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comparison between theory and
evolution experiments
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and Ophélie Ronce1,2

1Université Montpellier 2, and 2CNRS, IRD Institut des Sciences de l’Evolution, CC 065, Place Eugène Bataillon,
34095 Montpellier Cedex 05, France

Evolutionary rescue occurs when a population genetically adapts to a

new stressful environment that would otherwise cause its extinction. Forecast-

ing the probability of persistence under stress, including emergence of drug

resistance as a special case of interest, requires experimentally validated quan-

titative predictions. Here, we propose general analytical predictions, based

on diffusion approximations, for the probability of evolutionary rescue. We

assume a narrow genetic basis for adaptation to stress, as is often the case

for drug resistance. First, we extend the rescue model of Orr & Unckless

(Am. Nat. 2008 172, 160–169) to a broader demographic and genetic context,

allowing the model to apply to empirical systems with variation among

mutation effects on demography, overlapping generations and bottlenecks,

all common features of microbial populations. Second, we confront our

predictions of rescue probability with two datasets from experiments with

Saccharomyces cerevisiae (yeast) and Pseudomonas fluorescens (bacterium). The

tests show the qualitative agreement between the model and observed

patterns, and illustrate how biologically relevant quantities, such as the

per capita rate of rescue, can be estimated from fits of empirical data. Finally,

we use the results of the model to suggest further, more quantitative, tests of

evolutionary rescue theory.
1. Introduction
Forecasts of future rates of species extinction are three to four orders of magni-

tude higher than known background rates of extinction in the fossil record [1].

Such forecasts of biodiversity loss have been criticized for not taking into

account the capacity of organisms to adapt to their changing environment

[2]. Evolutionary rescue describes the process by which a population, initially

confronted with an environment causing its decline, is saved from extinction

through genetic changes that recover growth. Emergence of resistance to

chemotherapy (antibiotics, antivirals, pesticides, etc.) is also an important

example of evolutionary rescue, well studied both empirically (reviewed in

MacLean et al. [3]) and theoretically [4]. Several theoretical models have

addressed the joint evolutionary and demographic processes leading to

evolutionary rescue when the environment deteriorates gradually [5,6] or

abruptly [6–8]. The very same process has also been modelled in more epidemi-

ologically oriented models [4]. Rescue or demise depends on a race between

population decline and adaptation: genotypes that adapt the population to

the new environment must reach a substantial frequency before the population

becomes extinct. These models predict that the probability of evolutionary

rescue decreases with stress intensity and increases with initial population

size or with the abundance of genetic variation available to fuel adaptation

to the new conditions (reviewed in Bell [7]).
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Forecasting extinction requires the development of a

validated quantitative theory of evolutionary rescue. This

includes, as a case of special interest, forecasting the emer-

gence of resistance in diseases and pests affecting human

health and economy. Current models of evolutionary rescue

make different quantitative predictions about the probability

of evolutionary rescue because of differences in assumptions

regarding the genetic basis of adaptation to stress, and the

stochastic process governing population dynamics. For

instance, the pioneering model of Gomulkiewicz & Holt [8]

used the infinitesimal model from quantitative genetics to

describe the genetic basis for fitness, which is more appropri-

ate when adaptation to stress is caused by a large pool of

alleles at many loci, already present in the population at the

onset of stress. Orr & Unckless [9] studied evolutionary

rescue in the opposite case where adaptation is conveyed

by a single genetic variant. A narrow genetic basis for

adaptation has indeed been found in many cases of drug

resistance [3,10]. They further compared (see also Ribeiro &

Bonhoeffer [4]) the contribution from genetic variants,

either present before the onset of stress (pre-existing

mutation), or afterwards, during the period of population

decline (de novo mutation). While the heuristic model by

Gomulkiewicz & Holt [8] describes the deterministic

growth of the rescued population above a threshold critical

population size, the model by Orr & Unckless [9] explicitly

describes the stochasticity inherent to the establishment of

beneficial variants (see also [11]).

Empirical validation of evolutionary rescue theory is still in

its infancy. Experimental evolution offers a potentially power-

ful method for this validation [12]. In particular, rapid

evolution in microcosms allows the study of replicated trajec-

tories of adaptation to evaluate the probability of rescue

versus extinction. This is rarely possible in natural populations

where only a single realization of any of these stochastic

outcomes is observable. Usually, however, extinction has

been considered as a nuisance in experimental evolution.

Only recently, several studies have tackled the challenge of

describing the probability of evolutionary rescue, using fast-

reproducing organisms in microcosms with various stresses

causing decline, such as yeast adapting to saline conditions

[13,14], virus adapting to high temperature [15], flour beetles

adapting to a new host [16,17] or bacteria adapting to anti-

biotic stress [18]. The study of the emergence of resistance to

chemotherapy in microbes also has a very long and fruitful

history (reviewed in recent studies [3,19]), which relates

directly to evolutionary rescue. Bell & Gonzalez [13] showed

a clear threshold in population size below which rescue was

very unlikely in Saccharomyces cerevisiae undergoing salt

stress, as predicted by theory [9]. Ramsayer et al. [20] studied

adaptation of Pseudomonas fluorescens to antibiotic stress; they

found that rescue probability increased with the genetic diver-

sity at the onset of stress [17], giving qualitative support to

other facets of evolutionary rescue theory.

In spite of this progress, tightening the link between

theory and experiments requires evolutionary rescue

models to use empirically measurable parameters. Models

also need to account for certain peculiarities of microbial

populations. In microbes undergoing limited recombination,

clonal interference reduces polymorphism. Thus, the assump-

tion of an asexual population with a narrow genetic basis for

rescue (as in Orr & Unckless [9]) is a good way to describe the

genetics of rescue in these cases. Furthermore, microbes often
display continuous growth with overlapping generations,

whereas most existing theories on evolutionary rescue

(including Orr & Unckless [9]) assume discrete-time geo-

metric growth or decay (but see Knight et al. [21]).

Generalizing rescue predictions to a larger set of life cycles

is now needed. For example, microbial populations experi-

ence periods of progressive growth or decline, but also

frequent bottlenecks both in nature and in the laboratory,

where serial transfers are routinely used. How bottlenecks

affect the probability and dynamics of rescue is not known.

Finally, even if a single variant generates the rescue in any

given population, different variants may become fixed in

different replicate populations, because they are sampled

from a spectrum of potential mutation effects. This variability

of outcomes has so far been ignored in analytical models

where a single resistance fitness class is considered [4,9].

The aim of this paper is to propose methods to foster a

better quantitative link between experimental evolution and

predictions of evolutionary rescue theory. First, we generalize

the predictions by Orr & Unckless [9] to a broader demo-

graphic and genetic context, with a full description of the

stochasticity of the rescue process. This allows us to apply

the model to empirical systems with variable mutation effects

on growth rates, overlapping generations and the inclusion of

bottlenecks. We show that the results obtained by Orr &

Unckless [9] generalize, at least approximately, to more general

demographic assumptions, in the absence of density-

dependence. Second, we use the results of the model to discuss

possible empirical tests of rescue theory, either by (mostly

qualitative) tests of some predictions on existing datasets, or

by discussing empirical methods to test other aspects of evo-

lutionary rescue. We also discuss how models and data on

the stochastic dynamics of rescued populations could enhance

our understanding of the underlying evolutionary processes.
2. Methods
(a) Datasets
We compare the predictions from our model with data from

experiments on evolutionary rescue, using two species:

S. cerevisiae [13] and P. fluorescens [20]. These experiments

illustrate aspects of population dynamics and experimental pro-

tocols that we aim to address in our theoretical developments.

They also allow us to evaluate the general qualitative relevance

of our analytical predictions.

Bell & Gonzalez [13] studied the effect of population size on

the probability of rescue in bottlenecked populations of yeast

under salt stress. From a large mass culture, derived from a

single clone in permissive conditions, replicate populations were

diluted to a wide range of starting population sizes (10–107

cells) and then exposed to a saline (NaCl) environment or a

salt-free control. This allowed a test of the effect of the inoculum

size on the probability of rescue. High concentrations of NaCl

were used such that populations initially declined in the new

environment as a result of the combined effects of reduced

growth in the presence of salt and dilution during transfers. In

the control experiment, the wild-type was grown and serially

diluted in the absence of NaCl. Final population density was

measured by optical density; populations were considered extinct

when the optical density was equal to or below the mean value

of control wells containing no cells.

In a recent study, Ramsayer et al. [20] investigated the

dynamics of evolutionary rescue in naturally declining popu-

lations of P. fluorescens facing three bactericidal doses of

http://rstb.royalsocietypublishing.org/
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streptomycin (50, 100 and 200 mg ml21 plus a control). Unlike in

Bell & Gonzalez [13], replicate populations started from high den-

sity (� 108 cells) and without any further bottlenecking during the

experiment. To investigate the impact of initial standing variation

on evolutionary rescue, two types of starting populations were

compared. For the ‘clonal’ population type, 10 single clones

were grown to high stationary density, from each of which repli-

cate populations were established and exposed to the antibiotic.

For the ‘admixture’ populations, the starting population was a

mixture from eight large populations that had been maintained

in replicate vials over 14 serial transfers in a permissive environ-

ment. Replicate admixture populations were established from

this mixture. Ten replicates per population origin and antibiotic

dose were tested, as well as two control antibiotic-free popu-

lations. Population sizes were measured by plating constant

volume samples and counting colony-forming units (CFUs) at

times t ¼ 0, 4, 9, 22, 30, 53 h after introduction of the antibiotic.

Populations were considered extinct when no CFUs were detected

in any of the samples at t ¼ 53 h.
:20120088
(b) Analytical predictions
As in the experiments described earlier, the scenario envisioned

by our model is that of a single isolated asexual population con-

fronted with a new environment causing its decline. An initial

number of individuals No is introduced in this new environment

(inoculum size). We model the probability that such a population

initially decaying at rate ro , 0 is saved from extinction by the

occurrence and the establishment of genetic variants showing

positive growth (r . 0). We derive analytical predictions from

stochastic models of population dynamics, using branching pro-

cesses and diffusion approximations. A key assumption of our

model is that the fates of individual genetic variants are indepen-

dent of each other (as in previous studies [8,9]), which precludes

the analytical treatment of density-dependent growth (but see

Uecker & Hermisson [22]). This may be a reasonable approxi-

mation if interactions between individuals are negligible in

declining populations. We will discuss how comparison with

experimental data could allow us to validate this approximation.

We consider the case of continuously growing/decaying

populations with overlapping generations such as microbial

populations, but our analytical results apply to a broader range

of demographic dynamics. We use a Feller diffusion process

[23], also called ‘continuous state branching process’ (see the

electronic supplementary material, appendix S1), to approximate

the demographic process. This approximation reduces all the

complexity of the life cycle into two key parameters: the mean

reproductive output r (growth rate or Malthusian fitness), and

the variance of this output s (for use of similar diffusion approxi-

mation in age-structured populations, see Shpak [24]). This

diffusion approximation and its range of validity are more

detailed in the electronic supplementary material, appendix S1.

In short, our approach, based on diffusion, is general in that it

can approximate many life histories, but is still limited (i) to

density independent and (ii) ‘smooth’ demographic processes

(without instantaneous jumps in population size), and (iii) to

moderately growing or decaying genotypes (jrj/s� 1). Here,

we will mostly illustrate our predictions in the case of a birth–

death process, where cells divide by binary fission at rate b and

die at rate d, at exponentially distributed time intervals. In that

case, the growth rate is r ¼ b 2 d, and the reproductive variance

is s ¼ b þ d ¼ r þ 2d. We also show consistency with the results

of Orr & Unckless [9] who assumed a discrete-time model.

Mutations occur as a Poisson process with given rate per time

units: the process of growth, mutation, etc., are measured in con-

sistent units (hours, days, etc.). Note that, as mutations occur every

division event, the per unit time mutation rate is proportional to

the birth rate (see details in Martin & Gandon [25]). In all
scenarios, rescue mutations all arise in the same constant geno-

typic background (the dominant ‘wild-type’), so that a constant

mutation rate can be used, except when multiple mutational

steps are considered (see details in the corresponding section

and electronic supplementary material, appendix S1). Mutations

create a set of alleles with an arbitrary distribution of effects on

growth rates r and reproductive variance s. We call ‘resistant’ a

genetic variant that shows positive growth (r . 0), and ‘rescue’

a variant that is resistant and has established, meaning that it

has escaped initial stochastic loss and increased to substantial

population size. Each genetic variant is either already present

in the population at the onset of stress (pre-existing mutations)

or appears afterwards by mutation (de novo mutations). We

derive predictions for the probability of rescue in both scenarios.

We further consider different demographic scenarios likely to

occur in evolutionary rescue experiments: either the population

is exponentially decaying in the new environment [20], or it

declines owing to the combined effects of bottlenecks and

decreased growth [13]. We also examine two scenarios concerning

pre-existing mutations: either variants were generated from a

single clone in a previous phase of expansion in the permissive

environment, as in the ‘clonal’ treatment of [20] and in Bell &

Gonzalez [13], or they were segregating in a population at

mutation–selection balance before exposure to stress, as could

be assumed in the ‘admixture’ treatment of Ramsayer et al. [20].

In the main text, we present the most simple and testable

approximations, whereas the appendices in the electronic sup-

plementary material provide a thorough description of how

these approximations are derived. All analytical derivations

were obtained with MATHEMATICA v. 8.0 [26].

(c) Simulation check for a birth – death process
The analytical predictions were tested in exact simulations of a birth–

death process, i.e. with cell division and death occurring at exponen-

tially distributed times. In our simulations, mutation produced a

spectrum of birth rates b, with a fixed death rate d. The simulation

algorithm is described in Martin & Gandon [25], with demographic

dynamics simulated by the exact Gillespie stochastic simulation

algorithm [27]. Mutation is birth-dependent (it occurs only in cells

that divide), and mutants show continuous variation in birth rates,

generated by a Gaussian phenotype-to-fitness landscape. The land-

scape model here was merely used to produce mutations with a

continuous spectrum of effects. This algorithm was optimized and

encoded in C; matrix operations and random number generation

were performed using the GNU Scientific Library [28]. Analysis of

the simulations was performed with R [29].

(d) Data analysis
Analytical predictions provide a framework to analyse experi-

ments that study how various factors affect rescue probability.

We evaluated the fit of our predictions on the effect of inoculum

size No on rescue probability in the yeast salt-stress experiment

[13]. We then compared the observed versus the expected out-

come of different evolutionary histories on rescue probability,

in naturally decaying P. fluorescens populations under antibiotic

stress [20]. Generalized linear models (GLMs) were performed

with MATHEMATICA v. 8.0 [26].
3. Results
(a) Theory: probability of evolutionary rescue in

various scenarios
As only resistance mutations (r . 0) can achieve substantial

frequency, we consider only the rate of mutation to resistance.

http://rstb.royalsocietypublishing.org/


Table 1. Equations and simulation figures corresponding to each scenario treated in the study. The rate of rescue mutations u�R per individual inoculated (see
equation (3.1)), for the various scenarios treated in this article. u is the rate of mutations with any effect on growth rate and uS (respectively uP) are the rate of
mutation to resistance (r . 0 or mr . 0 with natural or bottleneck induced decay, respectively) in the stress (respectively in the permissive environment). jroj
or jmro j is the decay rate of the wild-type per unit time (or per cycle) with natural decay or bottleneck induced decay, respectively. �pf (or pf mr) is the mean
establishment probability (equation (3.2)) among random resistance mutations in these two cases. Here, we have assumed that resistance and its cost in the
permissive environment are uncorrelated (see equation (3.6) versus (3.7)). The notations below are defined in more detail in the electronic supplementary
materials, table and appendices.

biological scenario u�R simulation checks

de novo single step mutation, exponential decay (equation (3.3)) uS �pf=jroj figure 2b and electronic supplementary

materials figure S2

de novo two-steps rescue, exponential decay (equation (S1.4)) / u=jroj None

pre-existent single step mutation, population initially at mutation –

selection balance (equation (3.7))

uP �pf=CH figure 2a and electronic supplementary

material, figure S3

pre-existent single step mutation, population initiated by growth of a

single clone from no! N1 (equation (3.9))

uP �pf logðN1=noÞ figure 2c

de novo single step mutation, decay from periodic bottlenecks

(equation (3.4))

uSpf mr=jmro j figure 2d and electronic supplementary

material, figure S4
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Resistant mutants may appear in the ‘permissive’ envir-

onment (before the onset of stress), or in the stressful

environment. We therefore denote the mutation rate to resist-

ance in each condition by uP and uS, respectively. We denote

by an overbar (�x) the mean of any quantity x among resistant

genotypes produced by mutation.

(i) General result
As we will see below, a striking similarity emerges from the

various scenarios considered, where the number of mutations

destined to rescue the population is, in general, Poisson dis-

tributed. This is valid, in general, only when the per capita
rate of mutation to rescue is small. Furthermore, the rate of

the Poisson distribution can always be written Nou
�
R; i.e. it

is proportional to the number of individuals present at the

onset of stress, No. The factor u�R can thus be denoted a rate

of rescue per inoculated individual. It will depend on the par-

ticular scenario. The derivations that follow will consist of

showing this Poisson limit and providing closed form

expressions for u�R for each subcase, as a function of various

biological parameters. The probability of an evolutionary

rescue P�R; is the probability that at least one rescue mutation

appears before extinction, and is given by one minus the

probability of no rescue, i.e. the zero class of the Poisson

(e�Nou
�
R ). Thus, in what follows, all expressions for rescue

probability take the form

P�R ¼ 1� expð� Nou
�
RÞ : ð3:1Þ

Intuitively, the simple relationship to No reflects the fact

that we assume independence between the fate of different

lineages present at the onset of stress (no density –

dependence).

Table 1 summarizes the explicit expressions for u�R in

each scenario, with the corresponding figures showing the

simulation checks.

(ii) Rescue from de novo mutations
General probability of establishment. A ‘rescue’ mutant is a

resistant mutant lineage that has risen to substantial copy
number such that it is almost certain to avoid ultimate extinc-

tion (establishment). The probability of establishment, for a

resistant mutant lineage with given demographic parameters

(r,s), initially present in a single copy is approximately [23]

pf ¼ 1� e�2r=s �
r� s

2 r
s
; r . 0

0; r , 0:

8<
: ð3:2Þ

Quite intuitively, equation (3.2) predicts that the prob-

ability of establishment increases for mutants with large

growth rate and small reproductive variance [24,30].

Throughout this paper, most simplifications are obtained

when establishment is unlikely (pf ¼ 0(r/s)� 1), an

assumption already inherent in our use of diffusion approxi-

mations. Figure 1 shows pf as a function of r: equation (3.2)

indeed approximates the exact pf in many cases, as long as

r/s is small (figure 1a,b). However, the diffusion approxi-

mation breaks down in the burst–death model with even

moderately large burst sizes and small r/s, because burst

events introduce instantaneous jumps in the population size

dynamics, inconsistent with the ‘smoothness’ assumption

required for diffusion to be valid (see also electronic sup-

plementary material, appendix S1).

Continuously decaying populations. Let us first consider a

clonal population consisting of a wild-type with negative

growth rate ro , 0 that decays continuously to extinction in

the absence of any genetic change. In this case, we can com-

pute the exact probability that, before extinction of the wild-

type, it produces a resistance mutation that establishes. We

must take into account variation of (r,s) among resistant

mutants spawned by the wild-type genotype. Rescue

mutations occur as an inhomogeneous Poisson process with

instantaneous rate NtuS �pf ; where uS is the rate of mutation

towards resistance in the stressful environment, Nt is the

wild-type population at time t. The average probability of

establishment among resistant mutants is �pf which is pf in

equation (3.2) averaged over the joint distribution of r and

s among these mutants. Note that the total number of

rescue mutations spawned from the wild-type during its

course to extinction is l�R ¼ uS �pf
Ð tE

0 Ntdt; where tE is the

http://rstb.royalsocietypublishing.org/
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Figure 1. Accuracy of the Feller diffusion approximation for establishment
probability. The probability of establishment (avoiding ultimate extinction)
when started from a single individual is shown as a function of the ratio of
Feller parameters (r/s): (a) linear birth – death process with birth and death
events occurring at rates b and d, for which r ¼ b 2 d and s ¼ b þ d,
(b) discrete-time model with Poisson offspring distribution (Dnt� Poisson(w
nt)) for which r ¼ w 2 1 and s ¼ w � 1, (c) linear burst – death process
with bursts of size B occurring at rate b and death at rate d. This model
assumes that an individual can either die or burst ( producing B offspring) at
exponentially distributed times, i.e. that both death and burst are Poisson
processes with rate d and b, respectively (setting B ¼ 1 retrieves case a.). For
this model r ¼ b B 2 d and s ¼ b B2þ d. In each case, the exact
probability of establishment is compared to the Feller diffusion
approximation: these computations (along with that of r and s) are detailed
for each case in electronic supplementary material, appendix S1, § 1.
The approximation accurately captures the discrete-time model and the
birth – death model, but it breaks down quickly for the burst – death model
when burst sizes get large (although it always valid at low pf ).
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extinction time for a particular trajectory. The cumulated

population size
Ð tE

0 Ntdt is a random variable that is distrib-

uted among replicate extinction trajectories. The resulting

distribution of the number of rescue mutations, after
averaging over this random variable, is a compound Poisson

distribution, not simply a Poisson (see equation (S1.5) of

electronic supplementary material, appendix S1). However,

when the rate of rescue is not too large (Nou
�
R � 1; equation

(3.1)), the Poisson distribution obtains as a limit of this

exact distribution (see appendix S1 and electronic sup-

plementary material, figures S1 and S2). A heuristic

argument provides a simple derivation of the rate u�R in

this limit (the exact derivation is given in the electronic sup-

plementary material, appendix S1). If we approximate that all

replicate populations decay deterministically (exponentially)

until extinction, the cumulated population size is then a con-

stant, equal to its expected value No/jroj, and the number of

potential rescue mutations is approximately Poisson with

rate NouS �pf=jroj: Then, the rate of rescue per inoculated

individual is

u�R � uS �pf=jroj: ð3:3Þ

Here, uS �pf is the rate of rescue mutations per wild-type

individual under stress, namely the corresponding rate of

resistance mutations weighted by the probability that they

establish. Equation (3.3) is accurate (figure 2b) unless the

wild-type shows almost no decay (see the electronic sup-

plementary material, figure S2), a case of little interest as

rescue is effectively certain then. In agreement with previous

theory, equation (3.3) predicts that the probability of a rescue

increases when the initial population size is large (figure 2),

the mutation rate towards resistance is high, the wild-type

population does not decline too fast (small jroj) and the

mean establishment probability �pf of resistant mutants is high.

The mean establishment probability depends on the distrib-

ution of the ratio r/s among resistant mutants (see equation

(3.2) and electronic supplementary material, appendix S1).

This suggests that information about the distribution of

growth rates among resistant mutants is not sufficient to pre-

dict the probability of rescue. For precise quantitative tests,

experiments should also seek to evaluate the extent of repro-

ductive variance s and its joint variation with r among

resistant mutants. If most resistance mutations are only

weakly growing (0 , r� s), and mutations affect only r but

not s (s is then a numerical constant, still to be estimated),

then �pf � 2 �r=s; where �r is the average growth rate among

resistant mutants. This simplification can be justified, for

example, for a birth–death process with a high turnover

rate (high birth and death rates that compensate each

other). In this case, demographic stochasticity is important as

r ¼ b 2 d� s ¼ b þ d. Mutations affecting both b and d con-

tribute the same variance to r and s, but the impact of this

variance is smaller, relative to the mean value, on r than on

s . Finally, note that this simplified version of our equation

(3.3) corresponds to eqn (3) of Orr & Unckless [9], who

assumed a single allele (�r ¼ r) and a discrete generation

model (Poisson offspring distribution, s � 1 for all genotypes,

see electronic supplementary material, appendix S1).

Rescue in multiple steps. The earlier-mentioned treatment

deals only with rescue produced by a single mutation

event. Rescue can also occur in multiple steps, e.g. with a

first intermediate step destined to be lost (‘transient’

mutation), but that produces the final rescuer genotype

before its extinction. This process (in two steps) is modelled

in appendix S1 (§2). The resulting rate of two-step rescue

scales with the total rate of genomic mutations (with arbitrary

http://rstb.royalsocietypublishing.org/
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effect on r) up until extinction: l�R2 /Nou=jroj (equation (S1.7)).

The first ‘transient’ mutation is most likely to be one with

r � 0 (critical process; electronic supplementary material,

appendix S1). Indeed, these mutants are the ones that

wander the longest time before extinction, thus allowing

them to produce secondary rescues. Non-resistant mutants

(r , 0) all get quickly extinct, whereas resistant mutants

(r . 0) either produce a single step rescue or get extinct early

when still at low numbers. It is difficult to be more explicit

without introducing a particular model describing the

combined effect of multiple mutations on growth rates [31].

Rescue with bottlenecks. The process that we have described

so far is one where the wild-type population decays at a

roughly constant rate until extinction. However, extinction

may also take place in populations with non-steady decay.

We consider here the case where the wild-type alternates

periods of positive growth with catastrophic drops in popu-

lation size (bottlenecks). We model bottlenecks at regular

time intervals (every t time units) with a constant dilution

factor 0 , D , 1 (the portion of the population that is kept).

This is particularly relevant to microbe studies, where serial

transfers are often used to refresh the medium, and it

indeed corresponds to the protocol used by Bell & Gonzales
[13]. It should also be a good approximation to the case of

rescue in natural populations undergoing randomly distribu-

ted catastrophic drops in population size [32]. As explained in

electronic supplementary material, appendix S2, our treat-

ment is based on the approach proposed by Wahl &

Gerrish [33], and complementary to theirs, by allowing for

long-term decay or growth, and assuming high reproductive

stochasticity during growth phases (pf� 1) (see also [34]).

In this context, the demographic processes are intrinsic-

ally discrete at the time-scale of cycles, although the

underlying demography during the growth phase is continu-

ous at smaller time-scale (measured in our basic time units).

We denote mr the growth rate of a given mutant, over a cycle,

i.e. its Malthusian fitness at the time-scale of cycles. It must

satisfy mr¼ log(D) þ rt, where r is the growth rate during

the growth phase (in our basic time units). The wild-type

has negative Malthusian fitness mro , 0 over the long run,

so that it will get extinct in the absence of rescue mutations.

Only those mutants with mr . 0 (called ‘resistant’) can sur-

vive ultimate extinction and thus generate a rescue

(equation (S2.6)). In order to do so, they must (i) escape sto-

chastic loss during growth phases; and (ii) escape loss during

bottlenecks. From the electronic supplementary material,

http://rstb.royalsocietypublishing.org/
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appendix S2 (equation (S2.6)), the probability of such ulti-

mate establishment for a mutant present in single copy at

the onset of a growth phase is shown to be pf ð1� e�mrÞ;
for a mutant with positive long-term growth (mr . 0),

where pf is again given in equation (3.2), and is null for a

non-resistant mutant (mr , 0). Let us denote uSt, the rate of

mutation to resistance (mr . 0), over a cycle (over t basic

time units), per individual present at the start of the cycle,

and in the stressful environment. The population is started

at the onset of a growth phase with No individuals. We

show in the electronic supplementary material, appendix S2

that the total number of rescue mutations produced

during the course to extinction is again Poisson distributed

with a rate of rescue per inoculated individual given by

equation (S2.12)

u�R � uSt

pf mr

jmro j
: ð3:4Þ

This time, uSt pf mr is the rate of rescue mutations per

individual over a cycle, where pf mr is the mean probability,

among random resistant mutants, of avoiding stochastic

loss during the growth phase and over the following serial

dilutions. Equation (3.4) is valid only if (i) the rescue mutants

grow very rapidly between bottlenecks, which is necessarily

the case when bottlenecks are severe (D� pf ), and if

(ii) the reproductive stochasticity during growth phases is

substantial so that pf� 1. Figure 2d shows that this approxi-

mation is accurate, and electronic supplementary material,

figure S4 suggests that this holds even with mild stochasticity

and dilution factors (pf � 0.33 and D ¼ 1/10).

The exact similarity of equations (3.3) and (3.4) is striking,

given the key differences in the process under study. The only

difference, apart from the change in time-scale, lies in the

expression for the probability that a given resistance trans-

lates into a rescue: pf mr in equation (3.4), instead of �pf in

equation (3.3). This simply reflects the fact that mutants

must avoid extinction both during the growth phase in

which they appear, and over the longer time-scale of

growth-dilution cycles (mr). If mutations only affect r and

not s, we have pf mr � 2 �r=s ðmr þ CV2
r�r tÞ, where

mr ¼ logðDÞ þ �r t is the mean Malthusian fitness, and CVr

is the coefficient of variation of r among random resistance

mutations. We thus see that contrary to equation (3.3),

rescue is not only determined by the mean growth rate �r of

resistance mutations but also by their variance (CVr).
(iii) Rescue from standing variance: pre-existing mutations
General result. The inoculum population may also contain a

certain proportion of resistant genotypes before the onset of

stress. The proportion will depend on the state of the popu-

lation before stress, and the corresponding probability of

rescue from pre-existing mutations is dependent on the scen-

ario assumed for this state. In electronic supplementary

material, appendix S1 (equation (S1.9)), we show that, pro-

vided the probability of establishment of resistant

genotypes in the stressful environment is small (pf� 1),

equation (3.1) applies, with a rate of rescue per inoculated

individual

u�R � ~pf EðnRÞ; ð3:5Þ

where E(nR) is the expected number of pre-existing resist-

ance mutations in the inoculum, at the onset of stress,
and ~pf is the average establishment probability pf

(equation (3.2)) among them. Note that, in general, ~pf is dis-

tinct from the average �pf among de novo resistance mutations.

Equation (3.5) is rather general, valid for an arbitrary state of

the population before stress, an arbitrary distribution of

mutation effects on growth rates before and after the stress.

Only the expected number of pre-existing resistant genotypes

before stress, and their mean establishment probability are

required to predict the rescue probability from standing var-

iance. To go further, we apply this result to two particular

scenarios (detailed in electronic supplementary material,

appendix S1): mutation–selection equilibrium prior to

stress, and a population undergoing unlimited growth from

a single clone, before facing the stress. Both scenarios corre-

spond to frequently used settings in experimental evolution

(e.g. contrast the ‘clonal’ and ‘admixture’ treatments in

Ramsayer et al. [20]).

Mutation–selection equilibrium. We assume that a popu-

lation has reached mutation–selection equilibrium before

the stress occurs. Then, the population is culled to No indi-

viduals at the onset of stress. Alternatively, the population

can be assumed to be at mutation–selection–drift equili-

brium at constant size No all along (as in Orr & Unckless

[9]). The expected number of pre-existing resistance

mutations in both cases is E (nR) ¼ NouP/cH, where cH is

the harmonic mean of the cost of resistance mutations in

the environment before stress. The cost of a given mutant

is its selective disadvantage relative to the wild-type geno-

type, which is the genotype perfectly adapted to the

previous environment. It is also this genotype that will

dominate the population at the onset of stress. Here, ~pf

among pre-existing resistant variants is different from �pf

among de novo resistance mutations, whenever resistance

and cost (r and c) are not independent among mutants

(see §4 and electronic supplementary material, appendix

S1). The resulting mean is ~pf ¼ cHpf=c; where pf=c is the

mean of pf=c among random resistance mutations. The

rate of rescue per inoculated individuals is

u�R � uP pf=c: ð3:6Þ

As for rescue from de novo mutations, the probability of

rescue from standing variance increases with the size of the

initial population. It increases with the rate of mutation

towards resistance in the permissive environment and

depends on the joint distribution of demographic rates of

resistant mutants (r,s) in the stressful environment, and of

their cost c in the permissive environment. Equation (3.6) sim-

plifies when the cost of a resistance, before stress, is

independent of r or s after the onset of stress. In this case,

we can write pf=c ¼ �pf=cH; and the rate of rescue becomes

NouP pf=cH: Denote the rate of rescue from de novo mutations

u�S ¼ uS �pf (from equation (3.3)). If we further assume that the

mutation rate towards resistance is the same in permissive

and stressful environments (uP ¼ uS), we can then express

the rate of a rescue from standing variance, as a function

of the rate of de novo rescue mutations u�S:

u�R �
u�S
cH
: ð3:7Þ

(Recall that cH is the harmonic mean of the cost, before

stress, of those random de novo mutations that are resistant

in the stress.) Mutations with a small cost before stress (and

http://rstb.royalsocietypublishing.org/
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therefore at high frequency at the onset of stress) will dominate

the harmonic mean cH and therefore the rescue process.

Figure 2a shows the accuracy of equation (3.7) versus exact

simulations. As for de novo rescue, we retrieve the corres-

ponding result (eqn (5) of Orr & Unckless [9]) for a single

allele (cH ¼ c) and discrete demography, assuming a small

pf (see electronic supplementary material, appendix S1).

Because the total number of rescue events from de novo
mutations or from standing variants are both approximately

Poisson distributed, the probability that a given rescue event

is from either type is simply given by the relative weight of

each Poisson parameter. In the case of a population at equili-

brium before stress, and assuming independence between

cost and resistance (equation (3.7)), the probability that the

rescue mutation appeared after the onset of stress (de novo)

as opposed to being present before is

Pðde novoÞ ¼ cH

cH þ jroju�P=u�S
!

u�
S
� u�

P

cH

cH þ jroj
; ð3:8Þ

where the right-hand-side limit is when mutation rates are

equal across environments. We can see here that the relative

contribution of each type depends on the rate of decay jroj
of the wild-type (i.e. the strength of the stress imposed). Pro-

vided the cost distribution is less affected by the stress than

the decay rate (cH roughly constant as jroj increases), we

expect that rescue from standing variance will be more

likely in more stressful conditions (larger jroj). However,

(i) the cost could be affected by the type of stress exerted;

and (ii) this ignores the possible contribution of de novo
rescue in multiple steps, which can be important under

strong stresses [31].

Growth from a single clone. Our second scenario is intended

to describe some microbe experiments where a single clone is

grown to high density then put into a new stressful environ-

ment [13]. This may also be relevant to natural populations

that have undergone a severe bottleneck and then grown

back to a large population size before facing an abrupt

environmental change. Under these conditions, the distri-

bution of the number of resistance mutations at the end of

the growth phase is given by models of fluctuation test

experiments [35]. Although the distribution of the number

of resistance mutations in this situation can be complex, its

mean takes a simple form [35]. Assume that the population

is grown from no clonal individuals to some constant level

N1, then possibly diluted to achieve a given size No, prior

to stress. The resulting expected number of resistance

mutations in the inoculum is then E(nR) ¼ No uP log(N1/no).

As this number is directly proportional to the mutation rate

to resistance uP independently of (r,s), the mean fixation

probability among pre-existing mutations is equal to that

among de novo mutants ~pf ¼ �pf (see also electronic sup-

plementary material, appendix S2). Applying our general

equation (3.5) in this case, the rate of rescue (per inoculated

individual per extinction) is then

u�R � uP�pf log
N1

no

� �
: ð3:9Þ

Figure 2c confirms the accuracy of the above expression

versus exact simulations. Again, things simplify if we

assume that the environmental change does not impact

mutation rates (uP ¼ uS) in which case equation (3.10) can

be expressed in terms of the rate of de novo rescue, by setting
uP �pf ¼ u�S: Contrary to the case of mutation–selection bal-

ance, the probability of rescue here does not depend on the

fitness effects of resistant mutations in the permissive

environment. As in equation (3.8), we find another simple

rule for the probability of rescue from de novo versus

pre-existing mutations:

Pðde novoÞ ¼ logðN1=noÞ
logðN1=noÞ þ jroj u�P=u�S

!
u�

S
� u�

P

logðN1=noÞ
logðN1=noÞ þ jroj

:

ð3:10Þ

As in equation (3.8), we expect that rescue from standing

variance will be more likely in more stressful conditions

(larger jroj), all else being equal.

With bottlenecks. If we consider rescue from standing vari-

ance in the context of bottlenecked populations, all the results

provided above equations (3.5)–(3.10) still hold, simply repla-

cing �pf by its equivalent in bottlenecked populations pf mr

and ro by mro (equations (3.4) and (S2.6)).
(b) Empirical tests: rescue probability versus inoculum
size or evolutionary past

Equation (3.1) provides a theoretically based means to com-

pare different rescue experiments by estimating u�R in each

case: below, we show an empirical test of this equation and

explain how such comparisons can be used.
(i) Effect of inoculum size
Bell & Gonzalez [13] studied the effect of inoculum size on

rescue probability, in bottlenecked populations of yeast in a

saline environment. To do so, they grew a culture from a

single clone to a constant large size N1 then diluted it to

appropriate levels to study the effect of No on the probability

of a rescue. In that case, de novo rescue should follow equation

(3.4), while rescue from pre-existing mutations should follow

equation (3.9) (table 1). Overall, we expect a relationship of

the form P�R ¼ 1� e�Nou
�
R for some u�R (equation (3.1)). We

fitted this relationship to the yeast data by maximum like-

lihood (GLM with binomial error and link function

L( p) ¼ 2 log(1 2 p)). Bell & Gonzalez also performed a

control experiment, where the wild-type was inoculated in

a non-stressful environment. Let PC (for ‘control’) be the

probability that the population shows visible growth, when

started with No individuals, in this control experiment. Let

pcmc . 0 be the probability of persistence, when starting in

single copy at the onset of a cycle, for the wild-type genotype

in the control experiment (no stress apart from bottlenecks),

characterized by index ‘c’. In the control experiment, the

wild-type shows positive growth at rate rc and mc over time

or cycles, respectively. Every single lineage is independent

and ultimately goes extinct with some probability

approximately 1 2 pcmc (equation (S2.6) with pc ¼ 1 2

exp(22rc/s)), so the total probability of observing long-

term growth, starting from No lineages, is simply:

Pc ¼ ð1� pcmcÞNo � 1� e�Nopc mc : We again retrieve the

same relationship to No (still because of the density-

independence assumption), but with a higher expected rate,

as it does not scale with mutation rates. We thus fitted the

same relationship (Pc ¼ 1� e�Nouc ) to the control experiments

to estimate ûc ¼ pcmc:

http://rstb.royalsocietypublishing.org/
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Figure 3. Relationship between inoculum size and rescue probability in yeast. The probability of a rescue P�R versus size of the inoculum No is shown for yeast
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Table 2. Estimates from the fit of P ¼ 1� e�uNo in figure 2. The deviance D of the model (2(log-likelihood(saturated model) – log-likelihood(model)) is used
to test for the goodness of fit (saturated model: with binomial error and arbitrary P for each data point). If the model with P ¼ 1� e�uNo is as accurate
as the saturated model then D � x2

ð p�1Þ where p 2 1 ¼ 9, here, is the number of data points fitted ( p¼10) minus the number of parameters in the
model evaluated (here only one parameter: û ). The p-value PðD , x2

p�1Þ provides a goodness of fit test of whether the model is significantly less accurate
than the best fitting (saturated) model possible. In all cases here it is not (deviance is not significantly different from zero).

treatment experiment deviance D û s.d. (̂u) PðD , x2
9Þ

control 1 0.52 0.023 0.027 0.99

salt 1 0.53 0.000045 0.000053 0.99

control 2 0.26 0.14 0.18 0.99

salt 2 0.008 0.0047 0.005 1
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Figure 3 shows the result of the fit for both controls and

stress treatments, with two replicate experiments in each

case. The estimated parameters are given in table 2. The

model fits the data well (goodness-of-fit tests based on

deviance: p � 1, table 2, the model is not significantly less

fitted than the saturated model). Overall, while equation

(3.1) is well supported by the available data, this prediction

is somewhat too general to be strongly informative, being

expected in all scenarios, and in controls. It does, however,

suggest that each lineage derived from each inoculated

individual has roughly independent mutational and demo-

graphic fates, which was a key assumption of the model.

Interdependence between lineages may be at play in these

experiments, but if so, here it has undetectable effect on

the relationship between No and rescue probability. The

parameters of this relationship have a clear biological

interpretation: u�R estimates the overall rate of rescue per indi-

vidual inoculated (in the stress, table 1), whereas uc estimates

2mcrc/s in the control treatment, i.e. a measure of the prob-

ability of persistence from a single copy in this environment

and for the wild-type genotype. The control experiment is

therefore useful too, by giving an order of magnitude for

the establishment probability of single mutations 2mcrc/s.

The estimates (0.14 and 0.02; table 2) suggest that our

approximation r/s� 1 (at several points in the above

theory) is reasonable, for this experiment at least. It is striking
that the two replicate experiments gave widely differing esti-

mates of u, with a consistently lower value in experiment 1

than in experiment 2 (for both control and treatment). Day

or batch effects could have induced a reduction in the

growth rates of all genotypes (including control) or an

increase in the reproductive variance.

We hope that future studies will estimate the par-

ameter u�R: This will provide the basis for comparisons

across experiments.
(ii) Effect of the evolutionary history before stress
In a recent experiment, Ramsayer et al. [20] studied the

dynamics of evolutionary rescue in naturally declining popu-

lations of P. fluorescens facing three doses of streptomycin (50,

100 and 200 mg ml21 plus a control). In addition, they studied

the effect of the origin of the inoculum population, by

comparing single ‘clonal’ populations and genetically diversi-

fied ‘admixture’ populations created from a mix of eight large

cultures, putatively at evolutionary equilibrium (see §2).

On this basis of protocol, de novo rescue should follow

equation (3.3) in all treatments but the control, while the

rescue from pre-existing mutations should follow equation

(3.9) for the ‘clonal’ treatment and equation (3.6) or (3.7) for

the ‘admixture’ treatment. In the latter case, we assume that

stationary mutation–selection balance has been reached

http://rstb.royalsocietypublishing.org/
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over 14 transfers prior to mixing, while the population had

only undergone roughly 100 bacterial generations. This

seems a reasonable approximation, and is surely the closest

of the scenarios described above. There was no significant

dose effect in this experiment, but a significantly higher

rescue probability among the admixture treatment popu-

lations, relative to the clonal treatment [20]. These

treatments differ only by the origin of the inoculum (their

decay rates jroj were indeed similar, data not shown). The

observed effect must therefore come from differences in the

rate of rescue from pre-existing mutations.

The quantitative impact of each treatment on rescue prob-

abilities can be evaluated by looking at the inferred rate of

rescue per individual inoculated û �R ¼ � logð1� P̂�RÞ=No

(from equation (3.1)), for each treatment. The initial popu-

lation sizes were roughly equal in both treatments (No�
3.18 � 109) and the proportions of rescued populations

were P�R ¼ 0:4 and P�R ¼ 0:7 for the clonal and admixture

treatments, respectively. The corresponding rates of rescue

per inoculated individual give: û �RðCÞ ¼ 1:6� 10�10 for the

clonal treatment and û �RðAÞ ¼ 3:8� 10�9 for the admixture

treatment. According to our previous results, the rates of

rescue from standing variance plus de novo mutations are

u�RðCÞ ¼ u�S=jroj þ u�P logðN1=noÞ in the clonal treatment

(equations (3.3)–(3.9)), and u�RðAÞ ¼ u�S=jroj þ u�P=cH in the

admixture treatment (equations (3.3)–(3.7)). Several par-

ameters in these expressions can be estimated from the

experiment. In the clonal treatment, populations were pro-

duced by inoculating 20 ml of stationary density cultures

into 2 ml King’s B medium (KB) grown from a single clone

isolated on a Petri dish. The culture was grown back to

stationary density, then 20 ml of this culture was inoculated

into the stressful conditions. As a first (rough) approximation,

we ignore possible variation within the first clonal 20 ml

inoculum. If N1 is the stationary density (cells per ml) in

KB, the initial number of cells grown was no¼ 0.02 N1 from

the 20 ml clonal inoculum, the rescue population was initiated

by diluting 2 ml of stationary culture to 20 ml (N1/no ¼ 1/

100) yielding an initial population size No¼ 0.02N1 ¼ no.

Overall, the factor in equation (3.9) is therefore log(N1/

no) ¼ log(100) ¼ 4.6. For de novo rescue predictions, the distri-

bution of jroj among extinction trajectories can be evaluated

by fitting exponential decay curves on replicate extinct popu-

lation trajectories (data not shown). The resulting estimates

give roughly 1/jroj�2.2, with potential variation within

[1.2,9.5] (based the observed 95% CI for jroj estimates). Putting

these numbers together, we are left with three unknowns

(u�P; u�S; cH) and two estimates (u�RðCÞ and u�RðAÞ). However,

if we neglect the variation in the mutation rate to resistance,

per unit time, due to environmental change, then

u�S ¼ u�P ¼ u� and we have two unknowns and two estima-

tes: u�RðAÞ ¼ u�ð1=jroj þ 1=cHÞ and u�RðCÞ ¼ u�ð1=jroj þ 4:6Þ:
Solving with the mean or minimum/maximum values

of 1/jroj gives û� ¼ 3:16� 10�11 with range [2.9 � 10211,

3.4 � 10211] and ĉH ¼ 0:0083 with range [0.0077, 0.0089].

This is by no means a conclusive test of the theory, more

an example of how it can be used to estimate several key

quantities. It has the key drawback (i) of ignoring the effect

of the environment on birth rates and consequently on

mutation rates (uS ¼ uP) and (ii) of neglecting rescue in two

steps, so that the probability of de novo rescue is underesti-

mated a priori. Yet, these rough estimates do seem at least

of a reasonable order of magnitude. The estimate for ĉH
seems reasonable, based on the mean selection coefficients

among random mutations, for Escherichia coli in optimal con-

ditions [36] (�s � 0:01). For û� a mutation rate to rescue of

10211 is very small, but it is in fact not unrealistic. The rate

of resistance to antibiotic stress in bacteria depends on the

dose, the antibiotic and the species/genotype considered,

but it often lies within [1025 2 1029]. Further, recalling

that u� ¼ u �pf is reduced by a factor �pf relative to the rate

of resistance mutation, this rate may be of reasonable order.

Overall, the observed discrepancy between the treatments is

thus consistent with resistance costs of a few per cent and a

very low resistance mutation rate.
4. Discussion
In this paper, we have derived the probability of evolution-

ary rescue in various biological situations (summarized in

table 1). The results are general for a density-independent

demographic model with smooth variation (figure 1c); they

allow for arbitrary variation in the demographic parameters

(r,s) among lineages produced by random mutation. We gen-

eralize several results already obtained by Orr & Unckless [9]

in a discrete-time model of geometric growth and decay.

All results were consistent with exact simulations where

individuals either reproduced by binary fission or died

(birth–death process). In general, this probability takes the

form P�R ¼ 1� e�Nou
�
R (equation (3.1) and figure 2), where u�R

is a rate of rescue mutation per inoculated individual. This

is confirmed by empirical relationships between P�R and No

in the yeast (table 2 and figure 3). To go further in the com-

parison of these predictions with experimental data, we

now discuss several methodological issues concerning both

evolutionary rescue experiments and modelling. We hope

that these comments stimulate further experiments and

strengthen the quantitative validation of models in this field

of research.

(a) Assessing rescue probability
Measuring the probability of rescue is not that straightfor-

ward. First, one must choose the time period over which

populations can be said to be either doomed or rescued.

Such a decision can be better informed by measures of popu-

lation size over time (rescue trajectories). One must also

distinguish genetic rescue from plastic responses, which

may be important [37] and will display different dynamics

(detailed in Chevin et al. [38]).

(b) Measuring the key parameters
We have shown how rescue probabilities in different con-

ditions could be used to infer key parameters of the process

(rate of rescue mutations u* and harmonic mean of resistance

cost cH, demographic stochasticity rc/s). In order to perform

such inferences, key parameters must be measured in rescue

experiments: the inoculum size (No), the rate of decay of

the wild-type under stress (jroj or jmro ), the dilution factor

and dilution times imposed for bottlenecked populations

(D and t), and, in the case of growth from a single clone,

the initial number of individuals and dilution applied, if

any (no, N1, No).

More powerful tests of our theory would be possible by

measuring these parameters by independent methods and

http://rstb.royalsocietypublishing.org/
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comparing the two inferences. Measures of mutation rates to

resistance prior to stress (uP) are possible using fluctuation

tests (e.g. following the methods in recent studies [35,39]).

However, quantitatively precise estimates may prove difficult

to obtain: some estimates are biased by resistance cost c [35]

and persistence probability pf (‘plating efficiency’ [39]),

which must then be estimated too. The distribution of the

cost of resistance (hence its harmonic mean cH) can be

estimated by screening for random resistance mutations and

then estimating their selection coefficient relative to the

sensitive parent, in the permissive environment.

(c) High-throughput measurement of
mutant parameters

What would also be required to fully test our predictions is a

measure of the joint distribution of r and s among a set of

resistance mutations, in order to estimate �pf or pf mr (i.e.

the mean establishment probability among resistant

mutants). This would ideally be carried out in high-through-

put, with many replicate populations (and thus possibly

many different mutants) jointly estimated. Measuring demo-

graphic stochasticity in microbial cells requires measuring the

growth and death rate of cells (s ¼ r þ d ). Measuring death

rates may be tricky, but the growth rate r of any given mutant

can be obtained from time-series of plate counts [20] or of

macroscopic measurements such as optical density [13].

However, plate counts are time consuming and thus limit

the feasibility of high-resolution time-series, whereas optical

density may not accurately estimate the cell density in

environments causing high mortality (typical of rescue experi-

ments), because dead cells can contribute to optical density

for some time after death. Alternative high-throughput

methods exist that measure both the rate of division and of

death in bacterial populations, using fluorescence and lumin-

escence signals from genetically marked strains [40]. This

would allow estimation of joint distribution of (r,s) among a

set of screened resistant mutants, and thus parametrization

of the predictions proposed in table 1.

(d) Stochastic dynamics of rescue trajectories
Observed empirical dynamics of rescue could yield valuable

tests of several of our model’s assumptions, the first being

the assumption of exponential decay, easily testable from the

decay dynamics of doomed populations. These dynamics,

which can be obtained from plate counts [20], or fluoro-lumin-

ometric measurements, could then potentially shed light on

the relative contribution of different types of rescues (de novo
single versus two steps versus pre-existing mutations). A full

stochastic description of these dynamics, in the present

analytical framework, will be the scope of future work.

(e) Studying other factors
In our data analysis, we focused on the effect of population

size or evolutionary history of the population before stress.

Other factors could be studied as well, and compared with

the present predictions. The effect of the rate of decay could

be studied by varying the intensity of stress, although one

would have to keep in mind that not only jroj varies in this

case, but also u�S and u�P. Note also that according to whether

stress decreases the birth rate or increases the death rate, it

may affect (or not, respectively) the mutation rates to
resistance uP and uS, e.g. with binary fission the mutation

rate scales with the birth rate. The decay rate could also be

studied in bottlenecked populations, where it could be

varied using different dilutions D: with high dilution, fewer

genotypes are potentially resistant (fewer have mr . 0). In

general, qualitatively different stresses will be easier to com-

pare by setting each stress level to obtain the same decay rate

jroj, so that the purely demographic impact of each stress is

the same. This could be done, for example, with comparisons

of multiple versus single antibiotics [41], or biotic versus

abiotic stresses [15].
( f ) More realistic demographic models for
natural populations

Our model makes simplifying assumptions in order to ana-

lytically model a fully stochastic rescue process. A first

assumption is that lineages are independent of each other,

both genetically (no genetic exchange or sex) or demograph-

ically (no density-dependence). In natural populations, these

assumptions may not hold due to the complexities of the

environment, in particular when population dynamics

depend on some key resource dynamics (e.g. host cells in

the case of viruses [4]). Including density-dependence in

this stochastic framework may be possible using the logistic

stochastic process proposed in Lambert [42], or the diffusion

analysis in Uecker & Hermisson [22]. The effect of sex should

also be studied in these stochastic models. However, these

assumptions may also not be so limiting, at least in some

natural contexts: (i) when the genetic basis for the rescue is

a single gene the system may behave almost as an asexual,

(ii) when densities in the stress are low, density-independent

growth may be driving the demographic dynamics. All these

issues are a matter of experimental testing of course (for an

example of rescue experiments with a sexual species, see

Agashe and co-workers [16,17]).

A second key assumption of our model is that the

environment changes abruptly from one where the popu-

lation thrives to one where it starts to decline, the rate of

decline remaining constant thereafter. A treatment of a

more continuous environmental change is also necessary

and would introduce time inhomogeneous processes, which

are more challenging mathematically. Predictions from such

extensions can be tested in controlled experiments where

the stress increases/decreases at a desired rate.

Overall, we have presented a framework to address quan-

titative aspects of the process of evolutionary rescue, by

comparing data from experimental evolution with simple

yet relatively general predictions from stochastic process

theory. We believe that an ongoing exchange between experi-

menters and theoreticians can help to better understand and

predict the process and outcome of evolutionary rescue.
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Supplementary Table: Glossary of mathematical notations 

Because  we  treat  several  scenarios,  we  had  to  introduce many  notations  referring  to  different 
quantities. These are detailed below. First let us state the general principle of the notations. 

An overbar alludes to a quantity averaged over the distribution of   and  , among de novo resistance 

mutations (with  0): , ,   where  ,  is the pdf of   and   among 

random  de  novo  mutations  (all  mutations).  A  tilde  alludes  to  a  quantity  averaged  over  the 

distribution of   and , among preexistent  resistances: , ,   , where 

,  is  the  joint  pdf  of   and   among  these mutants  (SV  stands  for  Standing  Variance).  For 
compactness of  the  expressions below, we  also  introduce  the proportion or  resistance mutations 

among de novo mutations as  ,   . Except otherwise stated, all rates are in 

arbitrary  time units, namely a given  constant unit of  time measurement: per days, per hours, per 
generations etc. 

 

Notation  Description  Explicit expression 

,  
Growth rate ( ) and reproductive variance (  of a 
given genotype , in the stressful conditions 

Eq. (A1.1) 
Ex: birth – death process:  

,  
: birth rate, : death rate ,  

Same parameters for the wild type : | | rate of 
decay of the wild type population in the stress 

,  
Population size at time   after the onset of the 
stress ( : initial population size) 

 

  Total rate of mutation in a given environment     : rate per birth event
: birth rate

 

,  
Rate of mutation to resistance ( 0) in the 
previous ( ) or stressful ( ) environment 

 

,  
Joint pdf of   and   among de novo single step 
resistance mutants 

, , /  

 
Probability of establishment, namely of ultimately 
avoiding extinction when started in single copy, for 
a given resistant genotype ( 0) 

, 1 /  (eq. (2)) 

  Average   over random de novo resistant mutants  1 / ,  

,  
Rate of mutation to rescue (destined to establish) 
in the corresponding environments 

  

 ( ) 
Rate of rescue from de novo single step (two step 
respectively) mutations per total extinction 
trajectory (over some time   ) 

  
(eqs. (3) and (A1.5‐6‐7)) 



 
Cost of a mutation: selective disadvantage of the 
mutant, relative to an optimal genotype, in the 
previous environment 

,  

 
Harmonic mean of the cost among de novo 
resistance mutations  1/ 1/  

 
Probability of establishment averaged over all the 
resistant mutants present before stress (two 
scenarios, see eqs. A1.10 –A1.12) 

 /   (equilibrium) 
log /   (growth  ) 

,  
Dilution factor and time between dilutions in 
bottlenecked populations 

 

 
Rate of growth per bottleneck cycle, of a mutant 
with growth rate   during growth phases 

log  

 
Per cycle rate of mutations to mutants with 
positive growth over a bottleneck cycle (

log / ), in the stress 
 ,  

Π  
Probability of ultimate establishment for a given 
mutant present in single copy at some time 

0,  during a growth phase 
Eq. (A2.7) 

Π 0   
Average probability of establishment among 
mutants with positive growth over a bottleneck 
cycle  

  ,  

 

 

   



Supplementary Figure 1 : cumulative population size over the course to extinction vs. diffusion 
approximation. 

The distribution of the cumulative population size up to extinction   of a birth death process 

is  shown  for  various  values  of  the  decay  rate | |  (including  a  non  decaying  process  0 , 
conditional on  its extinction). The death  rate  is    1 and  the birth  rate  is  set  so  that   
where   is  indicated on each graph. The population  is started with a single  individual at  0 and 
the  simulation  is  run  until  some  time   at which  extinction  is  complete  (when  0 only  those 
trajectories  that  led  to extinction are  considered). The histogram  shows  the observed distribution 

(log‐scale)  of  the  cumulated  population  size  1 ∑  where  the   is  the  population  size 
after each new birth or death event, and   is the waiting time between these events, the  index   
counts  these  events  from  the  onset  to  full  extinction.  The  plain  line  shows  the  theoretical 
distribution 1 ~ 1/| |,1/ . Even with strong decay, and starting from the smallest population 
possible ( 1), the diffusion approximation proves accurate. Notice that the histogram shows log 
densities in order to show the agreement with the tail of the distribution. 

   



Supplementary Figure 2: exact vs. approximate probability of rescue for a single de novo mutation 

The probability   of a rescue spawned from a genotype started in single copy ( 1  is given as a 
function of the absolute value | | of the growth rate of the parent genotype, for three values of the 
reproductive stochasticity   (indicated on the graph). The orange  line shows eq. (A1.3), the dashed 
blue line shows eq. (3), and the dashed red line gives the limit for large  /| | of eq. (A1.3). We see 
that eq. (3) is accurate unless reproductive stochasticity is large or the growth rate is close to zero. 

 

 

   



Supplementary  Figure  3:  Poisson  distribution  of  the  number  of  rescue  mutation  at  mutation 
selection balance 

The distribution of the number   of mutations in a sample of size   (indicated on the graph) is given 
when sampling  from a unique  large population  that has  reached mutation‐selection balance. Here 
we did not select resistance mutations per se but all genotypes that differed from the optimal wild‐
type genotype. The mutation selection balance was reached under a regime of serial transfers and 
growth following a birth death process ( 1.5, 1) and bottlenecks of intensity  1/10 every 
time  the  population  reached  size 5 10  cells.  The mutation  rate  per  cell  division was  10  
giving  a  mutation  rate  per  time  unit  of   1.5 10 .  The  plain  curve  gives  the  Poisson 
prediction  using  the  observed  frequency  of  mutants   in  the  parent  population  at  the  time  of 
sampling,  and  the  dashed  curve  gives  the  same  Poisson  prediction  using  the  theoretical  mean 
frequency  prediction  /  and  ~ /   where   is  the  harmonic mean  of  the 
cost  of  mutations  during  the  serial  transfer  phase.  The  two  differ  because  the  actual  mutant 

frequency  ,  in  the  parent  population  from  which  the  sample  is  drawn,  fluctuates  around  the 
prediction  /  (not shown). 

 

   



Supplementary Figure 4: probability of non‐extinction with periodic bottlenecks 

For a mutant starting  in single copy at  the start  ( 0) of a growth phase and undergoing regular 
bottlenecks,  the  probability Π 0  of  avoiding  ultimate  extinction  (establishment)  is  given  as  a 
function  of  its  Malthusian  growth  rate  (long  term  growth  rate  ).  A  lineage  was  deemed 

‘established’  if  it  had  reached  a  population  size 10  (where  the  probability  of  its  ultimate 
extinction becomes negligible). The growth periods were simulated following a birth death process 
with death rate  1 and birth rate  1.5 between bottlenecks, which reduced the population by 
a  factor 10 , 10 , 10 .  The  duration  of  a  growth  phase   
was set  to get  the corresponding   given  in x‐axis. The  theoretical curve  is Π 0 1  

from eq. (A2.3), where  1 /  for a birth death process (  ,  ), and 

the  dashed  line  gives  the  predicted  maximal  fixation  probability Π 0 0.33.  Overall  the 
probability of non extinction seems well described by the model for all dilution factors, although it is 
always clearly approximate. 
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Appendix S1: Probability of a rescue from de novo or preexistent mutants in the Feller 
diffusion approximation 

 
In this appendix we derive various results for rescue probabilities when demography is approximated by a Feller 
diffusion [see details in 1, 2]. All along, we consider a potentially continuous set of genotypes produced by 
mutation, and we denote with an overbar ( ̅), the mean of the corresponding quantity ( ) among random 
resistance mutations (with    ). 

 

1/ Feller diffusion approximation to a density-independent demographic process 

In order to model the rescue process, we need a description of the stochastic demographic dynamics of any lineage 
present in the population at any time, which will depend on the particular life cycle of the species considered. For 
the sake of generality, we thus consider a unique diffusion approximation that approximates various biological 
scenarios. The size    of the subpopulation of any genotype is assumed to follow a given time homogeneous 
branching process without jumps, which describes the processes of death and reproduction in this sub-population. 
This implies that the offspring output of each individual is independent of the any other individual’s output (from 
the same or another lineage) and that the distribution of this output is constant over time [3]. We approximate this 
process by a Feller diffusion process which is detailed below. The model can account for either discrete time or 
continuous time models, although the diffusion approximation leads to an essentially continuous time continuous 
state process. In biological terms, the model requires that (i) growth or decay is density-independent, that (ii) the 
reproductive process is memoryless or Markovian. Point (i) seems reasonable as we are interested in an initially 
decaying population until a rescue occurs so that population regulation at high density is a priori limited (except in 
the early decay). However, it could still limit the generality of our results if some form of Allee effect takes place. 
Point (ii) could be more limiting, but the Markovian property (which is assumed in almost all stochastic models in 
population genetics) allows key analytic simplifications. We can also hope that, at least qualitatively, the behavior 
of the model is the same with age-dependent reproduction or death rates. Indeed, some of the properties of Feller 
diffusions that we use in this article extend to some non-Markovian processes (Martin & Lambert, in prep.). 

The diffusion approximation makes two key assumptions: that the growth rate of the genotypes 
considered is not too large      , and that the demographic process does not show instantaneous jumps (as can 
be the case with, e.g., large synchronous viral bursts, see Figure 1c.). Mathematically, this means that the changes 
in    over an infinitesimal time interval are also infinitesimal themselves. The diffusion approximation consists in 
approximating the discrete state demographic process by a continuous state process, after proper rescaling of time 
units. Therefore, by nature, the Feller diffusion can only give a macroscopic description of the population, once it 
has reached a substantial size or is extinct. This does not imply that the diffusion approximation cannot model the 
fate of a mutant in single copy, but it does so in terms of the population size of this mutant, once it will have 
reached either extinction or a substantial size. 

Under these conditions, we can approximate many branching process by a Feller diffusion process [1]. Let 
  and   be the growth rate and reproduction variance of a given genotype. These two parameters are obtained 
from the individual demographic process as the infinitesimal relative change in mean and variance of    over an 
infinitely small time interval [1]: 

      
      

(
          

    
)            

      
(
         

    
) . (S1.1) 

The growth rate   is also the ultimate growth rate of the subpopulation of the genotype considered once it has 
reached a large size, i.e. its Malthusian fitness. The stochastic dynamics of the genotype under study is 
approximated by a Feller diffusion process characterized by the stochastic differential equation [for details see e.g. 

4]:           √        , where    is the standard Brownian motion. The Markovian property assumed in the 
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process appears above by the fact that   and   are constants: the future fate (   ) of the process does not depend 
on time but only on its current state    and on constants. The probability of extinction of such a diffusion process, 

started at some value     , is          . Setting    , the establishment probability for a lineage starting in 
single copy is found as 

       {
           

     

   

 
       

                                                       

 . (S1.2) 

We denote this probability the ‘establishment probability’, it is the probability of avoiding stochastic loss when 
initially rare. For notational simplicity, we will sometimes drop the     and directly denote it   . The appeal of 

eq.(S1.2) and of the Feller diffusion is that it describes a variety of stochastic demographic processes with only two 
parameters: the mean and variance of the per capita reproductive output. The diffusion approximation also 
provides an intuitive insight into how stochastic variation in reproduction ( ) translates into increased extinction 
probability [4]. Our particular use of this approximation will be for a decaying population (in either discrete or 
continuous time). However, this approximation allows computing establishment probabilities in many other 
situations (for a detailed treatment, see [4]). In order to apply our results to a particular biological model, one 
simply has to express the value of the two parameters (   ) in this process: we detail three examples below and in 
Figure 1.  

As a first example, consider a discrete time model with non-overlapping generations and a Poisson 
distribution of offspring number per individual, with given mean  . When      , we retrieve Haldane’s [5] 
classic model of fixation in a constant population, and with arbitrary   we get the discrete time rescue model by 
Orr & Unckless [6]. The smallest time interval possible (  ) is a generation, over which 
                             . Applying eq. (A1.1) then yields       and    . The exact 

probability of non extinction is the solution of                   where               here. This can 

only solved numerically but it rapidly converges to the Feller solution when   is not too large           . 

Assuming       we get          and we retrieve Haldane’s [5] well known result            . 

Consider now a continuous time model of birth and death events (overlapping generations). For the sake 
of generality, we consider the burst-death model proposed in [7] to describe virus dynamics. This model assumes 
that an individual can either die or burst (producing   offspring) at exponentially distributed times, i.e. that both 
death and burst are Poisson processes with rate   and   respectively. Over an infinitesimal time interval   ,    is 
either unchanged (                   ) or it increases by   (birth event:               ) or 
decreases by one (death event:               ). Eq.(S1.1) thus yields         and         . The 
case     reduces to the well known linear birth – death model with parameters      , which models cells that 
either die or divide by binary fission, in that case we get       and           .  In general the non 

extinction probability [7] is the solution of        (    )
   

      where                   

           again defining       for this model. In the subcase     (birth death process), we get 
            whenever    , otherwise (   ) the solution can be found numerically. 

The probability    as a function of       is illustrated in Figure 1 for the three examples given above, 

for which the exact probability can be computed. The diffusion approximation for    (eqs. (S1.2) and (2)) proves 

accurate over a large range of     (i.e. of   ) for the birth-death model (Figure 1.a) and the discrete time model 

with Poisson offspring distribution (Figure 1.b). The approximation only remains accurate for the more general 
burst – death model if   is small, or for very small   (Figure 1.c). The approximation clearly breaks down at larger   
(>5 or so) unless   is very small. This shows the limit of the diffusion approximation for computing   , in this 

context where the actual demographic process can proceed by large jumps (of size  ), which is inconsistent with 
the smoothness assumption of the diffusion approximation. 

These results illustrate how the theory derived in this paper can be applied to different biological models (from 
annual plants, to viruses or cell populations), albeit with caution regarding its applicability (e.g. to viruses with large 
burst sizes). All along in the paper, we provide numerical checks of the theory by simulating a linear birth – death 
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model. We also show that several of our results reduce to those obtained by Orr & Unckless , who modeled the 
rescue process assuming discrete generations with a Poisson distribution of offspring number (our second 
example). 

 

2/ Rescue from a single de novo mutation 

In this part we derive the probability of a rescue from a single de novo mutation, in a population that is initially 
composed of a single wild type with negative growth rate, i.e. it has Feller parameters          . This wild type 
produces resistance mutations characterized by Feller parameters (     ), at a rate    per capita per time unit. 
The subscript   stands for stress, as it is the rate of mutation after the onset of the stress that is relevant here. The 
distribution of       among random resistance mutations has probability density function (pdf)        . 

We first compute the probability that no rescue occurs   ̅
  and then take the complementary event as the 

rescue probability   
      ̅

 . As we focus on the event of no rescue, we only need to describe the rate of rescue 
mutation from the wild type subpopulation, up to its extinction, not from any other subpopulation with potentially 
different mutation rates. The wild-type sub-population has total size    at time   and produces resistance 
mutations following a (inhomogeneous) Poisson process with rate        over an infinitesimal time interval   . 
Any of these resistant mutant leads to a rescue if it avoids initial stochastic extinction, with probability      

      (eq. (S1.2)). Therefore, rescue mutations follow a conditional Poisson process with instantaneous rate 

     ̅    where  ̅  ∬                       
 

 
 is averaged over the distribution of   and   among 

resistance mutations. For a given extinction trajectory (up to some time   ), the total number of rescue mutations 

produced by the wild type over its course to extinction is thus Poisson distributed with rate   
    

 ∫   
  

 
   

where   
     ̅ . A key quantity determining the rescue process is therefore the cumulated size   ∫   

  

 
  , 

which varies from one trajectory to another. 

A first heuristic argument can be proposed to derive   
  and   

 . If we assume that the population decays 
deterministically (exponentially), the extinction time is infinite but the cumulated population size is then a finite 
constant               . Then,   

       ̅       and the number of potential rescue mutations is Poisson 

distributed    
            

  . In this case the probability that no such rescue is spawned from the wild type up to 

its extinction is the zero class of the Poisson:   ̅      
 

 and the probability of a rescue is the complementary 

probability   
        

 
, which yields eq. (3.3). 

However, this heuristic treatment assumes   to be deterministic, while in fact the decay dynamics are 
stochastic and   is itself distributed among replicate populations: let us now derive its distribution. In the Feller 
diffusion, the law of the cumulated population size up to extinction for a subcritical process (wild-type     ) is 
the same as the law of the waiting time to extinction for a Brownian motion with the same diffusion and drift 
parameters as the Feller diffusion under study (    ). This result can be demonstrated using the properties of 
Lamperti transforms given in [2]. Lamperti transforms are a time change analogue of the process; from its 
properties [definition (2.2.3.1) p. 92 of 2], the Lamperti transform   of the process    takes value      at the 

time point    ∫     
 

 
 which can also be expressed as         . Applying the definition at time     we have 

  ∫     
 

 
         . Applying it at the time of extinction (    ), we have  (∫     

  

 
)          

  . 

Therefore, the law of the accumulated size   is the same as that of the time it takes the process   to go from 
        to       , i.e. the first passage time of the process through    . Now, by property 2.3.2 p. 106 of 
[2], the Lamperti transform of the Feller diffusion with parameters    and    is a Brownian motion with drift 

parameter      and diffusion parameter √  . The first passage time through 0 for a Brownian motion with these 

parameters, starting at     , is the Inverse Gaussian distribution, denoted          with location         and 
scale   

     (see e.g. Chapter 15 of [8]). So we have the distribution of the cumulative population size to extinction: 
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   ∫     
  

 

    (
  

    
 
  

 

  

) . (S1.3) 

This result is only approximate as it uses a diffusion approximation, but it proves accurate in a wide range of 
parameters, when compared to exact simulations of a birth death process (see Supplementary Figure S1). Note 
that these simulations used      which is a case where stochasticity in   is important (it is also an important 
case for rescue in multiple steps, see next section). 

We can now compute the distribution of the number of rescue mutations   
  spawned from the wild-type over its 

course to extinction.   
  is Poisson distributed conditional on  , with rate   

    
   , where   is an Inverse 

Gaussian deviate (S1.3). The distribution of   
  is thus a Poisson mixture, which probability generating function (pgf) 

can be computed explicitly as a function of the moment generating function (mgf) of the rate   
 . Let    

  denote 

the pgf of   
  the number of rescue mutations produced up to extinction, and let        (    ) (resp.      ) be 

the mgf (resp. pdf) of the distribution of   
    

  . We have: 

   
     ∫  (   

 
  )       

 

 
 ∫               

 

 
        . Now, by definition,            

    where 

              is the mgf of the inverse Gaussian distribution of   in eq. (S1.3). This mgf is [from the cgf in 
Chapter 15 of 8] 

          (
      

  
 

(  √  
      

 

  
 

)) . (S1.4) 

The probability of no rescue is   ̅
       

    , which is readily obtained as the value of the pgf at    : 
  ̅

     
                  

  . Then applying eq. (S1.4) yields   ̅
  and the complementary probability is the 

rescue probability: 

   
          

        ( 
      

  
 

(√  
   

 

  
 

  
   )) . (S1.5) 

Taking series to leading order in   
       in (S1.5) (provided         is not too large), we retrieve eq. (3.3), i.e. the 

result from our heuristic argument where   was assumed deterministic                . Eq. (3.3) is therefore 
a generally valid approximation unless (i) the rate of resistance mutation is of order 1 (highly unlikely) or 
(ii)   

   
    

  is large, which can mean that the decay rate      is small, the reproductive variance    is very large, 
and/or the rate of rescue mutation   

  is large. In these cases, anyhow, rescue will almost be certain in general 
(unless    is huge while   

  is small). In any of these cases, eq. (S1.5) should be prefered to the simpler eq. (3.3). We 
will see below that while case (i) is probably irrelevant in general, case (ii) is important when considering rescue in 
two mutational steps, where the transient step can have a growth rate close to zero. The agreement between eq. 
(3.3) and (S1.5) is illustrated in Supplementary Figure S2, while eq. (3.3) is checked by simulations in Figure 2B. 

 

Consistency with [6]: Finally, note that our eq. (3.3) takes the exact same form as eq. (3.3) of [6]. Their model 

assumes a single allele, discrete generations, with a wild type decaying at rate –     (in their notation) and a 
Poisson offspring distribution:                    for a mutant in single copy (where    is the mutant’s 
selective advantage). As we have seen above, assuming weak resistance (        ) and applying our eq. 
(S1.1), the corresponding Feller coefficients (with correspondence to our notation) are        and    . Our 
eq. (3.3) then retrieves exactly      in eq. (3) of [6], thus illustrating that the model properly applies with a discrete 
time demography. 
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3/ Rescue in two mutational steps 
 In this part, we use the above result to derive an explicit expression for the probability that the rescue occurs in 
two mutational steps. This does not provide any simple closed form approximation, but it illustrates how more 
realistic and complex situations can be described by the model. We consider a first mutant that will ultimately get 
extinct but that produces a secondary mutation during its course to extinction. We call the first mutant ‘transient’ 
and the second ‘rescue mutant’. Our approach can be extended to more steps although it may be hardly tractable. 
Note that a thorough treatment of the probability of a beneficial mutation occurring in an arbitrary number of (less 
fit) steps can be found in [9]. However, their model assumes constant population sizes and a Moran model for 
stochastic demography, so that we cannot directly use their results here. 

Our previous results can be applied to derive the probability that the transient mutant produces a 
(secondary) rescue, simply setting      as the mutant appears in single copy. Indeed, eq.(S1.5) is valid for any 
initial size and any genotype destined to get extinct, even those with positive growth (   ). This is because a 
supercritical Feller process (   ), conditional on ultimate extinction, has the same stochastic behavior as a 
subcritical process (   ) with growth rate      and the same reproductive variance (proposition 2.3.2.1 p. 107 of 
[2]). Therefore, we can apply eq.(S1.5) to both the case where the transient mutant is subcritical (not resistant and 
sure to get extinct,    ) or supercritical (resistant with     but destined to get lost stochastically). Note that, 
here, we must use the exact eq.(S1.5) instead of the heuristic approximation in eq. (3.3), and set      and      
in the equation. This is because the transient mutants that will spawn a secondary rescue have a continuum of 
growth rates that spans values where      , for which eq. (3.3) is inaccurate (see Supplementary Figure S2). 

The rate of rescue in two steps (   
 ) must be integrated over all the mutants spawned from the wild type (  ) that 

do not reach establishment (arising at instantaneous rate          ).This includes (i) all non – resistant mutants 

(   ,       ) plus all resistant ones (   ) that do not fixate (with probability            ). We keep 

up with our deterministic exponential decay approximation for the dynamics of the wild type subpopulation, so 

that first step mutations, over the course to extinction, occur according to a Poisson process with rate  ∫   
  

 
 

         . Note that, here, we use the genomic mutation rate   (to any growth rate   not just resistant mutants) 
because transient mutants can pertain to the whole range of mutants. From eq. (S1.5), let 

   
            ( 

   

  
(√  

   

  
  

      ))  (S1.6) 

be the probability of a rescue from a secondary mutant, arising in single copy (    ), from the transient mutant 
background, which has given decay rate      (whatever the sign of  ). Notice that we have introduced the notation 
  

     as this time the potential rescue mutations are spawned from another genotype than the wild type, i.e. the 
transient genotype with growth rate  . This genotype may have a different mutation rate and/or a different 
distribution of mutation effects on growth parameters. For example, in a model where mutation is birth dependent 
(as in our simulations of a birth death process for example), the genomic mutation rate scales with the birth rate, 
and if the latter is affected by mutation, the transient mutant has mutation rate different from the wild type 
(  

    
    ). Finally, let        be the pdf of the distribution of   and   among all random mutations (including 

non resistant ones) produced by the wild type (    ). Overall, the total number of two step rescue events is 
Poisson distributed with rate 

    
          ∬ (         )        

            
 

  

 . (S1.7) 

This rate thus scales with the total rate of de novo mutations (not just resistant ones but all mutations with effect 

on growth rate) up until extinction:  ∫     
  

 
         . Recalling that   

  itself scales with   
  (eq. (S1.6)), the 

rate of two step rescue scales with     
 . 
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The total number of rescues from de novo mutations is Poisson distributed with rate equal to the sum of the rates 
of single – step and two – steps rescues:    

     
          where   

      
      . The total rescue probability 

from de novo mutations is      
         

     
  . 

A first point can be drawn from this analysis: the most likely candidate for being the transient mutation is a mutant 
with growth rate close to zero        . Indeed, highly subcritical mutations (    ) are quickly eliminated, while 
highly supercritical mutations (   ) either generate a single step rescue or they also get extinct quickly. This 

effect can be seen by taking the derivative of   
       with respect to    :            √   

       as      . 

Therefore we see that the bias towards transient genotypes with small     (i) increases as    
     (when 

resistance is less likely), and (ii) is mitigated by increased reproductive stochasticity (as     decreases). 

A second point can be made regarding the probability of rescue in two steps (eq. (S1.7)). As we have seen   
       

scales with   
    , so the rate of two step rescues    

  scales with     
 , and it should therefore play little role when 

mutation rates are low enough (being of order      ). However, the rate   
    

     can be much larger when 
starting from a more adapted background than the rate   

      from the wild type. This can compensate for the 
scaling with    in    

  , so that it can be of the same order as    
  in some situations. For example, it seems logic that 

a transient mutant already resistant (   ) be more likely to produce secondary resistance than a highly decaying 
sensitive one (    ). Overall, we therefore expect   

     to increase with   of the genotype considered. The shape 
of the dependence between   (and possibly    and the corresponding rate of de novo rescue mutations   

     can 
only be described by context – dependent mutational models, such as landscape models (Martin G., Aguilée R., 
Chevin L.M., Ronce O., Evolutionary rescue over a fitness landscape, in prep.). 

 

4/ Rescue from standing variance 

In this part we derive a general result for the probability of a rescue from standing variance, i.e. from resistance 
mutations already present at the onset of stress. In order to describe this process one must consider a model of the 
state of the population before stress. We first provide a general result that only depends on an arbitrary mean 
number of resistance mutations in the population. Then we apply it to populations at mutation – selection 
equilibrium or to a population having undergone growth from a single clone. These are two cases that seem 
relevant to experimental evolution studies, but they may as well apply to some (isolated) wild populations. All 
along we refer to ‘preexistent’ mutations rather than ‘de novo’ mutations in order to distinguish them. 

 

General formula: Let us first consider a single resistant genotypic class, with a given positive growth rate   and a 
given reproductive variance  , in stressful conditions: for simplicity we will temporarily drop the       notation but 
recall that all quantities depend on      . Let   be the number of such variants with parameters       present at 
the onset of stress. After the environmental change, a variant with growth rate   survives stochastic loss with 
probability    (eq.(S1.2)). Therefore, the number   of rescue variants is binomially distributed: 

              (    ). Now let             be the pgf of  , the number of resistance variants and   
     

 (   
) be the corresponding pgf among rescue variants. The pgf of the binomial distribution of      is  (   

| )  

(         )
 

. Therefore the pgf   
     is  

   
      (   

)  ∑ (         )
 

    
 

   
   (         ) . (S1.8) 

This formula can be used in its general form, following the same logic as for eq. (S1.5): the probability of no rescue 
is the null class of the distribution, given by   

    . However, a key simplification occurs when    is small for all 

genotypic classes, we can take a Taylor series of      
     in (S1.8), to leading order in   . Further noting that, by 
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definition,         and             is the expectation of  , this gives   
        (           ) (  

 (  )). This is the pgf of a Poisson distribution with rate       . As a pgf fully characterizes a distribution, this 

shows that the number of rescue mutations present at the onset of stress, in the genotypic class considered, 
converges to a Poisson with rate        whenever     . 

To obtain the pgf of the distribution of   
  cumulating several genotypic classes, one must sum   

     over values of 
      among these classes, which may not be tractable, especially with a continuous set of possible      . This will 
also be strongly dependent on the model chosen for the distribution of  .  However, in the Poisson 

limit (           (      )), we can easily sum the result over an arbitrary set of genotypic classes (over   

and  ), by considering a spatial Poisson process where the ‘spatial’ variable here is the space defined by       

values. Let       be the expected total number of resistant genotypes at the onset of stress, and let   
        be 

the pdf of   among these genotypes, which may differ from the pdf among random mutants. The number of 

genotypes within the infinitesimal ‘area’                   ] is Poisson distributed with rate    
        

       
                   . Therefore the total number of genotypes over all classes must also be Poisson 

distributed with total rate   
        ∬   

                   
 

 
. This can be expressed in simpler form: 

  
          ̃  where  ̃  is the average establishment probability, after the onset of stress, among all preexistent 

mutants before the onset   ̃  ∬   
                   

 

 
. Recall that  ̃  may differ from our previously 

introduced  ̅  which is the same average among de novo resistance mutations, preexistent resistance mutations. 

Overall, the total number of rescue variants before the onset of stress is Poisson distributed  

   
           ( ̃      ) . (S1.9) 

We can apply this general result to any arbitrary situation as long as     , and provided we know (i) the resulting 

expected number of resistance variants       (only its expectation), and (ii) the mean establishment probability 
among them  ̃ . Below, we apply this to two distinct scenarios. 

 

Mutation – selection equilibrium:  A first natural scenario to describe the state of the population before stress is 
mutation – selection balance. Define the cost of a mutant (resistant or not) as its selection coefficient, in the 
environment where the equilibrium sets, relative to the optimal genotype with maximal fitness in that 
environment. This optimal genotype will ultimately dominate the population at equilibrium, and constitue the ‘wild 
type’ population during the next extinction phase under stressful conditions.  

In this case, the distribution of the cost   among variants is known [10], provided that epistatic interactions among 
mutations can be neglected (compensation etc.), so that each mutation has frequency determined by its own rate 
and cost alone, and acts additively on log-fitness. We make the key assumption of low mutation rates, so that most 
mutations arise in a single wild type background and remain rare (so that they do not interfere with each other). In 
that context epistatic interaction can indeed be neglected and we may apply [10]. Consider a discrete set of 
  mutant classes, each with given rate    and effect    on fitness (relative to the optimal ‘wild type’). Then the cost 

among standing variants at mutation selection balance can then be written as a random sum   ∑     
 
    where 

each                    is a Poisson number of mutations (eq. (10) in [10]). The number of mutations carried by 

any variant is thus also Poisson distributed ∑   
 
             ∑      

 
    , with rate      where   ∑   

 
    is the 

overall rate of mutations and      ∑       
 
    , where         is the probability of mutating to a particular 

class        . This    is thus the harmonic mean of the cost among random mutants. Therefore, at equilibrium,   

each variant is either optimal (    with probability       ) or suboptimal (    with probability         ). 

As we have seen, we can only safely use this result when when the overall, frequency of suboptimal 
genotypes is small enough that we can ignore epistasis (most mutations arise from the wild type optimal 
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background). This means that we must have       , and in this limit, a variant, conditional on being suboptimal, 
typically carries only one mutation: we have                . This mutant then pertains to one of the   
possible classes (so that     ) with probability given by the ratio of Poisson rates:         . 

Now we can apply this result to the subclass of mutations to resistance in the low   limit, and we can 
ignore the effect of other (non-resistance) mutations, as they do not interfere in this limit: most resistance 
mutations arise from the optimal wild-type at some overall rate   . The   classes considered now correspond to 
  possible mutations to resistance. Note that the set may be an infinite set of infinitesimal mutant classes (  
 ), with Feller parameters                    , and cost       . The rate of mutation to each class is then 
                 and the overall rate of mutation (our   above) is the total rate of resistance mutations   . 
From [10] in the low   limit described above, the number of resistant mutants at equilibrium in  an inoculum of size 
   is                    , where    is the harmonic mean of the cost of random resistance mutations. In the 

infinitesimal class formulation, we have      ∬                     
 

 
. By a similar argument, the mean 

establishment probability among these resistant variants is   ̃  ∑                  
 
   , which, in the infinitesimal 

class formulation, gives  ̃    ∬                           
 

 
. This can also be written   ̃      ̅̅ ̅̅ ̅̅  , where 

    ̅̅ ̅̅ ̅̅  is the mean ratio of the establishment probability (in stressful conditions) to the cost (in permissive 

conditions) among de novo resistance mutations. The distribution of the number of rescue variants is then 
(applying eq.(S1.9)) 

   
           (        ̅̅ ̅̅ ̅̅ ) . (S1.10) 

A key simplification occurs if the cost of a given mutation, before the onset of stress, is independent of       in 

stressful conditions. Indeed, we then have  ̃      ̅̅ ̅̅ ̅̅   ̅    , where we recall that  ̅  and    are the mean 

establishment probability and the harmonic mean of the cost of resistance, respectively, among de novo resistance 
mutations. Then we have an even simpler expression: 

   
              

      , (S1.11) 

Where   
     ̅  is the rate of future rescues, produced before the onset of stress. Note however that such 

independence need not be the rule, so that eq. (S1.10) should generally be preferred for the sake of generality. Yet 
eq. (S1.11) provides a simple intuitive relationship between the rate of de novo rescue and the rate of rescue from 
standing variance. From this last result, we directly obtain the rescue probability in eq. (3.7). Finally, note that if the 
environmental change has no impact on the rate of mutation in the wild type genotype, then        so that the 
process of rescue from standing variance vs. de novo mutations are related by the same basal rate   

    
 . 

We checked by simulations the Poisson limit distribution (for a set of mutants) as given by eqs. (S1.9) and 
(S1.11), without correcting for ultimate establishment here (set  ̃    and   

    ). To do so, we simulated a 

large population up to a mutation-selection balance then recorded the number of mutants in samples of size    
(see Supplementary Figure S3). Eq. (3.7) & (S1.11) is directly checked by simulations in Figure 2A. 

 

Consistency with [6]: Finally, note that, as for de novo rescue, eqs. (S1.10) and (S1.11) both retrieve the result 

obtained previously by Orr & Unckless [6], as a subcase. With a single allele,     ̅̅ ̅̅ ̅̅       (     in their notation) 

which is approximately        under their assumption of Poisson offspring distribution (as in this case,    ), 

and in their notation      ̅̅ ̅̅ ̅̅            . Their eq. (3.5) can thus be written, in our notation   ̅      

(         )
     

. Now assuming a small probability of establishment (as we have done so far) implies that 

(         )
     

            and we retrieve  ̅      
  in our eq. (3.7). 



9 
 

 

Unlimited growth from a single clone: An alternative scenario to describe the population at the onset of stress is if 
it started from a small population containing no mutants, and then underwent unlimited growth until the stress 
occurred. This typically describes what is done in experimental evolution with microbes, and indeed the 
distribution of the number of mutations in this context has been extensively modeled, for applications to the 
fluctuation test methodology [11, 12]. Assume the culture is started with a few (  ) clonal individuals, then grown 
to a much larger size   . The rate of de novo mutations to the class                     is still        
               , as above. In an inoculum of size    (an aliquot of the culture at equilibrium), the resulting mean 
number of variants within the class, is                              (eq. (10) of [11]). Interestingly, this is 
independent of the fitness of mutants, relative to the wild type, i.e. of the cost   [11]. This protocol is what is 
typically done in microbe experiments. The mean establishment probability among these variants is the same as 
among de novo mutants here  ̃   ̅ , because the number of mutants in any class is directly proportional to the 

rate        of de novo mutation to this class, with no additional effect of   or  . Overall, we get (applying eq. 
(S1.9)) 

   
           (    

    (
  

  

)) . (S1.12) 

Where we recall that   
     ̅ . This prediction is checked by simulations in Figure 2C. 

 

Acknowledgments: we thank Helen Alexander for pointing out a mis-use of reference [10] in a previous version of 

this appendix.  

 

References: 

1. Feller, W. Diffusion processes in genetics. in Proceedings of the Second Berkeley Symposium on Mathematical Statistics and 
Probability 1951. University of California Press. 

2. Lambert, A., Population Dynamics and Random Genealogies. Stochastic Models, 2008. 24: p. 45-163. 
3. Haccou, P., P. Jaggers, and V.A. Vatutin, Branching Processes: Variation, Growth and Extinction of Populations. Cambridge Studies in 

Adaptive Dynamics, ed. U. Diekmann and J. Metz2005, Cambridge, UK: Cambridge University Press. 
4. Lambert, A., Probability of fixation under weak selection: A branching process unifying approach. Theoretical Population Biology, 

2006. 69(4): p. 419-441. 
5. Haldane, A mathematical theory of natural and artificial selection V. Selection and mutation. Proceedings of the Cambridge 

Philosophical Society, 1927. 26: p. 220-230. 
6. Orr, H.A. and R.L. Unckless, Population extinction and the genetics of adaptation. American Naturalist, 2008. 172(2): p. 160-169. 
7. Hubbarde, J.E., G. Wild, and L.M. Wahl, Fixation probabilities when generation times are variable: The burst-death model. Genetics, 

2007. 176(3): p. 1703-1712. 
8. Johnson, N.L., S. Kotz, and N. Balakrishnan, Univariate Continuous Distributions Second Edition, ed. N.L. Johnson, S. Kotz, and N. 

Balakrishnan. Vol. 2. 1995, New York: John Wiley & Sons. 
9. Weissman, D.B., et al., The rate at which asexual populations cross fitness valleys. Theoretical Population Biology, 2009. 75(4): p. 286-

300. 
10. Johnson, T., The approach to mutation-selection balance in an infinite asexual population, and the evolution of mutation rates. 

Proceedings of the Royal Society of London Series B-Biological Sciences, 1999. 266(1436): p. 2389-2397. 
11. Jaeger, G. and S. Sarkar, On the Distribution of Bacterial Mutants - the Effects of Differential Fitness of Mutants and Non-Mutants. 

Genetica, 1995. 96(3): p. 217-223. 
12. Gerrish, P., A Simple Formula for Obtaining Markedly Improved Mutation Rate Estimates. Genetics, 2008. 180(3): p. 1773-1778. 



1 
 

Appendix S2: Probability of a rescue in the face of severe bottlenecks. 

In this appendix we derive the probability of evolutionary rescue from de novo mutations, in the face of severe 
bottlenecks. We first demonstrate a useful result on the asymptotic behavior of a Feller diffusion process, and 
then we use it to derive the rescue probability in the face of bottlenecks. 

 

1) Asymptotic trajectory of a non – extinct Feller diffusion process 
We seek to describe the stochastic behavior of a subpopulation of resistant mutants   , which is a supercritical 
Feller diffusion process with parameters (     ). Once it has reached sufficiently large size the mutant 
lineage is roughly certain to avoid extinction and starts to grow more and more deterministically (exponentially 
with rate  ). However, the time at which this ‘threshold’ size is reached is itself random, so that the resulting 
asymptotic population size behaves as if it had started at some randomly distributed initial size:           as 
    . Our goal here is to show this statement and to derive the distribution of  . To do so, we consider the 
quantity       

     and will show that it converges to a constant distribution (independent of  ) as     , 
which only proves convergence in distribution. This result proves useful to derive several simple 
approximations throughout the paper (e.g. in Appendix 2 and below). 
 
Eq. (5.2) of [1] provides a closed form expression for the pdf       , at time  , of a Feller diffusion    with 
parameters (   ): formally      [      ]            where    is an infinitesimal interval. If    is 
started at the value       (to approximate a lineage started in a single copy),        can be expressed as: 

 
       

   

  

   (    
  
 

(
      
      

))

         
    (   

    

  
            ) 

, (S2.1) 

 
Where           denotes the confluent hypergeometric function and         is the hyperbolic cosecant 
function, as defined in Mathematica 8.0 [2]. This result holds for     (non extinct trajectory) and an extra 
point mass at zero is added to cover the full set of possible states. The weight of this point mass is the 
probability of extinction occurring before time  , which is                                        
from eq. 5.6 of [1]. The law of the process, conditional on it not being extinct by time  , is given by the 
conditional pdf                         . We can now look at the corresponding pdf of        

     , 
conditional on non – extinction (establishment). As this is a simple scaling with respect to the random variable 
  ,  the pdf of   , among non extinct populations, is given by    

                      . The limit distribution 

of this variable is the distribution of   that we are looking for: it is obtained by taking the limit when     , of 
    

      : 

 
  

        
    

(   
      )     

    
(               )

  
     (    )

   
          

     
               

  
 . (S2.2) 

This distribution depends only on             (eq. (3.2)). The expectation of   can be computed explicitly 

from eq. (S2.2) and is          .  We retrieve a classic result [3]  that branching processes conditioned on 

non-extinction, are biased upward, on average, relative to their mean behavior (     
       ). However, eq. 

(S2.2)  goes beyond this statement in providing the full distribution of  . Finally, taking a Taylor series to 
leading order in    we get   

        
             , which is the pdf of an exponential distribution with 

rate            (  ). In fact the convergence (in distribution) of   to the exponential proves surprisingly 

accurate (compared to eq. (S2.2)), even for a high    (i.e. up to       ), except for the very right tail of the 

distribution when    is large (not shown). Of course it becomes invalid as      , in which case    is fully 

deterministic and never gets extinct:        for all  . 
 

We now have a simple stochastic representation for the asymptotic behavior of a Feller diffusion 
conditional on non-extinction, and provided it undergoes some level of stochasticity (    ). By ‘asymptotic’ 

we mean, after sufficient time has elapsed, or more precisely after the process has risen above some minimal 
size where it starts to grow almost deterministically at rate  . Overall, we get the following asymptotic 
stochastic representation for   : 
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{
                             

                                   

             (  )

 . (S2.3) 

 
As a rule of thumb, one can consider that once         it behaves as described in eq. (S2.3). To understand 

where this rule comes from, consider the probability of ultimate extinction of the population, once it has 

reached size    , which is        (    )
  

        with a small    and large  . The inflection point, with 

respect to      , of    gives the threshold (in log size) at which  the probability of future extinction drops 
sharply. This point is our threshold        . 

 
 

2) Rescue in the face of bottlenecks 

We now turn to the behavior or a rescue mutation in the face of recurrent bottlenecks. The bottlenecks are 
assumed to occur at regular time intervals, every   time units, and generate genotype independent mortality, 
such that the probability of any individual surviving the bottleneck is  . Empirically with microbes,   would be 
the dilution factor used to dilute the culture. The wild-type population is decaying over the long term because 
phases of growth do not cancel out the severity of the bottlenecks. Note that although we focus on decaying 
populations in this paper, our treatment is also valid for a population that is stable or increasing over the long 
run. The demographic dynamics during growth phases are described by a Feller diffusion       for any 
genotype considered. Therefore, contrary to some previous treatments [4, 5], here we explicitly account for 
stochastic reproduction during the growth phase (such a treatment of growth phase  stochasticity, for constant 
bottlenecked populations, can also be found in [6]). Apart from that, we follow the exact same steps (steps 1 – 
3 below) as described in the discrete time approach of [4] which are described below.  

Define      the probability of establishment for a mutant appearing in single copy at some time   during a 
growth phase (  [   ]). Recall that it is also dependent on  ,   and  , although we do not keep track of this, 
for notational simplicity. Step 1: we first compute the probability (      ) of ultimate extinction for a mutant 
in single copy at the very onset of a growth phase (   ). Then (step 2) we compute the same probability 
(      ) for a mutant appearing at some arbitrary time   during the growth phase. Finally (step 3), we 
integrate this probability over all possible times of occurrence during a growth cycle to find the overall 
probability of establishment. After integrating over all the possible values of       among mutants, this result 
then allows computing the rescue probability over the whole course to extinction of the resident wild type 
lineage. 

We define two growth rates for any given lineage: a ‘short term’ growth rate   during growth phases (following 
our previous notation), and a ‘long term’ growth rate    over bottleneck events. The two are related via the 
net population change over a cycle (bottleneck followed by growth)           , or            . The 
wild type subpopulation has Feller parameters (     ), it is decaying whenever                 , i.e. 

whenever             . When            the population is stable over the long run: this is the 
situation modeled in [4]. Here we assume that the population initially consists of a single wild type genotype 
that shows long term decay (     ). 

 

Step 1: Establishment probability      for a lineage in single copy just after a bottleneck 

Suppose first that the mutant appears at time     in single copy, i.e. at the very start of the growth phase. 
The population will grow stochastically during   time units to reach a size   . In order to describe stochasticity 
during the growth phase we make the key assumption that by time  , the mutant population has reached the 
asymptotic behavior described in the previous section (eq. (S2.3)). In this case, the distribution of    is 
approximately given by eq. (S2.3): the mutant is either extinct with probability      or, with probability   , it 

has size           where             is an exponentially distributed random variable. At the end of the 

growth phase, the bottlenecks generate random sampling, so that, conditional on      (with probability   ), 

the population size   
  after the bottleneck is binomially distributed:   

                       . With 
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strong enough bottlenecks, this number is approximately Poisson distributed    
                         . 

Now we can derive the unconditional distribution of     by integrating over the exponential distribution of   
and we get: 

 

    
     {

             

          
             

   
  

        

 
  

      

 , (S2.4) 

Where we recall that    is the Malthusian fitness of the mutant over a cycle. Eq. (S2.4) provides the 
distribution of the reproductive output of a single mutant over a full cycle of growth and dilution. We can now 
apply branching process theory [3] to the discrete process of reproduction from a single individual over a cycle. 
This tells us that the probability   that the mutant lineage will ultimately be lost (over possibly many cycles), is 

the unique solution of    
       where    

      (   
 
) is the pgf of the distribution of   

 , the reproductive 

output over a cycle. Taking the expectation of    
 
 from the distribution of   

  in eq. (S2.4), this pgf is  

    
         

           

         
 . (S2.5) 

Equation    
       admits two exact solutions: either         

                  , or    . 

The second solution is chosen when the first one is not a probability, which, as    [   ] is whenever 

      , i.e. whenever     . As expected, extinction over the long run is certain for a mutant with 
negative long term growth rate. Overall, the probability of ultimate extinction, starting from a single copy at 
the onset of a growth phase is given by 

        {
                                               

                         
 . (S2.6) 

To leading order in     this is close to               
            . The complementary 

probability of establishment for a mutant in single copy at the onset of a growth phase is           

     , a result that is checked by simulations in Supplementary Figure S4. 

 

Criterion for applying the asymptotic behavior approximation: Let us quickly see in what conditions we can 
apply our key assumption that the mutant has reached asymptotic behavior. As a rule of thumb (see Appendix 
3), a mutant lineage reaches its asymptotic behavior when, roughly, it is above a threshold size        . As 

we have just seen, only those mutants that show positive long term growth (               ) can 
fixate. Therefore, any rescue mutant must have               . Therefore, with severe bottlenecks 
(      ), we always have (              ), and our criterion for asymptotic behavior should be 

met in general. However, with milder bottlenecks, some weakly growing rescue mutants may not meet the 
criterion. This does not seem to substantially alleviate the accuracy of the treatment, based on the simulations 
in Supplementary Figure S4 (with       ). 

 

Relationship to [4] and correction when     . As a subcase in the absence of decay, our eq. (S2.6) yields a 

similar but slightly different result from eq.(1) of [4]. Consider a population under stable long term dynamics, 
i.e. with              and    

  . Then the selection coefficient, relative to wild-type, of a mutant with 

growth rate   is                 . In their model, Wahl & Gerrish [4] neglect the contribution of 

the growth phase to reproductive variance, which amounts to assuming      in our eq. (S2.6). Under these 

conditions, eq. (S2.6) gives, to leading order in              .On the contrary, Wahl & Gerrish [5] get 
          (above their eq. 10, plus see comment below). The discrepancy by a factor 2 comes from the fact 
that, under our model the distribution of reproductive output over a cycle is more variable than the Poisson 
[assumed in 4], due to stochastic variance during growth. However, in cases where this stochasticity is 
negligible, eq.(S2.3) for the asymptotic behavior of    does not hold: obviously when      the whole growth 
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trajectory is deterministic and the variable   is a constant    , not an exponential deviate (         as 
would be predicted by eq.(S2.3)). Therefore, when     , our analysis overestimates the stochastic variance 

over a cycle and thus the extinction probability. On the contrary, when    is indeed substantially below 1, the 

analysis by Wahl & Gerrish underestimates the extinction probability. Overall, our treatment is valid 
when       . With     , the establishment probability should be               to provide a 

rough correction. 

Notice that here we had to correct for a slight notation issue in [4]: selection coefficients were defined as ratios 
of Malthusian fitness (the mutant growth rate is defined as        ), whereas it should be a difference 
(      ) [7], so that for consistency     in their notation becomes  . 

 

Step 2: Establishment probability      for a lineage arising in single copy at some time t after a bottleneck 

We now turn to the probability that a mutant appeared at some arbitrary time   during a growth phase will 
ultimately be lost. The mutant population by the first transfer has size      after     time units of growth. We 
apply here the same assumption as for a mutant born at time    , namely that the asymptotic behavior has 
been reached by the end of the cycle. This is a more limiting assumption as a mutant may arise by the end of 
the growth phase and therefore have not reached asymptotic behavior by the end of the cycle. However, we 
see below that it proves to have little impact on the end result. Following the exact same argument as 
previously, the distribution of the number of copies     

  after the first bottleneck is given by a mere time 

change of eq. (S2.4), replacing   by     which gives           
                   instead of   , and the 

corresponding pgf      
    , is obtained by replacing    by      in eq. (S2.5). Then, we can follow the same 

argument that leads to eq. (2) of [4]. Each of the     
  copies at the onset of the second growth phase will 

ultimately be lost with probability        given in eq. (S2.6). Therefore the probability of ultimate loss of the 

lineage started at time   is             
 

, which, after averaging over the distribution of     
  gives the 

extinction probability           (            
 

)        
         . The corresponding probability of 

establishment (             
         ), can be obtained exactly, using        as given by eq. (S2.6) 

we find 

      
                   

                  

 
    

     

                 
 . (S2.7) 

We can obtain a simpler closed form by assuming that the overall loss probability from a single copy at the 
onset of a growth phase is large (      ). To leading order in     , the probability of ultimate establishment 
for a mutant with positive long term growth (    ) is then 

      
        

        
      

    

                          . (S2.8) 

We have pointed out above that the assumption that an asymptotic behavior has been reached may break 
down for mutants appeared at late times in the growth phase (   ). For these mutants we may apply an even 
simpler argument. These mutants, after the first transfer, should represent a small proportion of an otherwise 
large population. As a limit of the binomial, the distribution of     

  will then be approximately Poisson with 

rate equal to the mean           
                                   . All the following arguments 

then apply, with a Poisson pgf for     
 . The probability of ultimate loss is              

          

        , with      given by eq. (S2.6). Again taking the leading order in      gives              which 
yields the exact same result as in eq. (S2.8). This shows that our result is valid over all possible occurrence 
times  , at least when establishment is not too likely (      ). 
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Step 3: Rate of rescue over a cycle of growth plus bottleneck 

We can now compute the total rate of rescue mutations over a whole cycle, when mutations appear randomly. 
Let           be the per capita per unit time rate of mutation to the Malthusian fitness class [      
   ], in the stressful conditions (hence the subscript ‘S’ as previously). Let           

    be the wild-type 

population size at time   in the     growth cycle, (     is the population size at the onset of the     growth 

phase and         is the population size of the inoculum at the onset of the first growth cycle). Mutations 

occur according to a inhomogeneous Poisson process with rate              . The population then grows 

exponentially during   time units. Note that we neglect stochastic demography for the wild-type as it is 
assumed to remain large all along. The resulting number of mutations, destined to fixate, and that are 

produced over the    cycle, is Poisson distributed with rate   
               ∫     

 

 
      . Using      

in eq.(S2.7) yields a closed form expression (after some calculus) but it is fairly complicated. We therefore 
report here only the simpler expression obtained when using eq. (S2.8) when the risk of loss from a single copy 
at the onset of a growth phase is large (      ): 

   
      

    
                  

                  

      

 . (S2.9) 

Now if we further assume that the mutant’s growth rate is much smaller than the wild – type’s rate of decay 
(           ) we get, to leading order in          

   
      

    
                 

(    |   |)

|   |
      (

  

|   |
) . (S2.10) 

From this, a simple expression is obtained for the rate of rescue mutations, by integrating over all possible 
mutants that show long term growth (over           and    , recalling that            ): 

   
 ̅̅ ̅  ∫   

     
 

    

        

           

     
    ̅̅ ̅̅ ̅̅ ̅   (

    ̅̅ ̅̅ ̅̅ ̅

|   |
) . (S2.11) 

Where      ∫          
 

 
 is the total rate of mutation to resistance (to     ) per individual present at 

the onset of a growth cycle, and over the timescale of this cycle (hence the factor  ). The term      ̅̅ ̅̅ ̅̅ ̅  

∬ (        )                      
 

 
 is the mean of      taken among these resistant mutants. 

 

Total rate of rescue up to extinction 

Now we can compute the total rate of rescue mutations over the course to extinction. Because the number of 
mutations produced per cycle is Poisson we can sum up these rates over the course to extinction to get the 

total rate   
  ∑   

 ̅̅ ̅ 
    .The demographic process characterizing the wild type population is clearly discrete, 

showing geometric decay over the cycles so that         
     , and summing over cycles using (S2.11) then 

gives 

   
  

     

    
 
     ̅̅ ̅̅ ̅̅ ̅ . (S2.12) 

The resulting rescue probability is again of the form   
          

 
 with   

  given in eq. (3.4). We see that 
although the process is markedly different from that modeled in exponentially decaying populations, the 
resulting rate of rescue takes a similar form, at the discrete timescale of growth cycles. Indeed, at this 
timescale, the rate of decay is       and the per capita rate of mutation to resistance is    

         ̅̅ ̅̅ ̅̅ ̅ (here 

per capita means, per individual present at the beginning of a growth cycle).  This result was directly checked 
by simulation in Figure 2D. 
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