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Motivation: BEC/ atomic collisions

Weak but important 
s-wave collisions
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We transfer recent insight regarding wave-mixing processes in non-Hermitian non-linear optics to
non-Hermitian Bose-Einstein condensates.
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I. INTRODUCTION

Here we first collect some essential papers, some of
which we actually read [1–4], but most of which we
merely think we should read or at least cite for the intro-
duction of a future paper [5–12].

II. GPE IN MOMENTUM-SPACE

Consider a 1D BEC in a transversely tight trap.
Atomic BEC are usually described with the GPE:
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+ U | (x)|2
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 (x), (1)

considering N =
R
dx| (x)|2 atoms of mass M in one

spatial dimension. Thus U is an e↵ective 1D coupling
constant, containing e.g. properties of tight transverse
trapping. It can be calculated from the 3D interac-
tion constant U3D = 4⇡~2as/M , where as is the s-wave
scattering length, via U = U3D/(2⇡�2

?), where �? is
the width of the harmonic-oscillator ground-state in the
tightly trapped transverse direction �? =

p
~/M/!?,

where !? is the trapping frequency of the transverse trap.
We neglect any residual longitudinal potential.

For our present purpose, it will be more instructive to
consider Eq. (1) in the momentum representation, using
 (x) =

R
dk exp [ikx]�(k)/

p
2⇡. There we obtain
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⇥ �(k2 + k3 � k1 � k)�⇤(k1)�(k2)�(k3), (2)

where �(k) is a Dirac delta function expressing the con-
servation of momentum during atomic scattering pro-
cesses.

To make contact with the few-mode representation of
[1], it will be useful to consider a discrete set of mo-
mentum states for the BEC, rather than the contin-
uum underlying Eq. (2). For conversion, we let �(k) !
�kn/

p
�k ⌘ �n/

p
�k, where �k is our momentum
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space grid-spacing, e.g. during a numerical simulation of
Eq. (2). We then can re-write Eq. (2) as

i~@�p
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~2k2p
2M

�p + Ud

X

n,m,l

�kp+kn�km�kl�
⇤
n�m�l, (3)

with Ud = U�k. In a final manipulation, let us move to
an interaction pictures via: �̄n = �n exp (iEnt/~), with
En = ~2k2n/(2m) to reach (after dropping the overline
notation again)

i~@�p
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= Ud

X

n,m,l
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⇥ �⇤
n�m�le

i(Ep+En�Em�El)t/~. (4)

III. STANDARD-WAVEMIXING IN BEC

The equation (4) demonstrates nicely the two funda-
mental conservation laws inherent in atomic scattering:
energy- and momentum conservation. Due to these both,
and the non-linearity of the free-atom dispersion relation
!(k) = E(k)/~ = ~k2/(2m), the creation of dramati-
cally new momenta in a process like 2k0 ! k2 + k3 with
|E(kn) � E(k0)| � U⇢ for n 2 {2, 3} is typically sup-
pressed, here U⇢ is the mean interaction energy. The
origin of the last condition is not immediately clear in
Eq. (4) but will be explained below. The dilemma is
visually represented in Fig. 1, which is inspired by [4].
Scenarios that have allowed wave-mixing studies in

BEC so far then fall in the following categories (i) More
suitable selection of initial momenta, e.g. collision of two
counter-propagating BEC [11], (ii) exploitation of higher-
dimensional scenarios [12], (iii) modification of the dis-
persion relation via an additional potential such as an op-
tical lattice [4, 7] , (iv) additional use of multiple atomic
internal states with energy di↵erences that adjust energy-
conservation [5, 10] (GUESSED, TO CHECK). In the
following our objective is to add a category (v).

IV. PHASEMATCHING THROUGH LOSS

Let us now assume spectrally dependent single-body
atom loss for the BEC, following [1]. Thus we are adding

One wave function for all atoms

GPE:

Non-interacting atom, 
dispersion relation

E(k) =
~2k2
2m

E(k0) + E(k1) = E(k2) + E(k3)
K.B. Davis et al., Phys. Rev. Lett. 75 (1995) 3969.
Images Ketterle group

Gross Pitaevskii equation (GPE)



Motivation: wave mixing
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The equation (4) demonstrates nicely the two funda-
mental conservation laws inherent in atomic scattering:
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and the non-linearity of the free-atom dispersion relation
!(k) = E(k)/~ = ~k2/(2m), the creation of dramati-
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|E(kn) � E(k0)| � U⇢ for n 2 {2, 3} is typically sup-
pressed, here U⇢ is the mean interaction energy. The
origin of the last condition is not immediately clear in
Eq. (4) but will be explained below. The dilemma is
visually represented in Fig. 1, which is inspired by [4].
Scenarios that have allowed wave-mixing studies in

BEC so far then fall in the following categories (i) More
suitable selection of initial momenta, e.g. collision of two
counter-propagating BEC [11], (ii) exploitation of higher-
dimensional scenarios [12], (iii) modification of the dis-
persion relation via an additional potential such as an op-
tical lattice [4, 7] , (iv) additional use of multiple atomic
internal states with energy di↵erences that adjust energy-
conservation [5, 10] (GUESSED, TO CHECK). In the
following our objective is to add a category (v).
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Let us now assume spectrally dependent single-body
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Motivation: non-Hermitian optical 
amplification

R. El-Ganainy et al., Opt. Lett. 40 (2015) 

Optical parametric 
amplification (OPA) / 
three-wave mixing

example, to amplify weak signals, are the well-known paramet-
ric amplifiers.

To achieve efficient energy transfer between the different
beams, a phase-matching condition must be satisfied. However,
this is not always an easy task for most material systems, includ-
ing the important case of semiconductor planar platforms, since
it often leads to more complicated optical designs and fabrica-
tion steps. Here we show that, by introducing optical loss for
the idler beam only, one can obtain optical gain, even when the
propagation constants of the different optical modes do not
satisfy the aforementioned phase-matching requirement.

To this end, we consider the nonlinear interaction between
the pump, signal, and idler beams under slowly varying
envelope approximations. Within the coupled mode analysis,
this process can be described by [1]

dES

dz
! iκ 0SEPE"

I exp#iΔβz$ − γSES;

dEI

dz
! iκ 0IEPE"

S exp#iΔβz$ − γIEI ;

dEP

dz
! iκ 0PEIES exp#−iΔβz$; (1)

where, in Eq. (1), ES;I ;P are the signal, idler, and pump field
amplitudes, respectively; κ 0S;I ;P are the coupling coefficients,
which are functions of the second-order nonlinearity, as well
as the optical frequencies ωS;I ;P; while Δβ ! βP − #βS % βI $
is the propagation constant mismatch between the three differ-
ent beams [1]. Finally, γS;I are the signal and idler linear loss
coefficients, z is the propagation distance, and the asterisks
denote complex conjugation. We first review the well-known
behavior of the optical fields described by Eq. (1) in the absence
of any optical loss, i.e., γS;I . Under these conditions and within
the undepleted pump approximation (EP is approximately
constant), the solution of Eq. (1) can be expressed as linear
superposition of exponential functions of the form
exp#iΔβz∕2 & iλz$ with λ !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2$2 − κSκI

p
[1], where

κS;I ! κ 0S;IEP. If Δβ∕2 is larger than the product ffiffiffiffiffiffiffiffiffi
κSκI

p ,
the power of both the signal and idler beams remains bounded
and oscillates between two extreme values. However, when the
phase mismatch drops below ffiffiffiffiffiffiffiffiffi

κSκI
p , the value of λ becomes

complex, and parametric amplification takes place. Physically,
this net gain is a result of power transfer from the pump to
the signal and idler. Mathematically, the total power is not con-
served, since Eq. (1) is non-Hermitian. Before we proceed,
we would like to remark that the transition between the two
regimes Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p and Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p resembles PT

spontaneous symmetry breaking. In particular, when Δβ >ffiffiffiffiffiffiffiffiffi
κSκI

p , the system is in the PT-like phase, where the eigenval-
ues are real and the total power remains bounded. On the other
hand, when Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p , the eigenvalues cease to be real

and form a complex conjugate pair. Similar to PT systems,
under this condition, the intensity profiles associated with the
normalized eigenmodes of Eq. (1) become asymmetric. Aside
from this interesting analogy, it is clear that a certain level of
phase-matching has to be achieved before parametric amplifi-
cation can take place. Satisfying this condition in semiconduc-
tor platforms can be achieved via techniques, such as quasi-
phase matching or artificial birefringence, which might not
be compatible with planar technology and require several addi-
tional complex fabrication steps [5].

We now investigate the case where γS ! 0, while γI is finite,
and we focus first on the scenario in which the undepleted
pump approximation still applies. In the next section, we will
discuss how this optical loss can be selectively introduced only
for the idler beam without appreciably affecting the pump and
signal beams. While the advantage of this additional term might
not be obvious at first sight, straightforward analysis shows that
the solution of Eq. (1) in this case can be expressed as a super-
position of the two exponential functions exp#iΔβz∕2 % iλ& z$,
where λ& ! iγI∕2 &

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2 % iγI∕2$2 − κSκI

p
. The first

term of λ& accounts for the average linear dissipation. The sec-
ond term, on the other hand, represents the interplay between
the linear loss, phase mismatch, and nonlinear gain, and can con-
tribute extra dissipation or gain depending on its sign.

An interesting question now arises: can these combined
effects lead to a net gain, even when Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p ? In other

words, can these different factors work synergistically and cause
the pump to provide energy to either the signal or idler beams
at a faster rate than the linear optical dissipation, even when the
Hermitian phase-matching condition is violated? To answer
this question, we first consider the normalized eigenvalue λ−N !
λ−∕ ffiffiffiffiffiffiffiffiffi

κSκI
p and plot its imaginary part as a function of the nor-

malized mismatch ΔβN ! Δβ∕ ffiffiffiffiffiffiffiffiffi
κSκI

p and loss coefficient
γN ! γI∕

ffiffiffiffiffiffiffiffiffi
κSκI

p in Fig. 2(a).
Interestingly, we find that the imaginary part of λ− in this

regime (Δβ∕2 > ffiffiffiffiffiffiffiffiffi
κSκI

p ) is negative. This, in turn, gives rise to
parametric amplification. Before we proceed, it is instructive
to summarize this straightforward, yet important, finding. For
the range of mismatch parameters chosen in Fig. 2(a), and
when all linear loss coefficients γS;I vanish, both the signal and
idler beams experience power oscillations between bounded

Fig. 1. (a) Schematic of an OPA process where a quadratic nonlin-
ear interaction can lead to energy transfer from a strong pump beam to
a weak signal beam along with the generation of an idler component.
Phase-matching between the real propagation constants of the three
different beams must be satisfied. (b) Adding dissipation to the idler
beam can relax the phase-matching requirement.

Fig. 2. (a) Two-dimensional plot of the nonlinear gain parameters
of the signal and idler beams represented by Imfλ−N g as a function of
the normalized phase mismatch ΔβN and idler loss γN , as described in
the text. The yellow line indicates the locations of the local minima
(corresponding to maximum gain) at each vertical cross section.
(b) Imfλ−N g as a function of γN when ΔβN ! 3 and 5.
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a weak signal beam along with the generation of an idler component.
Phase-matching between the real propagation constants of the three
different beams must be satisfied. (b) Adding dissipation to the idler
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Fig. 2. (a) Two-dimensional plot of the nonlinear gain parameters
of the signal and idler beams represented by Imfλ−N g as a function of
the normalized phase mismatch ΔβN and idler loss γN , as described in
the text. The yellow line indicates the locations of the local minima
(corresponding to maximum gain) at each vertical cross section.
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values without any average amplification. On the other hand,
and contrary to what one might expect, when the idler mode
experiences dissipation !γI ≠ 0" while fixing all other param-
eters, there is a net energy transfer from the pump to the signal
beam, and amplification takes place. This counterintuitive ef-
fect may find application in building on-chip planar parametric
amplifiers using material systems where the Hermitian phase-
matching condition is difficult to achieve.

The yellow line in Fig. 2(a) indicates the location of the
maximum amplification in the parameter space of !ΔβN ; γN ".
Figure 2(b) depicts two different cross sections of the eigen-
value landscape of Fig. 2(a) [indicated by the dashed white line
in Fig. 2(a)] when ΔβN # 3 and 5, respectively. We note that,
when jΔβ∕2j > ffiffiffiffiffiffiffiffiffi

κSκI
p and Δβ < 0, λ$N # λ$ ∕ ffiffiffiffiffiffiffiffiffi

κSκI
p

becomes the amplifying term instead of λ−N .
To verify our results and gain more insight into the physics

of the proposed DOPA, we investigate its dynamical evolution
under the relevant initial conditions. To do so, we first scale
Eq. (1) according to ξ # z∕z0 and aS;I ;P # η−1S;I ;PES;I ;P∕E0,
where z0 and E0 are arbitrary length scale and reference electric
field parameters, respectively, while the dimensionless quantity
ηS;I ;P #

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ 0S;I ;Pz0E0

p
. The normalized equations, expressed in

terms of scaled quantities aS;I ;P, take a form similar to that of
Eq. (1) with the normalized couplings, phase mismatch, and
optical losses given by κ̃S;I ;P≡ κ̃ # ηSηIηP, Δβ̃ # Δβz0, and
γ̃S;I # γS;I z0, respectively.

We first start by considering the undepleted pump approxi-
mation, where the normalized pump field aP is treated as a
constant throughout the evolution. Figure 3 depicts the nor-
malized powers PS # jaS j2(blue line) and PI # jaI j2(red line)
as a function of the normalized propagation distance ξ for four
different values of the normalized idler loss γ̃I # 0; 0.06;
0.12; 0.24. In all simulations, the Hermitian phase-matching
condition is strongly violated with Δβ̃ # 3, and the initial con-
ditions were taken to be aS!ξ # 0" # 1 and aI !ξ # 0" # 0.
Additionally, we assumed κ̃aP # 1 and γ̃S # 0. When
γ̃I # 0, the signal and idler powers oscillate around their
mean values without any net average amplification as shown
in Fig. 3(a). For small values of γ̃I , the systems demonstrate
both oscillatory and amplification behavior [see Fig. 3(b)].
Surprisingly, as the value of idler loss coefficient γ̃I increases,

amplification starts to dominate the dynamics of the signal beam
after a certain propagation distance, as illustrated in Fig. 3(c).
Finally, for even larger values of γ̃I , the oscillatory behavior be-
comes very weak, and the amplification of both signal and idler
components completely dominates the dynamics, as observed in
Fig. 3(d). Thus, these observations are consistent with our
discussion in the previous section. These results are consistent
with our discussion about the eigenvalues of λ% of Eq. (1).

We now treat the general case where the undepleted pump
approximation no longer holds. This case can be relevant when
the device length allows for the amplified signal power to be
comparable to that of the pump beam. Figure 4 depicts
the numerical results for this scenario for different design para-
meters. In our simulations, we assumed that κ̃ # 0.1 and
aP!t # 0" # 10. Oscillatory power transfer between the pump
and both signal and idler beams is observed in the absence of loss,
as shown in Fig. 4(a). When losses are added to the idler
components, the dynamical quantities asymptotically approach
the steady state solution: Pss

p # Pss
I # 0 and Pss

S # PP
!ξ # 0" # 100, as shown in Figs. 4(b)–4(d), for different phase
mismatch conditions. We note however that this last result does
not imply a complete power transfer between the pump and the
signal beams. In fact, the steady state output power of the signal
beam, measured in real units, scales with the coefficient κ̃S .
In free space, κ̃S varies linearly with signal frequencyωS. Inwave-
guides, κ̃S is still a function of the ωS , though the scaling is no
longer linear.

This means that, roughly speaking, the total output power
will scale with the output beam frequency. Our numerical sim-
ulations also indicate that the propagation distance required for
achieving that complete power transfer decreases as the idler
attenuation factor increases.

Finally, we briefly discuss some possible realizations for the
dissipative parametric amplifiers proposed in this Letter. This

Fig. 3. Evolution of the normalized power of the signal (blue curve
starting at one) and the idler (red curve starting at zero) beams as a
function of the normalized distance whenΔβ̃ # 3 under the following
different idler loss coefficients: (a) γ̃I # 0, (b) γ̃I # 0.06,
(c) γ̃I # 0.12, and (d) γ̃I # 0.24. In all cases, the initial conditions
were taken to be aS!ξ # 0" # 1 and aI !ξ # 0" # 0.

Fig. 4. Dynamical evolution of normalized power of pump (black
curve starting at 100), signal (blue curve starting at one and ending
at 100), and idler (red curve starting at zero) beams as a function of
the normalized distance when κ̃ # 0.1 and under the different condi-
tions indicated on the plots. In all cases, the initial conditions were taken
to be aP!z # 0" # 10, aS!z # 0" # 1, and aI !z # 0" # 0. Evidently,
adding losses to the idler component alters the nonlinear time evolution
dynamics fromthe oscillatory limiting cycle to a complete power transfer
with the system asymptomatically reaching fixed point steady state out-
put. This feature allows for signal amplification, even when the phase-
matching condition is violated. Note that the normalized amplitude of
the idler beam in (a) becomes nearly identical to that of the signal after a
short transit time and thus its curve is not visible in the figure.
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amplifiers using material systems where the Hermitian phase-
matching condition is difficult to achieve.
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optical losses given by κ̃S;I ;P≡ κ̃ # ηSηIηP, Δβ̃ # Δβz0, and
γ̃S;I # γS;I z0, respectively.

We first start by considering the undepleted pump approxi-
mation, where the normalized pump field aP is treated as a
constant throughout the evolution. Figure 3 depicts the nor-
malized powers PS # jaS j2(blue line) and PI # jaI j2(red line)
as a function of the normalized propagation distance ξ for four
different values of the normalized idler loss γ̃I # 0; 0.06;
0.12; 0.24. In all simulations, the Hermitian phase-matching
condition is strongly violated with Δβ̃ # 3, and the initial con-
ditions were taken to be aS!ξ # 0" # 1 and aI !ξ # 0" # 0.
Additionally, we assumed κ̃aP # 1 and γ̃S # 0. When
γ̃I # 0, the signal and idler powers oscillate around their
mean values without any net average amplification as shown
in Fig. 3(a). For small values of γ̃I , the systems demonstrate
both oscillatory and amplification behavior [see Fig. 3(b)].
Surprisingly, as the value of idler loss coefficient γ̃I increases,

amplification starts to dominate the dynamics of the signal beam
after a certain propagation distance, as illustrated in Fig. 3(c).
Finally, for even larger values of γ̃I , the oscillatory behavior be-
comes very weak, and the amplification of both signal and idler
components completely dominates the dynamics, as observed in
Fig. 3(d). Thus, these observations are consistent with our
discussion in the previous section. These results are consistent
with our discussion about the eigenvalues of λ% of Eq. (1).

We now treat the general case where the undepleted pump
approximation no longer holds. This case can be relevant when
the device length allows for the amplified signal power to be
comparable to that of the pump beam. Figure 4 depicts
the numerical results for this scenario for different design para-
meters. In our simulations, we assumed that κ̃ # 0.1 and
aP!t # 0" # 10. Oscillatory power transfer between the pump
and both signal and idler beams is observed in the absence of loss,
as shown in Fig. 4(a). When losses are added to the idler
components, the dynamical quantities asymptotically approach
the steady state solution: Pss

p # Pss
I # 0 and Pss

S # PP
!ξ # 0" # 100, as shown in Figs. 4(b)–4(d), for different phase
mismatch conditions. We note however that this last result does
not imply a complete power transfer between the pump and the
signal beams. In fact, the steady state output power of the signal
beam, measured in real units, scales with the coefficient κ̃S .
In free space, κ̃S varies linearly with signal frequencyωS. Inwave-
guides, κ̃S is still a function of the ωS , though the scaling is no
longer linear.

This means that, roughly speaking, the total output power
will scale with the output beam frequency. Our numerical sim-
ulations also indicate that the propagation distance required for
achieving that complete power transfer decreases as the idler
attenuation factor increases.

Finally, we briefly discuss some possible realizations for the
dissipative parametric amplifiers proposed in this Letter. This

Fig. 3. Evolution of the normalized power of the signal (blue curve
starting at one) and the idler (red curve starting at zero) beams as a
function of the normalized distance whenΔβ̃ # 3 under the following
different idler loss coefficients: (a) γ̃I # 0, (b) γ̃I # 0.06,
(c) γ̃I # 0.12, and (d) γ̃I # 0.24. In all cases, the initial conditions
were taken to be aS!ξ # 0" # 1 and aI !ξ # 0" # 0.

Fig. 4. Dynamical evolution of normalized power of pump (black
curve starting at 100), signal (blue curve starting at one and ending
at 100), and idler (red curve starting at zero) beams as a function of
the normalized distance when κ̃ # 0.1 and under the different condi-
tions indicated on the plots. In all cases, the initial conditions were taken
to be aP!z # 0" # 10, aS!z # 0" # 1, and aI !z # 0" # 0. Evidently,
adding losses to the idler component alters the nonlinear time evolution
dynamics fromthe oscillatory limiting cycle to a complete power transfer
with the system asymptomatically reaching fixed point steady state out-
put. This feature allows for signal amplification, even when the phase-
matching condition is violated. Note that the normalized amplitude of
the idler beam in (a) becomes nearly identical to that of the signal after a
short transit time and thus its curve is not visible in the figure.
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example, to amplify weak signals, are the well-known paramet-
ric amplifiers.

To achieve efficient energy transfer between the different
beams, a phase-matching condition must be satisfied. However,
this is not always an easy task for most material systems, includ-
ing the important case of semiconductor planar platforms, since
it often leads to more complicated optical designs and fabrica-
tion steps. Here we show that, by introducing optical loss for
the idler beam only, one can obtain optical gain, even when the
propagation constants of the different optical modes do not
satisfy the aforementioned phase-matching requirement.

To this end, we consider the nonlinear interaction between
the pump, signal, and idler beams under slowly varying
envelope approximations. Within the coupled mode analysis,
this process can be described by [1]

dES

dz
! iκ 0SEPE"

I exp#iΔβz$ − γSES;

dEI

dz
! iκ 0IEPE"

S exp#iΔβz$ − γIEI ;

dEP

dz
! iκ 0PEIES exp#−iΔβz$; (1)

where, in Eq. (1), ES;I ;P are the signal, idler, and pump field
amplitudes, respectively; κ 0S;I ;P are the coupling coefficients,
which are functions of the second-order nonlinearity, as well
as the optical frequencies ωS;I ;P; while Δβ ! βP − #βS % βI $
is the propagation constant mismatch between the three differ-
ent beams [1]. Finally, γS;I are the signal and idler linear loss
coefficients, z is the propagation distance, and the asterisks
denote complex conjugation. We first review the well-known
behavior of the optical fields described by Eq. (1) in the absence
of any optical loss, i.e., γS;I . Under these conditions and within
the undepleted pump approximation (EP is approximately
constant), the solution of Eq. (1) can be expressed as linear
superposition of exponential functions of the form
exp#iΔβz∕2 & iλz$ with λ !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2$2 − κSκI

p
[1], where

κS;I ! κ 0S;IEP. If Δβ∕2 is larger than the product ffiffiffiffiffiffiffiffiffi
κSκI

p ,
the power of both the signal and idler beams remains bounded
and oscillates between two extreme values. However, when the
phase mismatch drops below ffiffiffiffiffiffiffiffiffi

κSκI
p , the value of λ becomes

complex, and parametric amplification takes place. Physically,
this net gain is a result of power transfer from the pump to
the signal and idler. Mathematically, the total power is not con-
served, since Eq. (1) is non-Hermitian. Before we proceed,
we would like to remark that the transition between the two
regimes Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p and Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p resembles PT

spontaneous symmetry breaking. In particular, when Δβ >ffiffiffiffiffiffiffiffiffi
κSκI

p , the system is in the PT-like phase, where the eigenval-
ues are real and the total power remains bounded. On the other
hand, when Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p , the eigenvalues cease to be real

and form a complex conjugate pair. Similar to PT systems,
under this condition, the intensity profiles associated with the
normalized eigenmodes of Eq. (1) become asymmetric. Aside
from this interesting analogy, it is clear that a certain level of
phase-matching has to be achieved before parametric amplifi-
cation can take place. Satisfying this condition in semiconduc-
tor platforms can be achieved via techniques, such as quasi-
phase matching or artificial birefringence, which might not
be compatible with planar technology and require several addi-
tional complex fabrication steps [5].

We now investigate the case where γS ! 0, while γI is finite,
and we focus first on the scenario in which the undepleted
pump approximation still applies. In the next section, we will
discuss how this optical loss can be selectively introduced only
for the idler beam without appreciably affecting the pump and
signal beams. While the advantage of this additional term might
not be obvious at first sight, straightforward analysis shows that
the solution of Eq. (1) in this case can be expressed as a super-
position of the two exponential functions exp#iΔβz∕2 % iλ& z$,
where λ& ! iγI∕2 &

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2 % iγI∕2$2 − κSκI

p
. The first

term of λ& accounts for the average linear dissipation. The sec-
ond term, on the other hand, represents the interplay between
the linear loss, phase mismatch, and nonlinear gain, and can con-
tribute extra dissipation or gain depending on its sign.

An interesting question now arises: can these combined
effects lead to a net gain, even when Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p ? In other

words, can these different factors work synergistically and cause
the pump to provide energy to either the signal or idler beams
at a faster rate than the linear optical dissipation, even when the
Hermitian phase-matching condition is violated? To answer
this question, we first consider the normalized eigenvalue λ−N !
λ−∕ ffiffiffiffiffiffiffiffiffi

κSκI
p and plot its imaginary part as a function of the nor-

malized mismatch ΔβN ! Δβ∕ ffiffiffiffiffiffiffiffiffi
κSκI

p and loss coefficient
γN ! γI∕

ffiffiffiffiffiffiffiffiffi
κSκI

p in Fig. 2(a).
Interestingly, we find that the imaginary part of λ− in this

regime (Δβ∕2 > ffiffiffiffiffiffiffiffiffi
κSκI

p ) is negative. This, in turn, gives rise to
parametric amplification. Before we proceed, it is instructive
to summarize this straightforward, yet important, finding. For
the range of mismatch parameters chosen in Fig. 2(a), and
when all linear loss coefficients γS;I vanish, both the signal and
idler beams experience power oscillations between bounded

Fig. 1. (a) Schematic of an OPA process where a quadratic nonlin-
ear interaction can lead to energy transfer from a strong pump beam to
a weak signal beam along with the generation of an idler component.
Phase-matching between the real propagation constants of the three
different beams must be satisfied. (b) Adding dissipation to the idler
beam can relax the phase-matching requirement.

Fig. 2. (a) Two-dimensional plot of the nonlinear gain parameters
of the signal and idler beams represented by Imfλ−N g as a function of
the normalized phase mismatch ΔβN and idler loss γN , as described in
the text. The yellow line indicates the locations of the local minima
(corresponding to maximum gain) at each vertical cross section.
(b) Imfλ−N g as a function of γN when ΔβN ! 3 and 5.
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example, to amplify weak signals, are the well-known paramet-
ric amplifiers.

To achieve efficient energy transfer between the different
beams, a phase-matching condition must be satisfied. However,
this is not always an easy task for most material systems, includ-
ing the important case of semiconductor planar platforms, since
it often leads to more complicated optical designs and fabrica-
tion steps. Here we show that, by introducing optical loss for
the idler beam only, one can obtain optical gain, even when the
propagation constants of the different optical modes do not
satisfy the aforementioned phase-matching requirement.

To this end, we consider the nonlinear interaction between
the pump, signal, and idler beams under slowly varying
envelope approximations. Within the coupled mode analysis,
this process can be described by [1]
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where, in Eq. (1), ES;I ;P are the signal, idler, and pump field
amplitudes, respectively; κ 0S;I ;P are the coupling coefficients,
which are functions of the second-order nonlinearity, as well
as the optical frequencies ωS;I ;P; while Δβ ! βP − #βS % βI $
is the propagation constant mismatch between the three differ-
ent beams [1]. Finally, γS;I are the signal and idler linear loss
coefficients, z is the propagation distance, and the asterisks
denote complex conjugation. We first review the well-known
behavior of the optical fields described by Eq. (1) in the absence
of any optical loss, i.e., γS;I . Under these conditions and within
the undepleted pump approximation (EP is approximately
constant), the solution of Eq. (1) can be expressed as linear
superposition of exponential functions of the form
exp#iΔβz∕2 & iλz$ with λ !
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[1], where
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p ,
the power of both the signal and idler beams remains bounded
and oscillates between two extreme values. However, when the
phase mismatch drops below ffiffiffiffiffiffiffiffiffi

κSκI
p , the value of λ becomes

complex, and parametric amplification takes place. Physically,
this net gain is a result of power transfer from the pump to
the signal and idler. Mathematically, the total power is not con-
served, since Eq. (1) is non-Hermitian. Before we proceed,
we would like to remark that the transition between the two
regimes Δβ∕2 > ffiffiffiffiffiffiffiffiffi
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p resembles PT

spontaneous symmetry breaking. In particular, when Δβ >ffiffiffiffiffiffiffiffiffi
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p , the system is in the PT-like phase, where the eigenval-
ues are real and the total power remains bounded. On the other
hand, when Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p , the eigenvalues cease to be real

and form a complex conjugate pair. Similar to PT systems,
under this condition, the intensity profiles associated with the
normalized eigenmodes of Eq. (1) become asymmetric. Aside
from this interesting analogy, it is clear that a certain level of
phase-matching has to be achieved before parametric amplifi-
cation can take place. Satisfying this condition in semiconduc-
tor platforms can be achieved via techniques, such as quasi-
phase matching or artificial birefringence, which might not
be compatible with planar technology and require several addi-
tional complex fabrication steps [5].

We now investigate the case where γS ! 0, while γI is finite,
and we focus first on the scenario in which the undepleted
pump approximation still applies. In the next section, we will
discuss how this optical loss can be selectively introduced only
for the idler beam without appreciably affecting the pump and
signal beams. While the advantage of this additional term might
not be obvious at first sight, straightforward analysis shows that
the solution of Eq. (1) in this case can be expressed as a super-
position of the two exponential functions exp#iΔβz∕2 % iλ& z$,
where λ& ! iγI∕2 &
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. The first

term of λ& accounts for the average linear dissipation. The sec-
ond term, on the other hand, represents the interplay between
the linear loss, phase mismatch, and nonlinear gain, and can con-
tribute extra dissipation or gain depending on its sign.

An interesting question now arises: can these combined
effects lead to a net gain, even when Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p ? In other

words, can these different factors work synergistically and cause
the pump to provide energy to either the signal or idler beams
at a faster rate than the linear optical dissipation, even when the
Hermitian phase-matching condition is violated? To answer
this question, we first consider the normalized eigenvalue λ−N !
λ−∕ ffiffiffiffiffiffiffiffiffi

κSκI
p and plot its imaginary part as a function of the nor-

malized mismatch ΔβN ! Δβ∕ ffiffiffiffiffiffiffiffiffi
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p and loss coefficient
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p in Fig. 2(a).
Interestingly, we find that the imaginary part of λ− in this

regime (Δβ∕2 > ffiffiffiffiffiffiffiffiffi
κSκI

p ) is negative. This, in turn, gives rise to
parametric amplification. Before we proceed, it is instructive
to summarize this straightforward, yet important, finding. For
the range of mismatch parameters chosen in Fig. 2(a), and
when all linear loss coefficients γS;I vanish, both the signal and
idler beams experience power oscillations between bounded

Fig. 1. (a) Schematic of an OPA process where a quadratic nonlin-
ear interaction can lead to energy transfer from a strong pump beam to
a weak signal beam along with the generation of an idler component.
Phase-matching between the real propagation constants of the three
different beams must be satisfied. (b) Adding dissipation to the idler
beam can relax the phase-matching requirement.

Fig. 2. (a) Two-dimensional plot of the nonlinear gain parameters
of the signal and idler beams represented by Imfλ−N g as a function of
the normalized phase mismatch ΔβN and idler loss γN , as described in
the text. The yellow line indicates the locations of the local minima
(corresponding to maximum gain) at each vertical cross section.
(b) Imfλ−N g as a function of γN when ΔβN ! 3 and 5.
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example, to amplify weak signals, are the well-known paramet-
ric amplifiers.

To achieve efficient energy transfer between the different
beams, a phase-matching condition must be satisfied. However,
this is not always an easy task for most material systems, includ-
ing the important case of semiconductor planar platforms, since
it often leads to more complicated optical designs and fabrica-
tion steps. Here we show that, by introducing optical loss for
the idler beam only, one can obtain optical gain, even when the
propagation constants of the different optical modes do not
satisfy the aforementioned phase-matching requirement.

To this end, we consider the nonlinear interaction between
the pump, signal, and idler beams under slowly varying
envelope approximations. Within the coupled mode analysis,
this process can be described by [1]
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where, in Eq. (1), ES;I ;P are the signal, idler, and pump field
amplitudes, respectively; κ 0S;I ;P are the coupling coefficients,
which are functions of the second-order nonlinearity, as well
as the optical frequencies ωS;I ;P; while Δβ ! βP − #βS % βI $
is the propagation constant mismatch between the three differ-
ent beams [1]. Finally, γS;I are the signal and idler linear loss
coefficients, z is the propagation distance, and the asterisks
denote complex conjugation. We first review the well-known
behavior of the optical fields described by Eq. (1) in the absence
of any optical loss, i.e., γS;I . Under these conditions and within
the undepleted pump approximation (EP is approximately
constant), the solution of Eq. (1) can be expressed as linear
superposition of exponential functions of the form
exp#iΔβz∕2 & iλz$ with λ !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2$2 − κSκI

p
[1], where

κS;I ! κ 0S;IEP. If Δβ∕2 is larger than the product ffiffiffiffiffiffiffiffiffi
κSκI

p ,
the power of both the signal and idler beams remains bounded
and oscillates between two extreme values. However, when the
phase mismatch drops below ffiffiffiffiffiffiffiffiffi

κSκI
p , the value of λ becomes

complex, and parametric amplification takes place. Physically,
this net gain is a result of power transfer from the pump to
the signal and idler. Mathematically, the total power is not con-
served, since Eq. (1) is non-Hermitian. Before we proceed,
we would like to remark that the transition between the two
regimes Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p and Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p resembles PT

spontaneous symmetry breaking. In particular, when Δβ >ffiffiffiffiffiffiffiffiffi
κSκI

p , the system is in the PT-like phase, where the eigenval-
ues are real and the total power remains bounded. On the other
hand, when Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p , the eigenvalues cease to be real

and form a complex conjugate pair. Similar to PT systems,
under this condition, the intensity profiles associated with the
normalized eigenmodes of Eq. (1) become asymmetric. Aside
from this interesting analogy, it is clear that a certain level of
phase-matching has to be achieved before parametric amplifi-
cation can take place. Satisfying this condition in semiconduc-
tor platforms can be achieved via techniques, such as quasi-
phase matching or artificial birefringence, which might not
be compatible with planar technology and require several addi-
tional complex fabrication steps [5].

We now investigate the case where γS ! 0, while γI is finite,
and we focus first on the scenario in which the undepleted
pump approximation still applies. In the next section, we will
discuss how this optical loss can be selectively introduced only
for the idler beam without appreciably affecting the pump and
signal beams. While the advantage of this additional term might
not be obvious at first sight, straightforward analysis shows that
the solution of Eq. (1) in this case can be expressed as a super-
position of the two exponential functions exp#iΔβz∕2 % iλ& z$,
where λ& ! iγI∕2 &

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2 % iγI∕2$2 − κSκI

p
. The first

term of λ& accounts for the average linear dissipation. The sec-
ond term, on the other hand, represents the interplay between
the linear loss, phase mismatch, and nonlinear gain, and can con-
tribute extra dissipation or gain depending on its sign.

An interesting question now arises: can these combined
effects lead to a net gain, even when Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p ? In other

words, can these different factors work synergistically and cause
the pump to provide energy to either the signal or idler beams
at a faster rate than the linear optical dissipation, even when the
Hermitian phase-matching condition is violated? To answer
this question, we first consider the normalized eigenvalue λ−N !
λ−∕ ffiffiffiffiffiffiffiffiffi

κSκI
p and plot its imaginary part as a function of the nor-

malized mismatch ΔβN ! Δβ∕ ffiffiffiffiffiffiffiffiffi
κSκI

p and loss coefficient
γN ! γI∕

ffiffiffiffiffiffiffiffiffi
κSκI

p in Fig. 2(a).
Interestingly, we find that the imaginary part of λ− in this

regime (Δβ∕2 > ffiffiffiffiffiffiffiffiffi
κSκI

p ) is negative. This, in turn, gives rise to
parametric amplification. Before we proceed, it is instructive
to summarize this straightforward, yet important, finding. For
the range of mismatch parameters chosen in Fig. 2(a), and
when all linear loss coefficients γS;I vanish, both the signal and
idler beams experience power oscillations between bounded

Fig. 1. (a) Schematic of an OPA process where a quadratic nonlin-
ear interaction can lead to energy transfer from a strong pump beam to
a weak signal beam along with the generation of an idler component.
Phase-matching between the real propagation constants of the three
different beams must be satisfied. (b) Adding dissipation to the idler
beam can relax the phase-matching requirement.

Fig. 2. (a) Two-dimensional plot of the nonlinear gain parameters
of the signal and idler beams represented by Imfλ−N g as a function of
the normalized phase mismatch ΔβN and idler loss γN , as described in
the text. The yellow line indicates the locations of the local minima
(corresponding to maximum gain) at each vertical cross section.
(b) Imfλ−N g as a function of γN when ΔβN ! 3 and 5.
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Non-Hermitian OPA

values without any average amplification. On the other hand,
and contrary to what one might expect, when the idler mode
experiences dissipation !γI ≠ 0" while fixing all other param-
eters, there is a net energy transfer from the pump to the signal
beam, and amplification takes place. This counterintuitive ef-
fect may find application in building on-chip planar parametric
amplifiers using material systems where the Hermitian phase-
matching condition is difficult to achieve.

The yellow line in Fig. 2(a) indicates the location of the
maximum amplification in the parameter space of !ΔβN ; γN ".
Figure 2(b) depicts two different cross sections of the eigen-
value landscape of Fig. 2(a) [indicated by the dashed white line
in Fig. 2(a)] when ΔβN # 3 and 5, respectively. We note that,
when jΔβ∕2j > ffiffiffiffiffiffiffiffiffi

κSκI
p and Δβ < 0, λ$N # λ$ ∕ ffiffiffiffiffiffiffiffiffi

κSκI
p

becomes the amplifying term instead of λ−N .
To verify our results and gain more insight into the physics

of the proposed DOPA, we investigate its dynamical evolution
under the relevant initial conditions. To do so, we first scale
Eq. (1) according to ξ # z∕z0 and aS;I ;P # η−1S;I ;PES;I ;P∕E0,
where z0 and E0 are arbitrary length scale and reference electric
field parameters, respectively, while the dimensionless quantity
ηS;I ;P #

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ 0S;I ;Pz0E0

p
. The normalized equations, expressed in

terms of scaled quantities aS;I ;P, take a form similar to that of
Eq. (1) with the normalized couplings, phase mismatch, and
optical losses given by κ̃S;I ;P≡ κ̃ # ηSηIηP, Δβ̃ # Δβz0, and
γ̃S;I # γS;I z0, respectively.

We first start by considering the undepleted pump approxi-
mation, where the normalized pump field aP is treated as a
constant throughout the evolution. Figure 3 depicts the nor-
malized powers PS # jaS j2(blue line) and PI # jaI j2(red line)
as a function of the normalized propagation distance ξ for four
different values of the normalized idler loss γ̃I # 0; 0.06;
0.12; 0.24. In all simulations, the Hermitian phase-matching
condition is strongly violated with Δβ̃ # 3, and the initial con-
ditions were taken to be aS!ξ # 0" # 1 and aI !ξ # 0" # 0.
Additionally, we assumed κ̃aP # 1 and γ̃S # 0. When
γ̃I # 0, the signal and idler powers oscillate around their
mean values without any net average amplification as shown
in Fig. 3(a). For small values of γ̃I , the systems demonstrate
both oscillatory and amplification behavior [see Fig. 3(b)].
Surprisingly, as the value of idler loss coefficient γ̃I increases,

amplification starts to dominate the dynamics of the signal beam
after a certain propagation distance, as illustrated in Fig. 3(c).
Finally, for even larger values of γ̃I , the oscillatory behavior be-
comes very weak, and the amplification of both signal and idler
components completely dominates the dynamics, as observed in
Fig. 3(d). Thus, these observations are consistent with our
discussion in the previous section. These results are consistent
with our discussion about the eigenvalues of λ% of Eq. (1).

We now treat the general case where the undepleted pump
approximation no longer holds. This case can be relevant when
the device length allows for the amplified signal power to be
comparable to that of the pump beam. Figure 4 depicts
the numerical results for this scenario for different design para-
meters. In our simulations, we assumed that κ̃ # 0.1 and
aP!t # 0" # 10. Oscillatory power transfer between the pump
and both signal and idler beams is observed in the absence of loss,
as shown in Fig. 4(a). When losses are added to the idler
components, the dynamical quantities asymptotically approach
the steady state solution: Pss

p # Pss
I # 0 and Pss

S # PP
!ξ # 0" # 100, as shown in Figs. 4(b)–4(d), for different phase
mismatch conditions. We note however that this last result does
not imply a complete power transfer between the pump and the
signal beams. In fact, the steady state output power of the signal
beam, measured in real units, scales with the coefficient κ̃S .
In free space, κ̃S varies linearly with signal frequencyωS. Inwave-
guides, κ̃S is still a function of the ωS , though the scaling is no
longer linear.

This means that, roughly speaking, the total output power
will scale with the output beam frequency. Our numerical sim-
ulations also indicate that the propagation distance required for
achieving that complete power transfer decreases as the idler
attenuation factor increases.

Finally, we briefly discuss some possible realizations for the
dissipative parametric amplifiers proposed in this Letter. This

Fig. 3. Evolution of the normalized power of the signal (blue curve
starting at one) and the idler (red curve starting at zero) beams as a
function of the normalized distance whenΔβ̃ # 3 under the following
different idler loss coefficients: (a) γ̃I # 0, (b) γ̃I # 0.06,
(c) γ̃I # 0.12, and (d) γ̃I # 0.24. In all cases, the initial conditions
were taken to be aS!ξ # 0" # 1 and aI !ξ # 0" # 0.

Fig. 4. Dynamical evolution of normalized power of pump (black
curve starting at 100), signal (blue curve starting at one and ending
at 100), and idler (red curve starting at zero) beams as a function of
the normalized distance when κ̃ # 0.1 and under the different condi-
tions indicated on the plots. In all cases, the initial conditions were taken
to be aP!z # 0" # 10, aS!z # 0" # 1, and aI !z # 0" # 0. Evidently,
adding losses to the idler component alters the nonlinear time evolution
dynamics fromthe oscillatory limiting cycle to a complete power transfer
with the system asymptomatically reaching fixed point steady state out-
put. This feature allows for signal amplification, even when the phase-
matching condition is violated. Note that the normalized amplitude of
the idler beam in (a) becomes nearly identical to that of the signal after a
short transit time and thus its curve is not visible in the figure.
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values without any average amplification. On the other hand,
and contrary to what one might expect, when the idler mode
experiences dissipation !γI ≠ 0" while fixing all other param-
eters, there is a net energy transfer from the pump to the signal
beam, and amplification takes place. This counterintuitive ef-
fect may find application in building on-chip planar parametric
amplifiers using material systems where the Hermitian phase-
matching condition is difficult to achieve.

The yellow line in Fig. 2(a) indicates the location of the
maximum amplification in the parameter space of !ΔβN ; γN ".
Figure 2(b) depicts two different cross sections of the eigen-
value landscape of Fig. 2(a) [indicated by the dashed white line
in Fig. 2(a)] when ΔβN # 3 and 5, respectively. We note that,
when jΔβ∕2j > ffiffiffiffiffiffiffiffiffi

κSκI
p and Δβ < 0, λ$N # λ$ ∕ ffiffiffiffiffiffiffiffiffi

κSκI
p

becomes the amplifying term instead of λ−N .
To verify our results and gain more insight into the physics

of the proposed DOPA, we investigate its dynamical evolution
under the relevant initial conditions. To do so, we first scale
Eq. (1) according to ξ # z∕z0 and aS;I ;P # η−1S;I ;PES;I ;P∕E0,
where z0 and E0 are arbitrary length scale and reference electric
field parameters, respectively, while the dimensionless quantity
ηS;I ;P #

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ 0S;I ;Pz0E0

p
. The normalized equations, expressed in

terms of scaled quantities aS;I ;P, take a form similar to that of
Eq. (1) with the normalized couplings, phase mismatch, and
optical losses given by κ̃S;I ;P≡ κ̃ # ηSηIηP, Δβ̃ # Δβz0, and
γ̃S;I # γS;I z0, respectively.

We first start by considering the undepleted pump approxi-
mation, where the normalized pump field aP is treated as a
constant throughout the evolution. Figure 3 depicts the nor-
malized powers PS # jaS j2(blue line) and PI # jaI j2(red line)
as a function of the normalized propagation distance ξ for four
different values of the normalized idler loss γ̃I # 0; 0.06;
0.12; 0.24. In all simulations, the Hermitian phase-matching
condition is strongly violated with Δβ̃ # 3, and the initial con-
ditions were taken to be aS!ξ # 0" # 1 and aI !ξ # 0" # 0.
Additionally, we assumed κ̃aP # 1 and γ̃S # 0. When
γ̃I # 0, the signal and idler powers oscillate around their
mean values without any net average amplification as shown
in Fig. 3(a). For small values of γ̃I , the systems demonstrate
both oscillatory and amplification behavior [see Fig. 3(b)].
Surprisingly, as the value of idler loss coefficient γ̃I increases,

amplification starts to dominate the dynamics of the signal beam
after a certain propagation distance, as illustrated in Fig. 3(c).
Finally, for even larger values of γ̃I , the oscillatory behavior be-
comes very weak, and the amplification of both signal and idler
components completely dominates the dynamics, as observed in
Fig. 3(d). Thus, these observations are consistent with our
discussion in the previous section. These results are consistent
with our discussion about the eigenvalues of λ% of Eq. (1).

We now treat the general case where the undepleted pump
approximation no longer holds. This case can be relevant when
the device length allows for the amplified signal power to be
comparable to that of the pump beam. Figure 4 depicts
the numerical results for this scenario for different design para-
meters. In our simulations, we assumed that κ̃ # 0.1 and
aP!t # 0" # 10. Oscillatory power transfer between the pump
and both signal and idler beams is observed in the absence of loss,
as shown in Fig. 4(a). When losses are added to the idler
components, the dynamical quantities asymptotically approach
the steady state solution: Pss

p # Pss
I # 0 and Pss

S # PP
!ξ # 0" # 100, as shown in Figs. 4(b)–4(d), for different phase
mismatch conditions. We note however that this last result does
not imply a complete power transfer between the pump and the
signal beams. In fact, the steady state output power of the signal
beam, measured in real units, scales with the coefficient κ̃S .
In free space, κ̃S varies linearly with signal frequencyωS. Inwave-
guides, κ̃S is still a function of the ωS , though the scaling is no
longer linear.

This means that, roughly speaking, the total output power
will scale with the output beam frequency. Our numerical sim-
ulations also indicate that the propagation distance required for
achieving that complete power transfer decreases as the idler
attenuation factor increases.

Finally, we briefly discuss some possible realizations for the
dissipative parametric amplifiers proposed in this Letter. This

Fig. 3. Evolution of the normalized power of the signal (blue curve
starting at one) and the idler (red curve starting at zero) beams as a
function of the normalized distance whenΔβ̃ # 3 under the following
different idler loss coefficients: (a) γ̃I # 0, (b) γ̃I # 0.06,
(c) γ̃I # 0.12, and (d) γ̃I # 0.24. In all cases, the initial conditions
were taken to be aS!ξ # 0" # 1 and aI !ξ # 0" # 0.

Fig. 4. Dynamical evolution of normalized power of pump (black
curve starting at 100), signal (blue curve starting at one and ending
at 100), and idler (red curve starting at zero) beams as a function of
the normalized distance when κ̃ # 0.1 and under the different condi-
tions indicated on the plots. In all cases, the initial conditions were taken
to be aP!z # 0" # 10, aS!z # 0" # 1, and aI !z # 0" # 0. Evidently,
adding losses to the idler component alters the nonlinear time evolution
dynamics fromthe oscillatory limiting cycle to a complete power transfer
with the system asymptomatically reaching fixed point steady state out-
put. This feature allows for signal amplification, even when the phase-
matching condition is violated. Note that the normalized amplitude of
the idler beam in (a) becomes nearly identical to that of the signal after a
short transit time and thus its curve is not visible in the figure.
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example, to amplify weak signals, are the well-known paramet-
ric amplifiers.

To achieve efficient energy transfer between the different
beams, a phase-matching condition must be satisfied. However,
this is not always an easy task for most material systems, includ-
ing the important case of semiconductor planar platforms, since
it often leads to more complicated optical designs and fabrica-
tion steps. Here we show that, by introducing optical loss for
the idler beam only, one can obtain optical gain, even when the
propagation constants of the different optical modes do not
satisfy the aforementioned phase-matching requirement.

To this end, we consider the nonlinear interaction between
the pump, signal, and idler beams under slowly varying
envelope approximations. Within the coupled mode analysis,
this process can be described by [1]

dES

dz
! iκ 0SEPE"

I exp#iΔβz$ − γSES;

dEI

dz
! iκ 0IEPE"

S exp#iΔβz$ − γIEI ;

dEP

dz
! iκ 0PEIES exp#−iΔβz$; (1)

where, in Eq. (1), ES;I ;P are the signal, idler, and pump field
amplitudes, respectively; κ 0S;I ;P are the coupling coefficients,
which are functions of the second-order nonlinearity, as well
as the optical frequencies ωS;I ;P; while Δβ ! βP − #βS % βI $
is the propagation constant mismatch between the three differ-
ent beams [1]. Finally, γS;I are the signal and idler linear loss
coefficients, z is the propagation distance, and the asterisks
denote complex conjugation. We first review the well-known
behavior of the optical fields described by Eq. (1) in the absence
of any optical loss, i.e., γS;I . Under these conditions and within
the undepleted pump approximation (EP is approximately
constant), the solution of Eq. (1) can be expressed as linear
superposition of exponential functions of the form
exp#iΔβz∕2 & iλz$ with λ !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2$2 − κSκI

p
[1], where

κS;I ! κ 0S;IEP. If Δβ∕2 is larger than the product ffiffiffiffiffiffiffiffiffi
κSκI

p ,
the power of both the signal and idler beams remains bounded
and oscillates between two extreme values. However, when the
phase mismatch drops below ffiffiffiffiffiffiffiffiffi

κSκI
p , the value of λ becomes

complex, and parametric amplification takes place. Physically,
this net gain is a result of power transfer from the pump to
the signal and idler. Mathematically, the total power is not con-
served, since Eq. (1) is non-Hermitian. Before we proceed,
we would like to remark that the transition between the two
regimes Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p and Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p resembles PT

spontaneous symmetry breaking. In particular, when Δβ >ffiffiffiffiffiffiffiffiffi
κSκI

p , the system is in the PT-like phase, where the eigenval-
ues are real and the total power remains bounded. On the other
hand, when Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p , the eigenvalues cease to be real

and form a complex conjugate pair. Similar to PT systems,
under this condition, the intensity profiles associated with the
normalized eigenmodes of Eq. (1) become asymmetric. Aside
from this interesting analogy, it is clear that a certain level of
phase-matching has to be achieved before parametric amplifi-
cation can take place. Satisfying this condition in semiconduc-
tor platforms can be achieved via techniques, such as quasi-
phase matching or artificial birefringence, which might not
be compatible with planar technology and require several addi-
tional complex fabrication steps [5].

We now investigate the case where γS ! 0, while γI is finite,
and we focus first on the scenario in which the undepleted
pump approximation still applies. In the next section, we will
discuss how this optical loss can be selectively introduced only
for the idler beam without appreciably affecting the pump and
signal beams. While the advantage of this additional term might
not be obvious at first sight, straightforward analysis shows that
the solution of Eq. (1) in this case can be expressed as a super-
position of the two exponential functions exp#iΔβz∕2 % iλ& z$,
where λ& ! iγI∕2 &

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2 % iγI∕2$2 − κSκI

p
. The first

term of λ& accounts for the average linear dissipation. The sec-
ond term, on the other hand, represents the interplay between
the linear loss, phase mismatch, and nonlinear gain, and can con-
tribute extra dissipation or gain depending on its sign.

An interesting question now arises: can these combined
effects lead to a net gain, even when Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p ? In other

words, can these different factors work synergistically and cause
the pump to provide energy to either the signal or idler beams
at a faster rate than the linear optical dissipation, even when the
Hermitian phase-matching condition is violated? To answer
this question, we first consider the normalized eigenvalue λ−N !
λ−∕ ffiffiffiffiffiffiffiffiffi

κSκI
p and plot its imaginary part as a function of the nor-

malized mismatch ΔβN ! Δβ∕ ffiffiffiffiffiffiffiffiffi
κSκI

p and loss coefficient
γN ! γI∕

ffiffiffiffiffiffiffiffiffi
κSκI

p in Fig. 2(a).
Interestingly, we find that the imaginary part of λ− in this

regime (Δβ∕2 > ffiffiffiffiffiffiffiffiffi
κSκI

p ) is negative. This, in turn, gives rise to
parametric amplification. Before we proceed, it is instructive
to summarize this straightforward, yet important, finding. For
the range of mismatch parameters chosen in Fig. 2(a), and
when all linear loss coefficients γS;I vanish, both the signal and
idler beams experience power oscillations between bounded

Fig. 1. (a) Schematic of an OPA process where a quadratic nonlin-
ear interaction can lead to energy transfer from a strong pump beam to
a weak signal beam along with the generation of an idler component.
Phase-matching between the real propagation constants of the three
different beams must be satisfied. (b) Adding dissipation to the idler
beam can relax the phase-matching requirement.

Fig. 2. (a) Two-dimensional plot of the nonlinear gain parameters
of the signal and idler beams represented by Imfλ−N g as a function of
the normalized phase mismatch ΔβN and idler loss γN , as described in
the text. The yellow line indicates the locations of the local minima
(corresponding to maximum gain) at each vertical cross section.
(b) Imfλ−N g as a function of γN when ΔβN ! 3 and 5.
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I. INTRODUCTION

Here we first collect some essential papers, some of
which we actually read [1–4], but most of which we
merely think we should read or at least cite for the intro-
duction of a future paper [5–12].

II. GPE IN MOMENTUM-SPACE

Consider a 1D BEC in a transversely tight trap.
Atomic BEC are usually described with the GPE:

i~@ (x)
@t

=


� ~2
2M

@2

@x2
+ U | (x)|2

�
 (x), (1)

considering N =
R
dx| (x)|2 atoms of mass M in one

spatial dimension. Thus U is an e↵ective 1D coupling
constant, containing e.g. properties of tight transverse
trapping. It can be calculated from the 3D interac-
tion constant U3D = 4⇡~2as/M , where as is the s-wave
scattering length, via U = U3D/(2⇡�2

?), where �? is
the width of the harmonic-oscillator ground-state in the
tightly trapped transverse direction �? =

p
~/M/!?,

where !? is the trapping frequency of the transverse trap.
We neglect any residual longitudinal potential.

For our present purpose, it will be more instructive to
consider Eq. (1) in the momentum representation, using
 (x) =

R
dk exp [ikx]�(k)/

p
2⇡. There we obtain

i~@�(k)
@t

=
~2k2
2M

�(k) + U

Z 1

�1
dk1

Z 1

�1
dk2

Z 1

�1
dk3

⇥ �(k2 + k3 � k1 � k)�⇤(k1)�(k2)�(k3), (2)

where �(k) is a Dirac delta function expressing the con-
servation of momentum during atomic scattering pro-
cesses.

To make contact with the few-mode representation of
[1], it will be useful to consider a discrete set of mo-
mentum states for the BEC, rather than the contin-
uum underlying Eq. (2). For conversion, we let �(k) !
�kn/

p
�k ⌘ �n/

p
�k, where �k is our momentum
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space grid-spacing, e.g. during a numerical simulation of
Eq. (2). We then can re-write Eq. (2) as

i~@�p

@t
=

~2k2p
2M

�p + Ud

X

n,m,l

�kp+kn�km�kl�
⇤
n�m�l, (3)

with Ud = U�k. In a final manipulation, let us move to
an interaction pictures via: �̄n = �n exp (iEnt/~), with
En = ~2k2n/(2m) to reach (after dropping the overline
notation again)

i~@�p

@t
= Ud

X

n,m,l

�kp+kn�km�kl

⇥ �⇤
n�m�le

i(Ep+En�Em�El)t/~. (4)

III. STANDARD-WAVEMIXING IN BEC

The equation (4) demonstrates nicely the two funda-
mental conservation laws inherent in atomic scattering:
energy- and momentum conservation. Due to these both,
and the non-linearity of the free-atom dispersion relation
!(k) = E(k)/~ = ~k2/(2m), the creation of dramati-
cally new momenta in a process like 2k0 ! k2 + k3 with
|E(kn) � E(k0)| � U⇢ for n 2 {2, 3} is typically sup-
pressed, here U⇢ is the mean interaction energy. The
origin of the last condition is not immediately clear in
Eq. (4) but will be explained below. The dilemma is
visually represented in Fig. 1, which is inspired by [4].
Scenarios that have allowed wave-mixing studies in

BEC so far then fall in the following categories (i) More
suitable selection of initial momenta, e.g. collision of two
counter-propagating BEC [11], (ii) exploitation of higher-
dimensional scenarios [12], (iii) modification of the dis-
persion relation via an additional potential such as an op-
tical lattice [4, 7] , (iv) additional use of multiple atomic
internal states with energy di↵erences that adjust energy-
conservation [5, 10] (GUESSED, TO CHECK). In the
following our objective is to add a category (v).

IV. PHASEMATCHING THROUGH LOSS

Let us now assume spectrally dependent single-body
atom loss for the BEC, following [1]. Thus we are adding
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S. Wüster1 and R. El-Ganainy2

1
Department of Physics, Bilkent University, Ankara 06800, Turkey

⇤

2
Department of Physics, Michigan Technological University, Houghton, Michigan 49931, USA

†

We transfer recent insight regarding wave-mixing processes in non-Hermitian non-linear optics to
non-Hermitian Bose-Einstein condensates.

PACS numbers:

I. INTRODUCTION

Here we first collect some essential papers, some of
which we actually read [1–4], but most of which we
merely think we should read or at least cite for the intro-
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�
 (x), (1)

considering N =
R
dx| (x)|2 atoms of mass M in one

spatial dimension. Thus U is an e↵ective 1D coupling
constant, containing e.g. properties of tight transverse
trapping. It can be calculated from the 3D interac-
tion constant U3D = 4⇡~2as/M , where as is the s-wave
scattering length, via U = U3D/(2⇡�2

?), where �? is
the width of the harmonic-oscillator ground-state in the
tightly trapped transverse direction �? =

p
~/M/!?,

where !? is the trapping frequency of the transverse trap.
We neglect any residual longitudinal potential.

For our present purpose, it will be more instructive to
consider Eq. (1) in the momentum representation, using
 (x) =

R
dk exp [ikx]�(k)/

p
2⇡. There we obtain

i~@�(k)
@t

=
~2k2
2M

�(k) + U

Z 1

�1
dk1

Z 1

�1
dk2

Z 1

�1
dk3

⇥ �(k2 + k3 � k1 � k)�⇤(k1)�(k2)�(k3), (2)

where �(k) is a Dirac delta function expressing the con-
servation of momentum during atomic scattering pro-
cesses.

To make contact with the few-mode representation of
[1], it will be useful to consider a discrete set of mo-
mentum states for the BEC, rather than the contin-
uum underlying Eq. (2). For conversion, we let �(k) !
�kn/

p
�k ⌘ �n/

p
�k, where �k is our momentum
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space grid-spacing, e.g. during a numerical simulation of
Eq. (2). We then can re-write Eq. (2) as

i~@�p

@t
=

~2k2p
2M

�p + Ud

X

n,m,l

�kp+kn�km�kl�
⇤
n�m�l, (3)

with Ud = U�k. In a final manipulation, let us move to
an interaction pictures via: �̄n = �n exp (iEnt/~), with
En = ~2k2n/(2m) to reach (after dropping the overline
notation again)

i~@�p

@t
= Ud

X

n,m,l

�kp+kn�km�kl

⇥ �⇤
n�m�le

i(Ep+En�Em�El)t/~. (4)

III. STANDARD-WAVEMIXING IN BEC

The equation (4) demonstrates nicely the two funda-
mental conservation laws inherent in atomic scattering:
energy- and momentum conservation. Due to these both,
and the non-linearity of the free-atom dispersion relation
!(k) = E(k)/~ = ~k2/(2m), the creation of dramati-
cally new momenta in a process like 2k0 ! k2 + k3 with
|E(kn) � E(k0)| � U⇢ for n 2 {2, 3} is typically sup-
pressed, here U⇢ is the mean interaction energy. The
origin of the last condition is not immediately clear in
Eq. (4) but will be explained below. The dilemma is
visually represented in Fig. 1, which is inspired by [4].
Scenarios that have allowed wave-mixing studies in

BEC so far then fall in the following categories (i) More
suitable selection of initial momenta, e.g. collision of two
counter-propagating BEC [11], (ii) exploitation of higher-
dimensional scenarios [12], (iii) modification of the dis-
persion relation via an additional potential such as an op-
tical lattice [4, 7] , (iv) additional use of multiple atomic
internal states with energy di↵erences that adjust energy-
conservation [5, 10] (GUESSED, TO CHECK). In the
following our objective is to add a category (v).

IV. PHASEMATCHING THROUGH LOSS

Let us now assume spectrally dependent single-body
atom loss for the BEC, following [1]. Thus we are adding

change dispersion
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Figure 2. Lowest energy band for atomic motion in the ‘weak’optical lattice (β =
0.04) of figure 1. The figure indicates phase matched momentum components
k0, k1 and k2, (k2 is in the second Brillouin zone), but the atoms are brought
back to the first Brillouin zone by one lattice momentum recoil (an absorption-
stimulated emission of a counter-propagating pair of photons in the laser standing
wave). For comparison we also show with a dashed line the free particle parabolic
energy dependence on momentum which does not allow similar break-up of the
condensate.

criterion, and using figure 1, we can precisely identify which final states are possible outcomes
of a collision between matter waves in given incident eigenstates.

2.1. Break-up of a single condensate in 1D

In [10], we noted that the lowest Bloch band shows a relationship between energy and
wavenumber which allows a moving condensate to break up because two condensate atoms
can collide and one atom emerges at a lower wavenumber and the other emerges with a
correspondingly higher wavenumber inside the next Brillouin zone. This is clearly not possible
for a condensate at rest and also not for a freely moving condensate where the high momentum
atom would have a too high energy to fulfil energy conservation in the process.

The process is very selective. Given the initial wavenumber k0, only a specific pair of final
state wavenumbers is allowed in our simple 1D band structure because lowering of the low
momentum component and the corresponding raising of the high momentum component leads
to a lowering of the energy of both particles, cf, figure 2. Such pairs of final states can only be
identified for values of k0 in the interval: kL/2 < k0 < kzm, where kzm is the point of inflection
(zero curvature) in the band structure ( d2ϵ

dk2 |kzm
= 0). When the potential gets very deep, the band

structure converges to a simple cosine function, and kzm coincides with kL/2, and the four-wave
mixing process is not possible.

If the potential is shallow, however, kzm is closer to the band edge. In figure 3, we present an
alternative picture of the band structure of figure 2 shown as a function of the momenta of the two
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nonlinearity, the mean atom number in signal and idler mode ÆN1æ
increases nonlinearly with the total atom number N, resulting in a
growing fraction ÆN1æ/N. In the small N=300 limit, the observed
distribution of the total population N1 matches the prediction for
the squeezed vacuum (taking detection noise into account by convolu-
tion with a Gaussian) with maximal squeezing parameter r < 2

(ref. 10). The corresponding mean population is ÆN1æ < 25 and the
data shows a comparably large standard deviation—in contrast, the
noise in the population difference N2 almost vanishes (DN2 , 1.9
atoms). It is important to note that the atomic variances reported
throughout this Letter are corrected for detection noise, as detailed
in the Supplementary Information. For larger total atom numbers N,
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Figure 1 | Analogy to optics and measured population correlations of twin-
atom states. a, Parametric down-conversion with light, and the analogy to
atomic spin-changing collisions. In a nonlinear medium, effective interactions
(top) result in the creation of photon pairs in the signal (red) and idler (blue)
modes from pump mode photons (green). The quadratures of the output
modes (bottom) are centred around the origin—the individual ones are
isotropic, while the two-mode quadratures are squeezed reflecting their
correlations (purple). See text for nomenclature. Pair creation due to spin-
changing collisions in tight traps is an analogous process in quantum atom
optics. b, Experimental system and exemplary raw absorption pictures. Left,
schematic representation (top) of the one-dimensional optical lattice on which

is superimposed an optical dipole trap to tightly confine the atoms in all
directions. In each site, selected Zeeman levels of the hyperfine spin (bottom)
are the only accessible degrees of freedom. The states involved in the spin-
changing collision process are highlighted (see text for nomenclature). Right,
three typical experimental pictures after spin-changing collisions where the
clear spatial separation of sites and states can be seen. c, Population
correlations. These correlations are visible directly on the raw data (right)
where the atom numbers in the signal (red) and idler (blue, numbers shown
with opposite sign) modes fluctuate strongly while their difference (black)
shows small noise. Left, a zoom into 25 experimental realizations, clearly
showing that the fluctuations are common mode.
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Figure 2 | Population of the signal and idler modes. Main figure: red data,
mean population ÆN1æ 5 ÆN"1N#æ versus total atom number N. Error bars,
fluctuations (1 s.d.) of the data. The large uncertainty is a feature of the
nonlinear process itself, which leads to a non-Gaussian distribution of the mode
population. Grey area, the sub-Poisson regime, the upper bound of which is
obtained by a spline fit to ÆN1æ. Blue data points, variance of the population
difference D2N2, which is compatible with zero for small N (error bars, 1 s.d.
statistical uncertainty). Its increase with N is reproduced when taking particle
loss due to spin relaxation into account (black line). Insets, the distribution of
the mode population for indicated total atom numbers. For small N, the
distributions match the prediction for a non-depleted pump with the measured
mean population ÆN1æ (black lines) whereas for larger N they clearly differ. The
fitted squeezed vacuum distribution for 250 , N , 300 corresponds to a
squeezing parameter of r < 2 (ref. 10).
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3S1/2, F à 1, m à 2 1 state using a combination of laser cooling
and radio-frequency-induced evaporative cooling in a TOP (time-
orbiting-potential) trap11, without a discernible non-condensed
fraction. We then adiabatically expand the potential10 in 4 s by
simultaneously reducing the magnetic Æeld gradient and increasing
the rotating bias Æeld. This reduces the trap frequencies in the x√ , y√
and z√ directions to 84, 59 and 42Hz, respectively. The asymptotic
r.m.s. momentum width of the released condensate after adiabatic
expansion is measured to be 0.14(60.02)~k (all uncertainties
reported here are one standard deviation combined statistical and
systematic uncertainties). Because this is small compared to

ÅÅÅ
2

p
~k,

the smallest momentum imparted to the condensate with the Bragg
diffraction, the wavepackets will spatially separate as the system
evolves.
After adiabatic expansion, we switch off the trap, wait 600ms so

that the trapping magnetic Æelds decay away and then apply a
sequence of two Bragg pulses. Each 30-ms pulse is composed of
two linearly polarized laser beams detuned from the 3S1/2,
F à 1! 3P3=2, F9 à 2 transition by ¢=2p à 2 2GHz to suppress
spontaneous emission. This large detuning makes negligible Bragg
scattering of the optical waves by the atoms, which could lead to a
spurious scattering of atoms into P4. The frequency difference

between the two laser beams of a single Bragg pulse is chosen to
fulÆl a Ærst-order Bragg diffraction condition that changes the
momentum state of the atoms without changing their internal
state10. The Ærst Bragg pulse is composed of two mutually perpen-
dicular laser beams of frequencies n1 and n2 à n12 50 kHz, and
wavevectors k1 à k √x and k2 à 2 k √y (k à 2p=l, l à 589 nm). The
maximum intensity of each beam is ,10mWcm-2. The intensity
was chosen so that roughly 1/3 of the condensate atoms acquire
momentum P2 à ~Ök12 k2Ü à ~kÖ √x á √yÜ. The second Bragg pulse
is applied 20ms after the end of the Ærst Bragg pulse (well before the
wavepackets are separated). This second Bragg pulse is composed of
two counter-propagating laser beams with frequencies n1 and
n3 à n12 100 kHz, and wavevectors k1 à k √x and k3 à 2 k √x. The
intensities of these laser beams were chosen to cause half of the
remaining atoms in the momentum state P1 à 0 to acquire a
momentum P3 à ~Ök12 k3Ü à 2~k √x (atoms in P2 are not affected
by this pulse because of the Doppler shift of the light). We chose this
pulse sequence so that only P2 à ~kÖ √x á √yÜ and P3 à 2~k √x are
produced from P1 à 0. Thus we create, nearly simultaneously, three
overlapping wavepackets of the requisite momenta. Without the
nonlinear term in equation (1), one would expect only to observe
these three wavepackets after they have spatially separated. But as

Lab frame:  

Moving frame:

P1 = 0

P4 = P1 – P2 + P3

P' = P' – P' + P' 

= ˘k (x – y)

V =
M xk˘

P' = – ˘kx

= – ˘ky

P' = ˘kx

P' = ˘ky 

P3 = 2˘kx 

P2 = ˘k (x + y)
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Figure 1Momentum-energy conservation for 4WM and the bosonic stimulation

viewpoint in a moving frame. a, Momentum conservation, P4 à P12P2 á P3

(equivalent to phase-matching in optical 4WM), in the laboratory frame. For clarity,

over-arrows indicate vectors. Energy conservation requires P2
4 à P

2
12P

2
2 á P

2
3. b,

It is always possible to view matter 4WM in a frame moving with velocity v such

that the three input momenta have the same magnitude, and two are counter-

propagating. Then, in our case two atoms in momentum states P91 à 2 ~k √x and

P93 à 2 ~k √x are bosonically stimulated by wavepacket P92 à 2 ~k √y to scatter into

momentum states P92 and P94 à 2P92 à 2 ~k √y. We note that the energy and

momentum conditions are satisÆed independent of the direction of P92. The 4WM

wavepacket is a consequence of energy, momentum and particle-number con-

servationwhen atoms arestimulated into themomentumstateP92. Thus 4WMcan

be viewed as the annihilation of momentum states P91 and P93, and the creation of

momentum states P92 and P94 (the minus signs in the energy and momentum

conditions are attached to the sate that gains atoms). It is this bosonic stimulation

of scattering that mimics the stimulated emission of photons from an optical

nonlinear medium. Alternatively, by choosing a frame of reference in which

P01 à 2P02 (or P02 à 2P03), 4WM can also be viewed as matter-wave Bragg

diffraction of P03 (P01) from the grating produced by the interference of two others.
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Figure 2 Numerical simulation and experimental results for 4WM. a, Calculated

two-dimensional atomic distribution after 1.8ms, showing the 4WM. The

calculations were performed only until the wavepackets completely separated

due to constraints on the simulation grid-size. The momenta are those of Fig.1a.

The Æeld of view is 0:233 0:26mm. We note that atoms are removed primarily

from the back-end of the wavepackets because these regions overlap for the

longest time. b, A false-colour image of the experimental atomic distribution

showing the fourth (small) wavepacket generated by the 4WM process. The four

wavepackets form a square measuring 0:263 0:26mm, corresponding to the

distance of 0.25mm calculated using the experimental time of Øight of 6.1ms and

the wavepacket momenta. We have veriÆed that if we make initial wavepackets

such that energy and momentum conservation cannot be simultaneously satis-

Æed, no 4WM signal is observed. For instance, if we change the sign of the

frequency difference between the two laser beams that comprise the second

Bragg pulse, wewill create a component with momentum P3 à 2 2~k √x instead of

P3 à 2~k √x. In this case there is no 4WM signal.
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I. INTRODUCTION

Here we first collect some essential papers, some of
which we actually read [1–4], but most of which we
merely think we should read or at least cite for the intro-
duction of a future paper [5–12].

II. GPE IN MOMENTUM-SPACE

Consider a 1D BEC in a transversely tight trap.
Atomic BEC are usually described with the GPE:

i~@ (x)
@t

=


� ~2
2M

@2

@x2
+ U | (x)|2

�
 (x), (1)

considering N =
R
dx| (x)|2 atoms of mass M in one

spatial dimension. Thus U is an e↵ective 1D coupling
constant, containing e.g. properties of tight transverse
trapping. It can be calculated from the 3D interac-
tion constant U3D = 4⇡~2as/M , where as is the s-wave
scattering length, via U = U3D/(2⇡�2

?), where �? is
the width of the harmonic-oscillator ground-state in the
tightly trapped transverse direction �? =

p
~/M/!?,

where !? is the trapping frequency of the transverse trap.
We neglect any residual longitudinal potential.

For our present purpose, it will be more instructive to
consider Eq. (1) in the momentum representation, using
 (x) =

R
dk exp [ikx]�(k)/

p
2⇡. There we obtain

i~@�(k)
@t

=
~2k2
2M

�(k) + U

Z 1

�1
dk1

Z 1

�1
dk2

Z 1

�1
dk3

⇥ �(k2 + k3 � k1 � k)�⇤(k1)�(k2)�(k3), (2)

where �(k) is a Dirac delta function expressing the con-
servation of momentum during atomic scattering pro-
cesses.

To make contact with the few-mode representation of
[1], it will be useful to consider a discrete set of mo-
mentum states for the BEC, rather than the contin-
uum underlying Eq. (2). For conversion, we let �(k) !
�kn/

p
�k ⌘ �n/

p
�k, where �k is our momentum
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space grid-spacing, e.g. during a numerical simulation of
Eq. (2). We then can re-write Eq. (2) as

i~@�p

@t
=

~2k2p
2M

�p + Ud

X

n,m,l

�kp+kn�km�kl�
⇤
n�m�l, (3)

with Ud = U�k. In a final manipulation, let us move to
an interaction pictures via: �̄n = �n exp (iEnt/~), with
En = ~2k2n/(2m) to reach (after dropping the overline
notation again)

i~@�p

@t
= Ud

X

n,m,l

�kp+kn�km�kl

⇥ �⇤
n�m�le

i(Ep+En�Em�El)t/~. (4)

III. STANDARD-WAVEMIXING IN BEC

The equation (4) demonstrates nicely the two funda-
mental conservation laws inherent in atomic scattering:
energy- and momentum conservation. Due to these both,
and the non-linearity of the free-atom dispersion relation
!(k) = E(k)/~ = ~k2/(2m), the creation of dramati-
cally new momenta in a process like 2k0 ! k2 + k3 with
|E(kn) � E(k0)| � U⇢ for n 2 {2, 3} is typically sup-
pressed, here U⇢ is the mean interaction energy. The
origin of the last condition is not immediately clear in
Eq. (4) but will be explained below. The dilemma is
visually represented in Fig. 1, which is inspired by [4].
Scenarios that have allowed wave-mixing studies in

BEC so far then fall in the following categories (i) More
suitable selection of initial momenta, e.g. collision of two
counter-propagating BEC [11], (ii) exploitation of higher-
dimensional scenarios [12], (iii) modification of the dis-
persion relation via an additional potential such as an op-
tical lattice [4, 7] , (iv) additional use of multiple atomic
internal states with energy di↵erences that adjust energy-
conservation [5, 10] (GUESSED, TO CHECK). In the
following our objective is to add a category (v).

IV. PHASEMATCHING THROUGH LOSS

Let us now assume spectrally dependent single-body
atom loss for the BEC, following [1]. Thus we are adding

change dispersion
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Figure 2. Lowest energy band for atomic motion in the ‘weak’optical lattice (β =
0.04) of figure 1. The figure indicates phase matched momentum components
k0, k1 and k2, (k2 is in the second Brillouin zone), but the atoms are brought
back to the first Brillouin zone by one lattice momentum recoil (an absorption-
stimulated emission of a counter-propagating pair of photons in the laser standing
wave). For comparison we also show with a dashed line the free particle parabolic
energy dependence on momentum which does not allow similar break-up of the
condensate.

criterion, and using figure 1, we can precisely identify which final states are possible outcomes
of a collision between matter waves in given incident eigenstates.

2.1. Break-up of a single condensate in 1D

In [10], we noted that the lowest Bloch band shows a relationship between energy and
wavenumber which allows a moving condensate to break up because two condensate atoms
can collide and one atom emerges at a lower wavenumber and the other emerges with a
correspondingly higher wavenumber inside the next Brillouin zone. This is clearly not possible
for a condensate at rest and also not for a freely moving condensate where the high momentum
atom would have a too high energy to fulfil energy conservation in the process.

The process is very selective. Given the initial wavenumber k0, only a specific pair of final
state wavenumbers is allowed in our simple 1D band structure because lowering of the low
momentum component and the corresponding raising of the high momentum component leads
to a lowering of the energy of both particles, cf, figure 2. Such pairs of final states can only be
identified for values of k0 in the interval: kL/2 < k0 < kzm, where kzm is the point of inflection
(zero curvature) in the band structure ( d2ϵ

dk2 |kzm
= 0). When the potential gets very deep, the band

structure converges to a simple cosine function, and kzm coincides with kL/2, and the four-wave
mixing process is not possible.

If the potential is shallow, however, kzm is closer to the band edge. In figure 3, we present an
alternative picture of the band structure of figure 2 shown as a function of the momenta of the two
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nonlinearity, the mean atom number in signal and idler mode ÆN1æ
increases nonlinearly with the total atom number N, resulting in a
growing fraction ÆN1æ/N. In the small N=300 limit, the observed
distribution of the total population N1 matches the prediction for
the squeezed vacuum (taking detection noise into account by convolu-
tion with a Gaussian) with maximal squeezing parameter r < 2

(ref. 10). The corresponding mean population is ÆN1æ < 25 and the
data shows a comparably large standard deviation—in contrast, the
noise in the population difference N2 almost vanishes (DN2 , 1.9
atoms). It is important to note that the atomic variances reported
throughout this Letter are corrected for detection noise, as detailed
in the Supplementary Information. For larger total atom numbers N,
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Figure 1 | Analogy to optics and measured population correlations of twin-
atom states. a, Parametric down-conversion with light, and the analogy to
atomic spin-changing collisions. In a nonlinear medium, effective interactions
(top) result in the creation of photon pairs in the signal (red) and idler (blue)
modes from pump mode photons (green). The quadratures of the output
modes (bottom) are centred around the origin—the individual ones are
isotropic, while the two-mode quadratures are squeezed reflecting their
correlations (purple). See text for nomenclature. Pair creation due to spin-
changing collisions in tight traps is an analogous process in quantum atom
optics. b, Experimental system and exemplary raw absorption pictures. Left,
schematic representation (top) of the one-dimensional optical lattice on which

is superimposed an optical dipole trap to tightly confine the atoms in all
directions. In each site, selected Zeeman levels of the hyperfine spin (bottom)
are the only accessible degrees of freedom. The states involved in the spin-
changing collision process are highlighted (see text for nomenclature). Right,
three typical experimental pictures after spin-changing collisions where the
clear spatial separation of sites and states can be seen. c, Population
correlations. These correlations are visible directly on the raw data (right)
where the atom numbers in the signal (red) and idler (blue, numbers shown
with opposite sign) modes fluctuate strongly while their difference (black)
shows small noise. Left, a zoom into 25 experimental realizations, clearly
showing that the fluctuations are common mode.
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Figure 2 | Population of the signal and idler modes. Main figure: red data,
mean population ÆN1æ 5 ÆN"1N#æ versus total atom number N. Error bars,
fluctuations (1 s.d.) of the data. The large uncertainty is a feature of the
nonlinear process itself, which leads to a non-Gaussian distribution of the mode
population. Grey area, the sub-Poisson regime, the upper bound of which is
obtained by a spline fit to ÆN1æ. Blue data points, variance of the population
difference D2N2, which is compatible with zero for small N (error bars, 1 s.d.
statistical uncertainty). Its increase with N is reproduced when taking particle
loss due to spin relaxation into account (black line). Insets, the distribution of
the mode population for indicated total atom numbers. For small N, the
distributions match the prediction for a non-depleted pump with the measured
mean population ÆN1æ (black lines) whereas for larger N they clearly differ. The
fitted squeezed vacuum distribution for 250 , N , 300 corresponds to a
squeezing parameter of r < 2 (ref. 10).
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3S1/2, F à 1, m à 2 1 state using a combination of laser cooling
and radio-frequency-induced evaporative cooling in a TOP (time-
orbiting-potential) trap11, without a discernible non-condensed
fraction. We then adiabatically expand the potential10 in 4 s by
simultaneously reducing the magnetic Æeld gradient and increasing
the rotating bias Æeld. This reduces the trap frequencies in the x√ , y√
and z√ directions to 84, 59 and 42Hz, respectively. The asymptotic
r.m.s. momentum width of the released condensate after adiabatic
expansion is measured to be 0.14(60.02)~k (all uncertainties
reported here are one standard deviation combined statistical and
systematic uncertainties). Because this is small compared to

ÅÅÅ
2

p
~k,

the smallest momentum imparted to the condensate with the Bragg
diffraction, the wavepackets will spatially separate as the system
evolves.
After adiabatic expansion, we switch off the trap, wait 600ms so

that the trapping magnetic Æelds decay away and then apply a
sequence of two Bragg pulses. Each 30-ms pulse is composed of
two linearly polarized laser beams detuned from the 3S1/2,
F à 1! 3P3=2, F9 à 2 transition by ¢=2p à 2 2GHz to suppress
spontaneous emission. This large detuning makes negligible Bragg
scattering of the optical waves by the atoms, which could lead to a
spurious scattering of atoms into P4. The frequency difference

between the two laser beams of a single Bragg pulse is chosen to
fulÆl a Ærst-order Bragg diffraction condition that changes the
momentum state of the atoms without changing their internal
state10. The Ærst Bragg pulse is composed of two mutually perpen-
dicular laser beams of frequencies n1 and n2 à n12 50 kHz, and
wavevectors k1 à k √x and k2 à 2 k √y (k à 2p=l, l à 589 nm). The
maximum intensity of each beam is ,10mWcm-2. The intensity
was chosen so that roughly 1/3 of the condensate atoms acquire
momentum P2 à ~Ök12 k2Ü à ~kÖ √x á √yÜ. The second Bragg pulse
is applied 20ms after the end of the Ærst Bragg pulse (well before the
wavepackets are separated). This second Bragg pulse is composed of
two counter-propagating laser beams with frequencies n1 and
n3 à n12 100 kHz, and wavevectors k1 à k √x and k3 à 2 k √x. The
intensities of these laser beams were chosen to cause half of the
remaining atoms in the momentum state P1 à 0 to acquire a
momentum P3 à ~Ök12 k3Ü à 2~k √x (atoms in P2 are not affected
by this pulse because of the Doppler shift of the light). We chose this
pulse sequence so that only P2 à ~kÖ √x á √yÜ and P3 à 2~k √x are
produced from P1 à 0. Thus we create, nearly simultaneously, three
overlapping wavepackets of the requisite momenta. Without the
nonlinear term in equation (1), one would expect only to observe
these three wavepackets after they have spatially separated. But as
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Figure 1Momentum-energy conservation for 4WM and the bosonic stimulation

viewpoint in a moving frame. a, Momentum conservation, P4 à P12P2 á P3

(equivalent to phase-matching in optical 4WM), in the laboratory frame. For clarity,

over-arrows indicate vectors. Energy conservation requires P2
4 à P

2
12P

2
2 á P

2
3. b,

It is always possible to view matter 4WM in a frame moving with velocity v such

that the three input momenta have the same magnitude, and two are counter-

propagating. Then, in our case two atoms in momentum states P91 à 2 ~k √x and

P93 à 2 ~k √x are bosonically stimulated by wavepacket P92 à 2 ~k √y to scatter into

momentum states P92 and P94 à 2P92 à 2 ~k √y. We note that the energy and

momentum conditions are satisÆed independent of the direction of P92. The 4WM

wavepacket is a consequence of energy, momentum and particle-number con-

servationwhen atoms arestimulated into themomentumstateP92. Thus 4WMcan

be viewed as the annihilation of momentum states P91 and P93, and the creation of

momentum states P92 and P94 (the minus signs in the energy and momentum

conditions are attached to the sate that gains atoms). It is this bosonic stimulation

of scattering that mimics the stimulated emission of photons from an optical

nonlinear medium. Alternatively, by choosing a frame of reference in which

P01 à 2P02 (or P02 à 2P03), 4WM can also be viewed as matter-wave Bragg

diffraction of P03 (P01) from the grating produced by the interference of two others.
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Figure 2 Numerical simulation and experimental results for 4WM. a, Calculated

two-dimensional atomic distribution after 1.8ms, showing the 4WM. The

calculations were performed only until the wavepackets completely separated

due to constraints on the simulation grid-size. The momenta are those of Fig.1a.

The Æeld of view is 0:233 0:26mm. We note that atoms are removed primarily

from the back-end of the wavepackets because these regions overlap for the

longest time. b, A false-colour image of the experimental atomic distribution

showing the fourth (small) wavepacket generated by the 4WM process. The four

wavepackets form a square measuring 0:263 0:26mm, corresponding to the

distance of 0.25mm calculated using the experimental time of Øight of 6.1ms and

the wavepacket momenta. We have veriÆed that if we make initial wavepackets

such that energy and momentum conservation cannot be simultaneously satis-

Æed, no 4WM signal is observed. For instance, if we change the sign of the

frequency difference between the two laser beams that comprise the second

Bragg pulse, wewill create a component with momentum P3 à 2 2~k √x instead of

P3 à 2~k √x. In this case there is no 4WM signal.

L. Deng et al. 
Nature 398 
(1999) 218.

•1D: no energy-momentum conservation /
  phase matching 

• for large Δk = four-wave mixing
Four-wave mixing 

applications
• fundamental studies

• EPR entangled atom pairs

• Atom lasers and interferometry

New channels in 1D?



BEC - Non-Hermiticity

BEC four-wave mixing with losses
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I. INTRODUCTION

Here we first collect some essential papers, some of
which we actually read [1–4], but most of which we
merely think we should read or at least cite for the intro-
duction of a future paper [5–12].

II. GPE IN MOMENTUM-SPACE

Consider a 1D BEC in a transversely tight trap.
Atomic BEC are usually described with the GPE:

i~@ (x)
@t

=


� ~2
2M

@2

@x2
+ U | (x)|2

�
 (x), (1)

considering N =
R
dx| (x)|2 atoms of mass M in one

spatial dimension. Thus U is an e↵ective 1D coupling
constant, containing e.g. properties of tight transverse
trapping. It can be calculated from the 3D interac-
tion constant U3D = 4⇡~2as/M , where as is the s-wave
scattering length, via U = U3D/(2⇡�2

?), where �? is
the width of the harmonic-oscillator ground-state in the
tightly trapped transverse direction �? =

p
~/M/!?,

where !? is the trapping frequency of the transverse trap.
We neglect any residual longitudinal potential.

For our present purpose, it will be more instructive to
consider Eq. (1) in the momentum representation, using
 (x) =

R
dk exp [ikx]�(k)/

p
2⇡. There we obtain

i~@�(k)
@t

=
~2k2
2M

�(k) + U

Z 1

�1
dk1

Z 1

�1
dk2

Z 1

�1
dk3

⇥ �(k2 + k3 � k1 � k)�⇤(k1)�(k2)�(k3), (2)

where �(k) is a Dirac delta function expressing the con-
servation of momentum during atomic scattering pro-
cesses.

To make contact with the few-mode representation of
[1], it will be useful to consider a discrete set of mo-
mentum states for the BEC, rather than the contin-
uum underlying Eq. (2). For conversion, we let �(k) !
�kn/

p
�k ⌘ �n/

p
�k, where �k is our momentum
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space grid-spacing, e.g. during a numerical simulation of
Eq. (2). We then can re-write Eq. (2) as

i~@�p

@t
=

~2k2p
2M

�p + Ud

X

n,m,l

�kp+kn�km�kl�
⇤
n�m�l, (3)

with Ud = U�k. In a final manipulation, let us move to
an interaction pictures via: �̄n = �n exp (iEnt/~), with
En = ~2k2n/(2m) to reach (after dropping the overline
notation again)

i~@�p

@t
= Ud

X

n,m,l

�kp+kn�km�kl

⇥ �⇤
n�m�le

i(Ep+En�Em�El)t/~. (4)

III. STANDARD-WAVEMIXING IN BEC

The equation (4) demonstrates nicely the two funda-
mental conservation laws inherent in atomic scattering:
energy- and momentum conservation. Due to these both,
and the non-linearity of the free-atom dispersion relation
!(k) = E(k)/~ = ~k2/(2m), the creation of dramati-
cally new momenta in a process like 2k0 ! k2 + k3 with
|E(kn) � E(k0)| � U⇢ for n 2 {2, 3} is typically sup-
pressed, here U⇢ is the mean interaction energy. The
origin of the last condition is not immediately clear in
Eq. (4) but will be explained below. The dilemma is
visually represented in Fig. 1, which is inspired by [4].
Scenarios that have allowed wave-mixing studies in

BEC so far then fall in the following categories (i) More
suitable selection of initial momenta, e.g. collision of two
counter-propagating BEC [11], (ii) exploitation of higher-
dimensional scenarios [12], (iii) modification of the dis-
persion relation via an additional potential such as an op-
tical lattice [4, 7] , (iv) additional use of multiple atomic
internal states with energy di↵erences that adjust energy-
conservation [5, 10] (GUESSED, TO CHECK). In the
following our objective is to add a category (v).

IV. PHASEMATCHING THROUGH LOSS

Let us now assume spectrally dependent single-body
atom loss for the BEC, following [1]. Thus we are adding

GPE: Many-body H 
Hermitian

Unavoidable atom losses:

One-body loss
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mental conservation laws inherent in atomic scattering:
energy- and momentum conservation. Due to these both,
and the non-linearity of the free-atom dispersion relation
!(k) = E(k)/~ = ~k2/(2m), the creation of dramati-
cally new momenta in a process like 2k0 ! k2 + k3 with
|E(kn) � E(k0)| � U⇢ for n 2 {2, 3} is typically sup-
pressed, here U⇢ is the mean interaction energy. The
origin of the last condition is not immediately clear in
Eq. (4) but will be explained below. The dilemma is
visually represented in Fig. 1, which is inspired by [4].
Scenarios that have allowed wave-mixing studies in

BEC so far then fall in the following categories (i) More
suitable selection of initial momenta, e.g. collision of two
counter-propagating BEC [11], (ii) exploitation of higher-
dimensional scenarios [12], (iii) modification of the dis-
persion relation via an additional potential such as an op-
tical lattice [4, 7] , (iv) additional use of multiple atomic
internal states with energy di↵erences that adjust energy-
conservation [5, 10] (GUESSED, TO CHECK). In the
following our objective is to add a category (v).

IV. PHASEMATCHING THROUGH LOSS

Let us now assume spectrally dependent single-body
atom loss for the BEC, following [1]. Thus we are adding
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example, to amplify weak signals, are the well-known paramet-
ric amplifiers.

To achieve efficient energy transfer between the different
beams, a phase-matching condition must be satisfied. However,
this is not always an easy task for most material systems, includ-
ing the important case of semiconductor planar platforms, since
it often leads to more complicated optical designs and fabrica-
tion steps. Here we show that, by introducing optical loss for
the idler beam only, one can obtain optical gain, even when the
propagation constants of the different optical modes do not
satisfy the aforementioned phase-matching requirement.

To this end, we consider the nonlinear interaction between
the pump, signal, and idler beams under slowly varying
envelope approximations. Within the coupled mode analysis,
this process can be described by [1]

dES

dz
! iκ 0SEPE"

I exp#iΔβz$ − γSES;

dEI

dz
! iκ 0IEPE"

S exp#iΔβz$ − γIEI ;

dEP

dz
! iκ 0PEIES exp#−iΔβz$; (1)

where, in Eq. (1), ES;I ;P are the signal, idler, and pump field
amplitudes, respectively; κ 0S;I ;P are the coupling coefficients,
which are functions of the second-order nonlinearity, as well
as the optical frequencies ωS;I ;P; while Δβ ! βP − #βS % βI $
is the propagation constant mismatch between the three differ-
ent beams [1]. Finally, γS;I are the signal and idler linear loss
coefficients, z is the propagation distance, and the asterisks
denote complex conjugation. We first review the well-known
behavior of the optical fields described by Eq. (1) in the absence
of any optical loss, i.e., γS;I . Under these conditions and within
the undepleted pump approximation (EP is approximately
constant), the solution of Eq. (1) can be expressed as linear
superposition of exponential functions of the form
exp#iΔβz∕2 & iλz$ with λ !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2$2 − κSκI

p
[1], where

κS;I ! κ 0S;IEP. If Δβ∕2 is larger than the product ffiffiffiffiffiffiffiffiffi
κSκI

p ,
the power of both the signal and idler beams remains bounded
and oscillates between two extreme values. However, when the
phase mismatch drops below ffiffiffiffiffiffiffiffiffi

κSκI
p , the value of λ becomes

complex, and parametric amplification takes place. Physically,
this net gain is a result of power transfer from the pump to
the signal and idler. Mathematically, the total power is not con-
served, since Eq. (1) is non-Hermitian. Before we proceed,
we would like to remark that the transition between the two
regimes Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p and Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p resembles PT

spontaneous symmetry breaking. In particular, when Δβ >ffiffiffiffiffiffiffiffiffi
κSκI

p , the system is in the PT-like phase, where the eigenval-
ues are real and the total power remains bounded. On the other
hand, when Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p , the eigenvalues cease to be real

and form a complex conjugate pair. Similar to PT systems,
under this condition, the intensity profiles associated with the
normalized eigenmodes of Eq. (1) become asymmetric. Aside
from this interesting analogy, it is clear that a certain level of
phase-matching has to be achieved before parametric amplifi-
cation can take place. Satisfying this condition in semiconduc-
tor platforms can be achieved via techniques, such as quasi-
phase matching or artificial birefringence, which might not
be compatible with planar technology and require several addi-
tional complex fabrication steps [5].

We now investigate the case where γS ! 0, while γI is finite,
and we focus first on the scenario in which the undepleted
pump approximation still applies. In the next section, we will
discuss how this optical loss can be selectively introduced only
for the idler beam without appreciably affecting the pump and
signal beams. While the advantage of this additional term might
not be obvious at first sight, straightforward analysis shows that
the solution of Eq. (1) in this case can be expressed as a super-
position of the two exponential functions exp#iΔβz∕2 % iλ& z$,
where λ& ! iγI∕2 &

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2 % iγI∕2$2 − κSκI

p
. The first

term of λ& accounts for the average linear dissipation. The sec-
ond term, on the other hand, represents the interplay between
the linear loss, phase mismatch, and nonlinear gain, and can con-
tribute extra dissipation or gain depending on its sign.

An interesting question now arises: can these combined
effects lead to a net gain, even when Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p ? In other

words, can these different factors work synergistically and cause
the pump to provide energy to either the signal or idler beams
at a faster rate than the linear optical dissipation, even when the
Hermitian phase-matching condition is violated? To answer
this question, we first consider the normalized eigenvalue λ−N !
λ−∕ ffiffiffiffiffiffiffiffiffi

κSκI
p and plot its imaginary part as a function of the nor-

malized mismatch ΔβN ! Δβ∕ ffiffiffiffiffiffiffiffiffi
κSκI

p and loss coefficient
γN ! γI∕

ffiffiffiffiffiffiffiffiffi
κSκI

p in Fig. 2(a).
Interestingly, we find that the imaginary part of λ− in this

regime (Δβ∕2 > ffiffiffiffiffiffiffiffiffi
κSκI

p ) is negative. This, in turn, gives rise to
parametric amplification. Before we proceed, it is instructive
to summarize this straightforward, yet important, finding. For
the range of mismatch parameters chosen in Fig. 2(a), and
when all linear loss coefficients γS;I vanish, both the signal and
idler beams experience power oscillations between bounded

Fig. 1. (a) Schematic of an OPA process where a quadratic nonlin-
ear interaction can lead to energy transfer from a strong pump beam to
a weak signal beam along with the generation of an idler component.
Phase-matching between the real propagation constants of the three
different beams must be satisfied. (b) Adding dissipation to the idler
beam can relax the phase-matching requirement.

Fig. 2. (a) Two-dimensional plot of the nonlinear gain parameters
of the signal and idler beams represented by Imfλ−N g as a function of
the normalized phase mismatch ΔβN and idler loss γN , as described in
the text. The yellow line indicates the locations of the local minima
(corresponding to maximum gain) at each vertical cross section.
(b) Imfλ−N g as a function of γN when ΔβN ! 3 and 5.
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Matter-wave amplification in 
homogeneous 1D condensate

2

dimensional condensate, analogous to optical-parametric
amplification. In collision of three separate condensates
as in the 4WM scenarios [cite theory and expt], we
demonstrate clear signatures of the loss-induced addition
of scattering channels. The loss induced addition of addi-
tional scattering channels may enhance the utility of BEC
for atom interferometry [], atom-laser manipulation [] or
entanglement generation [].
Non-hermitean four-wave mixing: We assume the BEC
of atoms with mass m is well described by the 1D Gross-
Pitaevskii-equation (GPE), which we consider in the mo-
mentum representation

i~@�(k)
@t

=
~2k2
2m

�(k) + U

Z 1

�1
dk1

Z 1

�1
dk2

Z 1

�1
dk3

⇥ �(k2 + k3 � k1 � k)�⇤(k1)�(k2)�(k3)� i~�(k)�(k),
(1)

where �(k) is a Dirac delta function expressing the con-
servation of momentum during atomic (s-wave) scatter-
ing processes with interaction constant U . We have also
already included momentum dependent loss with rate
�(k).

To isolate the e↵ect of loss on four-wave mixing pro-
cesses, let us simplify the non-linear many-mode prob-
lem (1) to some specific momenta k0, ks, ki involved
in a scattering process as shown in Fig. 1. Assume
only atoms in mode ki are lost. For this, consider
discrete momentum amplitudes in an interaction pic-
ture, �a = �(ka)

p
�k exp i(En + n)t/~, with En =

~2k2a/(2m), �k a small interval of momenta around
ka, and n = {0,�/2,��/2} for n = {0, s, i} with
� = Es + Ei � 2E0 � U⇢ for a homogeneous conden-
sate with density ⇢ SMOOTHEN.

Through steps listed in [18], [undepleted pump approx,
list other conditions], we can then obtain the equations:

i~@�2

@t
=

✓
2Ud⇢+

�

2

◆
�2 + Ud⇢�3,

i~@�3

@t
= �

✓
2Ud⇢+

�

2

◆
�3 � Ud⇢�2 � i~��3. (2)

The solution to these is XXX with eigenvalues

�1,2 = i
�

2
± 1

2


� �2 + 4(2Ud⇢+�/2)2

�4(Ud⇢)
2 + 4i�(2Ud⇢+�/2)

�1/2
. (3)

DISCUSS AMPLIFIC DAMP. CONDITIONS FOR
GETTING:

�00 = � (U⇢)2�

�2 +�Ē2
. (4)

We illustrate (4) in the inset of Fig. 2(d) TO DO. Am-
plification of the idler is maximal for � ⇡ Ē, when the

loss induced width is large enough to close the energy
gap in the scattering process, but not larger. The fact
that Ē � U⇢ for there to be well defined wave-mixing
processes instead of complex many-mode dynamics now
constrains �00 ⌧ Ē. REF TO SUPP INF FOR VALIDA-
TION?
Spectrally selective loss: It was crucial for the develop-
ment so far that the loss term �(k) a↵ects only atoms in
the idler mode ki and not k0/s. We give now an example
of how this can be implemented in practice by exploit-
ing the Doppler-shift, in an adaptation of techniques from
laser-cooling [], which also essentially requires velocity se-
lective manipulations of atoms. We describe the scheme
here briefly, with more details in [18]. Consider BEC
atoms in their electronic ground-state | g i, which are o↵-
resonantly driven by a probe laser with Rabi-frequency
⌦p and detuning � into an excited state | r i decaying
with rate 2� as shown in Fig. 1(b). In contrast to laser-
cooling, we assume that the photon recoilXX = incurred
by decaying atoms is larger than the trap depths such
that decaying atoms are lost. Since the motion of con-
densate atoms yields a Doppler-shifted laser frequency,
and ignoring state |h i for the moment, we obtain a loss
profile �((k)) = � ⇢rr(�� k · qp), where qp is the wave-
vector of the probe laser. Here ⇢rr the steady state pop-
ulation in state | r i, usually the fell known Lorentzian
spectral line-shape of state | r i.

The challenge is now to tune the width �k of ⇢rr such
that loss is significant on the idler matter waves ki, but
negligible on the bulk background condensate k0. In
practice, as a first step, this necessitates the use of ”long-
lived” excited states for | r i, such as Rydberg states [] or
metastable spin tripletts (?) in two-electron atoms [].
However we find that even for these states, the strong
tails of the Lorentzian usually cause too much loss in
the bulk condensate k0 ⇡ 0. Thus, in a second step, we
augment the excitation scheme to include coupling | r i
to another hyperfine ground state |h i (⌦c, �c), the re-
sulting ⇤-type level scheme as shown in Fig. 1(b) enables
electromagnetically induced transparency (EIT), a com-
plete suppression of non-Doppler shifted excitation (loss)
at k ⇡ 0 due to quantum interference. Add loss spectrum
here? Is in suppinf. now. While loss at signal momenta
ks cannot be fully suppressed in this scheme, it can be
made su�ciently small as we show later.

DISPERSIVE PART.
The scheme adapted here has been demonstrated for

laser cooling of trapped ions CHECK []. We present it
here for a definite example on how su�cient velocity se-
lectivity for loss processes within the condensate can be
engineered, the specific e↵ects discussed in the following
would similarly arise for other realisations of loss, fulfill-
ing the requirements above.
Matter-wave signal amplification: We proceed to demon-
strate, in analogy to OPA, the non-linear amplification
of a matter wave. We consider a one-dimensional BEC
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example, to amplify weak signals, are the well-known paramet-
ric amplifiers.

To achieve efficient energy transfer between the different
beams, a phase-matching condition must be satisfied. However,
this is not always an easy task for most material systems, includ-
ing the important case of semiconductor planar platforms, since
it often leads to more complicated optical designs and fabrica-
tion steps. Here we show that, by introducing optical loss for
the idler beam only, one can obtain optical gain, even when the
propagation constants of the different optical modes do not
satisfy the aforementioned phase-matching requirement.

To this end, we consider the nonlinear interaction between
the pump, signal, and idler beams under slowly varying
envelope approximations. Within the coupled mode analysis,
this process can be described by [1]

dES

dz
! iκ 0SEPE"

I exp#iΔβz$ − γSES;

dEI

dz
! iκ 0IEPE"

S exp#iΔβz$ − γIEI ;

dEP

dz
! iκ 0PEIES exp#−iΔβz$; (1)

where, in Eq. (1), ES;I ;P are the signal, idler, and pump field
amplitudes, respectively; κ 0S;I ;P are the coupling coefficients,
which are functions of the second-order nonlinearity, as well
as the optical frequencies ωS;I ;P; while Δβ ! βP − #βS % βI $
is the propagation constant mismatch between the three differ-
ent beams [1]. Finally, γS;I are the signal and idler linear loss
coefficients, z is the propagation distance, and the asterisks
denote complex conjugation. We first review the well-known
behavior of the optical fields described by Eq. (1) in the absence
of any optical loss, i.e., γS;I . Under these conditions and within
the undepleted pump approximation (EP is approximately
constant), the solution of Eq. (1) can be expressed as linear
superposition of exponential functions of the form
exp#iΔβz∕2 & iλz$ with λ !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2$2 − κSκI

p
[1], where

κS;I ! κ 0S;IEP. If Δβ∕2 is larger than the product ffiffiffiffiffiffiffiffiffi
κSκI

p ,
the power of both the signal and idler beams remains bounded
and oscillates between two extreme values. However, when the
phase mismatch drops below ffiffiffiffiffiffiffiffiffi

κSκI
p , the value of λ becomes

complex, and parametric amplification takes place. Physically,
this net gain is a result of power transfer from the pump to
the signal and idler. Mathematically, the total power is not con-
served, since Eq. (1) is non-Hermitian. Before we proceed,
we would like to remark that the transition between the two
regimes Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p and Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p resembles PT

spontaneous symmetry breaking. In particular, when Δβ >ffiffiffiffiffiffiffiffiffi
κSκI

p , the system is in the PT-like phase, where the eigenval-
ues are real and the total power remains bounded. On the other
hand, when Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p , the eigenvalues cease to be real

and form a complex conjugate pair. Similar to PT systems,
under this condition, the intensity profiles associated with the
normalized eigenmodes of Eq. (1) become asymmetric. Aside
from this interesting analogy, it is clear that a certain level of
phase-matching has to be achieved before parametric amplifi-
cation can take place. Satisfying this condition in semiconduc-
tor platforms can be achieved via techniques, such as quasi-
phase matching or artificial birefringence, which might not
be compatible with planar technology and require several addi-
tional complex fabrication steps [5].

We now investigate the case where γS ! 0, while γI is finite,
and we focus first on the scenario in which the undepleted
pump approximation still applies. In the next section, we will
discuss how this optical loss can be selectively introduced only
for the idler beam without appreciably affecting the pump and
signal beams. While the advantage of this additional term might
not be obvious at first sight, straightforward analysis shows that
the solution of Eq. (1) in this case can be expressed as a super-
position of the two exponential functions exp#iΔβz∕2 % iλ& z$,
where λ& ! iγI∕2 &

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2 % iγI∕2$2 − κSκI

p
. The first

term of λ& accounts for the average linear dissipation. The sec-
ond term, on the other hand, represents the interplay between
the linear loss, phase mismatch, and nonlinear gain, and can con-
tribute extra dissipation or gain depending on its sign.

An interesting question now arises: can these combined
effects lead to a net gain, even when Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p ? In other

words, can these different factors work synergistically and cause
the pump to provide energy to either the signal or idler beams
at a faster rate than the linear optical dissipation, even when the
Hermitian phase-matching condition is violated? To answer
this question, we first consider the normalized eigenvalue λ−N !
λ−∕ ffiffiffiffiffiffiffiffiffi

κSκI
p and plot its imaginary part as a function of the nor-

malized mismatch ΔβN ! Δβ∕ ffiffiffiffiffiffiffiffiffi
κSκI

p and loss coefficient
γN ! γI∕

ffiffiffiffiffiffiffiffiffi
κSκI

p in Fig. 2(a).
Interestingly, we find that the imaginary part of λ− in this

regime (Δβ∕2 > ffiffiffiffiffiffiffiffiffi
κSκI

p ) is negative. This, in turn, gives rise to
parametric amplification. Before we proceed, it is instructive
to summarize this straightforward, yet important, finding. For
the range of mismatch parameters chosen in Fig. 2(a), and
when all linear loss coefficients γS;I vanish, both the signal and
idler beams experience power oscillations between bounded

Fig. 1. (a) Schematic of an OPA process where a quadratic nonlin-
ear interaction can lead to energy transfer from a strong pump beam to
a weak signal beam along with the generation of an idler component.
Phase-matching between the real propagation constants of the three
different beams must be satisfied. (b) Adding dissipation to the idler
beam can relax the phase-matching requirement.

Fig. 2. (a) Two-dimensional plot of the nonlinear gain parameters
of the signal and idler beams represented by Imfλ−N g as a function of
the normalized phase mismatch ΔβN and idler loss γN , as described in
the text. The yellow line indicates the locations of the local minima
(corresponding to maximum gain) at each vertical cross section.
(b) Imfλ−N g as a function of γN when ΔβN ! 3 and 5.
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3S1/2, F à 1, m à 2 1 state using a combination of laser cooling
and radio-frequency-induced evaporative cooling in a TOP (time-
orbiting-potential) trap11, without a discernible non-condensed
fraction. We then adiabatically expand the potential10 in 4 s by
simultaneously reducing the magnetic Æeld gradient and increasing
the rotating bias Æeld. This reduces the trap frequencies in the x√ , y√
and z√ directions to 84, 59 and 42Hz, respectively. The asymptotic
r.m.s. momentum width of the released condensate after adiabatic
expansion is measured to be 0.14(60.02)~k (all uncertainties
reported here are one standard deviation combined statistical and
systematic uncertainties). Because this is small compared to

ÅÅÅ
2

p
~k,

the smallest momentum imparted to the condensate with the Bragg
diffraction, the wavepackets will spatially separate as the system
evolves.
After adiabatic expansion, we switch off the trap, wait 600ms so

that the trapping magnetic Æelds decay away and then apply a
sequence of two Bragg pulses. Each 30-ms pulse is composed of
two linearly polarized laser beams detuned from the 3S1/2,
F à 1! 3P3=2, F9 à 2 transition by ¢=2p à 2 2GHz to suppress
spontaneous emission. This large detuning makes negligible Bragg
scattering of the optical waves by the atoms, which could lead to a
spurious scattering of atoms into P4. The frequency difference

between the two laser beams of a single Bragg pulse is chosen to
fulÆl a Ærst-order Bragg diffraction condition that changes the
momentum state of the atoms without changing their internal
state10. The Ærst Bragg pulse is composed of two mutually perpen-
dicular laser beams of frequencies n1 and n2 à n12 50 kHz, and
wavevectors k1 à k √x and k2 à 2 k √y (k à 2p=l, l à 589 nm). The
maximum intensity of each beam is ,10mWcm-2. The intensity
was chosen so that roughly 1/3 of the condensate atoms acquire
momentum P2 à ~Ök12 k2Ü à ~kÖ √x á √yÜ. The second Bragg pulse
is applied 20ms after the end of the Ærst Bragg pulse (well before the
wavepackets are separated). This second Bragg pulse is composed of
two counter-propagating laser beams with frequencies n1 and
n3 à n12 100 kHz, and wavevectors k1 à k √x and k3 à 2 k √x. The
intensities of these laser beams were chosen to cause half of the
remaining atoms in the momentum state P1 à 0 to acquire a
momentum P3 à ~Ök12 k3Ü à 2~k √x (atoms in P2 are not affected
by this pulse because of the Doppler shift of the light). We chose this
pulse sequence so that only P2 à ~kÖ √x á √yÜ and P3 à 2~k √x are
produced from P1 à 0. Thus we create, nearly simultaneously, three
overlapping wavepackets of the requisite momenta. Without the
nonlinear term in equation (1), one would expect only to observe
these three wavepackets after they have spatially separated. But as

Lab frame:  

Moving frame:

P1 = 0

P4 = P1 – P2 + P3
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Figure 1Momentum-energy conservation for 4WM and the bosonic stimulation

viewpoint in a moving frame. a, Momentum conservation, P4 à P12P2 á P3

(equivalent to phase-matching in optical 4WM), in the laboratory frame. For clarity,

over-arrows indicate vectors. Energy conservation requires P2
4 à P

2
12P

2
2 á P
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3. b,

It is always possible to view matter 4WM in a frame moving with velocity v such

that the three input momenta have the same magnitude, and two are counter-

propagating. Then, in our case two atoms in momentum states P91 à 2 ~k √x and

P93 à 2 ~k √x are bosonically stimulated by wavepacket P92 à 2 ~k √y to scatter into

momentum states P92 and P94 à 2P92 à 2 ~k √y. We note that the energy and

momentum conditions are satisÆed independent of the direction of P92. The 4WM

wavepacket is a consequence of energy, momentum and particle-number con-

servationwhen atoms arestimulated into themomentumstateP92. Thus 4WMcan

be viewed as the annihilation of momentum states P91 and P93, and the creation of

momentum states P92 and P94 (the minus signs in the energy and momentum

conditions are attached to the sate that gains atoms). It is this bosonic stimulation

of scattering that mimics the stimulated emission of photons from an optical

nonlinear medium. Alternatively, by choosing a frame of reference in which

P01 à 2P02 (or P02 à 2P03), 4WM can also be viewed as matter-wave Bragg

diffraction of P03 (P01) from the grating produced by the interference of two others.
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Figure 2 Numerical simulation and experimental results for 4WM. a, Calculated

two-dimensional atomic distribution after 1.8ms, showing the 4WM. The

calculations were performed only until the wavepackets completely separated

due to constraints on the simulation grid-size. The momenta are those of Fig.1a.

The Æeld of view is 0:233 0:26mm. We note that atoms are removed primarily

from the back-end of the wavepackets because these regions overlap for the

longest time. b, A false-colour image of the experimental atomic distribution

showing the fourth (small) wavepacket generated by the 4WM process. The four

wavepackets form a square measuring 0:263 0:26mm, corresponding to the

distance of 0.25mm calculated using the experimental time of Øight of 6.1ms and

the wavepacket momenta. We have veriÆed that if we make initial wavepackets

such that energy and momentum conservation cannot be simultaneously satis-

Æed, no 4WM signal is observed. For instance, if we change the sign of the

frequency difference between the two laser beams that comprise the second

Bragg pulse, wewill create a component with momentum P3 à 2 2~k √x instead of

P3 à 2~k √x. In this case there is no 4WM signal.
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3S1/2, F à 1, m à 2 1 state using a combination of laser cooling
and radio-frequency-induced evaporative cooling in a TOP (time-
orbiting-potential) trap11, without a discernible non-condensed
fraction. We then adiabatically expand the potential10 in 4 s by
simultaneously reducing the magnetic Æeld gradient and increasing
the rotating bias Æeld. This reduces the trap frequencies in the x√ , y√
and z√ directions to 84, 59 and 42Hz, respectively. The asymptotic
r.m.s. momentum width of the released condensate after adiabatic
expansion is measured to be 0.14(60.02)~k (all uncertainties
reported here are one standard deviation combined statistical and
systematic uncertainties). Because this is small compared to
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diffraction, the wavepackets will spatially separate as the system
evolves.
After adiabatic expansion, we switch off the trap, wait 600ms so

that the trapping magnetic Æelds decay away and then apply a
sequence of two Bragg pulses. Each 30-ms pulse is composed of
two linearly polarized laser beams detuned from the 3S1/2,
F à 1! 3P3=2, F9 à 2 transition by ¢=2p à 2 2GHz to suppress
spontaneous emission. This large detuning makes negligible Bragg
scattering of the optical waves by the atoms, which could lead to a
spurious scattering of atoms into P4. The frequency difference

between the two laser beams of a single Bragg pulse is chosen to
fulÆl a Ærst-order Bragg diffraction condition that changes the
momentum state of the atoms without changing their internal
state10. The Ærst Bragg pulse is composed of two mutually perpen-
dicular laser beams of frequencies n1 and n2 à n12 50 kHz, and
wavevectors k1 à k √x and k2 à 2 k √y (k à 2p=l, l à 589 nm). The
maximum intensity of each beam is ,10mWcm-2. The intensity
was chosen so that roughly 1/3 of the condensate atoms acquire
momentum P2 à ~Ök12 k2Ü à ~kÖ √x á √yÜ. The second Bragg pulse
is applied 20ms after the end of the Ærst Bragg pulse (well before the
wavepackets are separated). This second Bragg pulse is composed of
two counter-propagating laser beams with frequencies n1 and
n3 à n12 100 kHz, and wavevectors k1 à k √x and k3 à 2 k √x. The
intensities of these laser beams were chosen to cause half of the
remaining atoms in the momentum state P1 à 0 to acquire a
momentum P3 à ~Ök12 k3Ü à 2~k √x (atoms in P2 are not affected
by this pulse because of the Doppler shift of the light). We chose this
pulse sequence so that only P2 à ~kÖ √x á √yÜ and P3 à 2~k √x are
produced from P1 à 0. Thus we create, nearly simultaneously, three
overlapping wavepackets of the requisite momenta. Without the
nonlinear term in equation (1), one would expect only to observe
these three wavepackets after they have spatially separated. But as
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example, to amplify weak signals, are the well-known paramet-
ric amplifiers.

To achieve efficient energy transfer between the different
beams, a phase-matching condition must be satisfied. However,
this is not always an easy task for most material systems, includ-
ing the important case of semiconductor planar platforms, since
it often leads to more complicated optical designs and fabrica-
tion steps. Here we show that, by introducing optical loss for
the idler beam only, one can obtain optical gain, even when the
propagation constants of the different optical modes do not
satisfy the aforementioned phase-matching requirement.

To this end, we consider the nonlinear interaction between
the pump, signal, and idler beams under slowly varying
envelope approximations. Within the coupled mode analysis,
this process can be described by [1]

dES

dz
! iκ 0SEPE"

I exp#iΔβz$ − γSES;

dEI

dz
! iκ 0IEPE"

S exp#iΔβz$ − γIEI ;

dEP

dz
! iκ 0PEIES exp#−iΔβz$; (1)

where, in Eq. (1), ES;I ;P are the signal, idler, and pump field
amplitudes, respectively; κ 0S;I ;P are the coupling coefficients,
which are functions of the second-order nonlinearity, as well
as the optical frequencies ωS;I ;P; while Δβ ! βP − #βS % βI $
is the propagation constant mismatch between the three differ-
ent beams [1]. Finally, γS;I are the signal and idler linear loss
coefficients, z is the propagation distance, and the asterisks
denote complex conjugation. We first review the well-known
behavior of the optical fields described by Eq. (1) in the absence
of any optical loss, i.e., γS;I . Under these conditions and within
the undepleted pump approximation (EP is approximately
constant), the solution of Eq. (1) can be expressed as linear
superposition of exponential functions of the form
exp#iΔβz∕2 & iλz$ with λ !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2$2 − κSκI

p
[1], where

κS;I ! κ 0S;IEP. If Δβ∕2 is larger than the product ffiffiffiffiffiffiffiffiffi
κSκI

p ,
the power of both the signal and idler beams remains bounded
and oscillates between two extreme values. However, when the
phase mismatch drops below ffiffiffiffiffiffiffiffiffi

κSκI
p , the value of λ becomes

complex, and parametric amplification takes place. Physically,
this net gain is a result of power transfer from the pump to
the signal and idler. Mathematically, the total power is not con-
served, since Eq. (1) is non-Hermitian. Before we proceed,
we would like to remark that the transition between the two
regimes Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p and Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p resembles PT

spontaneous symmetry breaking. In particular, when Δβ >ffiffiffiffiffiffiffiffiffi
κSκI

p , the system is in the PT-like phase, where the eigenval-
ues are real and the total power remains bounded. On the other
hand, when Δβ∕2 < ffiffiffiffiffiffiffiffiffi

κSκI
p , the eigenvalues cease to be real

and form a complex conjugate pair. Similar to PT systems,
under this condition, the intensity profiles associated with the
normalized eigenmodes of Eq. (1) become asymmetric. Aside
from this interesting analogy, it is clear that a certain level of
phase-matching has to be achieved before parametric amplifi-
cation can take place. Satisfying this condition in semiconduc-
tor platforms can be achieved via techniques, such as quasi-
phase matching or artificial birefringence, which might not
be compatible with planar technology and require several addi-
tional complex fabrication steps [5].

We now investigate the case where γS ! 0, while γI is finite,
and we focus first on the scenario in which the undepleted
pump approximation still applies. In the next section, we will
discuss how this optical loss can be selectively introduced only
for the idler beam without appreciably affecting the pump and
signal beams. While the advantage of this additional term might
not be obvious at first sight, straightforward analysis shows that
the solution of Eq. (1) in this case can be expressed as a super-
position of the two exponential functions exp#iΔβz∕2 % iλ& z$,
where λ& ! iγI∕2 &

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#Δβ∕2 % iγI∕2$2 − κSκI

p
. The first

term of λ& accounts for the average linear dissipation. The sec-
ond term, on the other hand, represents the interplay between
the linear loss, phase mismatch, and nonlinear gain, and can con-
tribute extra dissipation or gain depending on its sign.

An interesting question now arises: can these combined
effects lead to a net gain, even when Δβ∕2 > ffiffiffiffiffiffiffiffiffi

κSκI
p ? In other

words, can these different factors work synergistically and cause
the pump to provide energy to either the signal or idler beams
at a faster rate than the linear optical dissipation, even when the
Hermitian phase-matching condition is violated? To answer
this question, we first consider the normalized eigenvalue λ−N !
λ−∕ ffiffiffiffiffiffiffiffiffi

κSκI
p and plot its imaginary part as a function of the nor-

malized mismatch ΔβN ! Δβ∕ ffiffiffiffiffiffiffiffiffi
κSκI

p and loss coefficient
γN ! γI∕

ffiffiffiffiffiffiffiffiffi
κSκI

p in Fig. 2(a).
Interestingly, we find that the imaginary part of λ− in this

regime (Δβ∕2 > ffiffiffiffiffiffiffiffiffi
κSκI

p ) is negative. This, in turn, gives rise to
parametric amplification. Before we proceed, it is instructive
to summarize this straightforward, yet important, finding. For
the range of mismatch parameters chosen in Fig. 2(a), and
when all linear loss coefficients γS;I vanish, both the signal and
idler beams experience power oscillations between bounded

Fig. 1. (a) Schematic of an OPA process where a quadratic nonlin-
ear interaction can lead to energy transfer from a strong pump beam to
a weak signal beam along with the generation of an idler component.
Phase-matching between the real propagation constants of the three
different beams must be satisfied. (b) Adding dissipation to the idler
beam can relax the phase-matching requirement.

Fig. 2. (a) Two-dimensional plot of the nonlinear gain parameters
of the signal and idler beams represented by Imfλ−N g as a function of
the normalized phase mismatch ΔβN and idler loss γN , as described in
the text. The yellow line indicates the locations of the local minima
(corresponding to maximum gain) at each vertical cross section.
(b) Imfλ−N g as a function of γN when ΔβN ! 3 and 5.
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Engineering atomic losses
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(2) Tackle “tails” of Lorentzian: quantum interference, EIT

(1) BEC velocities small, need relatively long-lived state |r> 
(metastable triplett or Rydberg n=70,p   γ= 5 kHz)

�! = 7 kHz

Doppler shift: !0 = ! � v · qlas
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Challenge: γ(k) should act on small range of k only

adaptation of [theory] G. Morigi et al. PRL 85 (2000) 4458.  [expt] C. F. Roos et al. ibid. 5547. 

lost, recoil



Engineering atomic losses

(2) Tackle “tails” of Lorentzian: quantum interference, EIT

Challenge: γ(k) should act on small range of k only

adaptation of [theory] G. Morigi et al. PRL 85 (2000) 4458.  [expt] C. F. Roos et al. ibid. 5547. 

Here:

• Metastable excited states

• Decaying atoms lost from system

•Weak trap

•Hierarchy of time-scales:   TBEC >> Tloss >> Tγ

S. Wüster and R. El-Ganainy, PRA 96 (2017) 013605.



Few mode model
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Analytical understanding of 
amplification mechanism

BEC four-wave mixing with losses
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We transfer recent insight regarding wave-mixing processes in non-Hermitian non-linear optics to
non-Hermitian Bose-Einstein condensates.

PACS numbers:

I. INTRODUCTION

Here we first collect some essential papers, some of
which we actually read [1–4], but most of which we
merely think we should read or at least cite for the intro-
duction of a future paper [5–12].

II. GPE IN MOMENTUM-SPACE

Consider a 1D BEC in a transversely tight trap.
Atomic BEC are usually described with the GPE:

i~@ (x)
@t

=


� ~2
2M

@2

@x2
+ U | (x)|2

�
 (x), (1)

considering N =
R
dx| (x)|2 atoms of mass M in one

spatial dimension. Thus U is an e↵ective 1D coupling
constant, containing e.g. properties of tight transverse
trapping. It can be calculated from the 3D interac-
tion constant U3D = 4⇡~2as/M , where as is the s-wave
scattering length, via U = U3D/(2⇡�2

?), where �? is
the width of the harmonic-oscillator ground-state in the
tightly trapped transverse direction �? =

p
~/M/!?,

where !? is the trapping frequency of the transverse trap.
We neglect any residual longitudinal potential.

For our present purpose, it will be more instructive to
consider Eq. (1) in the momentum representation, using
 (x) =

R
dk exp [ikx]�(k)/

p
2⇡. There we obtain

i~@�(k)
@t

=
~2k2
2M

�(k) + U

Z 1

�1
dk1

Z 1

�1
dk2

Z 1

�1
dk3

⇥ �(k2 + k3 � k1 � k)�⇤(k1)�(k2)�(k3), (2)

where �(k) is a Dirac delta function expressing the con-
servation of momentum during atomic scattering pro-
cesses.

To make contact with the few-mode representation of
[1], it will be useful to consider a discrete set of mo-
mentum states for the BEC, rather than the contin-
uum underlying Eq. (2). For conversion, we let �(k) !
�kn/

p
�k ⌘ �n/

p
�k, where �k is our momentum

⇤Electronic address: sebastian.wuster@bilkent.edu.tr
†Electronic address: ganainy@mtu.edu

space grid-spacing, e.g. during a numerical simulation of
Eq. (2). We then can re-write Eq. (2) as

i~@�p

@t
=

~2k2p
2M

�p + Ud

X

n,m,l

�kp+kn�km�kl�
⇤
n�m�l, (3)

with Ud = U�k. In a final manipulation, let us move to
an interaction pictures via: �̄n = �n exp (iEnt/~), with
En = ~2k2n/(2m) to reach (after dropping the overline
notation again)

i~@�p

@t
= Ud

X

n,m,l

�kp+kn�km�kl

⇥ �⇤
n�m�le

i(Ep+En�Em�El)t/~. (4)

III. STANDARD-WAVEMIXING IN BEC

The equation (4) demonstrates nicely the two funda-
mental conservation laws inherent in atomic scattering:
energy- and momentum conservation. Due to these both,
and the non-linearity of the free-atom dispersion relation
!(k) = E(k)/~ = ~k2/(2m), the creation of dramati-
cally new momenta in a process like 2k0 ! k2 + k3 with
|E(kn) � E(k0)| � U⇢ for n 2 {2, 3} is typically sup-
pressed, here U⇢ is the mean interaction energy. The
origin of the last condition is not immediately clear in
Eq. (4) but will be explained below. The dilemma is
visually represented in Fig. 1, which is inspired by [4].
Scenarios that have allowed wave-mixing studies in

BEC so far then fall in the following categories (i) More
suitable selection of initial momenta, e.g. collision of two
counter-propagating BEC [11], (ii) exploitation of higher-
dimensional scenarios [12], (iii) modification of the dis-
persion relation via an additional potential such as an op-
tical lattice [4, 7] , (iv) additional use of multiple atomic
internal states with energy di↵erences that adjust energy-
conservation [5, 10] (GUESSED, TO CHECK). In the
following our objective is to add a category (v).

IV. PHASEMATCHING THROUGH LOSS

Let us now assume spectrally dependent single-body
atom loss for the BEC, following [1]. Thus we are adding

• Consider only three modes (0,s,i).

• Growth rates of solutions

• Max for                  , but  “frequency”  

�E = 2E0 � Es � Ei

�00 =
(U⇢/~)2�

�2 + (�E/~)2

�E

~ = � �00 ⌧ (U⇢/~)
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Summary

Spectrally selective atom loss in BEC enables otherwise 
forbidden scattering processes in 1D

Simple studies of Non-Hermitian wave mixing in 2D

S. Wüster and R. El-Ganainy, PRA 96 (2017) 013605.

Engineering of loss-channel by adaptation of 
laser cooling techniques with Rydberg states



Outlook

BEC naturally exhibit non-linear 
loss  (e.g. three-body recombination)

�i~Kn| |2(n�1) 

Amplify scattering seeded by 
vacuum fluctuations (TWA)?

Quantum correlations / 
entanglement between pump 
and signal (TWA)?
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By rf-evaporative cooling we reach Bose-Einstein con-
densation with about 105 atoms in each cloud and a
condensate fraction of !60%.

We then switch off the TOP fields and ramp B0 back to
positive values, thus accelerating the clouds until they
collide with opposite horizontal momenta at the location
of the trap center. The collision energies E " j2!BB#

0 j "
!h2k2=m (with !B the Bohr magneton and m the mass of
87Rb) range from 138 !K to 1.23 mK with an overall
uncertainty of 3% (rms). Approximately 0.5 ms before the
collision we switch off the trap. A few ms later we
observe the scattering halo by absorption imaging.
Figure 1(a) (upper part) displays the s-wave-dominated
scattering halo (averaged over 20 pictures) of fully en-
tangled pairs (see [18]) obtained for a collision energy of
E=kB " 138$4% !K. In Fig. 1(d) (upper part), taken at
E=kB " 1:23$4% mK, the halo is entirely different, show-
ing a d-wave-dominated pattern. The lower halves of
Figs. 1(a) and 1(d) show the theoretical column densities
n2$x; z% "

R

n$x; y; z%dy, where n$x; y; z% is the calculated
[19] density of the halo.

As the atoms are scattered by a central field, the scat-
tering pattern must be axially symmetric around the
(horizontal) scattering axis (z axis). As pointed out by

the Weizmann group [20], this allows a computerized
tomography transformation [12] to reconstruct the radial
density distribution of the halo in cylindrical coordinates,

n$"; z% " 1

4#

Z 1

#1
~n2$$x; z%J0$$x"%j$xjd$x: (1)

Here " " $x2 & y2%1=2 and ~n2$$x; z% is the 1D Fourier
transform along the x direction of the optical density
with respect to z, and J0$%% is the zero-order Bessel
function. The transformed plots corresponding to the
images of Figs. 1(a) and 1(d) are shown as Figs. 1(b) and
1(e), respectively.

To obtain the angular scattering distribution W$%% the
tomography pictures are binned in 40 discrete angular
sectors. For gas clouds much smaller than the diameter of
the halo, W$%% is directly proportional to the differential
cross section &$%% " 2#jf$%% & f$## %%j2. Here, the
Bose-symmetrized scattering amplitude is given by a
summation over the even partial waves, f$%% & f$##
%% " $2=k%Pl"even$2l& 1%ei'lPl$cos%% sin'l. Note that
unlike in the total elastic cross section [& " R#=2

0 &$%%'
sin%d%" $8#=k2%Pl"even$2l& 1%sin2'l], the interfer-
ence between the partial waves is prominent in the dif-
ferential cross section. Given the small collision energy in
our experiments, only the s- and d-wave scattering am-
plitudes contribute, fs$%% & fs$## %% " $2=k%ei'0 sin'0
and fd$%% & fd$## %% " $2=k%$5=2%ei'2$3cos2%# 1%'
sin'2. Therefore the differential cross section is given by

&$%% " 8#
k2

sin2'0

!

1& 5 cos$'0 # '2%u & 25

4
u 2
"

; (2)

where u ( $sin'2= sin'0%$3cos2%# 1%.
To obtain the phase shifts, we plot the measured angu-

lar distribution W$%% as a function of $3cos2%# 1% as
suggested by Eq. (2). The results for Figs. 1(a) and 1(d)
are shown as the solid dots in Figs. 1(c) and 1(f), respec-
tively. A parabolic fit to W$%% directly yields a pair
!'exp

0 $k%;'exp
2 $k%" of asymptotic phase shifts (defined

modulo #) corresponding to the two partial waves in-
volved [21]. The absolute value of W$%% depends on quan-
tities that are hard to measure accurately (such as the
atom number), so we leave it out of consideration. We
rather emphasize that the measurement of the phase shifts
is a complete determination of the (complex) s- and
d-wave scattering amplitudes at a given energy.

The radial wave functions corresponding to scattering
at different (low) collision energies and different (low)
angular momenta should all be in phase at small inter-
atomic distances [13]. This so-called accumulated phase
common to all low-energy wave functions can be ex-
tracted from the full data set f!'exp

0 $k%;'exp
2 $k%"gmen-

tioned above. In practice, we use the experimental phase
shifts 'exp

0 $k% and 'exp
2 $k% as boundary conditions to in-

tegrate inwards—for given E and l—the Schrödinger
equation !h2d2($r%=dr2 & p2$r%($r% " 0 and obtain the
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FIG. 1. (a) Optical density of the scattering halo of two 87Rb
condensates for collision energy E=kB " 138$4% !K, measured
2.4 ms after the collision (upper half: measured; lower half:
calculated [19]); (b) radial density distribution obtained after
tomography transformation of image (a) (upper half: mea-
sured; lower half: calculated [19]); (c) the dots show the
angular scattering distribution W$%% obtained after binning
plot (b); the line is the best parabolic fit. (d) – (f) As in
plots (a) – (c), but measured 0.5 ms after a collision at
1230$40% !K. The field of view of the images is !1' 1 mm2.
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