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Hirota equation as zero curvature condition

with
A
B
C
gives

U — Vi +[U, V] =0

C(~iA q\ ., (A B
U_<r iA) V_<C —A>

—ioqr —2icA? + p(rgx — qrx — 4iA3 — 2iAqr)
iy 4+ 200q 4+ p(29°r — Gex + 2iAGx + 4A%q)
—i0 T+ 20A7 4 p(2qr% — Fac — 2iAry 4 4A7)

iq: + 0 (qXX - 2q2r) + iP (qxxx - 6qqu) = 0

ire +0 (—rXX + 2qr2) +ip (rosx —6qrry) = 0
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[Ablowitz, Musslimani, Phys. Rev. Lett. 110 (2013) 064105]



Non-standard solution for r = —g*(—x, t)
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Standard solution for r = —g*(—x, t)

q(x. 1)

Ceaxfiocz(at?fa)t%y
c|? ¥ — i3 ig*3 in20—in*2 *
14+ (a‘ l*) ex—a*x+(—ia3o+ia*30+ia?o—in*20) t+y+y
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Hirota method for r = —g*(—x, t)

Let g(x,t) = g(—x, t)

Take g(x, t) = £ and auxiliary function h(x, t) to obtain bilinear

f(x,t)
equations
iDig-f+0D%g-f—60D3g-f = 0
D2f-f—hg =
hf* —2fg* = 0

which can be solved for n-soliton by:
_ 2k+1 _ _
L g=Yi 0 Mg, f =Y, e?kfo and h = Yo ekhy
2. g1=Y ce“’x”'“%(""e*”)”r'yl, a finite sum

3. € arbitrary or e=1
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From Z-C for an auxiliary function ¥

Y.=UY ¥:=VY with V)

Il
7N

—iA g
r iA

Identify Hamiltonian

HY = -\Y with H

Il
RN

—idx g
—ir i0x



Degenerate n-soliton with Darboux-Crum transformations
From Z-C for an auxiliary function ¥
Y, =UY, ¥, = VY with U= ("/\ q)

Identify Hamiltonian

HY = —\¥ with H = ("?X 9 >

Darboux-Crum iteration

H, = —io30x + <(l)r I%") where 03 = <(1) 01>
n

-

det wa det wy
rm=

det W, det W,

dn =




Degenerate 2-soliton with Darboux-Crum transformations

¢ ¢" ¢’ )
q * x// */ ¢*
wWa —
2 g () (dae)  (9rg)
™ (9y:9™)" (9r-9*) 0y:9*)
R A 4
W | 9 e e

(0a¢)"  oap  (drg)  Oae
(0r¢9%)" 9™ (Ip=0") Oy

* _ —i[)\x+2/\2(0+2p/\)t}+'y
v, = (P v, = (¢ with p=e , !
¢ — ¢ = e/[Ax+2A (+200)t]+7,



Scattering behaviour of non-degenerate 2-soliton
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Scattering behaviour of degenerate 2-soliton
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Asymptotic behaviour of degenerate 2-soliton
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Asymptotic behaviour of degenerate 2-soliton
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Asymptotic behaviour of degenerate 2-soliton
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Energy of degenerate 2-soliton



Energy of degenerate 2-soliton

Charges for 1-soliton solution g1 (x, t)
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Energy of degenerate 2-soliton

Charges for 1-soliton solution g1 (x, t)

16k (i)™
U (a1 |5|Z km+51 (g) 0! 1+ (1]

Hamiltonian/energy for 1-soliton solution
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Energy of degenerate 2-soliton

Charges for 1-soliton solution g1 (x, t)

) =~ o ££ )

Hamiltonian/energy for 1-soliton solution

H(q1) = 0@ (q1) +ipQ3(q1)

PT :x— —x, t— —t, [ — —Ii
PTH=H

For degenerate 2-soliton
E(q2) = 2E (q1)
and degenerate n-soliton

E (qn) = nE (q1)

Q2m €R
Q2m71 € iR
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Conclusions

New integrable nonlocal Hirota equations from
PT -symmetric reductions

Implement nonlocality with Hirota method

Implement degeneracy with Darboux-Crum
transformations

Degenerate multi-solitons have time-dependent
displacements

Degenerate multi-solitons despite being complex have real
energies due to P77 -symmetry and integrability

Can our new solutions be experimentally realised?

What is the statistical behaviour of a degenerate soliton
gas?
Thank you!
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