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Mainly based on:



Plan

❖ Fall to the centre and point-particle EFT

❖ Experimental consequences for atoms interacting with a 
charged wire

❖ Fall to infinity (1 slide)

❖ Quantum catastrophes



Point-particle effective field theory

• Physics should not depend on choice of gaussian pillbox surface 
• Perform systematic expansion of source properties (“multipole expansion”)

“multipole expansion” describing physics of source at origin



Fall to the centre
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<latexit sha1_base64="u88b0sBnP8tBRcGjzvZ5Rf5oMEs=">AAACGXicbVDLSgMxFM34rPU16tJNsAiVQpkZBN0IRRHEVQX7gL7IpJk2NMkMSUYow/yGG3/FjQtFXOrKvzFtZ6GtB0IO59x7k3v8iFGlHefbWlpeWV1bz23kN7e2d3btvf26CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7oauI3HohUNBT3ehyRDkcDQQOKkTZSz3ZgO5AIJ26aeCmH7X6oE5l2vVK9KE9KM++26xmXS3NdXPfsglN2poCLxM1IAWSo9uxPMxTHnAiNGVKq5TqR7iRIaooZSfPtWJEI4REakJahAnGiOsl0sxQeG6UPg1CaIzScqr87EsSVGnPfVHKkh2rem4j/ea1YB+edhIoo1kTg2UNBzKAO4SQm2KeSYM3GhiAsqfkrxENk0tAmzLwJwZ1feZHUvbLrlN2700LlMosjBw7BESgCF5yBCrgBVVADGDyCZ/AK3qwn68V6tz5mpUtW1nMA/sD6+gGvv590</latexit><latexit sha1_base64="u88b0sBnP8tBRcGjzvZ5Rf5oMEs=">AAACGXicbVDLSgMxFM34rPU16tJNsAiVQpkZBN0IRRHEVQX7gL7IpJk2NMkMSUYow/yGG3/FjQtFXOrKvzFtZ6GtB0IO59x7k3v8iFGlHefbWlpeWV1bz23kN7e2d3btvf26CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7oauI3HohUNBT3ehyRDkcDQQOKkTZSz3ZgO5AIJ26aeCmH7X6oE5l2vVK9KE9KM++26xmXS3NdXPfsglN2poCLxM1IAWSo9uxPMxTHnAiNGVKq5TqR7iRIaooZSfPtWJEI4REakJahAnGiOsl0sxQeG6UPg1CaIzScqr87EsSVGnPfVHKkh2rem4j/ea1YB+edhIoo1kTg2UNBzKAO4SQm2KeSYM3GhiAsqfkrxENk0tAmzLwJwZ1feZHUvbLrlN2700LlMosjBw7BESgCF5yBCrgBVVADGDyCZ/AK3qwn68V6tz5mpUtW1nMA/sD6+gGvv590</latexit><latexit sha1_base64="u88b0sBnP8tBRcGjzvZ5Rf5oMEs=">AAACGXicbVDLSgMxFM34rPU16tJNsAiVQpkZBN0IRRHEVQX7gL7IpJk2NMkMSUYow/yGG3/FjQtFXOrKvzFtZ6GtB0IO59x7k3v8iFGlHefbWlpeWV1bz23kN7e2d3btvf26CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7oauI3HohUNBT3ehyRDkcDQQOKkTZSz3ZgO5AIJ26aeCmH7X6oE5l2vVK9KE9KM++26xmXS3NdXPfsglN2poCLxM1IAWSo9uxPMxTHnAiNGVKq5TqR7iRIaooZSfPtWJEI4REakJahAnGiOsl0sxQeG6UPg1CaIzScqr87EsSVGnPfVHKkh2rem4j/ea1YB+edhIoo1kTg2UNBzKAO4SQm2KeSYM3GhiAsqfkrxENk0tAmzLwJwZ1feZHUvbLrlN2700LlMosjBw7BESgCF5yBCrgBVVADGDyCZ/AK3qwn68V6tz5mpUtW1nMA/sD6+gGvv590</latexit><latexit sha1_base64="u88b0sBnP8tBRcGjzvZ5Rf5oMEs=">AAACGXicbVDLSgMxFM34rPU16tJNsAiVQpkZBN0IRRHEVQX7gL7IpJk2NMkMSUYow/yGG3/FjQtFXOrKvzFtZ6GtB0IO59x7k3v8iFGlHefbWlpeWV1bz23kN7e2d3btvf26CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7oauI3HohUNBT3ehyRDkcDQQOKkTZSz3ZgO5AIJ26aeCmH7X6oE5l2vVK9KE9KM++26xmXS3NdXPfsglN2poCLxM1IAWSo9uxPMxTHnAiNGVKq5TqR7iRIaooZSfPtWJEI4REakJahAnGiOsl0sxQeG6UPg1CaIzScqr87EsSVGnPfVHKkh2rem4j/ea1YB+edhIoo1kTg2UNBzKAO4SQm2KeSYM3GhiAsqfkrxENk0tAmzLwJwZ1feZHUvbLrlN2700LlMosjBw7BESgCF5yBCrgBVVADGDyCZ/AK3qwn68V6tz5mpUtW1nMA/sD6+gGvv590</latexit>

To penetrate angular momentum barrier: V (r) ! �1
<latexit sha1_base64="+zOCYGH2MsK9A5/vgOmy77FiB14=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IR6sGSiKDHohePFewHNKFstpt26WYTdidKCcWLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLEsE1OM63VVhaXlldK66XNja3tnfs3b2mjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWB4PfFb90xpHss7GCXMj0hf8pBTAkbq2ge4WVEn2FO8PwCiVPyATz0uQxh17bJTdabAi8TNSRnlqHftL68X0zRiEqggWndcJwE/Iwo4FWxc8lLNEkKHpM86hkoSMe1n0xfG+NgoPRzGypQEPFV/T2Qk0noUBaYzIjDQ895E/M/rpBBe+hmXSQpM0tmiMBUYYjzJA/e4YhTEyBBCFTe3YjogilAwqZVMCO78y4ukeVZ1nap7e16uXeVxFNEhOkIV5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx/fS5Z2</latexit><latexit sha1_base64="+zOCYGH2MsK9A5/vgOmy77FiB14=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IR6sGSiKDHohePFewHNKFstpt26WYTdidKCcWLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLEsE1OM63VVhaXlldK66XNja3tnfs3b2mjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWB4PfFb90xpHss7GCXMj0hf8pBTAkbq2ge4WVEn2FO8PwCiVPyATz0uQxh17bJTdabAi8TNSRnlqHftL68X0zRiEqggWndcJwE/Iwo4FWxc8lLNEkKHpM86hkoSMe1n0xfG+NgoPRzGypQEPFV/T2Qk0noUBaYzIjDQ895E/M/rpBBe+hmXSQpM0tmiMBUYYjzJA/e4YhTEyBBCFTe3YjogilAwqZVMCO78y4ukeVZ1nap7e16uXeVxFNEhOkIV5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx/fS5Z2</latexit><latexit sha1_base64="+zOCYGH2MsK9A5/vgOmy77FiB14=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IR6sGSiKDHohePFewHNKFstpt26WYTdidKCcWLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLEsE1OM63VVhaXlldK66XNja3tnfs3b2mjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWB4PfFb90xpHss7GCXMj0hf8pBTAkbq2ge4WVEn2FO8PwCiVPyATz0uQxh17bJTdabAi8TNSRnlqHftL68X0zRiEqggWndcJwE/Iwo4FWxc8lLNEkKHpM86hkoSMe1n0xfG+NgoPRzGypQEPFV/T2Qk0noUBaYzIjDQ895E/M/rpBBe+hmXSQpM0tmiMBUYYjzJA/e4YhTEyBBCFTe3YjogilAwqZVMCO78y4ukeVZ1nap7e16uXeVxFNEhOkIV5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx/fS5Z2</latexit><latexit sha1_base64="+zOCYGH2MsK9A5/vgOmy77FiB14=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IR6sGSiKDHohePFewHNKFstpt26WYTdidKCcWLf8WLB0W8+iu8+W/ctjlo64OBx3szzMwLEsE1OM63VVhaXlldK66XNja3tnfs3b2mjlNFWYPGIlbtgGgmuGQN4CBYO1GMRIFgrWB4PfFb90xpHss7GCXMj0hf8pBTAkbq2ge4WVEn2FO8PwCiVPyATz0uQxh17bJTdabAi8TNSRnlqHftL68X0zRiEqggWndcJwE/Iwo4FWxc8lLNEkKHpM86hkoSMe1n0xfG+NgoPRzGypQEPFV/T2Qk0noUBaYzIjDQ895E/M/rpBBe+hmXSQpM0tmiMBUYYjzJA/e4YhTEyBBCFTe3YjogilAwqZVMCO78y4ukeVZ1nap7e16uXeVxFNEhOkIV5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx/fS5Z2</latexit>

as � g

r2
<latexit sha1_base64="yhMwNVqiS+U9ymTfNJwTxBTjEdc=">AAAB9XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBD0WvXisYD+g3ZZsmm1Ds9klySpl2f/hxYMiXv0v3vw3pu0etPXBwOO9GWbm+bHg2jjONyqsrW9sbhW3Szu7e/sH5cOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX9ye3Mbz8ypXkkH8w0Zl5IRpIHnBJjpf5FL1CEpqMsVf1aNihXnKozB14lbk4qkKMxKH/1hhFNQiYNFUTrruvExkuJMpwKlpV6iWYxoRMyYl1LJQmZ9tL51Rk+s8oQB5GyJQ2eq78nUhJqPQ192xkSM9bL3kz8z+smJrj2Ui7jxDBJF4uCRGAT4VkEeMgVo0ZMLSFUcXsrpmNiczA2qJINwV1+eZW0alXXqbr3l5X6TR5HEU7gFM7BhSuowx00oAkUFDzDK7yhJ/SC3tHHorWA8plj+AP0+QOGb5KE</latexit><latexit sha1_base64="yhMwNVqiS+U9ymTfNJwTxBTjEdc=">AAAB9XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBD0WvXisYD+g3ZZsmm1Ds9klySpl2f/hxYMiXv0v3vw3pu0etPXBwOO9GWbm+bHg2jjONyqsrW9sbhW3Szu7e/sH5cOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX9ye3Mbz8ypXkkH8w0Zl5IRpIHnBJjpf5FL1CEpqMsVf1aNihXnKozB14lbk4qkKMxKH/1hhFNQiYNFUTrruvExkuJMpwKlpV6iWYxoRMyYl1LJQmZ9tL51Rk+s8oQB5GyJQ2eq78nUhJqPQ192xkSM9bL3kz8z+smJrj2Ui7jxDBJF4uCRGAT4VkEeMgVo0ZMLSFUcXsrpmNiczA2qJINwV1+eZW0alXXqbr3l5X6TR5HEU7gFM7BhSuowx00oAkUFDzDK7yhJ/SC3tHHorWA8plj+AP0+QOGb5KE</latexit><latexit sha1_base64="yhMwNVqiS+U9ymTfNJwTxBTjEdc=">AAAB9XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBD0WvXisYD+g3ZZsmm1Ds9klySpl2f/hxYMiXv0v3vw3pu0etPXBwOO9GWbm+bHg2jjONyqsrW9sbhW3Szu7e/sH5cOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX9ye3Mbz8ypXkkH8w0Zl5IRpIHnBJjpf5FL1CEpqMsVf1aNihXnKozB14lbk4qkKMxKH/1hhFNQiYNFUTrruvExkuJMpwKlpV6iWYxoRMyYl1LJQmZ9tL51Rk+s8oQB5GyJQ2eq78nUhJqPQ192xkSM9bL3kz8z+smJrj2Ui7jxDBJF4uCRGAT4VkEeMgVo0ZMLSFUcXsrpmNiczA2qJINwV1+eZW0alXXqbr3l5X6TR5HEU7gFM7BhSuowx00oAkUFDzDK7yhJ/SC3tHHorWA8plj+AP0+QOGb5KE</latexit><latexit sha1_base64="yhMwNVqiS+U9ymTfNJwTxBTjEdc=">AAAB9XicbVBNSwMxEJ3Ur1q/qh69BIvgxbJbBD0WvXisYD+g3ZZsmm1Ds9klySpl2f/hxYMiXv0v3vw3pu0etPXBwOO9GWbm+bHg2jjONyqsrW9sbhW3Szu7e/sH5cOjlo4SRVmTRiJSHZ9oJrhkTcONYJ1YMRL6grX9ye3Mbz8ypXkkH8w0Zl5IRpIHnBJjpf5FL1CEpqMsVf1aNihXnKozB14lbk4qkKMxKH/1hhFNQiYNFUTrruvExkuJMpwKlpV6iWYxoRMyYl1LJQmZ9tL51Rk+s8oQB5GyJQ2eq78nUhJqPQ192xkSM9bL3kz8z+smJrj2Ui7jxDBJF4uCRGAT4VkEeMgVo0ZMLSFUcXsrpmNiczA2qJINwV1+eZW0alXXqbr3l5X6TR5HEU7gFM7BhSuowx00oAkUFDzDK7yhJ/SC3tHHorWA8plj+AP0+QOGb5KE</latexit>

with g >
J2

2m
<latexit sha1_base64="6E9o9mnm0xYPu1HE7uQ+YGOM0gE=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUQU9S9CKeKtgPaGPZbDft0s0m7G6UEvNTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKK6tr6xvFzdLW9s7unl3eb6kokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH19N/fYDlYpF4k5PYuqFeChYwAjWRurb5eEF6gUSk/TmvpaltTDr2xWn6syAlombkwrkaPTtr94gIklIhSYcK9V1nVh7KZaaEU6zUi9RNMZkjIe0a6jAIVVeOjs9Q8dGGaAgkqaERjP190SKQ6UmoW86Q6xHatGbiv953UQH517KRJxoKsh8UZBwpCM0zQENmKRE84khmEhmbkVkhE0Q2qRVMiG4iy8vk1at6jpV9/a0Ur/M4yjCIRzBCbhwBnW4hgY0gcAjPMMrvFlP1ov1bn3MWwtWPnMAf2B9/gB4e5N7</latexit><latexit sha1_base64="6E9o9mnm0xYPu1HE7uQ+YGOM0gE=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUQU9S9CKeKtgPaGPZbDft0s0m7G6UEvNTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKK6tr6xvFzdLW9s7unl3eb6kokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH19N/fYDlYpF4k5PYuqFeChYwAjWRurb5eEF6gUSk/TmvpaltTDr2xWn6syAlombkwrkaPTtr94gIklIhSYcK9V1nVh7KZaaEU6zUi9RNMZkjIe0a6jAIVVeOjs9Q8dGGaAgkqaERjP190SKQ6UmoW86Q6xHatGbiv953UQH517KRJxoKsh8UZBwpCM0zQENmKRE84khmEhmbkVkhE0Q2qRVMiG4iy8vk1at6jpV9/a0Ur/M4yjCIRzBCbhwBnW4hgY0gcAjPMMrvFlP1ov1bn3MWwtWPnMAf2B9/gB4e5N7</latexit><latexit sha1_base64="6E9o9mnm0xYPu1HE7uQ+YGOM0gE=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUQU9S9CKeKtgPaGPZbDft0s0m7G6UEvNTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKK6tr6xvFzdLW9s7unl3eb6kokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH19N/fYDlYpF4k5PYuqFeChYwAjWRurb5eEF6gUSk/TmvpaltTDr2xWn6syAlombkwrkaPTtr94gIklIhSYcK9V1nVh7KZaaEU6zUi9RNMZkjIe0a6jAIVVeOjs9Q8dGGaAgkqaERjP190SKQ6UmoW86Q6xHatGbiv953UQH517KRJxoKsh8UZBwpCM0zQENmKRE84khmEhmbkVkhE0Q2qRVMiG4iy8vk1at6jpV9/a0Ur/M4yjCIRzBCbhwBnW4hgY0gcAjPMMrvFlP1ov1bn3MWwtWPnMAf2B9/gB4e5N7</latexit><latexit sha1_base64="6E9o9mnm0xYPu1HE7uQ+YGOM0gE=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUQU9S9CKeKtgPaGPZbDft0s0m7G6UEvNTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKK6tr6xvFzdLW9s7unl3eb6kokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH19N/fYDlYpF4k5PYuqFeChYwAjWRurb5eEF6gUSk/TmvpaltTDr2xWn6syAlombkwrkaPTtr94gIklIhSYcK9V1nVh7KZaaEU6zUi9RNMZkjIe0a6jAIVVeOjs9Q8dGGaAgkqaERjP190SKQ6UmoW86Q6xHatGbiv953UQH517KRJxoKsh8UZBwpCM0zQENmKRE84khmEhmbkVkhE0Q2qRVMiG4iy8vk1at6jpV9/a0Ur/M4yjCIRzBCbhwBnW4hgY0gcAjPMMrvFlP1ov1bn3MWwtWPnMAf2B9/gB4e5N7</latexit>

OR as � 1

rn
<latexit sha1_base64="yxGToiW8LyKvB7wvR16Nw5fIO6s=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0GPQi8cI5gF5MTuZTYbMzi4zvUpY9j+8eFDEq//izb9xkuxBEwsaiqpuurv8WAqDrvvtrKyurW9sFraK2zu7e/ulg8OGiRLNeJ1FMtItnxouheJ1FCh5K9achr7kTX98O/Wbj1wbEakHnMS8G9KhEoFgFK3UO+8EmrLUy1LdU1m/VHYr7gxkmXg5KUOOWr/01RlELAm5QiapMW3PjbGbUo2CSZ4VO4nhMWVjOuRtSxUNuemms6szcmqVAQkibUshmam/J1IaGjMJfdsZUhyZRW8q/ue1Ewyuu6lQcYJcsfmiIJEEIzKNgAyE5gzlxBLKtLC3EjaiNge0QRVtCN7iy8ukcVHx3Ip3f1mu3uRxFOAYTuAMPLiCKtxBDerAQMMzvMKb8+S8OO/Ox7x1xclnjuAPnM8fjn+Sig==</latexit><latexit sha1_base64="yxGToiW8LyKvB7wvR16Nw5fIO6s=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0GPQi8cI5gF5MTuZTYbMzi4zvUpY9j+8eFDEq//izb9xkuxBEwsaiqpuurv8WAqDrvvtrKyurW9sFraK2zu7e/ulg8OGiRLNeJ1FMtItnxouheJ1FCh5K9achr7kTX98O/Wbj1wbEakHnMS8G9KhEoFgFK3UO+8EmrLUy1LdU1m/VHYr7gxkmXg5KUOOWr/01RlELAm5QiapMW3PjbGbUo2CSZ4VO4nhMWVjOuRtSxUNuemms6szcmqVAQkibUshmam/J1IaGjMJfdsZUhyZRW8q/ue1Ewyuu6lQcYJcsfmiIJEEIzKNgAyE5gzlxBLKtLC3EjaiNge0QRVtCN7iy8ukcVHx3Ip3f1mu3uRxFOAYTuAMPLiCKtxBDerAQMMzvMKb8+S8OO/Ox7x1xclnjuAPnM8fjn+Sig==</latexit><latexit sha1_base64="yxGToiW8LyKvB7wvR16Nw5fIO6s=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0GPQi8cI5gF5MTuZTYbMzi4zvUpY9j+8eFDEq//izb9xkuxBEwsaiqpuurv8WAqDrvvtrKyurW9sFraK2zu7e/ulg8OGiRLNeJ1FMtItnxouheJ1FCh5K9achr7kTX98O/Wbj1wbEakHnMS8G9KhEoFgFK3UO+8EmrLUy1LdU1m/VHYr7gxkmXg5KUOOWr/01RlELAm5QiapMW3PjbGbUo2CSZ4VO4nhMWVjOuRtSxUNuemms6szcmqVAQkibUshmam/J1IaGjMJfdsZUhyZRW8q/ue1Ewyuu6lQcYJcsfmiIJEEIzKNgAyE5gzlxBLKtLC3EjaiNge0QRVtCN7iy8ukcVHx3Ip3f1mu3uRxFOAYTuAMPLiCKtxBDerAQMMzvMKb8+S8OO/Ox7x1xclnjuAPnM8fjn+Sig==</latexit><latexit sha1_base64="yxGToiW8LyKvB7wvR16Nw5fIO6s=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0GPQi8cI5gF5MTuZTYbMzi4zvUpY9j+8eFDEq//izb9xkuxBEwsaiqpuurv8WAqDrvvtrKyurW9sFraK2zu7e/ulg8OGiRLNeJ1FMtItnxouheJ1FCh5K9achr7kTX98O/Wbj1wbEakHnMS8G9KhEoFgFK3UO+8EmrLUy1LdU1m/VHYr7gxkmXg5KUOOWr/01RlELAm5QiapMW3PjbGbUo2CSZ4VO4nhMWVjOuRtSxUNuemms6szcmqVAQkibUshmam/J1IaGjMJfdsZUhyZRW8q/ue1Ewyuu6lQcYJcsfmiIJEEIzKNgAyE5gzlxBLKtLC3EjaiNge0QRVtCN7iy8ukcVHx3Ip3f1mu3uRxFOAYTuAMPLiCKtxBDerAQMMzvMKb8+S8OO/Ox7x1xclnjuAPnM8fjn+Sig==</latexit>

with n > 2
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central force

V (r)
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! J = constant
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EITHER



Quantum mechanics

•Energy unbounded from below (!!)
•Bound energies become continuous (!!) 

Non-self Adjoint problem

When



Fall to centre in QM
• Case,  Phys. Rev. 80, 797 (1950)
• Perelomov & Popov, Theor. Math. Phys. 4, 664 (1970) 
• Alliluev, JETP 34, 8 (1972)
• Gupta & Rajeev, Phys. Rev. D 48, 5940 (1993)
• Camblong et al., Phys. Rev. Lett. 85, 1590 (2000)
• Beane et al., Phys. Rev. A 64, 042103 (2001)
• Coon & Holstein, Am. J. Phys. 70, 513 (2002)
• Camblong & Ordonez, Phys. Rev. D 68, 125013 (2003)
• Braaten & Phillips, Phys. Rev. A 70, 052111 (2004)
• Essin and Griffiths, Am. J. Phys 74, 109 (2006)
• Hammer & Swingle, Annals Phys. 321, 306 (2006)
• Moroz & Schmidt, Annals Phys. 325, 491 (2010)
• Khelashvili & Nadareishvili, Am. J. Phys. 79, 668 (2011)
• Bouaziz & Bawin, Phys. Rev. A 89, 022113 (2014)

…and many more…



Inverse square potential

Physical example:   neutral polarizable atoms in presence of a charged wire

+
+
+
+



Experimental realization with gas of atoms

J. Denschlag, G. Umshaus and J. Schmiedmayer
PRL 81, 737 (1998)

• g tunable via electric potential on wire
• atoms touching wire are absorbed
• measure absorption by decay of fluorescence
• good agreement with classical theory:

[cross section has units of length in 2D]

critical impact parameter

For comparison: Rutherford scattering has



Scale invariance

no intrinsic length scale in problem “classical” scale invariance



Problem: continuum of bound states

But…bound state spectrum should be discrete



Other examples of scale invariance 
• 2D gas

but: hidden SO(2,1) scaling symmetry [Pitaevskii & Rosch, PRA 55 R853 (1997)]
 ⇒ ladder of evenly spaced breathing modes En = 2 n ħ ωtrap

︸harmonic trap
breaks scale invariance

• Efimov states

Quantum 3-body problem at low energies reduces to:

Schematic representation of Efimov trimers formed 
from two caesium and one lithium atom R. Pires et 
al, PRL 112, 250404 (2014)

Scale invariance becomes discrete: infinite geometric 
progression of bound states 



Quantum anomalies
…when quantum effects break continuous scale invariance of classical Lagrangian

• Two photon decay of neutral pion [breaks axial SU(2) invariance]
• QED & QCD  (coupling constants depend on scale)
• Efimov states (bound state breaks scale invariance)
• Scale invariance in 2D gas (shift of breathing frequency away from 2 ωtrap)

Holten et al.   arXiv:1803.08879 

Anomalous breaking of scale invariance in 
a two-dimensional Fermi gas 



Boundary condition ambiguity in 1/r2 problem 

radial equation

general solution at small r :

• subcritical 
[             ]

• supercritical Which to choose??
where

(Typically choose less singular soln.
)



Including atom-wire physics: PPEFT
Difficulty:

• Need boundary condition to determine ratio  C+ / C- 

Delta-shell regularization

(2D)

“multipole expansion”Point-particle effective field theory:



Non-self adjoint extension
• Adding a boundary condition breaks scale invariance by fixing ratio  C+ / C- 
• Many ways to do it
• Most authors choose a “self adjoint extension”
• Point-particle EFT is algorithmic and allows non-self adjoint extensions 

• Absorption onto wire at can be captured by complex 𝜆  
• Radial probability flux at r=𝜖 :

• Net rate of probability flow out sphere of radius r=𝜖  : 
sink
 or

 source



Renormalization
• Physics should not depend on regulator scale 𝜖 
• Coupling 𝜆= 𝜆(𝜖) runs with the scale 𝜖
• Running breaks scale invariance (except at fixed points)
• Ratio C+ / C-  is physical observable (e.g. via scattering) 

and so must be independent of 𝜖 :

(2D)

AND



RG flow of microscopic coupling λ
• Physics is equivalent for all 𝜆(𝜖) along one trajectory
• 𝜖 increases in direction of arrows 
• colour: red=slow, blue=fast

limit 
cycles!

flow 
from 
UV to 

IR

see: Kaplan et al Phys. Rev. D 80, 125005 (2009)



RG flow…

r r



RG flow
•  Each trajectory is characterized by its values of y★ and 𝜖★ 
•   𝜖★  is the scale where Re 𝜆(𝜖★) vanishes
•   y★  is Im 𝜆(𝜖★)

Self-adjoint case: y★ = 0 and y★ → ±∞ 



Experimental consequences
Partial-wave absorptive cross sections  (super-critical)

•  Limit cycle leads to log-periodic absorption cross section in the super-critical case
•  Continuous scale invariance broken to a discrete sub-group 
•  Two fixed points at 𝜆= ± i ζ  
•   y★ = -i ζ   is a perfect absorber 



Exotic bound state in sub-critical regime

see: Bouaziz & Bawin, Phys. Rev. A 89, 022113 (2014)

(                                 )

2D

can be tuned via applied voltage:

• repulsive effective potential!
• bound state supported by d-function 



Charged wire as perfect absorber

J. Denschlag, G. Umshaus and J. Schmiedmayer
PRL 81, 737 (1998)

But there is no anomaly for a perfect absorber!

…use blue-detuned laser to shield 
wire and control absorption

solution??



Fall to infinity (poster)- Sriram Sundaram

Klein-Gordon equation for 
particle of charge q in a 
constant electric field E

Schwinger pair creation (1951)

Schrödinger equation for 
particle in inverted 
harmonic oscillator

Put:

⇒

SU(1,1) symmetry



Quantum catastrophes
General solution at small r :

d = dimensionwhere

{
For       imaginary: 

Logarithmic Phase singularity: phase takes all possible values 

solutions are oscillatory:



The big idea

When	do	we	need	to	2nd-quan/ze	waves	
in	order	to	avoid	singulari/es?

M.	V.	Berry	and	M.	R.	Dennis,	J.	Opt.	A:	Pure	
				Appl.	Opt.	6,	S178	(2004),	“Quantum	cores	of	

				op0cal	phase	singulari0es”

Superposition of 4 plane waves gives nodal points where nodal 
lines pierce the plane. 

2 λ



Quantum catastrophe: Hawking radiation?
U.	Leonhardt,	Nature	415,	406	(2002)	

Wavelength	appears	to	shrink	linearly	as	
event	horizon	is	approached	to	compensate	
red	shiW:	

k ⇠ ⌫

r � reh

 = ei[
R
k(z)dz�!t] = ei[⌫ log(r�reh)�!t]

= (r � reh)
i⌫ei!t

<(⌫) = !
c

geh
where:



Ordinary ray caustics

Leonardo	de	Vinci	c.	1508

fold lines

cusp point

• Structurally stable
• Generic
• Singular: intensity 

diverges (in ray 
theory)

%28



The Pearcey function

T. Pearcey, Phil. Mag. 37, 311 (1946)

 cusp(C1, C2) =
1p
2⇡

Z 1

�1
ei(s

4/4+C2s
2/2+C1s)ds

There are three classical solutions inside the cusp and one outside

amplitude phase

C1

C2

scaling property:

“Wave catastrophe”



Elementary catastrophes (structurally stable singularities)

%30

1D: Fold 2D: Cusp

swallowtail3D: hyperbolic umbilicelliptic umbilic



Another example: Bose-Einstein condensate in a double well 
potential

Two external states: double well trap

Oberthaler (Heidelberg) 2005
Steinhauer (Technion) 2007

Schmiedmayer (Vienna) 2007
Hinds (Imperial College) 2010

 Thywissen (Toronto) 2011
Roati (Florence) 2015

Fattori (Florence) 2016

Two internal states

Zibold et al (2010)

OR



Catastrophes in Fock space following the sudden coupling of two 
independent superfluids

0
p
2 p

3 p
2 2 p
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2 3 p -1.
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D.	O’D.,	Phys.	Rev.	Le[.	109,	150406	(2012)		
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= 200



Quantum vs classical
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Classical field 
(Gross-Pitaevskii theory)

Quantum field
(Bose-Hubbard theory)

| |2
⌧ = 3.3⇡

� ⌘ 2EJ

Ec
= 5000

Caustic singularities are removed by second-quantizing the field



Conclusions

•Inverse square potential has a quantum anomaly
•Can (and has) been realized in the laboratory
•Can have non-self adjoint extensions, e.g. describing absorption
•Still to be seen: log-periodic absorption, exotic bound state
•Wave function provides an example of a quantum catastrophe

See poster by Sriram Sundaram: “Schwinger pair production and fall to infinity”



Elementary catastrophes and their generating functions for K≤4

name codimension K f(s;C) [generating function]

Fold 1 s3/3+Cs
Cusp 2 s4/4+C2s2/2+C1s

Swallowtail 3 s5/5+C3s3/3+C2s2/2+C1s
Elliptic umbilic 3 s13-3s1s22- C3(s12+s22)-C2s2-C1s1

Hyperbolic umbilic 3 s13+s23- C3s1s2-C2s2-C1s1

Butterfly 4 s6/6+C4s4/4+C3s3/3+C2s2/2+C1s
Parabolic umbilic 4 s14+s1s22+C4s22+C3s12+C2s2+C1s1

R.	Thom	Structural	Stability	and	Morphogenesis	(Benjamin,	1975);			V.I.	Arnol’d,	Russ.	Math.	Survs.	30	(5)	(1975)	p.1	

Catastrophe theory describes the singularities of gradient maps
@�

@si
= 0
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Scaling exponents
Catastrophe Arnold Index b Berry Indices sj Berry Index g

Fold 1/6 2/3 2/3

Cusp 1/4 3/4, 1/2 5/4

Swallowtail 3/10 4/5, 3/5, 2/5 9/5

Elliptic umbilic 1/3 2/3, 2/3, 1/3 5/3

Hyperbolic umbilic 1/3 2/3, 2/3, 1/3 5/3

Butterfly 1/3 5/6, 2/3, 1/2, 1/3 7/3

Parabolic umbilic 3/8 5/8, 3/4, 1/2, 1/4 17/8

 (Cj ; k) =

✓
k

k0

◆�

 [(k/k0)
�jCj ; k0]



Natural focusing: caustics

Kelvin’s ship wave

+large scale structure in the universe (Zeldovich 1982)
+wave packet dynamics at the Anderson transition (Lemarie 2010)…..

Rogue waves



Old non-hermitian work…



Morphology of a quantum catastrophe
standard wave catastrophe 
(continuum approximation)

quantum catastrophe (discrete)

[�̂, ẑ] = 2i/N

number difference

number difference

arXiv:1610.08031v1(Mumford, Turner, Sprung, D.O’D)

Coreless vortices!

z ⌘ nl � nr

N
where:

I
r✓ · dl = ±2⇡

 {Y,X;N2} =

✓
N2

N1

◆�

 

⇢✓
N2

N1

◆�1

Y,

✓
N2

N1

◆�2

X;N1

�



Inverse square potential

Inverse square potential

V (r) =
g

r2
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Scale invariance:


