
The damped wave equation with unbounded and singular
damping

Petr Siegl

School of Mathematics and Physics, Queen’s University Belfast, UK
http://mathsites.unibe.ch/siegl/

Based on
[1] P. Freitas, P. Siegl, and C. Tretter (2018). “Damped wave equation with

unbounded damping”. In: J. Differential Equations 264, pp. 7023–7054
[2] A. Arifoski and P. Siegl (2018). Pseudospectra of damped wave equation with

unbounded damping.

http://mathsites.unibe.ch/siegl/


Outline

1. Basic concepts
2. Examples (singular and unbounded damping)
3. Results (existence & uniqueness, general spectral features, diverging

damping, essential spectrum, pseudospectrum)



Introduction

Damped wave equation in Ω ⊂ Rd

utt(t, x) + 2a(x) ut(t, x) = (∆− q(x))u(t, x)

• t ∈ R+ time, x ∈ Ω spatial coordinate
• a : Ω→ R+ damping, q : Ω→ R+ potential
• initial conditions u(0, ·) = u0, ut(0, ·) = u1

• Dirichlet boundary conditions at ∂Ω (if ∂Ω 6= ∅)

• very extensive literature, e.g. references in1

• almost exclusively a ∈ L∞(Ω) or “small” w.r.t to ∆

Towards spectral analysis and semigroups

∂t

(
u
v

)
=
(

0 I
∆− q −2a

)
︸ ︷︷ ︸

G

(
u
v

)
• G acts in a suitable Hilbert space H =W(Ω)× L2(Ω)

• a = 0 =⇒ iG is symmetric w.r.t. 〈∇·,∇·〉1 + 〈q
1
2 ·, q

1
2 〉1 + 〈·, ·〉2

1F. Gesztesy and H. Holden (2011). J. Differential Equations 251, pp. 1086–1127;
F. Gesztesy et al. (2012). Ann. Mat. Pura Appl. 191, pp. 1–46.
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Spectrum of G

Associated quadratic pencil
• formally for eigenvalues(

0 I
∆− q −2a

)(
u
v

)
= λ

(
u
v

)

• equivalently
v = λu

(∆− q)u− 2av = λv

• hence
(−∆ + q)u+ 2λau+ λ2u = 0

• spectral problem for the operator function T : C→ C(L2(Ω))

T (λ) := −∆ + q + 2λa+ λ2

• λ ∈ σ(T ) if 0 ∈ σ(T (λ))
• generalization of spectra of operators: λ ∈ σ(A)⇐⇒ 0 ∈ σ(A− λ)

• time-dependent solution: eλtu(x)
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Examples - constant damping a0

T (λ) = −∆ + q + 2λa0 + λ2, a0 ∈ R+

Finite interval Ω = (−1, 1) and q = 0
• resolvent of T (λ) is compact for every λ ∈ C ⇒ only EV’s in σ(T )

−u′′ = (−λ2 − 2λa0)u =⇒ −λ2
n − 2λna0 = µn, µn =

(
nπ

2

)2

• λn = −a0 ± i
√
µn − a2

0
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Exponential decay of general solutions

Finite interval Ω = (−1, 1), a ∈ L∞(Ω)
• asymptotic behavior of eigenvalues2

λn = ±i
nπ

2
−

∫
a(x)dx

2
+O(n−1), n→∞

• eigenfunctions form a suitable (Riesz) basis3

⇒ decay rate of a general solution determined by min{Reλn : n ∈ N}

2P. Freitas and E. Zuazua (1996). J. Differential Equations 132, pp. 338–352.
3S. Cox and E. Zuazua (1994). Comm. Partial Differential Equations 19,

pp. 213–243; P. Djakov and B. Mityagin (2010). Math. Nachr. 283, pp. 443–462.



Singular damping

Finite interval Ω = (0, 1), a = 1
x
/∈ L1(Ω)

• the spectrum of

T (λ) = −
d2

dx2 +
2λ
x

+ λ2

is discrete,

but empty

• every solution of
utt +

2
x
ut = uxx

u(·, 0) = u(·, 1) = 0

(u(0, ·), ut(0, ·)) = (u0, u1) ∈W 1,2(0, 1)× L2(0, 1)

vanishes in a finite time4

u(t, ·) = 0, t > 2

4C. Castro and S. J. Cox (2001). SIAM J. Control Optim. 39, pp. 1748–1755.
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Unbounded damping

1D examples on Ω = R

an(x) = x2n + a0 , n ≥ 1, a0 ≥ 0

• eigenvalue problem

−u′′ + 2λ(x2n + a0)u+ λ2u = 0

• eigenvalues λk = 2
1

2n+1 e
±iπ n+1

2n+1 µ
n+1

2n+1
k;n − 2(n+1)

2n+1 a0 + ok(1), k →∞

• {µk;n}k are eigenvalues of the self-adjoint − d2

dx2 + x2n in L2(R)
• for n = 1: µk;1 = 2k + 1, k = 0, 1, 2, . . .
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Unbounded damping

1D examples on Ω = R
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• it seems that EV’s converge to those of a∞(x) = a0 on (−1, 1)

• similar effect as for Schrödinger operators (convergence to the “square-well”)

−
d2

dx2 + x2n in L2(R) n→∞−−−−→ −
d2

dx2 with Dirichlet BC in L2(−1, 1)
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2D example

Infinite 2D strip

• Ω = R× (−1, 1) and a(x, y) = x2 + a0

• separation of variables: algebraic equation for eigenvalues λ

2λµk = (λ2 + σ2
j + 2λa0)2

σ2
j =
(
jπ

2l

)2
, µk = 2k + 1, j, k ∈ N
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Results

G =
(

0 I
∆− q −2a

)
, T (λ) = −∆ + q + 2λa+ λ2

Theorem (semigroup)
Under suitable regularity assumptions:
• −G is m-accretive
⇒ G generates a contraction semigroup in H =W(Ω)× L2(Ω)

Theorem (relation of spectra)
Under suitable regularity assumptions: ∀λ ∈ C \ (−∞, 0]

λ ∈ σ(G)⇐⇒ 0 ∈ σ(T (λ))
λ ∈ σp(G)⇐⇒ 0 ∈ σp(T (λ))
λ ∈ σess(G)⇐⇒ 0 ∈ σess(T (λ))

If a is unbounded at infinity:
• σ(G) ∩ C \ (−∞, 0] = isolated EV’s of finite multiplicity
• possible accumulations only to R−
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Results - convergence of EV’s

Assumption: limiting damping
• sequence of unbounded dampings {an}: lim|x|→∞ a0(x) =∞ and

∀n ∈ N, an ≥ a0

• an → a∞ in Ω∞ ⊂ Ω,
• an →∞ in Ω \ Ω∞

Theorem (spectral convergence)
Under the assumption above:
• every λ ∈ C \ (−∞, 0] ∩ σp(T∞) is approximated:

∀λ ∈ C \ (−∞, 0] ∩ σp(T∞), ∃{λn}, λn ∈ σp(Tn), λn → λ

• no pollution: if

{λn}n∈N ⊂ C \ (−∞, 0], λn ∈ σp(Tn)

has an accumulation point λ ∈ C \ (−∞, 0], then λ ∈ σp(T∞)
• the corresponding eigenfunctions converge in L2
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What about R−?

The issue
• for e.g. λ = −1 and a(x) = x2n: T (−1) = − d2

dx2 −2x2n + 1

• “tricky” spectra of T (λ) with λ < 0:

σ(−
d2

dx2 − x
2) = R vs. σ(−

d2

dx2 − x
4) = σdisc(−

d2

dx2 − x
4)

Theorem (negative essential spectrum)
For d = 1, if R+ ⊂ Ω and λ < 0 is such that
• A(x) := −(q(x) + 2λa(x) + λ2) is (eventually) increasing on R+,
• limx→+∞ A(x) = +∞,

• limx→+∞
A′(x)
A(x) = 0,

then λ ∈ σess(G) .
For d > 1, the same holds if Ω contains a (possibly shrinking) neighborhood of a
semi-infinite segment where A grows to +∞.

Examples in d = 1: an(x) = x2n and q(x) = q0

• σess(G) = (−∞, 0]
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• limx→+∞ A(x) = +∞,

• limx→+∞
A′(x)
A(x) = 0,

then λ ∈ σess(G) .

For d > 1, the same holds if Ω contains a (possibly shrinking) neighborhood of a
semi-infinite segment where A grows to +∞.
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No exponential decay
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Overdamping due to σess(G)
• no exponential decay of the semigroup possible
• shifting σess of 0: adding “larger” q than a: e.g. q(x) = 10x2, a(x) = x2

• crucial spectral difference:
an(x) = x2n + a0 on R vs. a∞(x) = a0 on (−1, 1)

• recall: eigenvalues and eigenmodes do converge vs. “jump” in σess

• polynomial decay5 for Ω = Rd, d ≥ 3 and a(x) ≥ a0 > 0

‖eitG‖ = O(t−1), t→ +∞

5R. Ikehata and H. Takeda (2018). Funkcialaj Ekvacioj.



No exponential decay

-10 -8 -6 - 4 -2

-20

-10

10

20

-15 -10 -5

-20

-10

10

20

Overdamping due to σess(G)
• no exponential decay of the semigroup possible

• shifting σess of 0: adding “larger” q than a: e.g. q(x) = 10x2, a(x) = x2

• crucial spectral difference:
an(x) = x2n + a0 on R vs. a∞(x) = a0 on (−1, 1)

• recall: eigenvalues and eigenmodes do converge vs. “jump” in σess

• polynomial decay5 for Ω = Rd, d ≥ 3 and a(x) ≥ a0 > 0

‖eitG‖ = O(t−1), t→ +∞

5R. Ikehata and H. Takeda (2018). Funkcialaj Ekvacioj.



No exponential decay

-10 -8 -6 - 4 -2

-20

-10

10

20

-15 -10 -5

-20

-10

10

20

Overdamping due to σess(G)
• no exponential decay of the semigroup possible
• shifting σess of 0: adding “larger” q than a: e.g. q(x) = 10x2, a(x) = x2

• crucial spectral difference:
an(x) = x2n + a0 on R vs. a∞(x) = a0 on (−1, 1)

• recall: eigenvalues and eigenmodes do converge vs. “jump” in σess

• polynomial decay5 for Ω = Rd, d ≥ 3 and a(x) ≥ a0 > 0

‖eitG‖ = O(t−1), t→ +∞

5R. Ikehata and H. Takeda (2018). Funkcialaj Ekvacioj.



No exponential decay

-10 -8 -6 - 4 -2

-20

-10

10

20

-15 -10 -5

-20

-10

10

20

Overdamping due to σess(G)
• no exponential decay of the semigroup possible
• shifting σess of 0: adding “larger” q than a: e.g. q(x) = 10x2, a(x) = x2

• crucial spectral difference:
an(x) = x2n + a0 on R vs. a∞(x) = a0 on (−1, 1)

• recall: eigenvalues and eigenmodes do converge vs. “jump” in σess

• polynomial decay5 for Ω = Rd, d ≥ 3 and a(x) ≥ a0 > 0

‖eitG‖ = O(t−1), t→ +∞

5R. Ikehata and H. Takeda (2018). Funkcialaj Ekvacioj.



No exponential decay

-10 -8 -6 - 4 -2

-20

-10

10

20

-15 -10 -5

-20

-10

10

20

Overdamping due to σess(G)
• no exponential decay of the semigroup possible
• shifting σess of 0: adding “larger” q than a: e.g. q(x) = 10x2, a(x) = x2

• crucial spectral difference:
an(x) = x2n + a0 on R vs. a∞(x) = a0 on (−1, 1)

• recall: eigenvalues and eigenmodes do converge vs. “jump” in σess

• polynomial decay5 for Ω = Rd, d ≥ 3 and a(x) ≥ a0 > 0

‖eitG‖ = O(t−1), t→ +∞

5R. Ikehata and H. Takeda (2018). Funkcialaj Ekvacioj.



Pseudospectrum (spectral instabilities)

• ε-pseudospectrum

σε(G) := σ(G) ∪
{
z ∈ C : ‖(G− z)−1‖ >

1
ε

}

=
⋃
‖V ‖<ε

σ(G+ V )

Eigenvalues inside the ε = 10−12-pseudospectrum (top and bottom left) are
not reliable.

5 24 July 2013

6

6M. Embree (July 2013).



Pseudospectrum (spectral instabilities)

• ε-pseudospectrum

σε(G) := σ(G) ∪
{
z ∈ C : ‖(G− z)−1‖ >

1
ε

}
=
⋃
‖V ‖<ε

σ(G+ V )

Eigenvalues inside the ε = 10−12-pseudospectrum (top and bottom left) are
not reliable.

5 24 July 2013

6

6M. Embree (July 2013).



Pseudospectrum (spectral instabilities)

• ε-pseudospectrum

σε(G) := σ(G) ∪
{
z ∈ C : ‖(G− z)−1‖ >

1
ε

}
=
⋃
‖V ‖<ε

σ(G+ V )

Eigenvalues inside the ε = 10−12-pseudospectrum (top and bottom left) are
not reliable.

5 24 July 2013

6

6M. Embree (July 2013).



Results - Pseudospectrum

Theorem [Arifoski & PS] (Pseudospectrum)
Let
• d = 1, Ω = R
• q(x) = 0, a(x) = x2n with some (fixed n ∈ N)

Then for every ω ∈ (π/2, π) ∪ (π, 3π/2)

lim
t→+∞

‖(G− eiωt)−1‖H =∞.



Proofs & methods

Generation of the semigroup
• accretivity of −G is easy (numerical range)

• crucial step for m-accretivity:

‖(−∆ + q + γa)f‖ ≈ ‖(−∆ + q)f‖+ |γ|‖af‖

if γ ∈ C \ (−∞, 0] and the regularity assumption I holds

|∇a| ≤ εa
3
2 +M∇(q

1
2 + 1)

• graph norm estimate =⇒ Dom(−∆ + q + γa) = Dom(−∆ + q) ∩Dom(a)
• power 3/2 optimal7

Associated quadratic pencil T (λ) = −∆ + q + 2λa+ λ2

• defined through the form

tλ[ψ] = ‖∇ψ‖2 + ‖q
1
2 ψ‖2 + 2λ‖a

1
2 ψ‖2 + λ2‖ψ‖2

• tλ is sectorial (with semi-angle < π/2) after the multiplication by e−i argλ
2

• a unbounded at infinity =⇒ σ(T ) ∩ C \ (−∞, 0] is discrete

7W. N. Everitt and M. Giertz (1978). Proc. Roy. Soc. Edinburgh Sect. A 79,
pp. 257–265.
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Proofs & methods

Spectral convergence

an(x) = x2n + a0 on Ω = R, a∞ = a0 on Ω∞ = (−1, 1) =⇒ σp(Tn)→ σp(T ).

• new bounded (Fredholm) operator functions An(λ)

An(λ) = I + (λ2 − 1)(Tn(λ)− λ2 + 1)−1

• λ ∈ σp(Tn)⇐⇒ λ ∈ σp(An)
• spectral convergence of An from the “regular” convergence8 of An
• main ingredient: norm convergence of Tn(λ)−1

‖Tn(λ)−1 − T∞(λ)−1χ∞‖ → 0, n→∞

• strong convergence by form methods, inspired by9

• norm convergence from “collective compactness”10:
{‖Tn(λ)φn‖+ ‖φn‖}n∈N is bounded =⇒
{‖Tn(λ)φn‖+ ‖φn‖}n∈N has a convergent subsequence in L2(Ω)

8G. Vainikko (1976). B. G. Teubner Verlag, Leipzig.
9D. Krejčǐŕık and E. Zuazua (2010). J. Math. Pures Appl. 94, pp. 277–303;

S. Bögli, P. Siegl, and C. Tretter (2017). Comm. Partial Differential Equations 42,
pp. 1001–1041.

10P. M. Anselone and T. W. Palmer (1968). Pacific J. Math. 25, pp. 423–431.



Proofs & methods

Spectral convergence

an(x) = x2n + a0 on Ω = R, a∞ = a0 on Ω∞ = (−1, 1) =⇒ σp(Tn)→ σp(T ).

• new bounded (Fredholm) operator functions An(λ)

An(λ) = I + (λ2 − 1)(Tn(λ)− λ2 + 1)−1

• λ ∈ σp(Tn)⇐⇒ λ ∈ σp(An)
• spectral convergence of An from the “regular” convergence8 of An
• main ingredient: norm convergence of Tn(λ)−1

‖Tn(λ)−1 − T∞(λ)−1χ∞‖ → 0, n→∞

• strong convergence by form methods, inspired by9

• norm convergence from “collective compactness”10:
{‖Tn(λ)φn‖+ ‖φn‖}n∈N is bounded =⇒
{‖Tn(λ)φn‖+ ‖φn‖}n∈N has a convergent subsequence in L2(Ω)

8G. Vainikko (1976). B. G. Teubner Verlag, Leipzig.
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Proofs & methods

Negative essential spectrum

a(x) = x2 =⇒ σess(G) = (−∞, 0]

• singular sequences {Φn} = {(φn, λφn)}

‖(G− λ)Φn‖2 =
‖(−∆ + q + 2λa+ λ2)φn‖2

‖∇φn‖2 + ‖q
1
2 φn‖2 + |λ|2‖φn‖2

• based on WKB approximation

φn(x) = ϕn(x) exp
(

i
∫ x

0

√
−(q(t) + 2λa(t) + λ2)dt

)
• ϕn: dispersing cut-off with suppϕn →∞
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a(x) = x2 =⇒ σess(G) = (−∞, 0]

• singular sequences {Φn} = {(φn, λφn)}

‖(G− λ)Φn‖2 =
‖(−∆ + q + 2λa+ λ2)φn‖2
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Proofs & methods

Pseudospectrum

a(x) = x2 =⇒ ‖(G−λ)−1‖H ≥ CN |Reλ|N , Reλ→ −∞& | Imλ| ≥ δ > 0.

• pseudomodes {Ψλ}λ = {(fλ, λfλ)t}λ ⊂ C∞0 (R)2 such that

‖(G− λ)Ψλ‖2
H

‖Ψλ‖2
H

=
‖T (λ)fλ‖2

‖f ′
λ
‖2 + |λ|2‖fλ‖2 = O(|Reλ|−N ), Reλ→ −∞& | Imλ| ≥ δ > 0

• based on WKB approximation

fλ := ξλgλ, gλ(x) = e
−i
∫ x

0

√
−λ2−2λa(t)−q(t) dt

.

• ξλ ∈ C∞0 (R): λ-dependent cut-off



Proofs & methods

Pseudospectrum

a(x) = x2 =⇒ ‖(G−λ)−1‖H ≥ CN |Reλ|N , Reλ→ −∞& | Imλ| ≥ δ > 0.

• pseudomodes {Ψλ}λ = {(fλ, λfλ)t}λ ⊂ C∞0 (R)2 such that

‖(G− λ)Ψλ‖2
H

‖Ψλ‖2
H

=
‖T (λ)fλ‖2

‖f ′
λ
‖2 + |λ|2‖fλ‖2 = O(|Reλ|−N ), Reλ→ −∞& | Imλ| ≥ δ > 0

• based on WKB approximation

fλ := ξλgλ, gλ(x) = e
−i
∫ x

0

√
−λ2−2λa(t)−q(t) dt

.

• ξλ ∈ C∞0 (R): λ-dependent cut-off


	Introduction
	Results
	Proofs & methods

