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Introduction

PT -symmetric NLSE:

1 Nonlinear optics with a PT -symmetric optical potential.

2 Wave guide systems with balanced loss and gain.

A new type of PT -symmetric NLSE:

PT -symmetric nonlocal NLSE, arising due to a nonlocal
reduction in the Lax-pair formulation.



The PT -symmetric nonlocal vector nonlinear Schrödinger
equation (NLSE).

A generalized version of the nonlocal NLSE in an external
potential with a space-time modulated coefficient of the
nonlinear interaction term and/or gain-loss terms.

Symmetries of a generalized nonlocal NLSE in (d+1)
dimension.



Nonlocal nonlinear Schrödinger equation

Non-local NLSE in 1+1 dimensions:

iψt(x , t) = −1

2
ψxx(x , t) + G ψ∗(−x , t)ψ(x , t)ψ(x , t), G ∈ R .

The self-induced potential V (x) = ψ∗(−x)ψ(x), in the
corresponding stationary problem, is PT symmetric.

The equation is non-local.

This equation possess a Lax pair and is integrable.

Admits dark as well as bright soliton solutions for G < 0.



The nonlocal vector nonlinear Schrödinger equation
(VNLSE)

A possible generalization of Eq.(1) is the following VNLSE:

iQt = Qxx + 2QQ
P
Q, (1)

where

QP =

(

q∗1(−x , t)
q∗2(−x , t)

)

. (2)

and Qt =
dQ
dt

, Qxx = d2Q

dx2
, Q = (q1(x , t), q2(x , t)) with

q1(x , t), q2(x , t) being two complex fields.

This system is integrable.



The Lax pair formulation for the nonlocal VNLSE:

vx =





−ikI1×1 Q

R ikI2×2



 v , (3)

vt =

(

2ik2 + iQR −2kQ− iQx

−2kR+ iRx −2ik2I2×2 − iRQ

)

v . (4)

R = (r1(x , t), r2(x , t))
T , In×n:n × n square matrix.

All the fields vanish rapidly as |x | → ∞.

The compatibility condition vxt = vtx give rise to the nonlocal
VNLSE under symmetry reduction, R = −QP.

Eq. (3) is the AKNS spectral problem. Eq. (4) gives the time
evolution of the scattering data.



One soliton solution for two component nonlocal VNLSE

q1(x) = −
√
2

(η + η̃)e i θ̃1e−4i η̃2te−2η̃x

1 + e i(θ1+θ̃1)e−4i(η̃2−η2)te−2x(η+η̃)
,

q2(x) = −
√
2

(η + η̃)e i θ̃2e−4i η̃2te−2η̃x

1 + e i(θ1+θ̃1)e−4i(η̃2−η2)te−2x(η+η̃)
, (5)

r1(x) =
√
2

(η + η̃)e iθ1e4iη
2te−2ηx

1 + e i(θ1+θ̃1)e−4i(η̃2−η2)te−2x(η+η̃)
,

r2(x) =
√
2

(η + η̃)e iθ2e4iη
2te−2ηx

1 + e i(θ1+θ̃1)e−4i(η̃2−η2)te−2x(η+η̃)
, (6)

with k = iη and k̃ = −i η̃, η 6= η̃, η, η̃ > 0.



Inhomogeneous non-autonomous non-local NLSE

We investigate the possible exact solutions of the following
non-autonomous NLSE:

iψt = −1

2
ψxx + [V (x , t) + iW (x , t)]ψ + g(x , t)

ψ∗p(−x , t)ψp(x , t)ψ(x , t), p ∈ N, (7)

The external potential v(x , t) = V (x , t) + iW (x , t) is chosen
to be complex.

The external potential v(x , t) becomes PT symmetric for
V (x , t) = V (−x ,−t) and W (x , t) = −W (−x ,−t).



For V (x , t) = W (x , t) = 0, g(x , t) = G , we get back the
homogeneous non-local NLSE.

iψt = −1

2
ψxx + Gψ∗p(−x , t)ψp(x , t)ψ(x , t). (8)

For p = 1, many exact solutions of this Eq. are known.

For arbitrary p, a possible solution is

ψ(x , t) = Φ0 e
i A2

2p2
t
sech

1
p (Ax), (9)

where

G = −A2(1 + p)

2p2Φ2p
0

, (10)

is necessarily negative.



Similarity transformation method for non-autonomous
non-local NLSE

We use the similarity transformation

ψ(x , t) = ρ(x , t)e iφ(x ,t)Φ(X ), X ≡ X (x , t) (11)

to map eq.

iψt = −1

2
ψxx + [V (x , t) + iW (x , t)]ψ + g(x , t)

ψ∗p(−x , t)ψp(x , t)ψ(x , t), p ∈ N, (12)

to the following equation:

µΦ(X ) = −1

2
ΦXX (X ) + GΦ∗p(−X )Φp(X )Φ(X ). (13)



This mapping is valid only when X (x , t) is an odd function of x ,
i.e.,

X (−x , t) = −X (x , t), (14)

The following additional consistency conditions hold
simultaneously:

2ρρt + (ρ2φx)x = 2ρ2W (x , t) (15)

(ρ2Xx)x = 0 (16)

Xt + φxXx = 0 (17)

V (x , t) =
ρxx

2ρ
− φt −

φ2x
2

− µX 2
x (18)

g =
G

ρp(−x , t)ρp(x , t)e ip(φ(x ,t)−φ(−x ,t))
X 2
x .(19)



Solution of eqs. (8) and (9) gives ρ and φ:

ρ(x , t) =

√

δ(t)

Xx

φ(x , t) = −
∫

dx
Xt

Xx

+ φ0(t), (20)

where δ(t) and φ0(t) are two integration constants.

It follows that φ(x , t) is even in x .

This allows to re-write g(x , t) in eq. (19) as,

g(x , t) =
Gδ2(t)

ρ2(p+2)
. (21)



Inhomogeneous autonomous non-local NLSE

Consider a spacial class of similarity transformation by considering,

ρ(x , t) ≡ ρ(x), φ(x , t) ≡ −Et, X ≡ X (x), (22)

In this case W (x , t) = 0 and g and V become independent of
time.

The consistency conditions give:

X (x) =

∫ x

o

ds

ρ2(s)
(23)

g(x) =
G

ρ2(p+2)
(24)

V (x) =
ρxx

2ρ
+ E − µ

ρ4
(25)



Eq. (23) implies that ρ must have a definite parity as X is an
odd function of x .

It immediately follows from eqs. (24) and (25) that both g(x)
and V (x) must be an even function of x .

ρ(−x) = ±ρ(x), g(−x) = g(x), V (−x) = V (x). (26)

The similarity transformation technique is applicable to the
non-local NLSE, only when both the confining potential V (x)
and the space-modulated nonlinear interaction term g(x) are
even in x .

The expressions for X (x) and g(x) can be obtained, once an
explicit form of ρ(x) is known.



For a given V (x), ρ(x) is obtained from Eq. (25) having the
form,

1

2
ρxx + [E − V (x)] ρ =

µ

ρ3
(27)

which is the Ermakov-Pinney equation.

The solution of this equation:

ρ =
[

aφ21(x) + 2bφ1(x)φ2(x) + cφ22(x)
]
1
2 , (28)

where a, b, c are constants and φ1(x), φ2(x) are the two
linearly independent solutions of the equation,

−1

2
φxx + V (x)φ(x) = Eφ(x). (29)

The constant µ is determined as,
µ = (ac − b2) [φ′1(x)φ2(x)− φ1(x)φ

′

2(x)]
2.



Examples:

i) Vanishing External Potential:
A solution of eq. (12) for G < 0, V = W = 0 and

g(x , t) = G [1 + α cos(ωx)]−(p+2) reads

ψ(x , t) = e−iEt

(

E (α2 − 1)(p + 1)

| G |

)
1
2p

[1 + α cos(ωx)]
1
2 sech

1
p

(

p

√

2E (α2 − 1)X−(x)

)

where ω = 2
√

2| E | and µ = (1− α2)E , and E > 0.

Other examples: Harmonic Confinement, Reflection-less
Potential.



Non-autonomous non-local NLSE

i) Non-separable X (x , t): One may choose the following ansatz,

X (t, x) = F (ξ), ξ(t, x) ≡ γ(t)x , F (−ξ) = −F (ξ), (30)

where γ(t) is an arbitrary function of t.

Unlike in the case of local NLSE , a purely time-dependent
term can not be added to the ansatz for X (x , t) due to the
condition X (−x , t) = −X (x , t).

The consistency condition fixes W (x , t) = 0.



For exponentially localized non-linearity F (ξ) =
∫

e−ξ2dξ with
a combination of harmonic and dipole traps, the non-local
NLSE admits all kind of soliton solutions as in the
corresponding local case.

Moving solitons are not allowed for the non-local NLSE due to
the condition (14) which forbids the addition of a purely
time-dependent term to the ansatz for X (x , t).



ii) Separable X (x , t):

X (x , t) ≡ α(t)f (x), f (−x) = −f (x). (31)

With this choice of X , consistency conditions take the following
form in terms of α(t) and f (x):

ρ(x , t) =

√

δ(t)

α(t)f ′(x)
,

φ(x , t) = − αt

α(t)

∫

dx
f (x)

f ′(x)
, g(x , t) =

Gαp+2

δp
(f ′)

p+2

(32)



W (x , t) =
1

2α(t)δ(t)
(δtα− 2αtδ) +

αt

α
(
f ′′f

f ′2
),

V (x , t) = −(
2f ′′′f ′ − 3f ′′2

8f ′2
)

+
αttα− α2

t

α2

∫

f (x)

f ′(x)
dx − α2

t f
2

2α2f ′2
− µα2f ′2.

The external potential v(x , t) is PT symmetric whenever
both α(t) and δ(t) have definite parity.

The nonlinear interaction g(x , t) becomes PT symmetric
when both δ(t) and α(t) have the same parity or p is even.



Example

Harmonic confinement:

V (x , t) =
1

2
ω2
0x

2 − µα2, (33)

g(x , t) = G (C1 cos(ω0t) + C2 sin(ω0t))
p−2 . (34)

A solution of eq. (12) with p = 1 and G < 0.

ψV =

(

2µm

G (1 +m) (C1 cos(ω0t) + C2 sin(ω0t))

)
1
2

e
−i

ω0(C1 sin(ω0t)−C2 cos(ω0t))
2(C1 cos(ω0t)+C2 sin(ω0t))

x2

sn

(

√

2µ

1 +m
X ,m

)

where 1
2 < µ ≤ 1 and the value of m lies within the range

0 < m ≤ 1.



Schrödinger invariance of non-local NLSE

A (d + 1) dimensional generalization of nonlocal NLSE has the
form

iψt(x, t) = −1

2
∇2ψ(x, t) + g {ψ∗(Px, t)ψ(x, t)}p ψ(x, t),

where P denotes the parity transformation in (d + 1) dimension.
The Lagrangian density:

L = iψ∗(Px, t)∂tψ(x , t) −
1

2
∇ψ∗(Px, t) · ∇ψ(x, t)

− g

p + 1
{ψ∗(Px, t)ψ(x, t)}p+1 , (35)

where ψ(x, t) and ψ∗(Px, t) are treated as two independent fields.



The action A =
∫

Lddxdt is invariant under space-time
translations, spatial rotation, Galilean transformation and a
global gauge transformation. The action A is invariant under
dilatation and special conformal transformation for the special
case pd = 2.

The Noether charges satisfy the d + 1 dimensional
Schrödinger algebra:

{H,D} = H, {H,K} = 2D, {D,K} = K ,

{P,D} =
1

2
P, {P,K} = B, {Pi , Ljk} = − (δijPk − δikPj) ,

{Lij , Lkl} = (δikLjl − δilLjk − δjkLil + δjlLik)

{H,B} = P, {D,B} =
B

2
, {Pi ,Bj} = δijN,

{Bi , Ljk , } = − (δijBk − δikBj) . (36)



Decomposition of the field as a sum of parity-even and
parity-odd terms:

The formal expressions of these conserved Noether charges are in
general complex and are not semi-positive definite.

Example: The conserved quantity N corresponding to the
global U(1) transformation:

N =

∫

ρ(x, t)dd
x, ρ(x, t) ≡ ψ∗(Px, t)ψ(x, t). (37)

Decomposition of the field ψ(x, t) as a sum of parity-even and
parity-odd terms:

ψ(x, t) = ψe(x, t) + ψo(x, t), ψe(x, t) =
ψ(x, t) + ψ(Px, t)

2
,

ψo(x, t) =
ψ(x, t)− ψ(Px, t)

2
.



ρ(x, t) = ρr (x, t) + ρc(x, t) (38)

with

ρr (x, t) = | ψe(x, t) |2 − | ψo(x, t) |2,
ρc(x, t) = ψ∗

e (x, t)ψo(x, t)− ψ∗

o(x, t)ψe(x, t), (39)

where ρr (x, t) and ρc(x, t) satisfy the properties:

ρ∗r (x, t) = ρr (x, t), Pρr (x, t) = ρr (x, t),

ρ∗c(x, t) = −ρc(x, t), Pρc (x, t) = −ρc(x, t), (40)



The total number N does not receive any contribution from
the parity-odd purely imaginary term ρc(x, t) and is real,
N =

∫

ddxρr (x, t).

Similar decomposition of the field indicates that the conserved
quantities corresponding to the time translation, dilatation
and special conformal transformation are real valued.



Conclusions:

A non-local VNLE is consider which is shown to be integrable.
The soliton solutions are obtained using IST methods.

The exact soliton solutions for the inhomogeneous and/or
non-autonomous non-local NLSE is obtained using ST.

The invariance of the action of a d + 1 dimensional
generalization of the non-local NLSE under different
symmetry transformations is presented.



Conclusions:

It is shown that some of the conserved Noether charges are
real-valued, although the formal expressions of these
conserved Noether charges are in general complex.
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Thank You



Norming constants

C1(0) =
1√
2
(η + η̃)e i(θ1+

π

2
), C̃1(0) =

1√
2
(η + η̃)e i(θ̃1+

π

2
),

C2(0) =
1√
2
(η + η̃)e i(θ2+

π

2
), C̃2(0) =

1√
2
(η + η̃)e i(θ̃2+

π

2
). (41)

with

(θ1 + θ̃1) = (θ2 + θ̃2). (42)



Conformal symmetry for pd = 2:

x → xh = τ̇−
1
2 (t)x, t → τ = τ(t)

ψ(x, t) → ψh(xh, τ) = τ̇
d
4 exp(−i

τ̈

4τ̇
x2h )ψ(x, t)

ψ∗(Px, t) → ψ∗

h(Pxh, τ) = τ̇
d
4 exp(i

τ̈

4τ̇
x2h )ψ

∗(Px, t),

where

τ(t) =
αt + β

γt + δ
, αδ − βγ = 1. (43)

The particular choices τ(t) = t + β, τ(t) = α2t, and τ(t) = t
1+γt

correspond to time translation, dilatation and special conformal
transformation, respectively.



The conserved charges corresponding to dilatation(D) and special
conformation transformation(K ) are,

D = tH − I2 (44)

K = −t2H + 2tD + I1, (45)

where the moments I1 and I2 are defined as,

I1(t) =
1

2

∫

ddx x2 ρ(x, t), I2(t) =
1

2

∫

ddx x · J, (46)


