
We shall discuss the following :

→ Density operators
→ composite systems
→ Reduced Density operators .

Pretences :
(1) Nielsen & Chuang ,Quantum computation

and Information

(2) Breuer 2 Deteuuione ,The theory ofOpen Quantum Systems



Basie structure of Quantum Mechanics :

Associated*

System -→ Hilbert Space ( A1 )

State
Impolite

,

specification
I > c- 1H : (4/4)=1 .

* Observables → Hermitian operators on 11-1

Expectation → < no> = Extort>

* Dynamics → II. Nets> = # IYAD
to

it → Hamiltonian hears> = ÉÑt MoD .



→ The ?aew%steÉtwe is not enough to

handle situations with incomplete information ,

i.e
, if we cannot specify the state of

the

system completely.
→ In the content of OPEN QUANTUM

SYSTEMS
,we typically encounter the following

:

* system can enist im a number of states { Hi}
I

with respective probabilities { Pi } . Need

7- Pi = 1.
not be

i. e.) An ensemble { ( Ivi>, Pi) } . <a.www.ohlhr-ymal



E×a_mple_(D:

Consider the hilbert space oya Spin -1-2

system spanned by {1*3,1+3} .

Let us say
the system can enistim

states { ¥4s.> +1T$, ¥4s
- It>)

,
Iti
,
It>}

with respective probabilities { Is , Is , I >÷ } .

F- semble : { (f. [⇒+1+53 , ;),(¥[HD- HD , }
)
,

111×7 , %) , lit>, 's )} .



→ How to compute the averages I enputalim
values of an observable 8 if

the system's

state is specified by an ensemble
{ ( 14-7,Pitt?

* We proceed by sampling the ensemble
:

•• Pick a state IN;) with probability Pi .

• Expectation value of @ inthis state
→ Gilo Ivi) .

• Generate enough samples
and sum over

the sample's to get → (87--5,0%1814) Pi .



* The result for (5) alone has two

averages :

< 8) = ? ÉiPid

QM-aneiagestatisti.cataverager a complete orthonormal set { txi>}
on Ht .

§ lxi>cxi 1=-1
.

> Rewrite :

(G) = § Civil I
814i>Di = § ? Gini

>

= ¥ Exit 8C? Hi>Pick
. ☐ lxj



* Define an object called as DENSITY OPERATOR
or

DENSITY MATRIX ,

as

É = ? Inti> Pi (Vil III. Trace is Baris
①
independent

→ Using this
, <g) = § Cxjloélxj

> =Tr[8e^] .
I
Trace

* Ensemble : { cnn.jp;)} → Density matrix

e^= § titi>
Pistil .

Hence we can describe the state ofa system

without complete information usinga density matin
.



Properties of the dainty matrices :
• Hermiticity : ét=e

.

• Semi - positive definiteness : the>
c-Ht , CHEN>20 .

• Normalization : Tr[E) =L .

→ We can always empress the density
matin

in an orthonormal basis { lxi>} of
It as,

Ni>= F- Ccjilxj
) .

to get I = g- tri> picxil-se-z-fcjip.ec#j.iJ1xjXxj
!

jiji



Fide:( 21 :

construct the density matrix for
the

spin -1-2 system described by an ensemble

in Example (1) .

e^= I [a>an + It>⇐☐ .

What if the ensemble
is { (11×3,1)>(11^7,1-2)} .

É= Iz [ 1£><↳ I + IT>LTD
.



→ Ofcourse if we have
the complete

information of the state of the system .

Then the ensemble is { ( 147 , 1) } .
⇒ I = Mi>Gil
* This is called as a PURE STATE .

N_Ñe : e- = ha.>evil ⇒ ie?
E' ⇒ THEY

--1--67=1

i.e. , Trfé
'] = 1 .

→ We can show that for any density mature



→ We can show that for any density mature

of Trail El .

Equality holds only for PURE STATES .

* Else we say that
the state is

a

/ For pure
states , deity

matrix formulation isMIXED STATE .

equivalent to standard
Me

/ But allows more jeenibibty .

F¥3) : verify if the following
ensembles

Cju Spin-12) .
describe a pure state or a

mined state .

A){ Ella>+ Its] , ;) , (¥[ HD - HD,;)}
Iii {↳Hi-FI, 1T¥ ;-),

( É It-3+1*1+3 , 3-)} .



* In a fined orthonormal basis { lxi>} for
1+1
.

I can be represented asa matin
:

I @ 1×17 .
. .
(Xilélxn)

i.
'

.

.

!
Basis dependent
definitions .

<✗n , @ Ix ,>
.
.

. txnlelxn)
) '

But useful.

*
11

→ Diagonal elements → Populating
instates { lxi>} .

→ Offrdiagmal elements → Coherency
between states

(pair] .



→* Clearly E is an operator on 11-1 .

* set of all operators acting
on 1H also

(with certain restrictions )

form a Kliebert space with
inner product

defined between * qfz →Tr[ñ*B] .

→ Hielat
Schmidt

* This Hilbert space is sometimes refined
rodent

to as LIOUVILLE SPACE .

Eixample For spin -I system , LIOUVILLE spare is

spam{ It Fairy,rz} .



→ what about dynamics ?

* we describe it in a similar way
to

classical setup :

Given the ensemble { ( Inti>, Pi)} .
↳ Flo)=§Hi)Pi(Yil .

• Sample 14;) with probability Pi .

• Evolve he;) im time as if we
have

complete information , i.e. , he;ltD=ÉÑt1Yi>.
• Generate the ensemble { ( tracts> , Pi)} .



* Hence @ (f) = § IYiCtD PICHICHI

= e-
iÑt e- (o, eiht

⇒ 2¥17 = - i [ it ,fu→]→ Heisenberg
eaualin

* This enoene.imeaae-in.is
and"¥!÷÷÷É!⇒ .

LIOUVILLE - VON
-
NEUMANN EQUATION

:

Let us summarize what we
have :



Basin structure of Quantum Mechanics :

(with incomplete information]

*
System → Hilbert Space( Ht ) .

Hermitian
State → Deneitymatiiafpoit.me semi -

definiteoperator on 11-1 . Normalized .
* Observables → Hermitian operator on Ht .

Expectation → Tr[ GE] .
* Dynamics →

*
= -i[H^,eltB

↳ Elt) .- e-
i# técoeitit

it → Hermitian operator .



Different pictures of Quantum Dynamics :

( Elt)> ± Tr[ 8 éititecoseiltt] = trfoslteslts]
w

test Schrodinger
"

cyclic permutations
are valid = Trf eilttoéiitteco ,] = Trf0Hlt)^Hl+D

Heisenberginside traces
"

← TE ¥1T)
Let H : HotHIsÑFdÉhtÑÉovm=%[ eitiotge-iiioteiiiote-iitea.se#te-iTt0t)hfF.-.--foTs*-iii.@

☐
It) Dime /Interaction



Quantum Mechanics of composite systems :

→ TFE-iat.vn where

the
"

system
" under consideration

wnsists of

more than one
" sub-system

"

.

→ For the save oy umcretenes let us Jonson

system G)with two subsystems .{ 5,52} .

1T¥



→ suppose we know how to describe the

two sub - systems :
• Individual Hilbert spaces

→ His ,& Hlsz .

• Observables on each Sias, → {Jie}&{
Die} .

→ How to construct a Hilbert space and

observables for the composite system ?



→ The following postulates adresses
it :

* The state space of the composite system
(s)

is the tensor (direct) product of Hilbert spaces

of subsystems ( Si , S2 ) :
A dim (Hlsz)=n

Hts = His
,
⑦ His

. / ILdig.me , In .

✓

This means His is span { Ixii >⑦
1×2's>}

if HI
,
= Spam { IX. i>} and Abe spun { 1×2:3} .

* Induced inner product : (YiKailMii> thisftp..ly
,;XqjM;D.



Example (5) :
-

Let s , 2152
are Spirit systems

Then Hts
,
= Span {1+3,11^7} .

lHsz= Span {11×32,1+72} .

HIS = Span { 1+3,14>2,1+7,1+32,11^7114,117111
}.

foil frat Iris , tri>
= foilri.kz/rz7z



→ Hence every
state 14s> c- His can be

written as

14s> = ¥ 4§j lxii>
⑦ 1×2:D
1- Short form

lxiiixzj) .
• lxcistxzj>

→ Ncte : It is not always possible to write

any Hts> c- Hls as 14s>= IVs ,>④ IYSD .

Ex : £[Hi,Kiat 11^711%7 . C- ¥1s , ¥152 .
But if we know for sure that s , is 'm Msd and

Sais in Hsi then hes> = Ms,>④1%27 .



* How to umpire operators from subsystems:

→ If § , 2^02 acts on HIS.tk#espatindy

then D= 8
,④ 0^2 acts on

HIS .

I short form

[ 8,82

it IVs> = ¥4s;j txii>⑦
1×2's)

£14s> = 81×00^2 14s> = i.EU?j8i1XiD-00ztxiD.



→ Nite : Not all observables ofs are product

of observables of 5,2152 .

* But iy no cuts on Its then

I = FIJI cmpldines:
II. = §,

lxii> His> (Xiikxzjl

8 = ¥j¥j!×i>Hai> <~xi;÷?
<! "

"Hi"

jj
.



jj
.

I ! Ii>(! ii.1×01×25>cxzj.IO= ¥; ¥j . °
""

+

Note ÷ txii> Ixzj>(! iiilfxij't

art art IVs> c- HIS -

i. e.
,

* Any operator on His can be written as

"

scum
"

og
"

direct product
-

of operatorson

5,452 .

* We can

"

lift
"

operators acting on 1+-1141+12 so that

!
Identity on Hlsz

they out on Hls : Hls
,④ Hlsz .

acts on Hls
,

! 81×011=2 arts on HIS

82 cuts on ltlsz ! IIixoozaihmlts-T-dFY.LT



Example (6) :

TFW the same setup as in Example
6 .

If it IVs> = [1+3,113,1-1+71972]
(ii) IVs> = ¥ [113,11^32+11^71472] .

and @ = airs
-

+ riot
-

here

what is
gyg, g 1µs> .

/ 9+11^7=09+11×2=11^2 ,

1÷:÷:
"

9- 11×2=0

rztrimltlsz.



ÉÉÉes :

* Suppose the composite system is prepared
imam ensemble { ( Msi) , Pil }

!

its density matrix is c- His

.ms#f'eIaneofindiuidules--?lYsi3PiifYsifknoukdg
systems .

! if thts;) = 14s
,p> ④ lhtszq) and Pi=PpPq

then §; e^g,④éj,with
É= Fp Msrp> Pp ipl

Isi Iq lYszoDPq<Kid.



* NIE : It is not always possible that

Is corresponding to every
ensemble Combe

written as Ég,④^sz .

Example :(71
:

Tonne setup as
in Example

(6) .

if then ensemble
is
{ (EG:) , 1%+1%11%7,1

)}

pure# for HIS .

Construct Is
and argue

that Is -1-91×0^9 :



* Suppose that the state of the composite

system is specified by a density natives
)
.

! If we are only interested in
the enpatatin

Malines of observables of subsystems
,) .IO?n3.

! Lift the observables toast on His ! {8in If} .
Identity

→ compute the enpatadim value .

< 8in> = Trf n④É , Is] .

an 1%2



! Compute the trace using an

orthonormal basis of product John

L txii>⑦ txzj?} .
as

< 0in ) = ¥ XiiKx÷④Iy Is
lxiitxzj)

= I ✗ Xii 18in) cxzjl Is txii >
His>

i,j

empanel Is in some arbitrary
orthonormal basis

in product john { leg ,p
>⑦ 152g>} .



% = ¥ threats15in>
1Era? Kiril Goi

É
por

'

Saintitnting
'

Mahone equation ,

< 0in> = ¥ Erkki
10in]<! zit

pig
'

th IP> I hap> < E.,pleased leg ,pD leave> skip
'Khail

1Xii>1×2 j> .

=÷¥¥<""%eF.IE?Tes.iHij:IzEr
< g ,pl ! is)

I



Coin> = § Exit G.net?1xii)

where is , = -2 I ☒

ISEzqilxzj)
j R2 pi Exiled
pig

'

15m) ↳ jPE.se#(eg,p1&zq1eslesipDl32ofY
"

< Ezer /Kaj}

Leg ,p•|
= -2 Kip>(Elp / Chutes /Gip '> than)](ftp.t
P.pl

q



Es
,
= { ④ < eszal] I [II.⑦ lesson]

t

,
Nontrivial operating

Devilry matin
im 1+4=1+4!011-4 ,

and[÷÷÷:÷:*
.

projector im Htsz .

In short form this operation
is denoted as"TrsIÉ

Is
,
= trszfes] = E. [Éi④CEna☐es EÉ,④ leave] .



The quantity Is ,

= Trszfés] has trace over

only Hlsz of an operator acting on Hls : His,!Hb ;

* This is called as PARTIAL TRACE .

Note :

→- Partial than is a basis independent operation .

! The object obtained by partial
trace

, Trs,Fes]
is

still an operator on Als
.
.



Useful for
calculations :(prome using def .)

! Partial trace is a
linear operation .

I - e.) trszfdx + III. = ! trs.CI?+ITrsIEt
I ,I

'

are operators on His z d. !
'

C- !
.

!
Trs

,
[14 ,> Inez> (vitae;D ← Rednihnoteuls .

= (Vitus) 17,> ceil
.



F-¥8) :

Example demonstrating
partial trace operation :

courier the composite system with two spin- tis

let us say És= 14s> (Ysl 1%-1%[117,1%+1417]

Construct Is
,
= traces]

AI. Is = Iz [ 11^7,11×7,41^12<+1 + 1+7,11%41×1<2+1

+ 1+7,1%11^1 { 1×1-1 It.>, IT>zftdftl] .



Linearity of
n

Now Is ,= Trsz [ Is] partial trace used

t

I. [117,1%4+11+1] + Trs
,
[1+7,112,418+1](

"

÷
, [ , ,⇒

,
,⇒
,
⇒ + Trs

,
[1%711%4181]} .

it !
°

%
,

= I { {t.lt.), 11^7,491+{1^11} Hi> < +12
+ £11T)z 117,41 + {1^11^3 147,41}

to
I
,

@si =

I { It > , fit + 1+7,4×1} .



Now going back ,

< 8in> = § (! it
Jines , lxii>

< Ein> = Trs
,[ 8in Is ,] .

* so enputatim values of all
operators eating

on His
, girth respect to

Is
,

are same as

the enpeetaliem valueof lifted operates
with respect toes .



* Furthermore , Tries] :& , satisfies

the properties of density matrices :

heemiticity , positinestmidefiniteness and
normalization .
* Hence Is

, completelyspecifies the

stateof subsystems , . It is a density matrix

Joh Si and called as REDUCED DENSITY
MATRIX.

! similarly reduced deuity matin@szcomkecnnstudedfor Sz .



* Few important observations :

! It Es = Is Is
,

!
Uncorrelated

then Trs
,
[ Is] = Es ,

& Trs ,
(E) = Fsa .

! But for arbitrary Es
,

Es
,
-

-traces] & esf.trs.es] -1-3 Is :&,⑤e^si

! If res isa pure state .ie . ,És= 1457%1,

this doesnot imply trspfesf.es , 21 Trsfeit.kz
arepure states . This happens only if

uueoudatd-slvs.ws?xOIYsD.



Examptea)

consider the same state as in Example (8)

for unpolite system up two spin- tziystems .

Ñs : IVs> (Ysl wilt 145=4,4+1,1%+117,11-2
]

↳
pure state

then compute

ÉS
,
=Trfes] & Is, -_ trs.es] .

52

Show that Is , & Es
,

are mined states .



! suppose the initial state of the composite

system is Esto . Let us say it is
" isolated

"

and subjected to evolution with respect

to its . Typical structure of its is

its = its,④^Iz+É④Ñs, -1¥, Xij
§i④02j

arthritis, Jets
,+7sz.

Then
Ect) = e-

i#stescoeiñst
.

Now the reduced density matrices jorsitsz



at time
-

i are

Typically
e-

"Ñsittrfejcoigeiitsitesitl-T-ssfesa-D-sztsit-trs.fesctift-e-iH.sitogfescos]eiÑsi

Also

It
=
-
éTr[HsisCtD]=-i[¥syTrsfe]je.lt)

Sz

Teat )
It

= -it's
,
[[ tis ,eJCtD)=_i[Ñs, ,Trs,GHiD.



* In general the closed equations satisfied

by subsystems reduced density matrices

are very complex and sometimes even

entremdy challenging to obtain Ciynot
impossible .

* To obtain closed equations describing
the

evolution of reduced density
matrices for

subsystems and studying their dynamics

constitutes OPEN QUANTUM SYSTEMS THEORY
.

- * -


