors of N in the quark–gluon vertices. The horizontal line at the bottom is the
dressed planar quark propagator, i.e., the sum of all planar diagrams contributing to 1

N
Gµν ,

and is of order 1
N

. It is connected to the internal index line which emanates from the quark–
quark–gluon vertex on the left and flows through the gluon dark blob. On the way, that line
participates in several gluon propagators and flows unobstructed through a number of gluon
self-interaction vertices in any of the planar pure glue diagrams which make the blob, without
crossing any other index line, all the way to the quark–quark–gluon vertex on the right. Thus,
it preserves its colour index, which must be summed over. Thus, the dressed quark propagator
is traced over and produces a factor G(η; r) of order N0, as defined in (38). The overall
contribution of figure 7 to self-energy is therefore !2G which is of order N. Evidently, the
diagram shown in figure 5(a) is the leading contribution to this quantity. It will be instructive
to analyse the contribution of !4, the next cumulant, as well. Its contribution to self-energy is
shown in figure 8.

Counting power of N in figure 8 is as follows: !4 is of order N. The 1
N

factors associated
with the four gluon propagators poking out of the dark gluon blob are cancelled against the
factors of N in the quark–gluon vertices. Each one of the three dressed quark propagators at
the bottom is connected to an internal index loop which flows through the gluon dark blob.

11 These cuts must be made along peripheral gluon propagators since the gluon diagram in question must be connected,
without crossings, to other parts of a bigger planar diagram.

Since the random matrix        is Gaussian, there is only 
one connected cumulant, and in the large-N limit (that 

is, summing only over planar diagrams) we arrive at this 
expression for the self-energy:

A

1
Nm2
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We end up with 

⌃̂ =
1

m2

0

BBBBBBBB@

4̄4 0 0 4̄1

0 0 0 0

0 0 0 0

1̄4 0 0 1̄1

1

CCCCCCCCA

↵̄� =
1
N

hTr Ĝ↵�i , ↵, � := 1, 2, 3, 4where 
The sparse texture of       arises because the random matrix     

appears only in the 14 and 41 blocks of the                  hermitized 
hamiltonian.

⌃̂
4N ⇥ 4N
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It is now safe to set           ⌘ = is! 0

and determine the blocks ↵̄� =
1
N

hTr Ĝ↵�i
self-consistently from the Schwinger-Dyson equation  

hĜi =
1

Ĝ�1
0 � ⌃̂

In this way we obtain four self-consistent “gap equations” 
which determine the four blocks                               uniquely  1̄1 , 1̄4 = 4̄1⇤ , 4̄4

All the other blocks of          are determined in terms of these 
four quantities. In particular,  the object of our interest, 

namely, the resolvent of         is given by 

hĜi

AB

h 1
N

Tr Ĝ31i = h 1
N

Tr
z

z2 � AB
i =

m2z

N
Tr

B�1
�
1̄4 � m2w⇤B�1

�

1̄1 · 4̄4 � (4̄1 � m2wB�1) (1̄4 � m2w⇤B�1) w = z2
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h 1
N

Tr
1

w � AB
i =

m2

N
Tr

B�1
�
1̄4 � m2w⇤B�1

�

1̄1 · 4̄4 � (4̄1 � m2wB�1) (1̄4 � m2w⇤B�1)

General Properties of the Solution
    Either both               vanish,  or both are different from zero 1̄1 , 4̄4

If                       , then         is a holomorphic function of 1̄1 = 4̄4 = 0 4̄1 w
The Holomorphic Solution

in which case it follows that 
h 1
N

Tr
1

w � AB
i = �m2

N
Tr

B�1

4̄1 � m2wB�1

is also a holomorphic function of    . It therefore accounts for 
eigenvalues coalescing only on the real axis, i.e, for the real part 

of the spectrum of          .  
           

w

AB
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The Non-Holomorphic Solution
This solution arises only when 1̄1 · 4̄4 6= 0

In this case, all quantities are non-holomorphic functions of w

In particular,                      is non-holomorphic, and therefore 
accounts for the eigenvalues of        which coalesced in the 

complex plane, off the real axis.  
AB

h 1
N

Tr
1

w � AB
i

The boundary of the two-dimensional domain in the complex 
plane, occupied by these eigenvalues is obtained from the self-

consistent gap equations by tuning 1̄1 · 4̄4! 0
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The Case of Positive-Definite Metric       B

It can be proved that for any positive-definite    , only the 
holomorphic solution exists. Thus, as expected, all eigenvalues 

reside on the real axis.  Our solution provides the average 
Green’s function, and therefore, the average eigenvalue density 

of a positive matrix multiplied by a non-positive hermitian 
matrix. This goes beyond what free probability theory can give, 

since the S-transform formalism of free probability theory is 
designed only for positive-definite matrices.  

B
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Example: the case of indefinite metric
B = diag(1, 1, . . . , 1,�1,�1, . . .� 1)

k N � k

This means that on average, there are always real eigenvalues along with complex ones. 

Analytical Results
We consider values of     which are a finite fraction      k � =

k

N
, 0  �  1

Nof
the holomorphic and non-holomorphic solutions co-exist. For 0 < � < 1

The complex eigenvalues occupy two compact blobs, which are symmetric with respect 
to the real axis. 

The average density of eigenvalues in these blobs is uniform, and drops sharply to zero 
at the boundary. 

This density      is independent of ⇢ �
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The boundary of these blobs is determined by 

r4 � r2

m2
+

✓
sin ✓0

2m2 sin ✓

◆2

= 0

where r, ✓ are polar coordinates and sin ✓0 = 2�� 1

Positivity of the discriminant implies sin2 ✓ � sin2 ✓0

which fixes one sector in the upper half-plane, and its 
mirror image in the lower half-plane

The two roots are 
r± =

1
m
p

2

vuut1±

s

1�
✓

sin ✓0

sin ✓

◆2
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is the part of the boundary farther from the origin, and r+(✓) r�(✓)
is the closer one. They are sewed together at the two points where 

sin✓ = ± sin ✓0

The gap between the two blobs  is given by 

2r�,min = 2r�(
⇡

2
) =

2
m

sin
✓

✓0

2

◆

and it closes, that is, the two blobs kiss, when ✓0 = 0 , i.e., � =
1
2

In this case, all    eigenvalues occupy a uniform disk of radius     r+ =
1
m

in the complex plane, exactly as for Ginibre’s ensemble. (They do not form a one-
dimensional measure concentrated on the real axis.) 

N

⇢ =
1

⇡r2
+

=
m2

⇡
�The density (which is independent of    ) is therefore 
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The area of one of these blobs, say the upper one, is (for                              )  

Therefore, the fraction of eigenvalues which reside in the two blobs is 

S =
1
2

2⇡�✓0Z

✓0�⇡

�
r2
+(✓)� r2

�(✓)
�

d✓ =

⇡

2m2
(1 + sin ✓0) =

⇡�

m2

2S⇢ =
2⇡�

m2

m2

⇡
= 2� =

2k

N

�  1
2

, i.e.,⇡ < ✓0 < 2⇡

This result holds for           . �  1
2

1
2

< �  1 we should replace in the last formula For �! 1� �

k ! N � kThat is , because the intertwining relation '†B = B'

is invariant under B ! �B
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Numerical Results

Fraction of real eigenvalues as function of �
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scatter plots for      � = 0.25
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scatter plots for      � = 0.5

N=128, k=32,                   200 samples       � = 0.5
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3d histograms (N=128)
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� = 0.5
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histograms of real eigenvalues for N=128
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semicircle (GUE)
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