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Classical Chaos
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Figure 1. Examples of trajectories of a particle bouncing in a cavity: (a) non-chaotic circular and (b) chaotic
Bunimovich stadium. The images were taken from scholarpedia [60].

this review is on quantum chaos and the eigenstate thermalization hypothesis, we will not attempt
to bridge classical chaos and thermalization. This has been a subject of continuous controversies.

While there is no universally accepted rigorous definition of chaos, a system is usually con-
sidered chaotic if it exhibits a strong (exponential) sensitivity of phase-space trajectories to small
perturbations. Although chaotic dynamics are generic, there is a class of systems for which
dynamics are not chaotic. They are known as integrable systems [58]. Specifically, a classical
system whose Hamiltonian is H(p, q), with canonical coordinates q = (q1, . . . , qN ) and momenta
p = (p1, . . . , pN ), is said to be integrable if it has as many functionally independent conserved
quantities I = (I1, . . . , IN ) in involution as degrees of freedom N :

{Ij, H} = 0, {Ij, Ik} = 0 where {f , g} =
!

j=1,N

∂f
∂qj

∂g
∂pj

− ∂f
∂pj

∂g
∂qj

. (1)

From Liouville’s integrability theorem [59], it follows that there is a canonical transformation
(p, q) → (I,") (where I," are called action-angle variables) such that H(p, q) = H(I) [58].
As a result, the solutions of the equations of motion for the action-angle variables are trivial:
Ij(t) = I0

j = constant, and "j(t) = #jt +"j(0). For obvious reasons, the motion is referred to as
taking place on an N-dimensional torus, and it is not chaotic.

To get a feeling for the differences between integrable and chaotic systems, in Figure 1, we
illustrate the motion of a particle in both an integrable and a chaotic two-dimensional cavity [60].
Figure 1(a) illustrates the trajectory of a particle in an integrable circular cavity. It is visually
apparent that the trajectory is a superposition of two periodic motions along the radial and angu-
lar directions. This is a result of the system having two conserved quantities, energy and angular
momentum [61]. Clearly, the long-time average of the particle density does not correspond to a
uniform probability which covers phase space. Figure 1(b), on the other hand, shows a trajec-
tory of a particle in a chaotic Bunimovich stadium [10], which looks completely random. If one
compares two trajectories that are initially very close to each other in phase space one finds that,
after a few bounces against the walls, they become uncorrelated both in terms of positions and
directions of motion. This is a consequence of chaotic dynamics.

There are many examples of dynamical systems that exhibit chaotic behavior. A necessary,
and often sufficient, condition for chaotic motion to occur is that the number of functionally
independent conserved quantities (integrals of motion), which are in involution, is smaller than
the number of degrees of freedom. Otherwise, as mentioned before, the system is integrable and
the dynamics is “simple”. This criterion immediately tells us that the motion of one particle,
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Quantum chaos: From classical to quantum
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trajectories of temporal length t linking different initial and
final position quadratures. A schematic illustration of a
representative trajectories quadruple that displays the geo-
metric connections at the corresponding position quadra-
tures ql, l ¼ 1;…; 5, is given by

ð8Þ

Black (orange) arrows refer to contributions to K (K$), and
the gray shaded spot mimics the (localized) state jΨi. The
semiclassical approximation in Eq. (7) amounts to sub-
stitute p̂i, q̂j in Eq. (4) by their classical counterparts pðiÞ

γ;i

and qðfÞγ;j for γ ∈ fα; β; α0; β0g. The commutators themselves
translate into differences of initial momenta of trajectories
not restricted to start at nearby positions.
Since RγðqðfÞ;qðiÞ; tÞ ≫ ℏeff in the semiclassical limit,

the phase factors in Eq. (7) are generally highly oscillatory
when integrating over initial or final positions. Hence,
contributions from arbitrary trajectory quadruples are
suppressed, while correlated quadruples with action
differences such that Rα − Rα0 þ Rβ − Rβ0 ≃OðℏeffÞ will
dominantly contribute to CðtÞ. These are constellations
where most of the time trajectories are pairwise nearly
identical, except in so-called encounter regions in phase
space where trajectory pairs approach each other, follow a
correlated evolution, and exchange their partners.
For OTOCs the relevant quadruples involve a single

encounter and can be subdivided into four classes depicted
in Fig. 1: Diagram (a) represents a bundle of four
trajectories staying in close vicinity to each other, i.e.,
forming an encounter, during the whole time t. Panels (b)
and (c) display “two-leg” diagrams with an encounter at
the beginning or end, and with uncorrelated dynamics of
the two trajectory pairs (“legs”) outside the encounter. The
“four-leg” diagrams in (d) are characterized by uncorrelated
motion before and after the encounter. The structure of the
OTOC implies that the two legs on the same side of an
encounter are of equal length.
Inside an encounter (boxes in Fig. 1) the hyperbolic

dynamics essentially follows a common mean-field sol-
ution, i.e., linearization around one reference trajectory
allows for expressing the remaining three trajectories. If
their action differences are of order ℏeff the time scale
related to an encounter just corresponds to τE [Eqs. (20),
(21) and (48) in Ref. [41] ]. Because of the exponential
growth of distances in chaotic phase space the dynamics
merges at the encounter boundary into uncorrelated time
evolution of two trajectory legs [see, e.g., trajectories α and
β in Fig. 1(b)]. Notably, Hamilton dynamics implies that
this exponential separation along unstable manifolds in

phase space is complemented by motion near stable
manifolds, leading to the formation of (pairs of) exponen-
tially close trajectories [29]. This mechanism gets quantum
mechanically relevant for times beyond τE [see, e.g., paths
α0 and α or β and β0 in Figs. 1(b) and (d)] and will prove
crucial for semiclassically restoring unitarity and for
explaining OTOC saturation.
The evaluation of Eq. (7) requires a thorough consid-

eration of the dynamics in and around the encounter regions
and the calculation of corresponding encounter integrals
based on statistical averages invoking ergodic properties of
chaotic systems. The detailed evaluation of the diagrams (a)
to (d) in Fig. 1 as a function of τE for ℏeff ≪ 1 is provided in
Supplemental Material [41]. The τE dependence of related
objects has been considered for a variety of spectral,
scattering, and transport properties of chaotic SP systems
[31–33,49–51]. Conceptually, our derivation follows along
the lines of these works [52], but requires the generalization
to high-dimensional MB phase space. Moreover, the
encounter integrals involve additional amplitudes related
to the operators in the OTOC that demand special treat-
ment, depending on whether the initial or final position
quadratures are inside an encounter.
Using furthermore the Aγ in Eq. (7) to convert integra-

tions over final positions into initial momenta, the OTOC
contribution from each diagram is conveniently represented
as phase-space average

CðtÞ ≃
Z

dnq
Z

dnpWðq;pÞIðq;p; tÞ: ð9Þ

Here, Wðq;pÞ ¼
R
dny=ð2πℏeffÞnΨ$ðqþ y=2ÞΨðq − y=2Þ

exp½ði=ℏeffÞyp' is the Wigner function [55] of the initial
state Ψ, and Iðq;p; tÞ comprises all encounter integrals. As
shown in Ref. [41] and sketched in Fig. 2, for times t < τE
the only non-negligible contribution I< originates from
diagram (a), whereas a combination of diagrams (c) and (d)
yields the contribution I> nonvanishing for t > τE.

FIG. 2. Universal contributions to the time evolution of the
OTOC CðtÞ for classically chaotic many-body quantum systems
before [F<ðtÞ, Eq. (14)] and after [F>ðtÞ, Eq. (16)] the Ehrenfest
time τE ¼ ð1=λÞ logðNÞ marked by the vertical dashed line. The
insets show diagrams (a), (d), and (c) from Fig. 1, representing
interfering mean-field solutions. Not shown is the crossover
regime at t ≈ τE to which all diagrams from Fig. 1 contribute.
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trivial. Similar SG phase is also realized in a version of
SYK model represented in terms of SO(N) spins. In this
model, the Lyapunov exponent has been computed via
numerical simulation in the classical large spin limit37.

Model.— We study the quantum spherical p-spin glass
model18–21, described by the Hamiltonian,

H =
X

i

⇡2

i

2M
+

X

p,i1<...<ip

J (p)
i1...ip

si1 ...sip , (1)

which contains random all-to-all interactions among p =
2, 3, . . . spins on i = 1, . . . , N sites with the couplings

J (p)
i1...ip

s drawn from Gaussian distribution with variance

J2

pp!/2N
p�1. The quantum dynamics in the model re-

sults from the commutation relation [si,⇡j ] = i~�ij . The
model is made non-trivial by imposing the spherical con-
straint

P
i s

2

i = N . The Hamiltonian describes a particle
moving on the surface of an N -dimensional hypersphere
where M is the mass of the particle. The model, exactly
solvable in large-N limit, describes a mean field spin glass
and shares many common features with other models of
quantum spin glass38–41. We mainly study chaos in the
model with p = 3 (J

3

= J). For p = 2, the model is ef-
fectively non-interacting36 and non-chaotic, i.e. �

L

= 0.
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FIG. 1. The dependence of Lyapunov exponent �L (in units
of J) on T and ~ in the thermodynamic phase diagram is
shown through colormap. The paramagnet (PM) to spin
glass (SG) thermodynamic phase transition Tc(~) line (thin
red solid line) is second order up to a tri-critical point (black
star) and then first order (thin dashed red line). The mSG to
PM transition is demarcated by the dynamical transition line
Td(~) > Tc(~) (thick solid red line). The locus of the broad
maximum of �L(T, ~) is shown as Tm(~) line (solid black line)
and compared with the onset temperature T�(~) of the two-
step glassy relaxation regime (blue line).

Large-N saddle points and phase diagram.— The
equilibrium and dynamical phase-diagrams of the
model [Eq.(1)] have been analyzed in detail in ear-
lier works18–21,42. In the N ! 1 limit, the equilib-
rium phases are characterized in terms of disorder av-
eraged time-ordered (T⌧ ) correlation function, Qab(⌧) =
(1/N)

P
ihT⌧sia(⌧)sib(0)i, obtained from the following

saddle point equations of the imaginary time (⌧) path
integral [see Supplementary Material (SM), Sec. S1],

Q�1

ab (!k) =

✓
!2

k

�
+ z

◆
�ab � ⌃ab(!k) (2a)

⌃ab(⌧) =
X

p

pJ̃2

p

2
[Qab(⌧)]

p�1. (2b)

The replicas a = 1, .., n are introduced to perform the
disorder averaging and !k = 2k⇡T is bosonic Matsub-
ara frequency with k an integer (k

B

= 1); J̃p = Jp/J ,
and temperature, time and frequency are in units of J ,

~/J and J/~, respectively. Qab(!k) =
R �

0

d⌧ei!k⌧Qab(⌧)
(� = 1/T ) is matrix in replica space and the spheri-
cal constraint, (1/N)

P
i s

2

ia = Qaa(⌧ = 0) = 1, is im-
posed via the Lagrange multiplier z. The quantum fluc-
tuations is tuned through the dimensionless parameter
� = ~2/MJ by changing ~ with fixed M43.
As in the earlier work20,21, we obtain the phase di-

agram [Fig.1] by numerically solving the saddle-point
equations [Eqs.(2)] self-consistently [see SM, Sec.S1 1,
S1 3]. The replica structure of the order parameter
Qab(⌧) in the n ! 0 limit characterizes PM and SG
phases, namely — (a) in the PM phase [Fig.1], Qab(⌧) =
Q(⌧)�ab is replica symmetric and diagonal, and (b) for
the SG phase, the order parameter has an exact one-
step replica symmetry breaking (1-RSB) structure where
n replicas are broken down into diagonal blocks with m
replicas and Qab(⌧) = (qd(⌧)� q

EA

)�ab + q
EA

✏ab; ✏ab = 1
if a, b are in diagonal block else ✏ab = 0. The Edward-
Anderson (EA) order parameter q

EA

is finite in the SG
phase and vanishes in the PM phase.
As shown in Fig.1, the PM to SG phase transition

Tc(~) is second order up to a tricritical point and then
first order till the PM to SG quantum phase transition at
T = 020,21. There are, in fact, two PM phases, a classical
PM (cPM), adibatically connected to PM at ~ = 0, and
a quantum PM (qPM) phase for T . T ⇤ and above the
first-order line. We mainly compute �

L

in the cPM re-
gion since the qPM is strongly gapped21, and hence very
weakly chaotic. For studying chaos in the SG phase, we
only consider the so-called marginal spin glass phase21,
where the block size or the break point m is obtained
by the marginal stability criterion21 [see SM, Sec.S1 2].
The mSG phase is demarcated by the dynamical phase
transition line Td(~) > Tc(~) [Fig.1]. The mSG and Td

are naturally realized as ergodicity broken aging regime
and its onset temperature while cooling the system from
the PM phase in the presence of a bath21.
For computing the Lyapunov exponent �

L

, as dis-
cussed below, we also need dynamical correlation and
response functions in real time (t) and/or real frequency
(!). These are obtained using the spectral function
⇢(!) = �ImQR

aa(!)/⇡, where the retarded propagator,
QR

ab(!) = Qab(i!k ! ! + i0+) = QR(!)�ab, is obtained
by solving the saddle-point equations [Eqs.(2)] after an-
alytical continuation [SM, Sec.S1 1] to ! + i0+.

Quantum spin glass ⇒
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Spatio-temporal evolution of many-body chaos
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replicas or the trajectories, which are almost completely correlated at t = 0. The classical
OTOC di↵ers at O("2) from the more conventional measure of spatio-temporal divergence
of two trajectories [37], h(�Sr(t))2i = h(S

ar(t)� S
br(t))2i. Starting at O("2) at t = 0, the

latter is expected to grow exponentially, e.g. at r = 0, as "

2

e

2�Lt over a Lyapunov time
window t ⇠ �

�1

L

ln "�2 in a chaotic system. We show that h(�Sr(t))2i and the classical
OTOC of Eq.(3), both have an early-time regime 0  t  t

0

, where h(�S
0

(t))2i and D(0, t)
initially change non-exponentially to O("2), and then grows exponentially for t > t

0

. In
fact, both h(�S

0

(t))2i and D(0, t) initially decrease before start increasing with a power-law
time dependence till t

0

. Nonetheless, t
0

is found to be closely connected with the chaos
time scale 1/�

L

, as we discuss later.
The main motivations for studying the spatio-temporal OTOC [Eq.(3)] in the model

of Eq.(1) are twofold. One, as stated in the introduction, is to dynamically characterize
the thermodynamic phase diagram of a spin model with well-known two-dimensional (2d)
phase transitions. The XXZ model allows to tune the relative contribution of various
hydrodynamic, low-energy and critical modes in the dynamics by changing temperature
and anisotropy, and thus to probe the potential role of these collective modes on chaos.
The second motivation comes from the fact that the spin precession dynamics [Eq.(2)] can
be obtained as a classical large-S (spin) limit of the Heisenberg equation of motion for the
quantum XXZ model. Hence, chaotic properties of such classical model can give useful
insights even about the quantum model. The results from the classical dynamics could be
particularly relevant near finite-temperature continuous phase transitions, where quantum
e↵ects for the dynamics are generally believed to be irrelevant [38] due to divergent length
and time scales.

(KT) (Ising)(Isotropic)

10 12

10 8

10 4

100

0 5 10 15 20 25 30

0

0 2 4 6 8 10

0
1
4
8
10

0
1

4
8

10

64 32 0 32 64
0

20

40

60

64 32 0 32 64
0
20
40
60
80
100

1
0.8
0.6
0.4
0.2
0

(a) (b) (c)

(d) (e)

Figure 1: Phase diagram and spatio-temporal evolution of classical OTOC in
2d XXZ model: (a) Schematic phase diagram showing dynamical transitions and/or
crossovers in terms of chaos and transport across KT and Ising transitions for easy-plane
(� < 1) and easy-axis (� > 1) anisotropies. (b) and (c) show the growth and spread of
initial perturbation at the origin for � = 0.3 at temperature T = 2.0 (> T

KT

) and T = 0.5
(< T

KT

), respectively. The color denotes the value of classical OTOC, D(x, t), along a one
dimensional (1d) cut in the x direction for a perturbation strength " = 10�4. The solid
lines are the light cones obtained from the generalized Lyapunov exponent for �

L

(x, t) = 0.
The horizontal dashed lines denote the delay time t

0

for the onset of exponential growth.
(d) The time evolution of D(x, t) at x = 0, 1, 4, 8, 10. The dashed line is the exponential fit
to obtain �

L

from D(0, t). The dashed-dotted line denotes the delay time t
0

. (e) Zoomed-in
view of D(x, t) at early times. D(0, t) initially becomes negative.

In quantum systems, truly chaotic behaviour, namely the exponential growth of OTOC
[34], can only be observed certain large-N models, e.g. Sachdev-Ye-Kitaev (SYK) and
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Chaos can spread ballistically 
even in a 
diffusive or anomalous diffusive systems

Kosterlitz-Thouless phase with 
anomalous diffusion in
the classical limit of XXZ model

A Das et al., PRL (2014)



Why care about chaos? 

o Remarkable upper bound for Lyapunov 
exponent for any quantum system 

𝜆+ ≤ 2𝜋𝑘W𝑇/ℏ

Maldacena, Shenker & Stanford (2016)

Black holes, some
non-Fermi liquids saturate
the bound
“Fastest scramblers”
Sekino & Susskind (2008) 

o In certain strongly correlated systems Diffusion coefficient     𝐷 ∼ 𝑣W@/𝜆+
Gu, Qi & Stanford (2017) 

Are there bounds on other time scales, like 
transport scattering rate 𝜏)Z34?

dynamically, therefore, Sr3Ru2O7 can be thought
of as two metallic fluids, one which participates
directly in the quantum criticality and another, con-
taining a higher density of quasiparticles, which
does not.

Given the extensive knowledge of the thermo-
dynamic and quasiparticle properties of Sr3Ru2O7,
it is natural to investigate its electrical transport
properties both below and above T* (11). In Fig. 1,
we show the temperature evolution of the data
at representative magnetic fields from across the
range studied, for T > Tc. In zero field, r varies
approximately quadratically with temperature for
1.2 K < T < 10 K, which is in qualitative agree-

ment with previous reports (2, 12). As the field is
increased toward Hc, the temperature range over
which the approximately quadratic temperature
dependence occurs shrinks, until at the critical
field of 7.9 T, the resistivity varies linearly with
temperature over the whole range shown, with
a gradient of 1.1 microhm·cm/K. For H > Hc

(Fig. 1B) there is a small negative magnetoresist-
ance, but the gradient of the resistivity once it has
become linear is almost independent of field.

That T-linear resistivity is seen in Sr3Ru2O7 is
surprising. As discussed above, the majority of
the quasiparticles do not participate in the mass
divergence at Hc. If they were simply an inde-
pendent Fermi liquid contributing to the conduc-
tivity in parallel with the quantum critical fluid,
they would be expected to short out the contribu-
tion of the small number of carriers that are be-
coming heavy on the approach to Hc, giving a
dominantT2 contribution to the resistivity. The data
of Fig. 1 strongly suggest that as well as inducing
a mass divergence in a subset of the carriers, the
quantum criticality in Sr3Ru2O7 is associated with
the onset of efficient scattering, with strength pro-
portional to T, which affects all the quasiparticles.

Qualitative support for this basic picture comes
from the data presented in Fig. 1C, in which we
show the resistivity of Sr3Ru2O7 for the same
set of fields as in Fig. 1A, but for temperatures
extending to 400 K. Above 100 K, r is again
T-linear, in this case at all applied fields, but with
a gradient ~30% lower than that seen at Hc for

T < 20 K. There is an interesting correlation be-
tween this observation and previous studies of the
specific heat. Measurements to elevated temper-
atures show that forT>T*, g is field-independent
and ~65%of the low temperature valuemeasured
in zero applied field (8). This implies a similar fall
in the average effective mass, or equivalently, a
35% rise in the average Fermi velocity. The data
in Fig. 1C therefore suggest that there is a similar
scattering rate per kelvin below T* atHc and well
above T* at all applied fields.

Although attention is typically focused on the
power law dependence of the resistivity, the ab-
solute magnitude of the scattering rate is also an
important quantity. A phenomenological argument
for a T-linear scattering rate has been discussed
by a number of authors in the context of the
cuprates and quantum critical metals and fluids
(13–15). Because quantum criticality is associ-
ated with the depression of energy scales toward
T = 0, temperature becomes the only relevant en-
ergy scale. Equipartition of energy then applies,
and the characteristic energy of any quantum crit-
ical degree of freedom is just kBT, where kB is
Boltzmann’s constant. This in turn implies the ex-
istence of a characteristic time, sometimes referred
to as the Planck time tP ~ ħ/kBT, where ħ is Planck’s
constant divided by 2p. Although the simplic-
ity of this expression is appealing, it is far from
obvious that (TtP)

−1 ~ kB/ħ defines a scattering
rate relevant to a measurement of electrical re-
sistivity. Resistive scattering processesmust relax

Fig. 1. (A) Resistivity (r) of high-purity single
crystal Sr3Ru2O7 at 0 T (red), 4 T (blue), 6 T (green),
7 T (orange), and its critical field moHc= 7.9 T (black).
The gray dashed lines are fits of the type r0 + AT2

to the low-temperature data, which illustrate the
suppression of the temperature at which the re-
sistivity crosses over to being quadratic in temper-
ature as H is tuned toward Hc. (B) r at Hc (black),
12 T (blue), and 14 T (red). (C) r at 0 T, 4 T, 6 T, 7 T,
and Hc over an extended temperature range up to
400 K. Above 20 K, there is a negative magneto-
resistance, but it is so small that data at all fields
overlap when plotted on this scale. The dotted line
shows the extrapolation of the low-temperature
linear resistivity at 7.9 T.

Fig. 2. In spite of two orders of magnitude variations in their Fermi velocities (vF), a wide range of metals
in which the resistivity varies linearly with temperature have similar scattering rates per kelvin. These
include heavy fermion, oxide, pnictide, and organic metals for which T-linear resistivity can be seen down
to low temperatures with appropriate tuning by magnetic field, chemical composition, or hydrostatic
pressure, and more conventional metals for which T-linear resistivity is seen at high temperatures (blue
symbols). At low temperatures, the scattering rate per kelvin of a conventional metal is orders of mag-
nitude lower, as illustrated for the case of Cu at 10 K, shown in the lower right hand corner (11). On the
graph, the line marked a = 1 corresponds to (tT )−1 = kB/ℏ. The near-universality of the scattering rates is
observed in spite of the fact that the scattering mechanisms vary across the range of materials. The point
for Bi2Sr2Ca0.92Y0.08Cu2O8+d is based on the value a = 1.3, which is determined from optical conductivity
(21), combined with the measured value of vF for this material (44). For all others, the analysis is based on
resistivity data combined with knowledge of the Fermi volume and average Fermi velocity. Full details of
the determination of the parameters in the axis labels are given in (11).
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Many questions ....

o How does quantum mechanics lead to fundamental bounds on 
time scale from going to classical to quantum?

o Connection between chaos and transport?

o Role of chaos in thermalization? Entanglement growth?

o What happens to chaos across phase transitions? Is there 
critical slowing down? Effect of collective modes on chaos?

𝜏+ ∼ 𝜆+34

Time scales𝜏)Z, 𝜏ZSghi 𝜏jk

𝒟 𝑡 ∼ 𝑒'()

𝐶 𝑡 ∼ 𝑒3)/m]Qnop
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Outline for rest of the talk

o Chaos in large-N models: Sachdev-Ye-Kitaev (SYK).

o Quantum to classical crossover in chaos in a quantum spin glass.

o Chaos across thermal phase transitions in two dimensions in the 
classical XXZ model.

o Conclusions. 



Zero-dimensional Model for NFL:
Sachdev-Ye-Kitaev (SYK) model
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Sachdev & Ye, PRL (1993)
Kitaev, KITP (2015)
Sachdev, PRX (2015)

𝑁 sites

Jijkl

Kitaev à Solvable model for holography

‘Upper bound’ to quantum chaos as in a black hole 
Maldacena, Shenker & Stanford 
(2016)

o Solvable in strong coupling for large 𝑁
àNon-Fermi liquid ground state.

o ‘Maximally chaotic’ with Lyapunov exponent,   
𝜆+ = 2𝜋𝑘W𝑇/ℏ

OTOC  𝑐x
} 𝑡 𝑐y 0 𝑐x

} 𝑡 𝑐y 0



Computation of 𝜆+ in large N 

Kitaev, KITP (2015)Out-of-time-order correlation (OTOC)

𝐹 𝑡, 𝑡 = 〈𝑐x
} 𝑡 𝑐y

} 0 𝑐x 𝑡 𝑐y 0 〉 ≃ 𝑓Y −
𝑓4
𝑁 𝑒'() + ⋯SUMILAN BANERJEE AND EHUD ALTMAN PHYSICAL REVIEW B 95, 134302 (2017)

where Jijkl , tαβ , and Viα are all real; Jijkl and tαβ are
fully antisymmetric and ⟨J 2

ijkl⟩ = J 23!/N3, ⟨t2
αβ⟩ = t2/M , and

⟨V 2
iα⟩ = V 2/

√
NM with p = M/N as in the complex fermion

case. The model leads to the same large-N saddle-point
equations as in Eqs. (3) with µ = 0, for the Green’s functions
G(τ ) = −⟨Tτ χi(τ )χi(0)⟩ and G(τ ) = −⟨Tτ ηα(τ )ηα(0)⟩. At
p = 0, this reduces to the version of the SYK model proposed
by Kitaev [1].

The OTO correlations used to diagnose quantum chaos
involve four Majorana operators. For example, the OTO
correlation on two SYK sites is expected to take the form

⟨χi(t)χj (0)χi(t)χj (0)⟩ ≃ f0 − f1

N
eλLt + O

!
1

N2

"
(19)

and is expected to hold up to some intermediate time scale
t ! t∗ ≃ (1/λL) ln(N ), called the scrambling time. This is
the time over which the OTO correlation decays to small
values and information encoded in local observables is lost
to operators encompassing the entire system [9]. Here λL is
the Lyapunov exponent [23], or scrambling rate, which obeys
a universal upper bound λL " 2πT [9].

In our model (18), due to the coupling between the SYK
fermions χi and the peripheral sites ηα , the OTO correlation
(19) cannot be found independently of the correlation func-
tion describing “cross scrambling” of the SYK sites with
the peripheral fermions. Specifically, we compute the fol-
lowing two coupled four-point functions, Fχχχχ = F1 and
Fηηχχ = F2:

F1(t1,t2) = 1
N2

#

ij

Tr[yχi(t1)yχj (0)yχi(t2)yχj (0)], (20a)

F2(t1,t2) = 1
NM

#

iα

Tr[yηα(t1)yχi(0)yηα(t2)yχi(0)]. (20b)

Here we used a modified version of the OTO correlations,
in which the four operators are rotated from each other by
1/4 of the thermal circle, i.e., y4 = e−βH/Z. This modified
OTO correlation was introduced in Ref. [9] for computational
convenience. The operator y helps to regularize the four-point
function in the conformal limit [5,9].
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FIG. 7. Diagrammatic illustration of the self-consistency equa-
tion [Eq. (22)] for 1/N part of the OTO correlation function for
Majorana fermions. Solid lines represent the Green’s function G, and
double lines represent G. The kernel of Eq. (23) is obtained from the
above diagrams for large but intermediate times t1,t2 in the chaos
regime [1].

Both the four-point functions [Eqs. (20)], F = F1,F2, can be
obtained diagrammatically in the form (see Appendix C)

F (t1,t2) ≃ F (0)(t1,t2) + 1
N
F(t1,t2) + O

!
1

N2

"
, (21)

where F (0) corresponds to O(1) disconnected diagrams from
contractions with the dressed propagator obtained from the
saddle-point equations (3). The 1/N piece F comes from
ladder diagrams (see Appendix C). Following Refs. [1,5], we
obtain F via self-consistent equations represented diagram-
matically in Fig. 7,

F1(t1,t2) =
$

dt3dt4[K11(t1,t2,t3,t4)F1(t3,t4)

+K12(t1,t2,t3,t4)F2(t3,t4)], (22a)

F2(t1,t2) =
$

dt3dt4[K21(t1,t2,t3,t4)F1(t3,t4)

+K21(t1,t2,t3,t4)F2(t3,t4)], (22b)

with the kernel

K =
!

K11 K12

K21 K22

"
≃

%
3J 2GR(t13)GR(t24)G2

lr (t34) −V 2√pGR(t13)GR(t24)

− V 2
√

p
GR(t13)GR(t24) −t2GR(t13)GR(t24)

&

. (23)

Here t13 = t1 − t3, for example, and Glr (t) ≡ iG(it + β/2) is
the Wightmann correlator that can be obtained by analytically
continuing G(τ ) via τ → it + β/2 [5].

One can recast Eqs. (22) in the form of an eigenvalue
equation, K|F⟩ = k|F⟩, with eigenvalue k = 1. Anticipating
chaotic dynamics we assume the following ansatz for the
function F :

|F⟩ =
!F1(t1,t2)

F2(t1,t2)

"
= eλL

(t1+t2)
2

!
f1(t12)

f2(t12)

"
. (24)

The Lyapunov exponent λL > 0 can be obtained by computing
the eigenvalue k and setting the condition k(λL) = 1 [5].

Using Eq. (24) in Eqs. (22) with the form of the kernel in
Eq. (23), we obtain the eigenvalue equation in terms of the
Fourier transforms fa(ω) =

' ∞
−∞ dteiωt fa(t) (a = 1,2),

|GR(ω̃)|2
!

3J 2
$ ∞

−∞
dω′glr (ω − ω′)f1(ω′) + V 2√pf2(ω)

"

= kf1(ω), (25a)

|GR(ω̃)|2
!

V 2

√
p

f1(ω) + t2f2(ω)
"

= kf2(ω), (25b)

where glr (ω)=−
' ∞
−∞(dt/2π )G2

lr (t)eiωt and ω̃=ω+iλL/2.
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Saddle-point Green’s function 𝐺(𝜔)
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𝐺34 𝜔 = 𝜔 + 𝜇 − Σ(𝜔)

o Disordered averaged saddle point for 𝑁 → ∞
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FIG. S1. The replicated path integral for OTOC is represnted on a SK contour with four real-time branch separated by
imaginary time �/4.

We note that the q
EA

✏ab term in Qab(!k) [Eq.(S1.15)] does not contribute to the retarded function, which is replica
diagonal. The spectral representation of Qab(⌧) is given by the relation Eqs.(S1.32) and (S1.14), namely

Qab(⌧) = q
reg

(⌧)�ab + q
EA

✏ab = q
EA

✏ab � �ab

Z 1

�1
d!⇢(!)nB(!)e

!(��⌧) (S2.6)

The Wightmann function is defined as QW
ab (t) := Qab(⌧ = it + �/2). Now, using the above Eq.(S2.6), we obtain the

Wightmann function after doing Fourier transformation as follows

QW
ab (!) =


✏ab2⇡�(!)qEA

+ �abq
W
reg

(!)

�
, qW

reg

(!) = � ⇡⇢(!)

sinh(�!/2)
(S2.7)

The replica diagonal component of Wightmann function contains Edward-Anderson parameter q
EA

as well as the reg-
ular component qW

reg

. The replica o↵-diagonal component of QW contains only Edward-Anderson term ✏ab2⇡�(!)qEA

.

The exponential growth ⇠ e�Lt appears in the OTOC Faabb(t1, t2) [Eq.(S2.4)] at O(1/N), namely Faabb(t1, t2) =
O(1)+(1/N)Faabb(t1, t2) with Faabb(t, t) ⇠ e�Lt. The quantity Faabb(t1, t2) can be obtained via the ladder series7,13,44

shown in Fig.2(b) of the main text, i.e. the kernel equation

Faabb(t1, t2) =

Z
dt

3

dt
4

X

c

Kaacc(t1, t2, t3, t4)Fccbb(t3, t4) (S2.8)

In the intermediate but long time scale of chaotic growth regime ��1

L

. t . ��1

L

ln(N), the propagators along
the horizontal lines from t

1

to t
3

and from t
2

to t
4

in Fig.2(b) (main text) can be approximated by the retarded
propagator7. In this case, since the retarded propagator is replica diagonal both in the PM and SG phases, the above
equation reduces to

Fa(t1, t2) =

Z
dt

3

dt
4

Ka(t1, t2, t3, t4)Fa(t3, t4) (S2.9)

with Fa = Faaaa. Here the kernel for p = 3 isKa(t1, t2, t3, t4) = 3J2QR
aa(t13)Q

R
aa(t24)Q

W
a (t

34

), where tij = ti�tj , i, j =
1, 2, 3, 4 and QR(tij) is retarded propagator and QW (t

34

) is Wightmann function in real time. In the chaos regime
using exponential growth ansatz, Fa(t1, t2) = fa(t1, t2)e�L(t1+t2)/2, and doing Fourier transformation of Eq.(S2.9), we
obtain

fa(!) =

Z
d!0

2⇡
Ka(!,!

0)fa(!
0) (S2.10)



o How the classical limit is 
approached?

o Is the limit always analytic? 
o Could there be non-monotonic
evolution as a function of ℏ?

Quantum to classical crossover in chaos in a quantum 
spin glass

Need a model where “ℏ” can be varied from
quantum to classical limit.
* SYK model won’t work! Fermionic model, no classical limit

𝜆+����� =
2𝜋𝑘W𝑇
ℏ

𝜆+

“ℏ”

??What happens to the chaos bound 
as the classical limit ℏ → 0 is approached?
Classically there is no bound!

o Originally chaos is a classical concept

𝜀



Solvable model of quantum spin glass

Quantum spherical 𝑝-spin glass model

𝐻 =w
x

𝜋x@

2𝑀 + w
x��⋯�x 

𝐽x�…) 𝑆x� … 𝑆x 

Spherical constraint  ∑x 𝑆x@ = 𝑁

Quantum dynamics
𝑆x, 𝜋y = 𝑖ℏ𝛿xy

Cugliandolo et al, Phys. Rev. B (2001)

𝑖 = 1, … , 𝑁 o ℏ can be continuously varied in this 
model

o Chaos across quantum and 
classical spin glass (SG) transition.

2

trivial. Similar SG phase is also realized in a version of
SYK model represented in terms of SO(N) spins. In this
model, the Lyapunov exponent has been computed via
numerical simulation in the classical large spin limit37.

Model.— We study the quantum spherical p-spin glass
model18–21, described by the Hamiltonian,

H =
X

i

⇡2

i

2M
+

X

p,i1<...<ip

J (p)
i1...ip

si1 ...sip , (1)

which contains random all-to-all interactions among p =
2, 3, . . . spins on i = 1, . . . , N sites with the couplings

J (p)
i1...ip

s drawn from Gaussian distribution with variance

J2

pp!/2N
p�1. The quantum dynamics in the model re-

sults from the commutation relation [si,⇡j ] = i~�ij . The
model is made non-trivial by imposing the spherical con-
straint

P
i s

2

i = N . The Hamiltonian describes a particle
moving on the surface of an N -dimensional hypersphere
where M is the mass of the particle. The model, exactly
solvable in large-N limit, describes a mean field spin glass
and shares many common features with other models of
quantum spin glass38–41. We mainly study chaos in the
model with p = 3 (J

3

= J). For p = 2, the model is ef-
fectively non-interacting36 and non-chaotic, i.e. �

L

= 0.
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FIG. 1. The dependence of Lyapunov exponent �L (in units
of J) on T and ~ in the thermodynamic phase diagram is
shown through colormap. The paramagnet (PM) to spin
glass (SG) thermodynamic phase transition Tc(~) line (thin
red solid line) is second order up to a tri-critical point (black
star) and then first order (thin dashed red line). The mSG to
PM transition is demarcated by the dynamical transition line
Td(~) > Tc(~) (thick solid red line). The locus of the broad
maximum of �L(T, ~) is shown as Tm(~) line (solid black line)
and compared with the onset temperature T�(~) of the two-
step glassy relaxation regime (blue line).

Large-N saddle points and phase diagram.— The
equilibrium and dynamical phase-diagrams of the
model [Eq.(1)] have been analyzed in detail in ear-
lier works18–21,42. In the N ! 1 limit, the equilib-
rium phases are characterized in terms of disorder av-
eraged time-ordered (T⌧ ) correlation function, Qab(⌧) =
(1/N)

P
ihT⌧sia(⌧)sib(0)i, obtained from the following

saddle point equations of the imaginary time (⌧) path
integral [see Supplementary Material (SM), Sec. S1],

Q�1

ab (!k) =

✓
!2

k

�
+ z

◆
�ab � ⌃ab(!k) (2a)

⌃ab(⌧) =
X

p

pJ̃2

p

2
[Qab(⌧)]

p�1. (2b)

The replicas a = 1, .., n are introduced to perform the
disorder averaging and !k = 2k⇡T is bosonic Matsub-
ara frequency with k an integer (k

B

= 1); J̃p = Jp/J ,
and temperature, time and frequency are in units of J ,

~/J and J/~, respectively. Qab(!k) =
R �

0

d⌧ei!k⌧Qab(⌧)
(� = 1/T ) is matrix in replica space and the spheri-
cal constraint, (1/N)

P
i s

2

ia = Qaa(⌧ = 0) = 1, is im-
posed via the Lagrange multiplier z. The quantum fluc-
tuations is tuned through the dimensionless parameter
� = ~2/MJ by changing ~ with fixed M43.
As in the earlier work20,21, we obtain the phase di-

agram [Fig.1] by numerically solving the saddle-point
equations [Eqs.(2)] self-consistently [see SM, Sec.S1 1,
S1 3]. The replica structure of the order parameter
Qab(⌧) in the n ! 0 limit characterizes PM and SG
phases, namely — (a) in the PM phase [Fig.1], Qab(⌧) =
Q(⌧)�ab is replica symmetric and diagonal, and (b) for
the SG phase, the order parameter has an exact one-
step replica symmetry breaking (1-RSB) structure where
n replicas are broken down into diagonal blocks with m
replicas and Qab(⌧) = (qd(⌧)� q

EA

)�ab + q
EA

✏ab; ✏ab = 1
if a, b are in diagonal block else ✏ab = 0. The Edward-
Anderson (EA) order parameter q

EA

is finite in the SG
phase and vanishes in the PM phase.
As shown in Fig.1, the PM to SG phase transition

Tc(~) is second order up to a tricritical point and then
first order till the PM to SG quantum phase transition at
T = 020,21. There are, in fact, two PM phases, a classical
PM (cPM), adibatically connected to PM at ~ = 0, and
a quantum PM (qPM) phase for T . T ⇤ and above the
first-order line. We mainly compute �

L

in the cPM re-
gion since the qPM is strongly gapped21, and hence very
weakly chaotic. For studying chaos in the SG phase, we
only consider the so-called marginal spin glass phase21,
where the block size or the break point m is obtained
by the marginal stability criterion21 [see SM, Sec.S1 2].
The mSG phase is demarcated by the dynamical phase
transition line Td(~) > Tc(~) [Fig.1]. The mSG and Td

are naturally realized as ergodicity broken aging regime
and its onset temperature while cooling the system from
the PM phase in the presence of a bath21.
For computing the Lyapunov exponent �

L

, as dis-
cussed below, we also need dynamical correlation and
response functions in real time (t) and/or real frequency
(!). These are obtained using the spectral function
⇢(!) = �ImQR

aa(!)/⇡, where the retarded propagator,
QR

ab(!) = Qab(i!k ! ! + i0+) = QR(!)�ab, is obtained
by solving the saddle-point equations [Eqs.(2)] after an-
alytical continuation [SM, Sec.S1 1] to ! + i0+.

Classical
paramagnet

Replica
symmetry 
broken
spin glass 
(SG)

Interplay of quantum fluctuations,
glassy dynamics, replica symmetry 
breaking and chaos?

ℏ → 0 limit, dynamics of classical supercooled liquids



Digression:  Glassy dynamics and dynamical transition 
to non-ergodic phase

Supercooled liquids in structural glasses 

Angell et al., Nuovo Cimento D (1994). 

insight review articles
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response to an imposed deformation) can often be described by the
stretched exponential, or Kohlrausch–Williams–Watts (KWW)
function26,27

F(t)!exp["(t/#)$]   ($ < 1) (2)

where F(t)![%(t)"%(&)]/[%(0)"%(&)] and % is the measured
quantity (for example, the instantaneous stress following a step
change in deformation). # in equation (2) is a characteristic relax-
ation time, whose temperature dependence is often non-Arrhenius
(exhibiting fragile behaviour). The slowing down of long-time 
relaxation embodied in equation (2) contrasts with the behaviour of
liquids above the melting point, which is characterized by simple
exponential relaxation. Experimental and computational evidence
indicates that this slow-down is related to the growth of distinct
relaxing domains28–39 (spatial heterogeneity). Whether each of these
spatially heterogeneous domains relaxes exponentially or not is a
matter of considerable current interest38,39.

Decouplings
In supercooled liquids below approximately 1.2Tg there occurs a
decoupling between translational diffusion and viscosity, and
between rotational and translational diffusion30,39,40. At higher 
temperatures, both the translational and the rotational diffusion
coefficients are inversely proportional to the viscosity, in agreement
with the Stokes–Einstein and Debye equations, respectively. Below
approximately 1.2Tg, the inverse relationship between translational
motion and viscosity breaks down, whereas that between rotational
motion and viscosity does not. Near Tg, it is found that molecules
translate faster than expected based on their viscosity, by as much as
two orders of magnitude. This therefore means that, as the 
temperature is lowered, molecules on average translate progressively
more for every rotation they execute. Yet another decoupling occurs
in the moderately supercooled range. At sufficiently high 
temperature the liquid shows a single peak relaxation frequency 
(Fig. 3), indicative of one relaxation mechanism. In the moderately
supercooled regime, however, the peak splits into slow (') and fast
($) relaxations41–43. The former exhibit non-Arrhenius behaviour
and disappear at Tg; the latter continue below Tg and display 
Arrhenius behaviour44.

Thermodynamics
The entropy of a liquid at its melting temperature is higher than that
of the corresponding crystal. Because the heat capacity of a liquid is
higher than that of the crystal, this entropy difference decreases upon
supercooling (Box 1). Figure 4 shows the temperature dependence of
the entropy difference between several supercooled liquids and their
stable crystals45. For lactic acid this entropic surplus is consumed so

fast that a modest extrapolation of experimental data predicts its
impending vanishing. In practice, the glass transition intervenes, and
(S does not vanish. If the glass transition did not intervene, the liquid
entropy would equal the crystal’s entropy at a nonzero temperature
TK (the Kauzmann temperature.) Because the entropy of the crystal
approaches zero as T tends to zero, the entropy of the liquid would
eventually become negative upon cooling if this trend were to contin-
ue. Because entropy is an inherently non-negative quantity (Box 1),
the state of affairs to which liquids such as lactic acid are tending when
the glass transition intervenes is an entropy crisis46–48. The extrapola-
tion needed to provoke conflict with the third law is quite modest for
many fragile liquids49, and the imminent crisis is thwarted by a 
kinetic phenomenon, the glass transition. This suggests a connection
between the kinetics and the thermodynamics of glasses47. The 
thermodynamic viewpoint that emerges from this analysis50

considers the laboratory glass transition as a kinetically controlled
manifestation of an underlying thermodynamic transition to an
ideal glass with a unique configuration.

A formula of Adam and Gibbs51 provides a suggestive connection
between kinetics and thermodynamics:

t!Aexp(B/T sc) (3)

In this equation, t is a relaxation time (or, equivalently, the viscosity)
and A and B are constants. sc, the configurational entropy, is related to
the number of minima of the system’s multidimensional potential
energy surface (Box 2). According to the Adam–Gibbs picture, the
origin of viscous slow-down close to Tg is the decrease in the number
of configurations that the system is able to sample. At the Kauzmann
temperature the liquid would have attained a unique, non-crystalline
state of lowest energy, the ideal glass. Because there is no configura-
tional entropy associated with confinement in such a state, the
Adam–Gibbs theory predicts structural arrest to occur at TK. In their
derivation of equation (3), Adam and Gibbs invoked the concept of a
cooperatively rearranging region (CRR)51. A weakness of their 
treatment is the fact that it provides no information on the size of
such regions. The fact that the CRRs are indistinguishable from each
other is also problematic, in light of the heterogeneity that is believed
to underlie stretched exponential behaviour8. 

Figure 1 Temperature
dependence of a
liquid’s volume v or
enthalpy h at constant
pressure. Tm is the
melting temperature. 
A slow cooling rate
produces a glass
transition at Tga; a 
faster cooling rate 
leads to a glass
transition at Tgb. 
The thermal 
expansion coefficient
'p!()lnv/)T )p and 
the isobaric heat capacity cp!()h/)T )p change abruptly but continuously at Tg.
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Figure 2 Tg-scaled Arrhenius representation of liquid viscosities showing Angell’s
strong–fragile pattern. Strong liquids exhibit approximate linearity (Arrhenius
behaviour), indicative of a temperature-independent activation energy
E!dln*/d(1/T ) ! const. Fragile liquids exhibit super-Arrhenius behaviour, their
effective activation energy increasing as temperature decreases. (Adapted from 
refs 9 and 11.)
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response to an imposed deformation) can often be described by the
stretched exponential, or Kohlrausch–Williams–Watts (KWW)
function26,27

F(t)!exp["(t/#)$]   ($ < 1) (2)

where F(t)![%(t)"%(&)]/[%(0)"%(&)] and % is the measured
quantity (for example, the instantaneous stress following a step
change in deformation). # in equation (2) is a characteristic relax-
ation time, whose temperature dependence is often non-Arrhenius
(exhibiting fragile behaviour). The slowing down of long-time 
relaxation embodied in equation (2) contrasts with the behaviour of
liquids above the melting point, which is characterized by simple
exponential relaxation. Experimental and computational evidence
indicates that this slow-down is related to the growth of distinct
relaxing domains28–39 (spatial heterogeneity). Whether each of these
spatially heterogeneous domains relaxes exponentially or not is a
matter of considerable current interest38,39.

Decouplings
In supercooled liquids below approximately 1.2Tg there occurs a
decoupling between translational diffusion and viscosity, and
between rotational and translational diffusion30,39,40. At higher 
temperatures, both the translational and the rotational diffusion
coefficients are inversely proportional to the viscosity, in agreement
with the Stokes–Einstein and Debye equations, respectively. Below
approximately 1.2Tg, the inverse relationship between translational
motion and viscosity breaks down, whereas that between rotational
motion and viscosity does not. Near Tg, it is found that molecules
translate faster than expected based on their viscosity, by as much as
two orders of magnitude. This therefore means that, as the 
temperature is lowered, molecules on average translate progressively
more for every rotation they execute. Yet another decoupling occurs
in the moderately supercooled range. At sufficiently high 
temperature the liquid shows a single peak relaxation frequency 
(Fig. 3), indicative of one relaxation mechanism. In the moderately
supercooled regime, however, the peak splits into slow (') and fast
($) relaxations41–43. The former exhibit non-Arrhenius behaviour
and disappear at Tg; the latter continue below Tg and display 
Arrhenius behaviour44.

Thermodynamics
The entropy of a liquid at its melting temperature is higher than that
of the corresponding crystal. Because the heat capacity of a liquid is
higher than that of the crystal, this entropy difference decreases upon
supercooling (Box 1). Figure 4 shows the temperature dependence of
the entropy difference between several supercooled liquids and their
stable crystals45. For lactic acid this entropic surplus is consumed so

fast that a modest extrapolation of experimental data predicts its
impending vanishing. In practice, the glass transition intervenes, and
(S does not vanish. If the glass transition did not intervene, the liquid
entropy would equal the crystal’s entropy at a nonzero temperature
TK (the Kauzmann temperature.) Because the entropy of the crystal
approaches zero as T tends to zero, the entropy of the liquid would
eventually become negative upon cooling if this trend were to contin-
ue. Because entropy is an inherently non-negative quantity (Box 1),
the state of affairs to which liquids such as lactic acid are tending when
the glass transition intervenes is an entropy crisis46–48. The extrapola-
tion needed to provoke conflict with the third law is quite modest for
many fragile liquids49, and the imminent crisis is thwarted by a 
kinetic phenomenon, the glass transition. This suggests a connection
between the kinetics and the thermodynamics of glasses47. The 
thermodynamic viewpoint that emerges from this analysis50

considers the laboratory glass transition as a kinetically controlled
manifestation of an underlying thermodynamic transition to an
ideal glass with a unique configuration.

A formula of Adam and Gibbs51 provides a suggestive connection
between kinetics and thermodynamics:

t!Aexp(B/T sc) (3)

In this equation, t is a relaxation time (or, equivalently, the viscosity)
and A and B are constants. sc, the configurational entropy, is related to
the number of minima of the system’s multidimensional potential
energy surface (Box 2). According to the Adam–Gibbs picture, the
origin of viscous slow-down close to Tg is the decrease in the number
of configurations that the system is able to sample. At the Kauzmann
temperature the liquid would have attained a unique, non-crystalline
state of lowest energy, the ideal glass. Because there is no configura-
tional entropy associated with confinement in such a state, the
Adam–Gibbs theory predicts structural arrest to occur at TK. In their
derivation of equation (3), Adam and Gibbs invoked the concept of a
cooperatively rearranging region (CRR)51. A weakness of their 
treatment is the fact that it provides no information on the size of
such regions. The fact that the CRRs are indistinguishable from each
other is also problematic, in light of the heterogeneity that is believed
to underlie stretched exponential behaviour8. 

Figure 1 Temperature
dependence of a
liquid’s volume v or
enthalpy h at constant
pressure. Tm is the
melting temperature. 
A slow cooling rate
produces a glass
transition at Tga; a 
faster cooling rate 
leads to a glass
transition at Tgb. 
The thermal 
expansion coefficient
'p!()lnv/)T )p and 
the isobaric heat capacity cp!()h/)T )p change abruptly but continuously at Tg.
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Figure 2 Tg-scaled Arrhenius representation of liquid viscosities showing Angell’s
strong–fragile pattern. Strong liquids exhibit approximate linearity (Arrhenius
behaviour), indicative of a temperature-independent activation energy
E!dln*/d(1/T ) ! const. Fragile liquids exhibit super-Arrhenius behaviour, their
effective activation energy increasing as temperature decreases. (Adapted from 
refs 9 and 11.)
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that is usually called “Vogel-temperature”, is significantly stronger than a simple Arrhenius law.
(Note that the latter corresponds to the special case T0 = 0.) Although this type of fit gives a
good representation of the data, there is no theoretical foundation for this Ansatz. Nevertheless it
is very useful since it allows for a simple parametrization of the data with a quite good accuracy.
(We point out, however, that there is experimental evidence that the Vogel-Fulcher-law does not hold
exactly [31].)

For intermediate values of η, i.e. 10−1P ≤ η ≤ 102P, one often finds that the data is also very well
compatible with a power-law of the form:

η(T ) = η0(T − Tc)
−γ . (2.2)

This T−dependence is one of the major predictions of the so-called mode-coupling theory of the glass
transition (MCT) [13, 15] and in Sec. 3 we will discuss this theory in more detail. The value of the
“critical temperature” Tc is often found to be around 20-30% above Tg. Since Eq. (2.2) predicts
a divergence of the viscosity at Tc ≥ Tg it is clear that this functional form cannot be correct for
temperatures close to Tg. Below we will show however, that for temperatures that are around Tc, the
theory is able to rationalize many dynamical properties of supercooled liquids.

If the Vogel-Fulcher-law given by Eq. (2.1) would indeed hold down to the Vogel temperature T0

one would have a true divergence of the viscosity at a finite temperature. Whether or not such a
divergence really exists is one further fundamental questions in the field of glass-forming liquids. If
the answer is positive it means that below T0 the system is in an ideal glass state, i.e. it is in the
global minimum of the free energy, if one considers only amorphous states and neglects the crystal.
Note that unfortunately no experiment will be able to give an answer to this question since in practice
it is not possible to equilibrate a real system at a temperature close to T0 as can be seen as follows:
Every experiment last only a finite time texp and hence it will not be possible to study the equilibrium
properties of the system below a temperature T exp

g where T exp
g is given implicitly by the relation

τ(T exp
g ) = texp. Since τ(T ) will show at T0 the same divergence as η(T ) we have T exp

g > T0. Thus
the above posed question can be answered only analytically or (at least in principle) by computer
simulations (see Sec. 4).

φ

log(t)

β−relaxation

α−relaxation

boson peak

regime

high T

low T

microscopic

ballistic regime

Fig. 3. Time dependence of a typical correlation function Φ(t). The two curves correspond to a temperature

that is relatively high, and a temperature in which the relaxation dynamics of the system is already very
glassy.

So far we have discussed the temperature dependence of macroscopic quantities, like the viscosity.
However, many experiments, such as dynamic light scattering, inelastic neutron scattering, dielectric
measurements, etc.) give also direct access to the time dependence of microscopic correlation functions,
such as the density-density correlator. Since very often the mentioned macroscopic quantities can
be expressed as the time integral over such correlation functions, the latter certainly contain more

Kob, Les Houche (2002). 
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to non-ergodic phase
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Spin-glass order parameter
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Replica index
𝑎 = 1,… , 𝑛 (n→ 0 limit)

Schwinger-Dyson equation
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o Spin glass state, one-step replica symmetry breaking (1RSB)
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𝑄 𝜔z =

𝑞� 𝜔z ·𝑞O´ 0 0
·𝑞O´ 𝑞� 𝜔z 0 0
0 0 𝑞� 𝜔z ·𝑞O´
0 0 ·𝑞O´ 𝑞� 𝜔z
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having 𝑚 replicas

Example: n = 4,𝑚 = 2

·𝑞O´ = 𝛽𝑞O´𝛿¹�,Y Eventually take 𝑛 → 0 limit

o Thermodynamic spin glass, extremize Free energy  ⇒ º»
º¼ = 0 ⇒ 𝑚

o Marginal spin glass, set the replicon or transverse eigenvalue of the 
Gaussian fluctuation matrix around 1RSB saddle point to zero

⇒ 𝑚 (break point)

Cugliandolo et al, Phys. Rev. B 
(2001)

Edwards-Anderson order parameter 𝑞O´



OTOC in the paramagnetic and marginal Spin glass phase
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FIG. S1. The replicated path integral for OTOC is represnted on a SK contour with four real-time branch separated by
imaginary time �/4.

We note that the q
EA

✏ab term in Qab(!k) [Eq.(S1.15)] does not contribute to the retarded function, which is replica
diagonal. The spectral representation of Qab(⌧) is given by the relation Eqs.(S1.32) and (S1.14), namely

Qab(⌧) = q
reg

(⌧)�ab + q
EA

✏ab = q
EA

✏ab � �ab

Z 1

�1
d!⇢(!)nB(!)e

!(��⌧) (S2.6)

The Wightmann function is defined as QW
ab (t) := Qab(⌧ = it + �/2). Now, using the above Eq.(S2.6), we obtain the

Wightmann function after doing Fourier transformation as follows

QW
ab (!) =


✏ab2⇡�(!)qEA

+ �abq
W
reg

(!)

�
, qW

reg

(!) = � ⇡⇢(!)

sinh(�!/2)
(S2.7)

The replica diagonal component of Wightmann function contains Edward-Anderson parameter q
EA

as well as the reg-
ular component qW

reg

. The replica o↵-diagonal component of QW contains only Edward-Anderson term ✏ab2⇡�(!)qEA

.

The exponential growth ⇠ e�Lt appears in the OTOC Faabb(t1, t2) [Eq.(S2.4)] at O(1/N), namely Faabb(t1, t2) =
O(1)+(1/N)Faabb(t1, t2) with Faabb(t, t) ⇠ e�Lt. The quantity Faabb(t1, t2) can be obtained via the ladder series7,13,44

shown in Fig.2(b) of the main text, i.e. the kernel equation

Faabb(t1, t2) =

Z
dt

3

dt
4

X

c

Kaacc(t1, t2, t3, t4)Fccbb(t3, t4) (S2.8)

In the intermediate but long time scale of chaotic growth regime ��1

L

. t . ��1

L

ln(N), the propagators along
the horizontal lines from t

1

to t
3

and from t
2

to t
4

in Fig.2(b) (main text) can be approximated by the retarded
propagator7. In this case, since the retarded propagator is replica diagonal both in the PM and SG phases, the above
equation reduces to

Fa(t1, t2) =

Z
dt

3

dt
4

Ka(t1, t2, t3, t4)Fa(t3, t4) (S2.9)

with Fa = Faaaa. Here the kernel for p = 3 isKa(t1, t2, t3, t4) = 3J2QR
aa(t13)Q

R
aa(t24)Q

W
a (t

34

), where tij = ti�tj , i, j =
1, 2, 3, 4 and QR(tij) is retarded propagator and QW (t

34

) is Wightmann function in real time. In the chaos regime
using exponential growth ansatz, Fa(t1, t2) = fa(t1, t2)e�L(t1+t2)/2, and doing Fourier transformation of Eq.(S2.9), we
obtain

fa(!) =

Z
d!0

2⇡
Ka(!,!

0)fa(!
0) (S2.10)
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For dynamical correlations in spin glass phase, need replicas even in Keldysh
⇒ 𝒵Æ Houghton, Jain, Young (1983)

Cugliandolo et al. (2019)



How does replica symmetry breaking enter in chaos?
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FIG. 2. (a) The four real-time branches (separated by imag-
inary time �/4) of the Schwinger-Keldysh contour used for
computing the OTOC is shown. (b) The ladder diagram for
the self-consistency equation (3) for O(1/N) term (Fa) in the
OTOC Fa(t1, t2) is shown for p = 3. The solid horizontal lines
denote dressed retarded propagator QR

aa(t1, t3), QR
aa(t2, t4)

and vertical solid line (vertical rung) denotes Wightmann
function QW

aa(t3, t4). The dotted line represents disorder av-
eraging.

OTOC and Lyapunov exponent.— We characterize
the chaos using the OTOC F (t) ⇠ hsi(t)sj(0)si(t)sj(0)i.
As in the SYK model7,13, OTOC can be computed
via real-time path integral method using a Schwinger-
Keldysh (SK) contour with four branches, as shown
in Fig.27,13,44. However, in contrast to the SYK
model, where the large-N saddle point is always
replica symmetric13, here we need to incorporate the
non-trivial 1-RSB structure in the OTOC. We achieve
this by using a replicated SK path integral45,46 as
discussed in the SM, Sec.S2. We define the following
regularized disorder-averaged OTOC2,13,47, Fa(t1, t2) =
(1/N2)

P
ij Tr [ysia(t1)ysja(0)ysia(t2)ysja(0)], where

y4 = exp (��H)/Tr[exp (��H)]. The Lyapunov
exponent �

L

is extracted from the chaotic growth,
Fa(t1 = t, t

2

= t) ⇠ e�Lt, that appears at O(1/N) in
F (t

1

, t
2

) [SM, Sec.S2 1]. Over the intermediate-time
chaos regime, ��1

L

. t . ��1

L

ln(N), Fa(t1, t2) can be
obtained from a Bethe-Salpeter like equation7,13,44,

Fa(t1, t2) =

Z
dt

3

dt
4

Ka(t1, t2, t3, t4)Fa(t3, t4). (3)

The ladder Kernel K, e.g., for p = 3, Ka(t1, t2, t3, t4) =
3J2QR

aa(t13)Q
R
aa(t24)Q

W
aa(t34) (t

13

= t
1

� t
3

) (see SM,
Sec.S2 1), is obtained using the retarded, QR

aa(t), and
the Wightmann, QW

ab (t) = Qab(⌧ ! it + �/2),
correlators47. For the chaotic growth regime, using the
ansatz Fa(t1, t2) = e�L(t1+t2)/2fa(t1� t

2

)7,13,44, �
L

is ob-
tained by numerically diagonalizing the Kernel K [SM,
Sec.S2 2].

The information about the PM and SG phases are en-
coded in the ladder Kernel and a crucial di↵erence is
in the Wightmann correlator, namely for the SG phase,
QW

ab (!) = [✏ab2⇡�(!)qEA

� �ab(⇡⇢(!)/ sinh(�!/2))],
whereas the first term is absent for QW in the PM phase.
Thus, the EA order parameter appears in the Kernel of
the SG phase.

Chaos in the PM phase.— We first discuss the depen-
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FIG. 3. (a) Lyapunov exponent �L (in units of J) is shown
as a function of quantum fluctuation ~ for several values of
temperature T in the cPM phase. �L approaches a constant
value in the classical limit ~ ! 0. �L is a non-monotonic
function of ~ when T is close to Td(0) ' 0.62. Non-monotonic
temperature dependence of �L on T for ~ =

p
0.001, 1.0 is

shown in the inset. (b) �L as a function of ~ for several values
of T in the mSG phase is shown. In contrast to the cPM
phase shown in (a), �L in the mSG increases monotonically
with ~ except at very low T . (c) Power-law fittings of �L as
a function of T at low temperature in the mSG phase, i.e.
�L / T↵, is shown in the log-log scale for ~ = 0.03, 1.41. (d)
The exponent ↵ varies from 1-2 as ~ varies from the classical
limit ~ ! 0 to quantum limit ~ & 1.

dence of �
L

on T and ~ in the cPM phase, as shown
through the colormap in Fig.1 for p = 3. Overall, �

L

be-
comes small when temperature or quantum fluctuations
are large. �

L

exhibits a broad maximum at Tm(~), sub-
stantially above Td, albeit tracking Td(~) line and merg-
ing with it at the tricritical point. To understand the
feature better, �

L

is plotted in Fig.3(a) as function of
~ for several temperatures. For high and intermediate
temperatures (T & J), �

L

is a monotonically decreasing
function of ~, approaching a constant value in the clas-
sical limit ~ ! 0. �

L

decreases rapidly for ~ & 1 since
the system acquires a large spectral gap ⇠ � for strong
quantum fluctuations � � T, J21 [SM, Sec.S4 2], mak-
ing the interaction e↵ects, and thus the chaos, very weak
(�

L

⇠ e��/T ).

Remarkably, when temperature is close to Td(0), �L

is a non-monotonic function of ~. This implies that the
approach to classical limit, even without encountering a
phase transition, could be non-trivial for chaotic proper-
ties. As discussed later, this phenomenon arises from the
proximity to the dynamical transition. A non-monotonic
dependence is also seen as a function of temperature,
as shown in Fig.3(a) (inset) for ~ =

p
0.001, 1.0. Start-

Wightmann correlation
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𝑞O´ = 0 for paramagnetic phase,  𝑞O´ ≠ 0 for spin glass
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FIG. 2. (a) The four real-time branches (separated by imag-
inary time �/4) of the Schwinger-Keldysh contour used for
computing the OTOC is shown. (b) The ladder diagram for
the self-consistency equation (3) for O(1/N) term (Fa) in the
OTOC Fa(t1, t2) is shown for p = 3. The solid horizontal lines
denote dressed retarded propagator QR

aa(t1, t3), QR
aa(t2, t4)

and vertical solid line (vertical rung) denotes Wightmann
function QW

aa(t3, t4). The dotted line represents disorder av-
eraging.

OTOC and Lyapunov exponent.— We characterize
the chaos using the OTOC F (t) ⇠ hsi(t)sj(0)si(t)sj(0)i.
As in the SYK model7,13, OTOC can be computed
via real-time path integral method using a Schwinger-
Keldysh (SK) contour with four branches, as shown
in Fig.27,13,44. However, in contrast to the SYK
model, where the large-N saddle point is always
replica symmetric13, here we need to incorporate the
non-trivial 1-RSB structure in the OTOC. We achieve
this by using a replicated SK path integral45,46 as
discussed in the SM, Sec.S2. We define the following
regularized disorder-averaged OTOC2,13,47, Fa(t1, t2) =
(1/N2)

P
ij Tr [ysia(t1)ysja(0)ysia(t2)ysja(0)], where

y4 = exp (��H)/Tr[exp (��H)]. The Lyapunov
exponent �
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is extracted from the chaotic growth,
Fa(t1 = t, t
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) [SM, Sec.S2 1]. Over the intermediate-time
chaos regime, ��1
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ln(N), Fa(t1, t2) can be
obtained from a Bethe-Salpeter like equation7,13,44,

Fa(t1, t2) =

Z
dt
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dt
4

Ka(t1, t2, t3, t4)Fa(t3, t4). (3)

The ladder Kernel K, e.g., for p = 3, Ka(t1, t2, t3, t4) =
3J2QR

aa(t13)Q
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) (see SM,
Sec.S2 1), is obtained using the retarded, QR

aa(t), and
the Wightmann, QW

ab (t) = Qab(⌧ ! it + �/2),
correlators47. For the chaotic growth regime, using the
ansatz Fa(t1, t2) = e�L(t1+t2)/2fa(t1� t

2

)7,13,44, �
L

is ob-
tained by numerically diagonalizing the Kernel K [SM,
Sec.S2 2].

The information about the PM and SG phases are en-
coded in the ladder Kernel and a crucial di↵erence is
in the Wightmann correlator, namely for the SG phase,
QW

ab (!) = [✏ab2⇡�(!)qEA

� �ab(⇡⇢(!)/ sinh(�!/2))],
whereas the first term is absent for QW in the PM phase.
Thus, the EA order parameter appears in the Kernel of
the SG phase.

Chaos in the PM phase.— We first discuss the depen-
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FIG. 3. (a) Lyapunov exponent �L (in units of J) is shown
as a function of quantum fluctuation ~ for several values of
temperature T in the cPM phase. �L approaches a constant
value in the classical limit ~ ! 0. �L is a non-monotonic
function of ~ when T is close to Td(0) ' 0.62. Non-monotonic
temperature dependence of �L on T for ~ =

p
0.001, 1.0 is

shown in the inset. (b) �L as a function of ~ for several values
of T in the mSG phase is shown. In contrast to the cPM
phase shown in (a), �L in the mSG increases monotonically
with ~ except at very low T . (c) Power-law fittings of �L as
a function of T at low temperature in the mSG phase, i.e.
�L / T↵, is shown in the log-log scale for ~ = 0.03, 1.41. (d)
The exponent ↵ varies from 1-2 as ~ varies from the classical
limit ~ ! 0 to quantum limit ~ & 1.

dence of �
L

on T and ~ in the cPM phase, as shown
through the colormap in Fig.1 for p = 3. Overall, �

L

be-
comes small when temperature or quantum fluctuations
are large. �

L

exhibits a broad maximum at Tm(~), sub-
stantially above Td, albeit tracking Td(~) line and merg-
ing with it at the tricritical point. To understand the
feature better, �

L

is plotted in Fig.3(a) as function of
~ for several temperatures. For high and intermediate
temperatures (T & J), �

L

is a monotonically decreasing
function of ~, approaching a constant value in the clas-
sical limit ~ ! 0. �

L

decreases rapidly for ~ & 1 since
the system acquires a large spectral gap ⇠ � for strong
quantum fluctuations � � T, J21 [SM, Sec.S4 2], mak-
ing the interaction e↵ects, and thus the chaos, very weak
(�

L

⇠ e��/T ).

Remarkably, when temperature is close to Td(0), �L

is a non-monotonic function of ~. This implies that the
approach to classical limit, even without encountering a
phase transition, could be non-trivial for chaotic proper-
ties. As discussed later, this phenomenon arises from the
proximity to the dynamical transition. A non-monotonic
dependence is also seen as a function of temperature,
as shown in Fig.3(a) (inset) for ~ =

p
0.001, 1.0. Start-

2

trivial. Similar SG phase is also realized in a version of
SYK model represented in terms of SO(N) spins. In this
model, the Lyapunov exponent has been computed via
numerical simulation in the classical large spin limit37.

Model.— We study the quantum spherical p-spin glass
model18–21, described by the Hamiltonian,

H =
X

i

⇡2

i

2M
+

X

p,i1<...<ip

J (p)
i1...ip

si1 ...sip , (1)

which contains random all-to-all interactions among p =
2, 3, . . . spins on i = 1, . . . , N sites with the couplings

J (p)
i1...ip

s drawn from Gaussian distribution with variance

J2

pp!/2N
p�1. The quantum dynamics in the model re-

sults from the commutation relation [si,⇡j ] = i~�ij . The
model is made non-trivial by imposing the spherical con-
straint

P
i s

2

i = N . The Hamiltonian describes a particle
moving on the surface of an N -dimensional hypersphere
where M is the mass of the particle. The model, exactly
solvable in large-N limit, describes a mean field spin glass
and shares many common features with other models of
quantum spin glass38–41. We mainly study chaos in the
model with p = 3 (J

3

= J). For p = 2, the model is ef-
fectively non-interacting36 and non-chaotic, i.e. �

L

= 0.
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FIG. 1. The dependence of Lyapunov exponent �L (in units
of J) on T and ~ in the thermodynamic phase diagram is
shown through colormap. The paramagnet (PM) to spin
glass (SG) thermodynamic phase transition Tc(~) line (thin
red solid line) is second order up to a tri-critical point (black
star) and then first order (thin dashed red line). The mSG to
PM transition is demarcated by the dynamical transition line
Td(~) > Tc(~) (thick solid red line). The locus of the broad
maximum of �L(T, ~) is shown as Tm(~) line (solid black line)
and compared with the onset temperature T�(~) of the two-
step glassy relaxation regime (blue line).

Large-N saddle points and phase diagram.— The
equilibrium and dynamical phase-diagrams of the
model [Eq.(1)] have been analyzed in detail in ear-
lier works18–21,42. In the N ! 1 limit, the equilib-
rium phases are characterized in terms of disorder av-
eraged time-ordered (T⌧ ) correlation function, Qab(⌧) =
(1/N)

P
ihT⌧sia(⌧)sib(0)i, obtained from the following

saddle point equations of the imaginary time (⌧) path
integral [see Supplementary Material (SM), Sec. S1],

Q�1

ab (!k) =

✓
!2

k

�
+ z

◆
�ab � ⌃ab(!k) (2a)

⌃ab(⌧) =
X

p

pJ̃2

p

2
[Qab(⌧)]

p�1. (2b)

The replicas a = 1, .., n are introduced to perform the
disorder averaging and !k = 2k⇡T is bosonic Matsub-
ara frequency with k an integer (k

B

= 1); J̃p = Jp/J ,
and temperature, time and frequency are in units of J ,

~/J and J/~, respectively. Qab(!k) =
R �

0

d⌧ei!k⌧Qab(⌧)
(� = 1/T ) is matrix in replica space and the spheri-
cal constraint, (1/N)

P
i s

2

ia = Qaa(⌧ = 0) = 1, is im-
posed via the Lagrange multiplier z. The quantum fluc-
tuations is tuned through the dimensionless parameter
� = ~2/MJ by changing ~ with fixed M43.
As in the earlier work20,21, we obtain the phase di-

agram [Fig.1] by numerically solving the saddle-point
equations [Eqs.(2)] self-consistently [see SM, Sec.S1 1,
S1 3]. The replica structure of the order parameter
Qab(⌧) in the n ! 0 limit characterizes PM and SG
phases, namely — (a) in the PM phase [Fig.1], Qab(⌧) =
Q(⌧)�ab is replica symmetric and diagonal, and (b) for
the SG phase, the order parameter has an exact one-
step replica symmetry breaking (1-RSB) structure where
n replicas are broken down into diagonal blocks with m
replicas and Qab(⌧) = (qd(⌧)� q

EA

)�ab + q
EA

✏ab; ✏ab = 1
if a, b are in diagonal block else ✏ab = 0. The Edward-
Anderson (EA) order parameter q

EA

is finite in the SG
phase and vanishes in the PM phase.
As shown in Fig.1, the PM to SG phase transition

Tc(~) is second order up to a tricritical point and then
first order till the PM to SG quantum phase transition at
T = 020,21. There are, in fact, two PM phases, a classical
PM (cPM), adibatically connected to PM at ~ = 0, and
a quantum PM (qPM) phase for T . T ⇤ and above the
first-order line. We mainly compute �

L

in the cPM re-
gion since the qPM is strongly gapped21, and hence very
weakly chaotic. For studying chaos in the SG phase, we
only consider the so-called marginal spin glass phase21,
where the block size or the break point m is obtained
by the marginal stability criterion21 [see SM, Sec.S1 2].
The mSG phase is demarcated by the dynamical phase
transition line Td(~) > Tc(~) [Fig.1]. The mSG and Td

are naturally realized as ergodicity broken aging regime
and its onset temperature while cooling the system from
the PM phase in the presence of a bath21.
For computing the Lyapunov exponent �

L

, as dis-
cussed below, we also need dynamical correlation and
response functions in real time (t) and/or real frequency
(!). These are obtained using the spectral function
⇢(!) = �ImQR

aa(!)/⇡, where the retarded propagator,
QR

ab(!) = Qab(i!k ! ! + i0+) = QR(!)�ab, is obtained
by solving the saddle-point equations [Eqs.(2)] after an-
alytical continuation [SM, Sec.S1 1] to ! + i0+.

Lyapunov exponent in the paramagnetic phase

o Quantum fluctuations typically reduces
chaos in the paramagnetic phase.
o Non-monotonic approach to classical limit 

for 𝑇 ≳ 𝑇�.
o Broad maximum above the dynamical 

transition temperature

3

= �� 3J2

2

t3t1
a a

t2 t4
a a

t1

t2

0

0

a a

a a

aa

0

0
a

�� �

�i
�
4

�i
�
2

�i
3�
4

�i�

(a) (b)

a

FIG. 2. (a) The four real-time branches (separated by imag-
inary time �/4) of the Schwinger-Keldysh contour used for
computing the OTOC is shown. (b) The ladder diagram for
the self-consistency equation (3) for O(1/N) term (Fa) in the
OTOC Fa(t1, t2) is shown for p = 3. The solid horizontal lines
denote dressed retarded propagator QR

aa(t1, t3), QR
aa(t2, t4)

and vertical solid line (vertical rung) denotes Wightmann
function QW

aa(t3, t4). The dotted line represents disorder av-
eraging.

OTOC and Lyapunov exponent.— We characterize
the chaos using the OTOC F (t) ⇠ hsi(t)sj(0)si(t)sj(0)i.
As in the SYK model7,13, OTOC can be computed
via real-time path integral method using a Schwinger-
Keldysh (SK) contour with four branches, as shown
in Fig.27,13,44. However, in contrast to the SYK
model, where the large-N saddle point is always
replica symmetric13, here we need to incorporate the
non-trivial 1-RSB structure in the OTOC. We achieve
this by using a replicated SK path integral45,46 as
discussed in the SM, Sec.S2. We define the following
regularized disorder-averaged OTOC2,13,47, Fa(t1, t2) =
(1/N2)

P
ij Tr [ysia(t1)ysja(0)ysia(t2)ysja(0)], where

y4 = exp (��H)/Tr[exp (��H)]. The Lyapunov
exponent �

L

is extracted from the chaotic growth,
Fa(t1 = t, t

2

= t) ⇠ e�Lt, that appears at O(1/N) in
F (t

1

, t
2

) [SM, Sec.S2 1]. Over the intermediate-time
chaos regime, ��1

L

. t . ��1

L

ln(N), Fa(t1, t2) can be
obtained from a Bethe-Salpeter like equation7,13,44,

Fa(t1, t2) =

Z
dt

3

dt
4

Ka(t1, t2, t3, t4)Fa(t3, t4). (3)

The ladder Kernel K, e.g., for p = 3, Ka(t1, t2, t3, t4) =
3J2QR

aa(t13)Q
R
aa(t24)Q

W
aa(t34) (t

13

= t
1

� t
3

) (see SM,
Sec.S2 1), is obtained using the retarded, QR

aa(t), and
the Wightmann, QW

ab (t) = Qab(⌧ ! it + �/2),
correlators47. For the chaotic growth regime, using the
ansatz Fa(t1, t2) = e�L(t1+t2)/2fa(t1� t

2

)7,13,44, �
L

is ob-
tained by numerically diagonalizing the Kernel K [SM,
Sec.S2 2].

The information about the PM and SG phases are en-
coded in the ladder Kernel and a crucial di↵erence is
in the Wightmann correlator, namely for the SG phase,
QW

ab (!) = [✏ab2⇡�(!)qEA

� �ab(⇡⇢(!)/ sinh(�!/2))],
whereas the first term is absent for QW in the PM phase.
Thus, the EA order parameter appears in the Kernel of
the SG phase.

Chaos in the PM phase.— We first discuss the depen-
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FIG. 3. (a) Lyapunov exponent �L (in units of J) is shown
as a function of quantum fluctuation ~ for several values of
temperature T in the cPM phase. �L approaches a constant
value in the classical limit ~ ! 0. �L is a non-monotonic
function of ~ when T is close to Td(0) ' 0.62. Non-monotonic
temperature dependence of �L on T for ~ =

p
0.001, 1.0 is

shown in the inset. (b) �L as a function of ~ for several values
of T in the mSG phase is shown. In contrast to the cPM
phase shown in (a), �L in the mSG increases monotonically
with ~ except at very low T . (c) Power-law fittings of �L as
a function of T at low temperature in the mSG phase, i.e.
�L / T↵, is shown in the log-log scale for ~ = 0.03, 1.41. (d)
The exponent ↵ varies from 1-2 as ~ varies from the classical
limit ~ ! 0 to quantum limit ~ & 1.

dence of �
L

on T and ~ in the cPM phase, as shown
through the colormap in Fig.1 for p = 3. Overall, �

L

be-
comes small when temperature or quantum fluctuations
are large. �

L

exhibits a broad maximum at Tm(~), sub-
stantially above Td, albeit tracking Td(~) line and merg-
ing with it at the tricritical point. To understand the
feature better, �

L

is plotted in Fig.3(a) as function of
~ for several temperatures. For high and intermediate
temperatures (T & J), �

L

is a monotonically decreasing
function of ~, approaching a constant value in the clas-
sical limit ~ ! 0. �

L

decreases rapidly for ~ & 1 since
the system acquires a large spectral gap ⇠ � for strong
quantum fluctuations � � T, J21 [SM, Sec.S4 2], mak-
ing the interaction e↵ects, and thus the chaos, very weak
(�

L

⇠ e��/T ).

Remarkably, when temperature is close to Td(0), �L

is a non-monotonic function of ~. This implies that the
approach to classical limit, even without encountering a
phase transition, could be non-trivial for chaotic proper-
ties. As discussed later, this phenomenon arises from the
proximity to the dynamical transition. A non-monotonic
dependence is also seen as a function of temperature,
as shown in Fig.3(a) (inset) for ~ =

p
0.001, 1.0. Start-
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trivial. Similar SG phase is also realized in a version of
SYK model represented in terms of SO(N) spins. In this
model, the Lyapunov exponent has been computed via
numerical simulation in the classical large spin limit37.
Model.— We study the quantum spherical p-spin glass

model18–21, described by the Hamiltonian,

H =
X

i

⇡2

i

2M
+

X

p,i1<...<ip

J (p)
i1...ip

si1 ...sip , (1)

which contains random all-to-all interactions among p =
2, 3, . . . spins on i = 1, . . . , N sites with the couplings

J (p)
i1...ip

s drawn from Gaussian distribution with variance

J2

pp!/2N
p�1. The quantum dynamics in the model re-

sults from the commutation relation [si,⇡j ] = i~�ij . The
model is made non-trivial by imposing the spherical con-
straint

P
i s

2

i = N . The Hamiltonian describes a particle
moving on the surface of an N -dimensional hypersphere
where M is the mass of the particle. The model, exactly
solvable in large-N limit, describes a mean field spin glass
and shares many common features with other models of
quantum spin glass38–41. We mainly study chaos in the
model with p = 3 (J

3

= J). For p = 2, the model is ef-
fectively non-interacting36 and non-chaotic, i.e. �

L

= 0.
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FIG. 1. The dependence of Lyapunov exponent �L (in units
of J) on T and ~ in the thermodynamic phase diagram is
shown through colormap. The paramagnet (PM) to spin
glass (SG) thermodynamic phase transition Tc(~) line (thin
red solid line) is second order up to a tri-critical point (black
star) and then first order (thin dashed red line). The mSG to
PM transition is demarcated by the dynamical transition line
Td(~) > Tc(~) (thick solid red line). The locus of the broad
maximum of �L(T, ~) is shown as Tm(~) line (solid black line)
and compared with the onset temperature T�(~) of the two-
step glassy relaxation regime (blue line).

Large-N saddle points and phase diagram.— The
equilibrium and dynamical phase-diagrams of the
model [Eq.(1)] have been analyzed in detail in ear-
lier works18–21,42. In the N ! 1 limit, the equilib-
rium phases are characterized in terms of disorder av-
eraged time-ordered (T⌧ ) correlation function, Qab(⌧) =
(1/N)

P
ihT⌧sia(⌧)sib(0)i, obtained from the following

saddle point equations of the imaginary time (⌧) path
integral [see Supplementary Material (SM), Sec. S1],

Q�1

ab (!k) =

✓
!2

k

�
+ z

◆
�ab � ⌃ab(!k) (2a)

⌃ab(⌧) =
X

p

pJ̃2

p

2
[Qab(⌧)]

p�1. (2b)

The replicas a = 1, .., n are introduced to perform the
disorder averaging and !k = 2k⇡T is bosonic Matsub-
ara frequency with k an integer (k

B

= 1); J̃p = Jp/J ,
and temperature, time and frequency are in units of J ,

~/J and J/~, respectively. Qab(!k) =
R �

0

d⌧ei!k⌧Qab(⌧)
(� = 1/T ) is matrix in replica space and the spheri-
cal constraint, (1/N)

P
i s

2

ia = Qaa(⌧ = 0) = 1, is im-
posed via the Lagrange multiplier z. The quantum fluc-
tuations is tuned through the dimensionless parameter
� = ~2/MJ by changing ~ with fixed M43.
As in the earlier work20,21, we obtain the phase di-

agram [Fig.1] by numerically solving the saddle-point
equations [Eqs.(2)] self-consistently [see SM, Sec.S1 1,
S1 3]. The replica structure of the order parameter
Qab(⌧) in the n ! 0 limit characterizes PM and SG
phases, namely — (a) in the PM phase [Fig.1], Qab(⌧) =
Q(⌧)�ab is replica symmetric and diagonal, and (b) for
the SG phase, the order parameter has an exact one-
step replica symmetry breaking (1-RSB) structure where
n replicas are broken down into diagonal blocks with m
replicas and Qab(⌧) = (qd(⌧)� q

EA

)�ab + q
EA

✏ab; ✏ab = 1
if a, b are in diagonal block else ✏ab = 0. The Edward-
Anderson (EA) order parameter q

EA

is finite in the SG
phase and vanishes in the PM phase.
As shown in Fig.1, the PM to SG phase transition

Tc(~) is second order up to a tricritical point and then
first order till the PM to SG quantum phase transition at
T = 020,21. There are, in fact, two PM phases, a classical
PM (cPM), adibatically connected to PM at ~ = 0, and
a quantum PM (qPM) phase for T . T ⇤ and above the
first-order line. We mainly compute �

L

in the cPM re-
gion since the qPM is strongly gapped21, and hence very
weakly chaotic. For studying chaos in the SG phase, we
only consider the so-called marginal spin glass phase21,
where the block size or the break point m is obtained
by the marginal stability criterion21 [see SM, Sec.S1 2].
The mSG phase is demarcated by the dynamical phase
transition line Td(~) > Tc(~) [Fig.1]. The mSG and Td

are naturally realized as ergodicity broken aging regime
and its onset temperature while cooling the system from
the PM phase in the presence of a bath21.
For computing the Lyapunov exponent �

L

, as dis-
cussed below, we also need dynamical correlation and
response functions in real time (t) and/or real frequency
(!). These are obtained using the spectral function
⇢(!) = �ImQR

aa(!)/⇡, where the retarded propagator,
QR

ab(!) = Qab(i!k ! ! + i0+) = QR(!)�ab, is obtained
by solving the saddle-point equations [Eqs.(2)] after an-
alytical continuation [SM, Sec.S1 1] to ! + i0+.

Lyapunov exponent in the (marginal) spin glass phase

o Spin glass phase,  Power-law 𝑇
dependence

𝜆+ ∼ 𝑇§
1 𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙 < 𝛼 < 2(𝑞𝑢𝑎𝑛𝑡𝑢𝑚)
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FIG. 2. (a) The four real-time branches (separated by imag-
inary time �/4) of the Schwinger-Keldysh contour used for
computing the OTOC is shown. (b) The ladder diagram for
the self-consistency equation (3) for O(1/N) term (Fa) in the
OTOC Fa(t1, t2) is shown for p = 3. The solid horizontal lines
denote dressed retarded propagator QR

aa(t1, t3), QR
aa(t2, t4)

and vertical solid line (vertical rung) denotes Wightmann
function QW

aa(t3, t4). The dotted line represents disorder av-
eraging.

OTOC and Lyapunov exponent.— We characterize
the chaos using the OTOC F (t) ⇠ hsi(t)sj(0)si(t)sj(0)i.
As in the SYK model7,13, OTOC can be computed
via real-time path integral method using a Schwinger-
Keldysh (SK) contour with four branches, as shown
in Fig.27,13,44. However, in contrast to the SYK
model, where the large-N saddle point is always
replica symmetric13, here we need to incorporate the
non-trivial 1-RSB structure in the OTOC. We achieve
this by using a replicated SK path integral45,46 as
discussed in the SM, Sec.S2. We define the following
regularized disorder-averaged OTOC2,13,47, Fa(t1, t2) =
(1/N2)

P
ij Tr [ysia(t1)ysja(0)ysia(t2)ysja(0)], where

y4 = exp (��H)/Tr[exp (��H)]. The Lyapunov
exponent �

L

is extracted from the chaotic growth,
Fa(t1 = t, t

2

= t) ⇠ e�Lt, that appears at O(1/N) in
F (t

1

, t
2

) [SM, Sec.S2 1]. Over the intermediate-time
chaos regime, ��1

L

. t . ��1

L

ln(N), Fa(t1, t2) can be
obtained from a Bethe-Salpeter like equation7,13,44,

Fa(t1, t2) =

Z
dt

3

dt
4

Ka(t1, t2, t3, t4)Fa(t3, t4). (3)

The ladder Kernel K, e.g., for p = 3, Ka(t1, t2, t3, t4) =
3J2QR

aa(t13)Q
R
aa(t24)Q

W
aa(t34) (t

13

= t
1

� t
3

) (see SM,
Sec.S2 1), is obtained using the retarded, QR

aa(t), and
the Wightmann, QW

ab (t) = Qab(⌧ ! it + �/2),
correlators47. For the chaotic growth regime, using the
ansatz Fa(t1, t2) = e�L(t1+t2)/2fa(t1� t

2

)7,13,44, �
L

is ob-
tained by numerically diagonalizing the Kernel K [SM,
Sec.S2 2].

The information about the PM and SG phases are en-
coded in the ladder Kernel and a crucial di↵erence is
in the Wightmann correlator, namely for the SG phase,
QW

ab (!) = [✏ab2⇡�(!)qEA

� �ab(⇡⇢(!)/ sinh(�!/2))],
whereas the first term is absent for QW in the PM phase.
Thus, the EA order parameter appears in the Kernel of
the SG phase.

Chaos in the PM phase.— We first discuss the depen-
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FIG. 3. (a) Lyapunov exponent �L (in units of J) is shown
as a function of quantum fluctuation ~ for several values of
temperature T in the cPM phase. �L approaches a constant
value in the classical limit ~ ! 0. �L is a non-monotonic
function of ~ when T is close to Td(0) ' 0.62. Non-monotonic
temperature dependence of �L on T for ~ =

p
0.001, 1.0 is

shown in the inset. (b) �L as a function of ~ for several values
of T in the mSG phase is shown. In contrast to the cPM
phase shown in (a), �L in the mSG increases monotonically
with ~ except at very low T . (c) Power-law fittings of �L as
a function of T at low temperature in the mSG phase, i.e.
�L / T↵, is shown in the log-log scale for ~ = 0.03, 1.41. (d)
The exponent ↵ varies from 1-2 as ~ varies from the classical
limit ~ ! 0 to quantum limit ~ & 1.

dence of �
L

on T and ~ in the cPM phase, as shown
through the colormap in Fig.1 for p = 3. Overall, �

L

be-
comes small when temperature or quantum fluctuations
are large. �

L

exhibits a broad maximum at Tm(~), sub-
stantially above Td, albeit tracking Td(~) line and merg-
ing with it at the tricritical point. To understand the
feature better, �

L

is plotted in Fig.3(a) as function of
~ for several temperatures. For high and intermediate
temperatures (T & J), �

L

is a monotonically decreasing
function of ~, approaching a constant value in the clas-
sical limit ~ ! 0. �

L

decreases rapidly for ~ & 1 since
the system acquires a large spectral gap ⇠ � for strong
quantum fluctuations � � T, J21 [SM, Sec.S4 2], mak-
ing the interaction e↵ects, and thus the chaos, very weak
(�

L

⇠ e��/T ).

Remarkably, when temperature is close to Td(0), �L

is a non-monotonic function of ~. This implies that the
approach to classical limit, even without encountering a
phase transition, could be non-trivial for chaotic proper-
ties. As discussed later, this phenomenon arises from the
proximity to the dynamical transition. A non-monotonic
dependence is also seen as a function of temperature,
as shown in Fig.3(a) (inset) for ~ =

p
0.001, 1.0. Start-
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FIG. 2. (a) The four real-time branches (separated by imag-
inary time �/4) of the Schwinger-Keldysh contour used for
computing the OTOC is shown. (b) The ladder diagram for
the self-consistency equation (3) for O(1/N) term (Fa) in the
OTOC Fa(t1, t2) is shown for p = 3. The solid horizontal lines
denote dressed retarded propagator QR

aa(t1, t3), QR
aa(t2, t4)

and vertical solid line (vertical rung) denotes Wightmann
function QW

aa(t3, t4). The dotted line represents disorder av-
eraging.

OTOC and Lyapunov exponent.— We characterize
the chaos using the OTOC F (t) ⇠ hsi(t)sj(0)si(t)sj(0)i.
As in the SYK model7,13, OTOC can be computed
via real-time path integral method using a Schwinger-
Keldysh (SK) contour with four branches, as shown
in Fig.27,13,44. However, in contrast to the SYK
model, where the large-N saddle point is always
replica symmetric13, here we need to incorporate the
non-trivial 1-RSB structure in the OTOC. We achieve
this by using a replicated SK path integral45,46 as
discussed in the SM, Sec.S2. We define the following
regularized disorder-averaged OTOC2,13,47, Fa(t1, t2) =
(1/N2)

P
ij Tr [ysia(t1)ysja(0)ysia(t2)ysja(0)], where

y4 = exp (��H)/Tr[exp (��H)]. The Lyapunov
exponent �

L

is extracted from the chaotic growth,
Fa(t1 = t, t

2

= t) ⇠ e�Lt, that appears at O(1/N) in
F (t

1

, t
2

) [SM, Sec.S2 1]. Over the intermediate-time
chaos regime, ��1

L

. t . ��1

L

ln(N), Fa(t1, t2) can be
obtained from a Bethe-Salpeter like equation7,13,44,

Fa(t1, t2) =

Z
dt

3

dt
4

Ka(t1, t2, t3, t4)Fa(t3, t4). (3)

The ladder Kernel K, e.g., for p = 3, Ka(t1, t2, t3, t4) =
3J2QR

aa(t13)Q
R
aa(t24)Q

W
aa(t34) (t

13

= t
1

� t
3

) (see SM,
Sec.S2 1), is obtained using the retarded, QR

aa(t), and
the Wightmann, QW

ab (t) = Qab(⌧ ! it + �/2),
correlators47. For the chaotic growth regime, using the
ansatz Fa(t1, t2) = e�L(t1+t2)/2fa(t1� t

2

)7,13,44, �
L

is ob-
tained by numerically diagonalizing the Kernel K [SM,
Sec.S2 2].

The information about the PM and SG phases are en-
coded in the ladder Kernel and a crucial di↵erence is
in the Wightmann correlator, namely for the SG phase,
QW

ab (!) = [✏ab2⇡�(!)qEA

� �ab(⇡⇢(!)/ sinh(�!/2))],
whereas the first term is absent for QW in the PM phase.
Thus, the EA order parameter appears in the Kernel of
the SG phase.

Chaos in the PM phase.— We first discuss the depen-
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FIG. 3. (a) Lyapunov exponent �L (in units of J) is shown
as a function of quantum fluctuation ~ for several values of
temperature T in the cPM phase. �L approaches a constant
value in the classical limit ~ ! 0. �L is a non-monotonic
function of ~ when T is close to Td(0) ' 0.62. Non-monotonic
temperature dependence of �L on T for ~ =

p
0.001, 1.0 is

shown in the inset. (b) �L as a function of ~ for several values
of T in the mSG phase is shown. In contrast to the cPM
phase shown in (a), �L in the mSG increases monotonically
with ~ except at very low T . (c) Power-law fittings of �L as
a function of T at low temperature in the mSG phase, i.e.
�L / T↵, is shown in the log-log scale for ~ = 0.03, 1.41. (d)
The exponent ↵ varies from 1-2 as ~ varies from the classical
limit ~ ! 0 to quantum limit ~ & 1.

dence of �
L

on T and ~ in the cPM phase, as shown
through the colormap in Fig.1 for p = 3. Overall, �

L

be-
comes small when temperature or quantum fluctuations
are large. �

L

exhibits a broad maximum at Tm(~), sub-
stantially above Td, albeit tracking Td(~) line and merg-
ing with it at the tricritical point. To understand the
feature better, �

L

is plotted in Fig.3(a) as function of
~ for several temperatures. For high and intermediate
temperatures (T & J), �

L

is a monotonically decreasing
function of ~, approaching a constant value in the clas-
sical limit ~ ! 0. �

L

decreases rapidly for ~ & 1 since
the system acquires a large spectral gap ⇠ � for strong
quantum fluctuations � � T, J21 [SM, Sec.S4 2], mak-
ing the interaction e↵ects, and thus the chaos, very weak
(�

L

⇠ e��/T ).

Remarkably, when temperature is close to Td(0), �L

is a non-monotonic function of ~. This implies that the
approach to classical limit, even without encountering a
phase transition, could be non-trivial for chaotic proper-
ties. As discussed later, this phenomenon arises from the
proximity to the dynamical transition. A non-monotonic
dependence is also seen as a function of temperature,
as shown in Fig.3(a) (inset) for ~ =

p
0.001, 1.0. Start-

o Quantum fluctuations 
increases chaos in 
the spin-glass phase.
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FIG. 2. (a) The four real-time branches (separated by imag-
inary time �/4) of the Schwinger-Keldysh contour used for
computing the OTOC is shown. (b) The ladder diagram for
the self-consistency equation (3) for O(1/N) term (Fa) in the
OTOC Fa(t1, t2) is shown for p = 3. The solid horizontal lines
denote dressed retarded propagator QR

aa(t1, t3), QR
aa(t2, t4)

and vertical solid line (vertical rung) denotes Wightmann
function QW

aa(t3, t4). The dotted line represents disorder av-
eraging.

OTOC and Lyapunov exponent.— We characterize
the chaos using the OTOC F (t) ⇠ hsi(t)sj(0)si(t)sj(0)i.
As in the SYK model7,13, OTOC can be computed
via real-time path integral method using a Schwinger-
Keldysh (SK) contour with four branches, as shown
in Fig.27,13,44. However, in contrast to the SYK
model, where the large-N saddle point is always
replica symmetric13, here we need to incorporate the
non-trivial 1-RSB structure in the OTOC. We achieve
this by using a replicated SK path integral45,46 as
discussed in the SM, Sec.S2. We define the following
regularized disorder-averaged OTOC2,13,47, Fa(t1, t2) =
(1/N2)

P
ij Tr [ysia(t1)ysja(0)ysia(t2)ysja(0)], where

y4 = exp (��H)/Tr[exp (��H)]. The Lyapunov
exponent �

L

is extracted from the chaotic growth,
Fa(t1 = t, t
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= t) ⇠ e�Lt, that appears at O(1/N) in
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) [SM, Sec.S2 1]. Over the intermediate-time
chaos regime, ��1
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ln(N), Fa(t1, t2) can be
obtained from a Bethe-Salpeter like equation7,13,44,

Fa(t1, t2) =

Z
dt
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dt
4

Ka(t1, t2, t3, t4)Fa(t3, t4). (3)

The ladder Kernel K, e.g., for p = 3, Ka(t1, t2, t3, t4) =
3J2QR

aa(t13)Q
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) (see SM,
Sec.S2 1), is obtained using the retarded, QR

aa(t), and
the Wightmann, QW

ab (t) = Qab(⌧ ! it + �/2),
correlators47. For the chaotic growth regime, using the
ansatz Fa(t1, t2) = e�L(t1+t2)/2fa(t1� t
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)7,13,44, �
L

is ob-
tained by numerically diagonalizing the Kernel K [SM,
Sec.S2 2].

The information about the PM and SG phases are en-
coded in the ladder Kernel and a crucial di↵erence is
in the Wightmann correlator, namely for the SG phase,
QW

ab (!) = [✏ab2⇡�(!)qEA

� �ab(⇡⇢(!)/ sinh(�!/2))],
whereas the first term is absent for QW in the PM phase.
Thus, the EA order parameter appears in the Kernel of
the SG phase.

Chaos in the PM phase.— We first discuss the depen-

0 0.5 1 1.5 2 2.5

0.3

0.5

0.7

0.6 1 1.6
0.4

0.5

0.6

0 0.5 1 1.5

0.1

0.2

0.3

0.1 0.2 0.3 0.4
10-2

10-1

0.03 0.5 1 1.5
1

1.5

2

(a)

(b) (c)

(d)

FIG. 3. (a) Lyapunov exponent �L (in units of J) is shown
as a function of quantum fluctuation ~ for several values of
temperature T in the cPM phase. �L approaches a constant
value in the classical limit ~ ! 0. �L is a non-monotonic
function of ~ when T is close to Td(0) ' 0.62. Non-monotonic
temperature dependence of �L on T for ~ =

p
0.001, 1.0 is

shown in the inset. (b) �L as a function of ~ for several values
of T in the mSG phase is shown. In contrast to the cPM
phase shown in (a), �L in the mSG increases monotonically
with ~ except at very low T . (c) Power-law fittings of �L as
a function of T at low temperature in the mSG phase, i.e.
�L / T↵, is shown in the log-log scale for ~ = 0.03, 1.41. (d)
The exponent ↵ varies from 1-2 as ~ varies from the classical
limit ~ ! 0 to quantum limit ~ & 1.

dence of �
L

on T and ~ in the cPM phase, as shown
through the colormap in Fig.1 for p = 3. Overall, �

L

be-
comes small when temperature or quantum fluctuations
are large. �

L

exhibits a broad maximum at Tm(~), sub-
stantially above Td, albeit tracking Td(~) line and merg-
ing with it at the tricritical point. To understand the
feature better, �

L

is plotted in Fig.3(a) as function of
~ for several temperatures. For high and intermediate
temperatures (T & J), �

L

is a monotonically decreasing
function of ~, approaching a constant value in the clas-
sical limit ~ ! 0. �

L

decreases rapidly for ~ & 1 since
the system acquires a large spectral gap ⇠ � for strong
quantum fluctuations � � T, J21 [SM, Sec.S4 2], mak-
ing the interaction e↵ects, and thus the chaos, very weak
(�

L

⇠ e��/T ).

Remarkably, when temperature is close to Td(0), �L

is a non-monotonic function of ~. This implies that the
approach to classical limit, even without encountering a
phase transition, could be non-trivial for chaotic proper-
ties. As discussed later, this phenomenon arises from the
proximity to the dynamical transition. A non-monotonic
dependence is also seen as a function of temperature,
as shown in Fig.3(a) (inset) for ~ =

p
0.001, 1.0. Start-
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FIG. S9. The Edward-Anderson parameter qEA is shown as a function of temperature (T ) for several values of quantum
fluctuation ~ ranging from the classical to quantum limit.

oscillations, presumably due to quantum fluctuations and the existence of a soft gap (see Sec.S3) in the spectrum. To
describe the overall decay profile of C(t) [Fig.S10(a)], we take the following general two-step relaxation form

f(t) = A exp
⇥
�(t/⌧

1

)�1
⇤
+B exp

⇥
�(t/⌧↵)

�
⇤
. (S5.2)

We fit numerically the correlation function C(t) with the above function. The second stretched exponential describes
the final ↵-decay of the correlation function C(t). We show the extracted fitting parameters A, B, ⌧

1

, ⌧↵, �
1

, �
in Figs.S10(b),(c) and (d) for a few temperatures for the classical limit ~ =

p
0.001. We find that initial decay time

⌧
1

more or less remains constant approaching Td, whereas the ↵-relaxation time ⌧↵ tends to diverge for T ! Td

[Fig.S10(b)]. The contributions A and B for the two decays change with temperature with the ↵-relaxation starting
to dominate close to Td [Fig.S10(c)]. We find both the initial and later relaxations to be stretched exponentials as
shown in Fig.S10(d). (Note that we denote the stretched exponent � for the ↵-relaxation following the standard
notation32 in the literature. This symbol should not be confused with inverse temperature ‘�’).

As the correlation function has oscillations around the � plateaus, so it is slightly tricky to obtain the onset
temperature (T�) of the two-step relaxation. We approximately estimate the T� from the temperature where the
value of C(t) at the first minimum of oscillation in the � plateau turns negative to positive approaching from high
temperature. In Fig.S10(a), we see that the first minimum of C(t) for temperature T ⇠ 0.97 turns positive and then
for all temperatures T < 0.97, C(t) remains positive. We thus estimate T� ⇡ 0.97 for ~ =

p
0.001. Similarly, we find

T� ’s for other values of ~ and obtain T�(~) curve as shown in Fig.1 in the main text. The two-step relaxation cannot
be clearly distinguished for ~ & 1.4.

Quantum fluctuations reduces 𝑞O´ (’stiffness’)
and thus increases 𝜆+



Chaos across spin glass transitions

Thermal transition Quantum fluctuation induced transition

o Crossover across transition (slope change?).
o Broad maximum above the transition, but not at the transition.

4

ing from T & Td(~), �L

initially increases reaching the
maximum at Tm and then decreases with increasing T ,

as ⇠ 1/T 2e�
p

�/T , e.g., at high temperature T � J
[SM, Sec.S4 1]. In this limit, system has a small gap
⇠

p
�T < T for T > �, whereas in the intermediate

regimes T,� & Tm, the system is soft-gappped and be-
comes gapless in the classical limit � ! 0 [SM, Sec.S3].
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FIG. 4. (a) The dependence of �L (in units of J) on T across
mSG-PM transition along horizontal cuts in Fig.1 for ~ =p
0.001, 1.0. The vertical dashed lines denote the mSG-PM

transition temperature Td(~). (b) The dependence of �L as
a function of ~ across mSG-PM transition along vertical cuts
in Fig.1 for T = 0.3, 0.5. The vertical dashed lines denote the
mSG-PM transitions in ~. (c) The correlation function C(t) as
a function of time t is shown for several values of temperature
T in the classical limit (~ =

p
0.001). C(t) oscillates around a

slowly decaying plateau-like regime before finally decaying to
zero over a much longer time scale ⌧↵. (d) The ↵-relaxation
time scale ⌧↵ extracted from C(t) and scrambling time scale
��1
L as function of T are shown in the classical limit ~ =p
0.001. When T approaches Td, ⌧↵ diverges but ��1

L remains
finite.

Chaos in mSG phase and across the dynamical
transition.— In contrast to the PM phases, the mSG
phase is gapless20,21. Moreover, unlike that in the cPM
phase [Fig.3(a)], �

L

(~), in general, monotonically in-
creases with ~, as shown in Fig.3(b), apart from some
weak non-monotonic dependence on ~ at low tempera-
tures. Thus, somewhat counterintuitively, quantum fluc-
tuations makes the system more chaotic in the mSG
phase. Fig.3(c) shows �

L

(T ) for several ~s varying from
the quantum to classical limit. The Lyapunov exponent
follows a power-law temperature dependence, �

L

⇠ T↵,
with exponent ↵ varying from 2 to 1 [Fig.3(d)] with de-
creasing ~, implying �

L

⇠ T in the classical limit. How-
ever, the pre-factor of linear T is much smaller than 2⇡/~
corresponding to the bound [see SM, Sec.S4 3].

The temperature dependence �
L

⇠ T 2, for large ~
[Fig.1] within the mSG phase, is similar to that in a Fermi

liquid44,48,49. This T -dependence in the mSG phase can
be analytically understood based on the observation that
the self-consistent equations for the time-dependent part
of Qab(⌧) [Eq.(2)], and the Kernel [Eq.(3)], in the pres-
ence of 1-RSB are equivalent to those in the PM phase
of an e↵ective model with both p = 3 (J

3

= J) and p = 2
(J

2

= J
p
3qEA) terms in Eq.(1) [SM, Sec.S2 1]. Irre-

spective of the J
3

/J
2

ratio, p = 3 term is irrelevant at
low energy and can be treated perturbatively around the
p = 2 term, with the Lagrange multiplier z = 2J

2

such
that the system is gapless like the mSG. In this case, as
discussed in the SM, Sec.S4 4, the integral Kernel equa-
tion in Eq.(3) can be converted into,
✓
�1

2

@2

@t2
� sech2 t

◆
f(t) = �1

3

✓
�
L

J3

2

⇡J2

3

T 2

+ 1

◆
f(t),

i.e. a one dimensional Schrödinger equation with Pöschl-
Teller potential, with well-known eigenvalues50. This
leads to �

L

⇠ T 2. The exponent ↵ ' 2 matches with
numerically obtained value in Fig.3(d) in the quantum
limit for large ~, where J

2

/ p
qEA is weakly tempera-

ture dependent [SM, Sec.S4 4].
For completeness, we plot �

L

across mSG-PM tran-
sitions induced by thermal (T ) and quantum (~) fluc-
tuations in Figs.4(a) and (b) for fixed values of ~ and
T , respectively. There is a crossover in terms of T or ~
dependence of �

L

, as seen across thermal transitions in
classical systems51–58.
Glassy relaxation and chaos.— As shown in Fig.4

(c), the relaxation of the system, captured through
the decay of real-time spin-spin correlation C(t) =
(1/N)

P
ihsi(t)si(0), becomes progressively slow as the

Td(~) is approached from cPM. Moreover, close to Td,
C(t) exhibits a two-step relaxation, typical characteris-
tic of supercooled liquids30–32, namely – (1) a fast decay
followed by a slowly decaying plateau-like regime, the so-
called �-relaxation, and eventually (2) a stretched expo-
nential decay ⇠ exp [�(t/⌧↵)�a ], the ↵-relaxation, with
a long time scale ⌧↵. The emergence of the two-step re-
laxation close to Td is seen in Fig.4 where C(t) oscillates
around a plateau-like regime before finally decaying to
zero [see also SM, Sec.S5]. Far above Td, C(t) oscillates
around zero after the fast decay. In Fig.4(d), we plot
⌧↵ extracted from the numerical fit to C(t) [Fig.4(c)] in
the ↵ regime and compare with Lyapunov time ��1

L

. In
contrast to ⌧↵, which diverges approaching Td, �

�1

L

has
a minimum at Tm, substantially above Td. We find that
Tm is correlated with the onset temperature (T�) of �-
relaxation. We approximately estimate T� from the tem-
perature where C(t) at the first minimum of oscillations
in the � plateau turns positive SM, Sec.S5. The corre-
lation between Tm and T� can be rationalized from the
fact that the interaction e↵ects, which give rise to chaos,
are weak for T & T� , where the kinetic energy term in
Eq.(1) dominates over interaction term, and the system
becomes a strongly correlated paramagnet (or liquid) be-
low T� , as manifested by the onset of � plateau. Thus
the peak of �

L

at T� ⇡ Tm marks a crossover from weak

4

ing from T & Td(~), �L

initially increases reaching the
maximum at Tm and then decreases with increasing T ,

as ⇠ 1/T 2e�
p

�/T , e.g., at high temperature T � J
[SM, Sec.S4 1]. In this limit, system has a small gap
⇠

p
�T < T for T > �, whereas in the intermediate

regimes T,� & Tm, the system is soft-gappped and be-
comes gapless in the classical limit � ! 0 [SM, Sec.S3].
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FIG. 4. (a) The dependence of �L (in units of J) on T across
mSG-PM transition along horizontal cuts in Fig.1 for ~ =p
0.001, 1.0. The vertical dashed lines denote the mSG-PM

transition temperature Td(~). (b) The dependence of �L as
a function of ~ across mSG-PM transition along vertical cuts
in Fig.1 for T = 0.3, 0.5. The vertical dashed lines denote the
mSG-PM transitions in ~. (c) The correlation function C(t) as
a function of time t is shown for several values of temperature
T in the classical limit (~ =

p
0.001). C(t) oscillates around a

slowly decaying plateau-like regime before finally decaying to
zero over a much longer time scale ⌧↵. (d) The ↵-relaxation
time scale ⌧↵ extracted from C(t) and scrambling time scale
��1
L as function of T are shown in the classical limit ~ =p
0.001. When T approaches Td, ⌧↵ diverges but ��1

L remains
finite.

Chaos in mSG phase and across the dynamical
transition.— In contrast to the PM phases, the mSG
phase is gapless20,21. Moreover, unlike that in the cPM
phase [Fig.3(a)], �

L

(~), in general, monotonically in-
creases with ~, as shown in Fig.3(b), apart from some
weak non-monotonic dependence on ~ at low tempera-
tures. Thus, somewhat counterintuitively, quantum fluc-
tuations makes the system more chaotic in the mSG
phase. Fig.3(c) shows �

L

(T ) for several ~s varying from
the quantum to classical limit. The Lyapunov exponent
follows a power-law temperature dependence, �

L

⇠ T↵,
with exponent ↵ varying from 2 to 1 [Fig.3(d)] with de-
creasing ~, implying �

L

⇠ T in the classical limit. How-
ever, the pre-factor of linear T is much smaller than 2⇡/~
corresponding to the bound [see SM, Sec.S4 3].

The temperature dependence �
L

⇠ T 2, for large ~
[Fig.1] within the mSG phase, is similar to that in a Fermi

liquid44,48,49. This T -dependence in the mSG phase can
be analytically understood based on the observation that
the self-consistent equations for the time-dependent part
of Qab(⌧) [Eq.(2)], and the Kernel [Eq.(3)], in the pres-
ence of 1-RSB are equivalent to those in the PM phase
of an e↵ective model with both p = 3 (J

3

= J) and p = 2
(J

2

= J
p
3qEA) terms in Eq.(1) [SM, Sec.S2 1]. Irre-

spective of the J
3

/J
2

ratio, p = 3 term is irrelevant at
low energy and can be treated perturbatively around the
p = 2 term, with the Lagrange multiplier z = 2J

2

such
that the system is gapless like the mSG. In this case, as
discussed in the SM, Sec.S4 4, the integral Kernel equa-
tion in Eq.(3) can be converted into,
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i.e. a one dimensional Schrödinger equation with Pöschl-
Teller potential, with well-known eigenvalues50. This
leads to �

L

⇠ T 2. The exponent ↵ ' 2 matches with
numerically obtained value in Fig.3(d) in the quantum
limit for large ~, where J

2

/ p
qEA is weakly tempera-

ture dependent [SM, Sec.S4 4].
For completeness, we plot �

L

across mSG-PM tran-
sitions induced by thermal (T ) and quantum (~) fluc-
tuations in Figs.4(a) and (b) for fixed values of ~ and
T , respectively. There is a crossover in terms of T or ~
dependence of �

L

, as seen across thermal transitions in
classical systems51–58.
Glassy relaxation and chaos.— As shown in Fig.4

(c), the relaxation of the system, captured through
the decay of real-time spin-spin correlation C(t) =
(1/N)

P
ihsi(t)si(0), becomes progressively slow as the

Td(~) is approached from cPM. Moreover, close to Td,
C(t) exhibits a two-step relaxation, typical characteris-
tic of supercooled liquids30–32, namely – (1) a fast decay
followed by a slowly decaying plateau-like regime, the so-
called �-relaxation, and eventually (2) a stretched expo-
nential decay ⇠ exp [�(t/⌧↵)�a ], the ↵-relaxation, with
a long time scale ⌧↵. The emergence of the two-step re-
laxation close to Td is seen in Fig.4 where C(t) oscillates
around a plateau-like regime before finally decaying to
zero [see also SM, Sec.S5]. Far above Td, C(t) oscillates
around zero after the fast decay. In Fig.4(d), we plot
⌧↵ extracted from the numerical fit to C(t) [Fig.4(c)] in
the ↵ regime and compare with Lyapunov time ��1

L

. In
contrast to ⌧↵, which diverges approaching Td, �

�1

L

has
a minimum at Tm, substantially above Td. We find that
Tm is correlated with the onset temperature (T�) of �-
relaxation. We approximately estimate T� from the tem-
perature where C(t) at the first minimum of oscillations
in the � plateau turns positive SM, Sec.S5. The corre-
lation between Tm and T� can be rationalized from the
fact that the interaction e↵ects, which give rise to chaos,
are weak for T & T� , where the kinetic energy term in
Eq.(1) dominates over interaction term, and the system
becomes a strongly correlated paramagnet (or liquid) be-
low T� , as manifested by the onset of � plateau. Thus
the peak of �

L

at T� ⇡ Tm marks a crossover from weak
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FIG. S10. (a) The correlation function C(t) (solid line) is shown as a function of time (t) for several values of temperature
in the classical limit, ~ =

p
0.001. The fits to the correlation functions (dashed line with the same color) with the two-step

relaxation function [Eq.(S5.2)] is also shown for T = 0.65, 0.80, 0.97, where T = 0.65 is the closes to Td. (b) The behaviour
of the relaxation times ⌧1 and ⌧↵ are shown as a function of temperatures T . Though ⌧1 is almost constant, the ↵-relaxation
time (⌧↵) diverges Td ' 0.62 is approached. (c) The dependence of coe�cients A and B are shown as a function of T . (d) The
dependence of stretched exponents �1 and � are shown as a function of T .
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ing from T & Td(~), �L

initially increases reaching the
maximum at Tm and then decreases with increasing T ,

as ⇠ 1/T 2e�
p

�/T , e.g., at high temperature T � J
[SM, Sec.S4 1]. In this limit, system has a small gap
⇠

p
�T < T for T > �, whereas in the intermediate

regimes T,� & Tm, the system is soft-gappped and be-
comes gapless in the classical limit � ! 0 [SM, Sec.S3].
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FIG. 4. (a) The dependence of �L (in units of J) on T across
mSG-PM transition along horizontal cuts in Fig.1 for ~ =p
0.001, 1.0. The vertical dashed lines denote the mSG-PM

transition temperature Td(~). (b) The dependence of �L as
a function of ~ across mSG-PM transition along vertical cuts
in Fig.1 for T = 0.3, 0.5. The vertical dashed lines denote the
mSG-PM transitions in ~. (c) The correlation function C(t) as
a function of time t is shown for several values of temperature
T in the classical limit (~ =

p
0.001). C(t) oscillates around a

slowly decaying plateau-like regime before finally decaying to
zero over a much longer time scale ⌧↵. (d) The ↵-relaxation
time scale ⌧↵ extracted from C(t) and scrambling time scale
��1
L as function of T are shown in the classical limit ~ =p
0.001. When T approaches Td, ⌧↵ diverges but ��1

L remains
finite.

Chaos in mSG phase and across the dynamical
transition.— In contrast to the PM phases, the mSG
phase is gapless20,21. Moreover, unlike that in the cPM
phase [Fig.3(a)], �

L

(~), in general, monotonically in-
creases with ~, as shown in Fig.3(b), apart from some
weak non-monotonic dependence on ~ at low tempera-
tures. Thus, somewhat counterintuitively, quantum fluc-
tuations makes the system more chaotic in the mSG
phase. Fig.3(c) shows �

L

(T ) for several ~s varying from
the quantum to classical limit. The Lyapunov exponent
follows a power-law temperature dependence, �

L

⇠ T↵,
with exponent ↵ varying from 2 to 1 [Fig.3(d)] with de-
creasing ~, implying �

L

⇠ T in the classical limit. How-
ever, the pre-factor of linear T is much smaller than 2⇡/~
corresponding to the bound [see SM, Sec.S4 3].

The temperature dependence �
L

⇠ T 2, for large ~
[Fig.1] within the mSG phase, is similar to that in a Fermi

liquid44,48,49. This T -dependence in the mSG phase can
be analytically understood based on the observation that
the self-consistent equations for the time-dependent part
of Qab(⌧) [Eq.(2)], and the Kernel [Eq.(3)], in the pres-
ence of 1-RSB are equivalent to those in the PM phase
of an e↵ective model with both p = 3 (J

3

= J) and p = 2
(J

2

= J
p
3qEA) terms in Eq.(1) [SM, Sec.S2 1]. Irre-

spective of the J
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/J
2

ratio, p = 3 term is irrelevant at
low energy and can be treated perturbatively around the
p = 2 term, with the Lagrange multiplier z = 2J

2

such
that the system is gapless like the mSG. In this case, as
discussed in the SM, Sec.S4 4, the integral Kernel equa-
tion in Eq.(3) can be converted into,
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i.e. a one dimensional Schrödinger equation with Pöschl-
Teller potential, with well-known eigenvalues50. This
leads to �

L

⇠ T 2. The exponent ↵ ' 2 matches with
numerically obtained value in Fig.3(d) in the quantum
limit for large ~, where J

2

/ p
qEA is weakly tempera-

ture dependent [SM, Sec.S4 4].
For completeness, we plot �

L

across mSG-PM tran-
sitions induced by thermal (T ) and quantum (~) fluc-
tuations in Figs.4(a) and (b) for fixed values of ~ and
T , respectively. There is a crossover in terms of T or ~
dependence of �

L

, as seen across thermal transitions in
classical systems51–58.
Glassy relaxation and chaos.— As shown in Fig.4

(c), the relaxation of the system, captured through
the decay of real-time spin-spin correlation C(t) =
(1/N)

P
ihsi(t)si(0), becomes progressively slow as the

Td(~) is approached from cPM. Moreover, close to Td,
C(t) exhibits a two-step relaxation, typical characteris-
tic of supercooled liquids30–32, namely – (1) a fast decay
followed by a slowly decaying plateau-like regime, the so-
called �-relaxation, and eventually (2) a stretched expo-
nential decay ⇠ exp [�(t/⌧↵)�a ], the ↵-relaxation, with
a long time scale ⌧↵. The emergence of the two-step re-
laxation close to Td is seen in Fig.4 where C(t) oscillates
around a plateau-like regime before finally decaying to
zero [see also SM, Sec.S5]. Far above Td, C(t) oscillates
around zero after the fast decay. In Fig.4(d), we plot
⌧↵ extracted from the numerical fit to C(t) [Fig.4(c)] in
the ↵ regime and compare with Lyapunov time ��1

L

. In
contrast to ⌧↵, which diverges approaching Td, �

�1

L

has
a minimum at Tm, substantially above Td. We find that
Tm is correlated with the onset temperature (T�) of �-
relaxation. We approximately estimate T� from the tem-
perature where C(t) at the first minimum of oscillations
in the � plateau turns positive SM, Sec.S5. The corre-
lation between Tm and T� can be rationalized from the
fact that the interaction e↵ects, which give rise to chaos,
are weak for T & T� , where the kinetic energy term in
Eq.(1) dominates over interaction term, and the system
becomes a strongly correlated paramagnet (or liquid) be-
low T� , as manifested by the onset of � plateau. Thus
the peak of �

L

at T� ⇡ Tm marks a crossover from weak
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�/T , e.g., at high temperature T � J
[SM, Sec.S4 1]. In this limit, system has a small gap
⇠

p
�T < T for T > �, whereas in the intermediate

regimes T,� & Tm, the system is soft-gappped and be-
comes gapless in the classical limit � ! 0 [SM, Sec.S3].
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FIG. 4. (a) The dependence of �L (in units of J) on T across
mSG-PM transition along horizontal cuts in Fig.1 for ~ =p
0.001, 1.0. The vertical dashed lines denote the mSG-PM

transition temperature Td(~). (b) The dependence of �L as
a function of ~ across mSG-PM transition along vertical cuts
in Fig.1 for T = 0.3, 0.5. The vertical dashed lines denote the
mSG-PM transitions in ~. (c) The correlation function C(t) as
a function of time t is shown for several values of temperature
T in the classical limit (~ =

p
0.001). C(t) oscillates around a

slowly decaying plateau-like regime before finally decaying to
zero over a much longer time scale ⌧↵. (d) The ↵-relaxation
time scale ⌧↵ extracted from C(t) and scrambling time scale
��1
L as function of T are shown in the classical limit ~ =p
0.001. When T approaches Td, ⌧↵ diverges but ��1

L remains
finite.

Chaos in mSG phase and across the dynamical
transition.— In contrast to the PM phases, the mSG
phase is gapless20,21. Moreover, unlike that in the cPM
phase [Fig.3(a)], �

L

(~), in general, monotonically in-
creases with ~, as shown in Fig.3(b), apart from some
weak non-monotonic dependence on ~ at low tempera-
tures. Thus, somewhat counterintuitively, quantum fluc-
tuations makes the system more chaotic in the mSG
phase. Fig.3(c) shows �

L

(T ) for several ~s varying from
the quantum to classical limit. The Lyapunov exponent
follows a power-law temperature dependence, �

L

⇠ T↵,
with exponent ↵ varying from 2 to 1 [Fig.3(d)] with de-
creasing ~, implying �

L

⇠ T in the classical limit. How-
ever, the pre-factor of linear T is much smaller than 2⇡/~
corresponding to the bound [see SM, Sec.S4 3].

The temperature dependence �
L

⇠ T 2, for large ~
[Fig.1] within the mSG phase, is similar to that in a Fermi

liquid44,48,49. This T -dependence in the mSG phase can
be analytically understood based on the observation that
the self-consistent equations for the time-dependent part
of Qab(⌧) [Eq.(2)], and the Kernel [Eq.(3)], in the pres-
ence of 1-RSB are equivalent to those in the PM phase
of an e↵ective model with both p = 3 (J

3

= J) and p = 2
(J
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= J
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3qEA) terms in Eq.(1) [SM, Sec.S2 1]. Irre-

spective of the J
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ratio, p = 3 term is irrelevant at
low energy and can be treated perturbatively around the
p = 2 term, with the Lagrange multiplier z = 2J
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such
that the system is gapless like the mSG. In this case, as
discussed in the SM, Sec.S4 4, the integral Kernel equa-
tion in Eq.(3) can be converted into,
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i.e. a one dimensional Schrödinger equation with Pöschl-
Teller potential, with well-known eigenvalues50. This
leads to �
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⇠ T 2. The exponent ↵ ' 2 matches with
numerically obtained value in Fig.3(d) in the quantum
limit for large ~, where J
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qEA is weakly tempera-

ture dependent [SM, Sec.S4 4].
For completeness, we plot �

L

across mSG-PM tran-
sitions induced by thermal (T ) and quantum (~) fluc-
tuations in Figs.4(a) and (b) for fixed values of ~ and
T , respectively. There is a crossover in terms of T or ~
dependence of �

L

, as seen across thermal transitions in
classical systems51–58.
Glassy relaxation and chaos.— As shown in Fig.4

(c), the relaxation of the system, captured through
the decay of real-time spin-spin correlation C(t) =
(1/N)

P
ihsi(t)si(0), becomes progressively slow as the

Td(~) is approached from cPM. Moreover, close to Td,
C(t) exhibits a two-step relaxation, typical characteris-
tic of supercooled liquids30–32, namely – (1) a fast decay
followed by a slowly decaying plateau-like regime, the so-
called �-relaxation, and eventually (2) a stretched expo-
nential decay ⇠ exp [�(t/⌧↵)�a ], the ↵-relaxation, with
a long time scale ⌧↵. The emergence of the two-step re-
laxation close to Td is seen in Fig.4 where C(t) oscillates
around a plateau-like regime before finally decaying to
zero [see also SM, Sec.S5]. Far above Td, C(t) oscillates
around zero after the fast decay. In Fig.4(d), we plot
⌧↵ extracted from the numerical fit to C(t) [Fig.4(c)] in
the ↵ regime and compare with Lyapunov time ��1

L

. In
contrast to ⌧↵, which diverges approaching Td, �

�1

L

has
a minimum at Tm, substantially above Td. We find that
Tm is correlated with the onset temperature (T�) of �-
relaxation. We approximately estimate T� from the tem-
perature where C(t) at the first minimum of oscillations
in the � plateau turns positive SM, Sec.S5. The corre-
lation between Tm and T� can be rationalized from the
fact that the interaction e↵ects, which give rise to chaos,
are weak for T & T� , where the kinetic energy term in
Eq.(1) dominates over interaction term, and the system
becomes a strongly correlated paramagnet (or liquid) be-
low T� , as manifested by the onset of � plateau. Thus
the peak of �
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at T� ⇡ Tm marks a crossover from weak
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trivial. Similar SG phase is also realized in a version of
SYK model represented in terms of SO(N) spins. In this
model, the Lyapunov exponent has been computed via
numerical simulation in the classical large spin limit37.

Model.— We study the quantum spherical p-spin glass
model18–21, described by the Hamiltonian,

H =
X

i

⇡2

i

2M
+

X

p,i1<...<ip

J (p)
i1...ip

si1 ...sip , (1)

which contains random all-to-all interactions among p =
2, 3, . . . spins on i = 1, . . . , N sites with the couplings

J (p)
i1...ip

s drawn from Gaussian distribution with variance

J2

pp!/2N
p�1. The quantum dynamics in the model re-

sults from the commutation relation [si,⇡j ] = i~�ij . The
model is made non-trivial by imposing the spherical con-
straint

P
i s

2

i = N . The Hamiltonian describes a particle
moving on the surface of an N -dimensional hypersphere
where M is the mass of the particle. The model, exactly
solvable in large-N limit, describes a mean field spin glass
and shares many common features with other models of
quantum spin glass38–41. We mainly study chaos in the
model with p = 3 (J

3

= J). For p = 2, the model is ef-
fectively non-interacting36 and non-chaotic, i.e. �

L

= 0.
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FIG. 1. The dependence of Lyapunov exponent �L (in units
of J) on T and ~ in the thermodynamic phase diagram is
shown through colormap. The paramagnet (PM) to spin
glass (SG) thermodynamic phase transition Tc(~) line (thin
red solid line) is second order up to a tri-critical point (black
star) and then first order (thin dashed red line). The mSG to
PM transition is demarcated by the dynamical transition line
Td(~) > Tc(~) (thick solid red line). The locus of the broad
maximum of �L(T, ~) is shown as Tm(~) line (solid black line)
and compared with the onset temperature T�(~) of the two-
step glassy relaxation regime (blue line).

Large-N saddle points and phase diagram.— The
equilibrium and dynamical phase-diagrams of the
model [Eq.(1)] have been analyzed in detail in ear-
lier works18–21,42. In the N ! 1 limit, the equilib-
rium phases are characterized in terms of disorder av-
eraged time-ordered (T⌧ ) correlation function, Qab(⌧) =
(1/N)

P
ihT⌧sia(⌧)sib(0)i, obtained from the following

saddle point equations of the imaginary time (⌧) path
integral [see Supplementary Material (SM), Sec. S1],

Q�1

ab (!k) =

✓
!2

k

�
+ z

◆
�ab � ⌃ab(!k) (2a)

⌃ab(⌧) =
X

p

pJ̃2

p

2
[Qab(⌧)]

p�1. (2b)

The replicas a = 1, .., n are introduced to perform the
disorder averaging and !k = 2k⇡T is bosonic Matsub-
ara frequency with k an integer (k

B

= 1); J̃p = Jp/J ,
and temperature, time and frequency are in units of J ,

~/J and J/~, respectively. Qab(!k) =
R �

0

d⌧ei!k⌧Qab(⌧)
(� = 1/T ) is matrix in replica space and the spheri-
cal constraint, (1/N)

P
i s

2

ia = Qaa(⌧ = 0) = 1, is im-
posed via the Lagrange multiplier z. The quantum fluc-
tuations is tuned through the dimensionless parameter
� = ~2/MJ by changing ~ with fixed M43.
As in the earlier work20,21, we obtain the phase di-

agram [Fig.1] by numerically solving the saddle-point
equations [Eqs.(2)] self-consistently [see SM, Sec.S1 1,
S1 3]. The replica structure of the order parameter
Qab(⌧) in the n ! 0 limit characterizes PM and SG
phases, namely — (a) in the PM phase [Fig.1], Qab(⌧) =
Q(⌧)�ab is replica symmetric and diagonal, and (b) for
the SG phase, the order parameter has an exact one-
step replica symmetry breaking (1-RSB) structure where
n replicas are broken down into diagonal blocks with m
replicas and Qab(⌧) = (qd(⌧)� q

EA

)�ab + q
EA

✏ab; ✏ab = 1
if a, b are in diagonal block else ✏ab = 0. The Edward-
Anderson (EA) order parameter q

EA

is finite in the SG
phase and vanishes in the PM phase.
As shown in Fig.1, the PM to SG phase transition

Tc(~) is second order up to a tricritical point and then
first order till the PM to SG quantum phase transition at
T = 020,21. There are, in fact, two PM phases, a classical
PM (cPM), adibatically connected to PM at ~ = 0, and
a quantum PM (qPM) phase for T . T ⇤ and above the
first-order line. We mainly compute �

L

in the cPM re-
gion since the qPM is strongly gapped21, and hence very
weakly chaotic. For studying chaos in the SG phase, we
only consider the so-called marginal spin glass phase21,
where the block size or the break point m is obtained
by the marginal stability criterion21 [see SM, Sec.S1 2].
The mSG phase is demarcated by the dynamical phase
transition line Td(~) > Tc(~) [Fig.1]. The mSG and Td

are naturally realized as ergodicity broken aging regime
and its onset temperature while cooling the system from
the PM phase in the presence of a bath21.
For computing the Lyapunov exponent �

L

, as dis-
cussed below, we also need dynamical correlation and
response functions in real time (t) and/or real frequency
(!). These are obtained using the spectral function
⇢(!) = �ImQR

aa(!)/⇡, where the retarded propagator,
QR

ab(!) = Qab(i!k ! ! + i0+) = QR(!)�ab, is obtained
by solving the saddle-point equations [Eqs.(2)] after an-
alytical continuation [SM, Sec.S1 1] to ! + i0+.
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FIG. S10. (a) The correlation function C(t) (solid line) is shown as a function of time (t) for several values of temperature
in the classical limit, ~ =

p
0.001. The fits to the correlation functions (dashed line with the same color) with the two-step

relaxation function [Eq.(S5.2)] is also shown for T = 0.65, 0.80, 0.97, where T = 0.65 is the closes to Td. (b) The behaviour
of the relaxation times ⌧1 and ⌧↵ are shown as a function of temperatures T . Though ⌧1 is almost constant, the ↵-relaxation
time (⌧↵) diverges Td ' 0.62 is approached. (c) The dependence of coe�cients A and B are shown as a function of T . (d) The
dependence of stretched exponents �1 and � are shown as a function of T .

Onset temperature 𝑇

3

= �� 3J2

2

t3t1
a a

t2 t4
a a

t1

t2

0

0

a a

a a

aa

0

0
a

�� �

�i
�
4

�i
�
2

�i
3�
4

�i�

(a) (b)

a

FIG. 2. (a) The four real-time branches (separated by imag-
inary time �/4) of the Schwinger-Keldysh contour used for
computing the OTOC is shown. (b) The ladder diagram for
the self-consistency equation (3) for O(1/N) term (Fa) in the
OTOC Fa(t1, t2) is shown for p = 3. The solid horizontal lines
denote dressed retarded propagator QR

aa(t1, t3), QR
aa(t2, t4)

and vertical solid line (vertical rung) denotes Wightmann
function QW

aa(t3, t4). The dotted line represents disorder av-
eraging.

OTOC and Lyapunov exponent.— We characterize
the chaos using the OTOC F (t) ⇠ hsi(t)sj(0)si(t)sj(0)i.
As in the SYK model7,13, OTOC can be computed
via real-time path integral method using a Schwinger-
Keldysh (SK) contour with four branches, as shown
in Fig.27,13,44. However, in contrast to the SYK
model, where the large-N saddle point is always
replica symmetric13, here we need to incorporate the
non-trivial 1-RSB structure in the OTOC. We achieve
this by using a replicated SK path integral45,46 as
discussed in the SM, Sec.S2. We define the following
regularized disorder-averaged OTOC2,13,47, Fa(t1, t2) =
(1/N2)

P
ij Tr [ysia(t1)ysja(0)ysia(t2)ysja(0)], where

y4 = exp (��H)/Tr[exp (��H)]. The Lyapunov
exponent �

L

is extracted from the chaotic growth,
Fa(t1 = t, t

2

= t) ⇠ e�Lt, that appears at O(1/N) in
F (t

1

, t
2

) [SM, Sec.S2 1]. Over the intermediate-time
chaos regime, ��1

L

. t . ��1

L

ln(N), Fa(t1, t2) can be
obtained from a Bethe-Salpeter like equation7,13,44,

Fa(t1, t2) =

Z
dt

3

dt
4

Ka(t1, t2, t3, t4)Fa(t3, t4). (3)

The ladder Kernel K, e.g., for p = 3, Ka(t1, t2, t3, t4) =
3J2QR

aa(t13)Q
R
aa(t24)Q

W
aa(t34) (t

13

= t
1

� t
3

) (see SM,
Sec.S2 1), is obtained using the retarded, QR

aa(t), and
the Wightmann, QW

ab (t) = Qab(⌧ ! it + �/2),
correlators47. For the chaotic growth regime, using the
ansatz Fa(t1, t2) = e�L(t1+t2)/2fa(t1� t

2

)7,13,44, �
L

is ob-
tained by numerically diagonalizing the Kernel K [SM,
Sec.S2 2].

The information about the PM and SG phases are en-
coded in the ladder Kernel and a crucial di↵erence is
in the Wightmann correlator, namely for the SG phase,
QW

ab (!) = [✏ab2⇡�(!)qEA

� �ab(⇡⇢(!)/ sinh(�!/2))],
whereas the first term is absent for QW in the PM phase.
Thus, the EA order parameter appears in the Kernel of
the SG phase.

Chaos in the PM phase.— We first discuss the depen-
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FIG. 3. (a) Lyapunov exponent �L (in units of J) is shown
as a function of quantum fluctuation ~ for several values of
temperature T in the cPM phase. �L approaches a constant
value in the classical limit ~ ! 0. �L is a non-monotonic
function of ~ when T is close to Td(0) ' 0.62. Non-monotonic
temperature dependence of �L on T for ~ =

p
0.001, 1.0 is

shown in the inset. (b) �L as a function of ~ for several values
of T in the mSG phase is shown. In contrast to the cPM
phase shown in (a), �L in the mSG increases monotonically
with ~ except at very low T . (c) Power-law fittings of �L as
a function of T at low temperature in the mSG phase, i.e.
�L / T↵, is shown in the log-log scale for ~ = 0.03, 1.41. (d)
The exponent ↵ varies from 1-2 as ~ varies from the classical
limit ~ ! 0 to quantum limit ~ & 1.

dence of �
L

on T and ~ in the cPM phase, as shown
through the colormap in Fig.1 for p = 3. Overall, �

L

be-
comes small when temperature or quantum fluctuations
are large. �

L

exhibits a broad maximum at Tm(~), sub-
stantially above Td, albeit tracking Td(~) line and merg-
ing with it at the tricritical point. To understand the
feature better, �

L

is plotted in Fig.3(a) as function of
~ for several temperatures. For high and intermediate
temperatures (T & J), �

L

is a monotonically decreasing
function of ~, approaching a constant value in the clas-
sical limit ~ ! 0. �

L

decreases rapidly for ~ & 1 since
the system acquires a large spectral gap ⇠ � for strong
quantum fluctuations � � T, J21 [SM, Sec.S4 2], mak-
ing the interaction e↵ects, and thus the chaos, very weak
(�

L

⇠ e��/T ).

Remarkably, when temperature is close to Td(0), �L

is a non-monotonic function of ~. This implies that the
approach to classical limit, even without encountering a
phase transition, could be non-trivial for chaotic proper-
ties. As discussed later, this phenomenon arises from the
proximity to the dynamical transition. A non-monotonic
dependence is also seen as a function of temperature,
as shown in Fig.3(a) (inset) for ~ =

p
0.001, 1.0. Start-
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𝜆+����� =
2𝜋𝑘W𝑇
ℏ

𝜆+

“ℏ”

o Phase diagram of chaos in a solvable 
quantum spin glass model.

o The approach to classical limit in terms
of chaos could be non-trivial and 
non-monotonic as a function of ℏ

o Quantum fluctuations can make system
more chaotic or less chaotic depending on 
the phase.

o Non-monotonic temperature
dependence of Lyapunov exponent in the 
supercooled liquid regime in the 𝑝-spin glass model.

2

trivial. Similar SG phase is also realized in a version of
SYK model represented in terms of SO(N) spins. In this
model, the Lyapunov exponent has been computed via
numerical simulation in the classical large spin limit37.

Model.— We study the quantum spherical p-spin glass
model18–21, described by the Hamiltonian,

H =
X

i

⇡2

i

2M
+

X

p,i1<...<ip

J (p)
i1...ip

si1 ...sip , (1)

which contains random all-to-all interactions among p =
2, 3, . . . spins on i = 1, . . . , N sites with the couplings

J (p)
i1...ip

s drawn from Gaussian distribution with variance

J2

pp!/2N
p�1. The quantum dynamics in the model re-

sults from the commutation relation [si,⇡j ] = i~�ij . The
model is made non-trivial by imposing the spherical con-
straint

P
i s

2

i = N . The Hamiltonian describes a particle
moving on the surface of an N -dimensional hypersphere
where M is the mass of the particle. The model, exactly
solvable in large-N limit, describes a mean field spin glass
and shares many common features with other models of
quantum spin glass38–41. We mainly study chaos in the
model with p = 3 (J

3

= J). For p = 2, the model is ef-
fectively non-interacting36 and non-chaotic, i.e. �

L

= 0.
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FIG. 1. The dependence of Lyapunov exponent �L (in units
of J) on T and ~ in the thermodynamic phase diagram is
shown through colormap. The paramagnet (PM) to spin
glass (SG) thermodynamic phase transition Tc(~) line (thin
red solid line) is second order up to a tri-critical point (black
star) and then first order (thin dashed red line). The mSG to
PM transition is demarcated by the dynamical transition line
Td(~) > Tc(~) (thick solid red line). The locus of the broad
maximum of �L(T, ~) is shown as Tm(~) line (solid black line)
and compared with the onset temperature T�(~) of the two-
step glassy relaxation regime (blue line).

Large-N saddle points and phase diagram.— The
equilibrium and dynamical phase-diagrams of the
model [Eq.(1)] have been analyzed in detail in ear-
lier works18–21,42. In the N ! 1 limit, the equilib-
rium phases are characterized in terms of disorder av-
eraged time-ordered (T⌧ ) correlation function, Qab(⌧) =
(1/N)

P
ihT⌧sia(⌧)sib(0)i, obtained from the following

saddle point equations of the imaginary time (⌧) path
integral [see Supplementary Material (SM), Sec. S1],

Q�1

ab (!k) =

✓
!2

k

�
+ z

◆
�ab � ⌃ab(!k) (2a)

⌃ab(⌧) =
X

p

pJ̃2

p

2
[Qab(⌧)]

p�1. (2b)

The replicas a = 1, .., n are introduced to perform the
disorder averaging and !k = 2k⇡T is bosonic Matsub-
ara frequency with k an integer (k

B

= 1); J̃p = Jp/J ,
and temperature, time and frequency are in units of J ,

~/J and J/~, respectively. Qab(!k) =
R �

0

d⌧ei!k⌧Qab(⌧)
(� = 1/T ) is matrix in replica space and the spheri-
cal constraint, (1/N)

P
i s

2

ia = Qaa(⌧ = 0) = 1, is im-
posed via the Lagrange multiplier z. The quantum fluc-
tuations is tuned through the dimensionless parameter
� = ~2/MJ by changing ~ with fixed M43.
As in the earlier work20,21, we obtain the phase di-

agram [Fig.1] by numerically solving the saddle-point
equations [Eqs.(2)] self-consistently [see SM, Sec.S1 1,
S1 3]. The replica structure of the order parameter
Qab(⌧) in the n ! 0 limit characterizes PM and SG
phases, namely — (a) in the PM phase [Fig.1], Qab(⌧) =
Q(⌧)�ab is replica symmetric and diagonal, and (b) for
the SG phase, the order parameter has an exact one-
step replica symmetry breaking (1-RSB) structure where
n replicas are broken down into diagonal blocks with m
replicas and Qab(⌧) = (qd(⌧)� q

EA

)�ab + q
EA

✏ab; ✏ab = 1
if a, b are in diagonal block else ✏ab = 0. The Edward-
Anderson (EA) order parameter q

EA

is finite in the SG
phase and vanishes in the PM phase.
As shown in Fig.1, the PM to SG phase transition

Tc(~) is second order up to a tricritical point and then
first order till the PM to SG quantum phase transition at
T = 020,21. There are, in fact, two PM phases, a classical
PM (cPM), adibatically connected to PM at ~ = 0, and
a quantum PM (qPM) phase for T . T ⇤ and above the
first-order line. We mainly compute �

L

in the cPM re-
gion since the qPM is strongly gapped21, and hence very
weakly chaotic. For studying chaos in the SG phase, we
only consider the so-called marginal spin glass phase21,
where the block size or the break point m is obtained
by the marginal stability criterion21 [see SM, Sec.S1 2].
The mSG phase is demarcated by the dynamical phase
transition line Td(~) > Tc(~) [Fig.1]. The mSG and Td

are naturally realized as ergodicity broken aging regime
and its onset temperature while cooling the system from
the PM phase in the presence of a bath21.
For computing the Lyapunov exponent �

L

, as dis-
cussed below, we also need dynamical correlation and
response functions in real time (t) and/or real frequency
(!). These are obtained using the spectral function
⇢(!) = �ImQR

aa(!)/⇡, where the retarded propagator,
QR

ab(!) = Qab(i!k ! ! + i0+) = QR(!)�ab, is obtained
by solving the saddle-point equations [Eqs.(2)] after an-
alytical continuation [SM, Sec.S1 1] to ! + i0+.



o Relation between transport and chaos?
Diffusion coefficient     𝐷 ∼ 𝑣W@/𝜆+?

o What happens to chaos across phase transitions? Is there 
critical slowing down? Effect of collective modes on chaos?

Study a well known lattice spin model in the large 𝑆 (→ ∞) or classical limit.

o Spatio-temporal growth of chaos? 

Chaos across thermal phase transitions in two 
dimensions in the classical XXZ model.

Strongly quantum lattice models with local interactions and finite-dimensional 
local Hilbert space do not show exponential growth.
However, quantum effects should be negligible close to transition with 
diverging length and time scale  (Hohenberg & Halperin)
⇒ Exponential growth near the transition even in quantum models?

𝜏+ ∼ 𝜆+34

Time scales𝜏)Z, 𝜏ZSghi 𝜏jk

𝒟 𝑡 ∼ 𝑒'()

𝐶 𝑡 ∼ 𝑒3)/m]Qnop

??
𝜏q

o Relation between different time scales?



Model and dynamics

Classical anisotropic Heisenberg Hamiltonian on 2D square lattice —

Two paradigmatic phase transitions —

• Kosterlitz-Thouless (KT) for Δ < 1 (Model E critical dynamics, 𝑧 = 1)

• Ising for Δ > 1 (Model D critical dynamics, 𝑧 = 4 − 𝜂)

Poisson bracket dynamics:

Conserved quantities 𝐸×Ø× and 𝑆×Ø×Ù = ∑
x
𝑆xÙ for Δ ≠ 1



Classical OTOC or “decorrelation” function

The de-correlation function

(𝑇 > 𝑇ÚÛ) (𝑇 < 𝑇ÚÛ)

Das et.al, PRL (2018)
𝜀

𝑡Y

Delay in the onset of light cone

= 1 − ℱ(𝒓, 𝑡)



(Δ = 0.3) (Δ = 1.2)

• Clear crossover across both the transitions
• Power law dependence with temperature above and below the transitions
• Not much finite size effects at the transition ⇒ Absence of critical slowing 
down and signature of diverging length and time scale in chaos

Temperature dependence of Lyapunov exponent
across KT and Ising transitions
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Figure 3: Temperature dependence of the Lyapunov exponent and the butterfly
speed: (a) and (b) show the temperature dependence of �

L

across the KT and Ising
transitions for � = 0.3 and � = 1.2, respectively. Results are shown for three di↵erent
system size, L = 128 (circle), 64 (square) and 32 (triangle). Power law fits have been
obtained for T < T

KT

(T
c

) and T > T
KT

(T
c

) (dashed lines). The dashed-dotted line
represents the value of �

L

at infinite temperature. (c) Ballistic light cones (�
L

(x, t) = 0)
at di↵erent temperature across the KT transition. The butterfly speed, v

B

, and the delay
time, t

0

, are found from a linear fit to the light cones. (d) Temperature dependence of
butterfly speed for easy-plane and easy-axis anisotropies across KT and Ising transitions,
respectively, for L = 128 (square) and 64 (open circle). The dashed-dotted line denotes
the value of v

B

at infinite temperature. Minima are observed at the transitions (vertical
dotted line).

smaller system sizes or with a di↵erent dynamics. Similar crossover in �
L

(T ) has been
reported for the Ising transition with various di↵erent types of dynamics [18, 23,24,29].

Butterfly speed: We next show the temperature dependence of the the butterfly
speed v

B

(T ) in Fig.3(d). The light cones, i.e. the locus of �
L

(x, t) = 0, at a few temper-
atures, e.g., as shown in Fig.3(c), are fitted using t = x/v

B

+ t
0

with v
B

and t
0

as fitting
parameters (see Figs.11(a),(b), Appendix B for more details). The speed v

B

exhibits a
non-monotonic temperature dependence, having a broad minimum around the KT and
Ising transition temperatures. A non-monotonic behavior in v

B

(T ) has been observed in
Ref. [18] for the finite-temperature 2d Ising transition in the classical limit of O(1) model.
However, in contrast to our results, there v

B

(T ) shows a maximum at the transition for
O(1) model. This implies that chaotic properties are dependent on the details of the
dynamics even close to critical points. As discussed in the Appendix.D, one can obtain
dynamical scaling laws for OTOC across finite temperature transitions with diverging
length and time scales, as in the case of quantum phase transition [53]. Based on these
scaling laws, or even just simple scaling argument [41], v

B

⇠ ⇠/⇠z = ⇠1�z, with dynamical

10
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(T ) has been
reported for the Ising transition with various di↵erent types of dynamics [18, 23,24,29].

Butterfly speed: We next show the temperature dependence of the the butterfly
speed v
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(T ) in Fig.3(d). The light cones, i.e. the locus of �
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(x, t) = 0, at a few temper-
atures, e.g., as shown in Fig.3(c), are fitted using t = x/v
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with v
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and t
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as fitting
parameters (see Figs.11(a),(b), Appendix B for more details). The speed v
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exhibits a
non-monotonic temperature dependence, having a broad minimum around the KT and
Ising transition temperatures. A non-monotonic behavior in v

B

(T ) has been observed in
Ref. [18] for the finite-temperature 2d Ising transition in the classical limit of O(1) model.
However, in contrast to our results, there v

B

(T ) shows a maximum at the transition for
O(1) model. This implies that chaotic properties are dependent on the details of the
dynamics even close to critical points. As discussed in the Appendix.D, one can obtain
dynamical scaling laws for OTOC across finite temperature transitions with diverging
length and time scales, as in the case of quantum phase transition [53]. Based on these
scaling laws, or even just simple scaling argument [41], v
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Figure 4: Comparison of chaos and relaxation time scales: The T dependence of
the delay time t

0

, Lyapunov time ��1

L

and the relaxation time ⌧ , extracted from spin auto-
correlation function C

xy

(t) above the transitions, are shown for (a) easy-plane (� = 0.3)
and (b) easy-axis (� = 1.2) anisotropies. Vertical dotted lines denote the transitions.

exponent z � 1. Similarly, for ⇠ � L, i.e. close to the transitions, v
B

⇠ L1�z, giving the
finite-size scaling of v

B

. As mentioned earlier, z = 1 for the easy-plane case [58, 59], thus
the weak system size dependence of v

B

(T ) (⇠ L0) in the KT phase (T  T
KT

) for � = 0.3
in Fig.3(d) is consistent with the scaling law. However, the same features in v

B

(T ) are
seen around T

c

for the easy-axis case � = 1.2 [Fig.3(d)] where one expects z = 4�⌘ [35,38]
and much stronger dependence of v

B

on |T �T
c

| and L. This discrepancy could be due to
the fact that the easy-axis anisotropy � = 1.2 studied here is not large enough to access
true critical regime expected over a narrow range of T around T

c

. Also, dynamics for
such a large z ⇡ 4 becomes extremely slow and thus it may be di�cult to capture the
asymptotic critical dynamics within our simulations times. We note that Ref. [18] also
finds very weak temperature and system-size dependence for v

B

(T ) close to T
c

in 2d O(1)
model, where z = 2 and stronger variations with |T � T

c

| and L are expected for v
B

(T ).
We keep more detailed analysis of the scaling laws for OTOC and v

B

for future studies.
At high temperature we find that the quantity D̃ = v2

B

/4�
L

to be temperature indepen-
dent, as discussed later [Fig.8], suggesting v

B

⇠ T 0.25, similar to that found in a classical
spin liquid phase [15]. The v

B

(T ) in Fig. 3(d) suggests faster spread of chaos at low tem-
peratures. This could be due to well-defined spin-wave excitations in the low-temperature
KT and Ising-ordered phases. In this regime v

B

increases at lower temperature whereas
�
L

! 0 as T ! 0, implying a large v
B

/�
L

` (` ' 1, the lattice spacing). This feature
may persist even for quantum XXZ model with small S and thus one maybe able to ob-
serve [47] the exponential growth in the quantum limit for such a regime dominated by
weakly interacting spin waves.

The delay time t
0

extracted from the light cones [Fig.3(c)] is shown as a function of
temperatures in Figs.4(a) and (b). The existence of the delay time and the linear form
of the light cone for t > t

0

are further corroborated by plotting �
L

(x, t) as a function of
x/(t � t

0

) in Figs.5(a),(b). The �
L

(x, t) for di↵erent t collapses on a single curve near
the light cone �

L

(x, t) = 0. We also find that, sans the region deep inside the light cone,
D(x, t) can be fitted with a ballistic form "2 exp[�

L

t{1 � (x/v
B

(t � t
0

))⌫}] for t > t
0

for both easy-plane and easy-axis cases, as discussed in the Appendix.C. The exponent
⌫ changes from 2 to 1 going from high to low temperatures across the transitions,
as shown in Figs.14(b),(c) in Appendix.C. Surprisingly, as shown in Fig.4(a) and (b),
t
0

, which characterizes early-time regime prior to exponential growth, roughly follows the

11

Comparison of time scales

relaxation time

chaos time



The chaos front spreads ballistically
Spatial spread of chaos

• Clear minima at the transitions

• Only relatively sharp signature 
of the phase transition in 
terms of chaos

Temperature dependence of
butterfly speed 

Scaling for classical OTOC

ℱ 𝑟, 𝑡 = Φ
𝐿
𝜉 ,
𝑟
𝜉 , 𝜉

3Ù𝑡

𝑣W ∼ 𝜉43Ù 𝐿 → ∞
∼ 𝐿43Ù 𝜉 → ∞

⇐
No system-size dependence for KT (𝑧 = 1)
Strong system-size dependence for Ising (𝑧 = 4 − 𝜂)



Transport and chaos
Spin-spin autocorrelation function

∼ 𝑒3)/m, exponential decay
or ∼ 1/𝑡§, powerlaw decay

⇒ Anomalous diffusion at
low temperature and across the 
transitionsSciPost Physics Submission
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Figure 8: Temperature dependence of di↵usion constant: The di↵usion coe�cient
is extracted from the fit (q) = Dqa over a range at high temperatures. We plot in (a)
D (solid squares), and in (b) the exponent a (solid circles), as a function of temperature.
In (a), we show the comparison of di↵usion constant D(T ) calculated from dynamical
structure factor with D̃ = v2

B

/4�
L

(open squares) extracted from Fig.3 for � = 0.3 and
� = 1.2. Horizontal dashed-dot lines represent the asymptotic infinite temperature values
ofD1 at these two anisotropies. D1 ' D̃1 (⇡ 0.8, not shown) for easy-plane case whereas
D1 ⇡ 0.42 and D̃1 ⇡ 1.14 (not shown) for easy-axis case. (b) shows that the deviation
of the exponent a from the di↵usive value ⇠ 2 starts exactly where the auto-correlation
exponent ↵ (open circles) deviates away from ⇠ 1 (Fig.6). Note that for simplicity of
notation, we refer to D as di↵usion constant even when a deviates substantially from the
di↵usive value 2.

behaviour is unlike that of D̃, which varies little with temperature and coincides with
its infinite-temperature value D̃1. Moreover, we find D̃1 ' D1 for the easy-plane case.
Nevertheless, our results suggest that D̃ is quite distinct from the actual di↵usion constant
D in general, unlike that in a correlated classical spin-liquid state [15] or in quantum
systems like strongly or weakly interacting di↵usive metals [7,39,43,44]. For the strongly
interacting metals, D̃ is related to the energy di↵usion constant implying that the chaos
or scarambling directly controls the thermal di↵usion [7,39]. To this end, our results raise
interesting questions about actual physical process governing D̃ in the semiclassical limit
of 2d XXZ model. For example, it would be interesting to compute the energy di↵usion
constant for the spin model in future and see whether it corresponds more closely to D̃,
rather than the spin di↵usion constant that we calculate here.

5 Conclusion

We have studied here the OTOC, and the dynamical spin correlations in the semiclassical
limit of the 2d XXZ model. In particular, we have tuned the anisotropy in the model
to study the dynamical properties across KT and 2d Ising transitions via simulation of
spin precession dynamics as a function of temperature. Thus we obtain a dynamical
phase diagram in terms of chaos and spatio-temporal spin correlations for the classical 2d
XXZ model. We have computed temperature dependence of the Lyapunov exponent and
butterfly speed, which show crossover across the transitions and no e↵ect of critical slowing
down. Only relatively sharp signature of the transitions is exhibited by a non-monotonic
temperature dependence of butterfly speed having a minimum at the transition.

Overall, we find chaotic growth and spread, and the dynamical correlations above
the transitions at high temperature in the easy-plane and easy-axes cases very simi-
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In general the diffusion constant 𝐷
and á𝐷 ∼ 𝑣W@/𝜆+ are not related



o Crossover in chaos across KT and Ising transitions.
o Chaos is unaffected by critical slowing down.
o Chaos spreads ballistically in phases with normal and anomalous
o diffusions.
o In general, 𝐷 ≠ 𝑣W@/𝜆+, connection between chaos and transport
is not always straightforward. 
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Chaos in quantum spin glass
and classical quantum crossover

Chaos and transport
across KT and Ising transitions

2

trivial. Similar SG phase is also realized in a version of
SYK model represented in terms of SO(N) spins. In this
model, the Lyapunov exponent has been computed via
numerical simulation in the classical large spin limit37.

Model.— We study the quantum spherical p-spin glass
model18–21, described by the Hamiltonian,

H =
X

i

⇡2

i

2M
+

X

p,i1<...<ip

J (p)
i1...ip

si1 ...sip , (1)

which contains random all-to-all interactions among p =
2, 3, . . . spins on i = 1, . . . , N sites with the couplings

J (p)
i1...ip

s drawn from Gaussian distribution with variance

J2

pp!/2N
p�1. The quantum dynamics in the model re-

sults from the commutation relation [si,⇡j ] = i~�ij . The
model is made non-trivial by imposing the spherical con-
straint

P
i s

2

i = N . The Hamiltonian describes a particle
moving on the surface of an N -dimensional hypersphere
where M is the mass of the particle. The model, exactly
solvable in large-N limit, describes a mean field spin glass
and shares many common features with other models of
quantum spin glass38–41. We mainly study chaos in the
model with p = 3 (J

3

= J). For p = 2, the model is ef-
fectively non-interacting36 and non-chaotic, i.e. �

L

= 0.
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FIG. 1. The dependence of Lyapunov exponent �L (in units
of J) on T and ~ in the thermodynamic phase diagram is
shown through colormap. The paramagnet (PM) to spin
glass (SG) thermodynamic phase transition Tc(~) line (thin
red solid line) is second order up to a tri-critical point (black
star) and then first order (thin dashed red line). The mSG to
PM transition is demarcated by the dynamical transition line
Td(~) > Tc(~) (thick solid red line). The locus of the broad
maximum of �L(T, ~) is shown as Tm(~) line (solid black line)
and compared with the onset temperature T�(~) of the two-
step glassy relaxation regime (blue line).

Large-N saddle points and phase diagram.— The
equilibrium and dynamical phase-diagrams of the
model [Eq.(1)] have been analyzed in detail in ear-
lier works18–21,42. In the N ! 1 limit, the equilib-
rium phases are characterized in terms of disorder av-
eraged time-ordered (T⌧ ) correlation function, Qab(⌧) =
(1/N)

P
ihT⌧sia(⌧)sib(0)i, obtained from the following

saddle point equations of the imaginary time (⌧) path
integral [see Supplementary Material (SM), Sec. S1],

Q�1

ab (!k) =

✓
!2

k

�
+ z

◆
�ab � ⌃ab(!k) (2a)

⌃ab(⌧) =
X

p

pJ̃2

p

2
[Qab(⌧)]

p�1. (2b)

The replicas a = 1, .., n are introduced to perform the
disorder averaging and !k = 2k⇡T is bosonic Matsub-
ara frequency with k an integer (k

B

= 1); J̃p = Jp/J ,
and temperature, time and frequency are in units of J ,

~/J and J/~, respectively. Qab(!k) =
R �

0

d⌧ei!k⌧Qab(⌧)
(� = 1/T ) is matrix in replica space and the spheri-
cal constraint, (1/N)

P
i s

2

ia = Qaa(⌧ = 0) = 1, is im-
posed via the Lagrange multiplier z. The quantum fluc-
tuations is tuned through the dimensionless parameter
� = ~2/MJ by changing ~ with fixed M43.
As in the earlier work20,21, we obtain the phase di-

agram [Fig.1] by numerically solving the saddle-point
equations [Eqs.(2)] self-consistently [see SM, Sec.S1 1,
S1 3]. The replica structure of the order parameter
Qab(⌧) in the n ! 0 limit characterizes PM and SG
phases, namely — (a) in the PM phase [Fig.1], Qab(⌧) =
Q(⌧)�ab is replica symmetric and diagonal, and (b) for
the SG phase, the order parameter has an exact one-
step replica symmetry breaking (1-RSB) structure where
n replicas are broken down into diagonal blocks with m
replicas and Qab(⌧) = (qd(⌧)� q

EA

)�ab + q
EA

✏ab; ✏ab = 1
if a, b are in diagonal block else ✏ab = 0. The Edward-
Anderson (EA) order parameter q

EA

is finite in the SG
phase and vanishes in the PM phase.
As shown in Fig.1, the PM to SG phase transition

Tc(~) is second order up to a tricritical point and then
first order till the PM to SG quantum phase transition at
T = 020,21. There are, in fact, two PM phases, a classical
PM (cPM), adibatically connected to PM at ~ = 0, and
a quantum PM (qPM) phase for T . T ⇤ and above the
first-order line. We mainly compute �

L

in the cPM re-
gion since the qPM is strongly gapped21, and hence very
weakly chaotic. For studying chaos in the SG phase, we
only consider the so-called marginal spin glass phase21,
where the block size or the break point m is obtained
by the marginal stability criterion21 [see SM, Sec.S1 2].
The mSG phase is demarcated by the dynamical phase
transition line Td(~) > Tc(~) [Fig.1]. The mSG and Td

are naturally realized as ergodicity broken aging regime
and its onset temperature while cooling the system from
the PM phase in the presence of a bath21.
For computing the Lyapunov exponent �

L

, as dis-
cussed below, we also need dynamical correlation and
response functions in real time (t) and/or real frequency
(!). These are obtained using the spectral function
⇢(!) = �ImQR

aa(!)/⇡, where the retarded propagator,
QR

ab(!) = Qab(i!k ! ! + i0+) = QR(!)�ab, is obtained
by solving the saddle-point equations [Eqs.(2)] after an-
alytical continuation [SM, Sec.S1 1] to ! + i0+.

SciPost Physics Submission

approximation. The dynamics of the model for N = 2 is more appropriate for 2d quantum
rotors and planar antiferromagnets [55] and the finite-temperature transition is expected
to have a dynamical exponent z ⇡ 2 [35, 56]. The large-N approximation, unlike our
direct numerical Monte Carlo and spin dynamics simulation in the XXZ model, cannot
appropriately describe KT transition in the 2d O(2) model. In contrast, the dynamics
[Eq.(2)] in the ferromagnetic XXZ model for the easy-plane case � < 1 is described by
the Model E dynamics [35, 58, 59], where the Poisson bracket terms between planar spin
components, i.e. the order parameter, and conserved z component of spin are important.
In this case, one expects a dynamical exponent z = 1 in 2d [58, 59]. We discuss these
points further in the context of our results for v

B

(T ).

3 Overview of the dynamical phase diagram of classical XXZ
model: Chaos and dynamical correlations

(KT) (Ising)(Isotropic)

Figure 1: Phase diagram: Schematic phase diagram showing dynamical transitions
and/or crossovers in terms of chaos and transport across KT and Ising transitions for
easy-plane (� < 1) and easy-axis (� > 1) anisotropies.

Our main results are summarized schematically in a phase diagram in Fig.1. Before
describing the results in detail, we give an overview of our main results below.
1. We show that �

L

(T ) has a crossover across both KT and Ising transitions, clearly
distinguishing low- and high-temperature phases. In particular, we find �

L

⇠ T 0.5 and
�
L

⇠ T 2.5�3 above and below the transitions.
2. The spatio-temporal evolution of the OTOC exhibits ballistic spreading of perturbation
in the form of a linear light-cone throughout the temperature range for both easy-plane
and easy-axis anisotropies, as shown in Figs.2(a),(b), above and below T

KT

, for � < 1.
Unlike typical quantum systems [34, 42, 50], we do not find any signature of broadening
of the ballistic propagation front of OTOC, even close to the phase transitions. However,
we find that there is a delay t

0

in the onset of the light-cone. The time scale t
0

increases
with decreasing temperature and seems to diverge for T ! 0, like 1/�

L

.
3. We find the butterfly speed v

B

has a non-monotonic temperature dependence, showing
a minimum at the transitions. This is the only sharp signature of the phase transition
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Fast to slow scrambling across dynamical transition from 
non-Fermi liquid to Fermi liquid
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FIG. 1. The generalized SYK model. The SYK sites at the center
are coupled through random four-fermion coupling Jijkl . The sites at
the periphery are connected to the SYK sites and to each other via
random hoppings Viα and tαβ , respectively.

Overview of the results

The low-energy dynamics in the coupled system of SYK
fermions coupled to a cloud of noninteracting fermions is
crucially determined by the ratio of peripheral sites to SYK
sites, p = M/N . As shown in Fig. 2, if p is smaller than
a critical value pc(n), with n the fermion density, then the
dynamics is still controlled by a strong-coupling SYK-like
or NFL fixed point with the universal Lyapunov exponent
λL = 2πT . On the other hand, for p > pc the quadratic
fermions effectively screen the SYK interactions, leading to a
free low-energy fixed point, essentially a FL, characterized at
low temperatures by a Lyapunov exponent λL = AT 2 with a
nonuniversal prefactor, which is what one may expect if the
scrambling occurs via weak inelastic quasiparticle collisions.
The two phases are separated by a continuous quantum phase
transition at p = pc.

Interestingly, the critical ratio pc depends only on the
fermion density and not on the coupling V or the hopping

strength t . These couplings, however, determine the crossover
energy scales below which the two fermion species are
effectively coupled and the low-energy fixed-point behavior
ensue on the two sides of the transition. The crossover scales,
ωNFL and ωFL for the NFL and FL fixed points, respectively,
are shown schematically in Fig. 2(b) for the particle-hole
symmetric case at half filling, where pc = 1. The surprising
insensitivity of the NFL-FL phase boundary to any of the
basic energy scales of the model results from the fact that
the transition is between two fixed points, each with an
emergent low-energy conformal symmetry. As a result the
bare couplings drop out from the problem at low energies and
the transition is only dictated by entropic factors, as we discuss
later.

As depicted in Fig. 2(b), we explicitly show that λL = 2πT
in the entire NFL phase for p < 1 at half filling. This is not
a priori obvious as the marginal coupling V to peripheral
fermions could have given rise to correction to linear-T
coefficient of λL. We note that a strong-coupling fixed point
itself does not ensure the saturation of the chaos bound [10]. We
further extend our calculation of the Lyapunov exponent away
from the particle-hole symmetric situation, where there is an
additional emergent low-energy U(1) gauge symmetry [8,11],
and show that the entire NFL phase in Fig. 2(a) saturates the
upper bound on λL [9]. To our knowledge, this is the first
explicit calculation of λL for the SYK model [8] away from
half filling. Our results for λL imply that, even in the presence
of marginal coupling V and/or U(1) gauge symmetry, there
is an emergent SL(2,R) symmetry that leads to an effective
Schwarzian derivative action at low energy, as studied ex-
tensively for the original SYK model [5]. The direct transition
from a phase with fast scrambling, which saturates the quantum
bound to a slow scrambling phase, suggests there may be a dual
picture in terms of a phase transition involving the emergence
of a black hole at a critical point of quantum gravity.

The jump of λL across the NFL-FL phase boundary
might naively suggest a first-order transition, reminiscent
of first-order transition in AdS involving the emergence of
a black hole at finite temperature [12]. However, we show
that two-point functions for the fermions evolve continuously
across the transition. The original SYK model has a residual

p
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n

0

0.2

0.4

0.6

0.8

1

FLNFL

(a)

NFL FL

(b)

FIG. 2. (a) Phase diagram of the generalized SYK model in the plane of the average fermion filling n and the ratio p = M/N . The entire
NFL phase saturates the chaos bound, λL = 2πT [9]. The dashed line indicates half filling. (b) Phase diagram at half filling as a function of
p. A quantum phase transition separates the NFL and FL at p = 1. The latter scrambles with a much slower rate ∝ T 2. The NFL phase has a
residual zero-temperature entropy density S0 that vanishes continuously at the transition. The crossover scales ωNFL and ωFL for the respective
fixed-point behaviors collapse approaching the transition from both sides in the manner shown in the figure panel.
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𝑝 = 0

Transition from fast to slow scrambling due to ‘quantum fluctuations’ as 
SYK fermions get screened or hybridized. Quantum parameter is no explicit!



We need to extract 𝜆å and 𝑣W from decorrelation.
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Arguments for the existence of chaos bound

o Maldacena-Shenker-Satnford ⇒ Analytical properties of regularized OTOC +
some physical assumptions

𝐹 𝑡 = 4
æ
𝑇𝑟[𝑒3

çè
é 𝐴(𝑡)𝑒3

çè
é 𝐵(0)𝑒3
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é 𝐴(𝑡)𝑒3

çè
é 𝐵(0)]

o Energy-time uncertainty type argument (very crude)
𝜆+34𝑘W𝑇 ≥ ℏ

o Murthy and Srednicki, PRL (2019) ⇒ Eigenstate thermalization hypothesis +
assumptions.

o Morita, SciPost (2021)  ⇒ Effective model for classical system with 
Lyapunov exponent → inverse Harmonic potential 

The proof for the bound, 𝜆+ ≤ 2𝜋𝑘W𝑇/ℏ, is not a rigorous proof!
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Figure 1: In chaotic systems, inverse harmonic potentials play fundamental roles to explain the
butterfly effects. This is similar to the importance of harmonic potentials in stable systems.

Quantum correctionClassical motion

Figure 2: Particle motions in the inverse harmonic potential (9). The black arrows denote
classical particle motions and the red dashed lines denote new particle trajectories in quantum
mechanics that are forbidden in classical mechanics.

3 Emergent Thermodynamics in Inverse Harmonic Potential

We consider quantum mechanics in an one-dimensional inverse harmonic potential,

H =
1

2
p2 −

1

2
λ2
Lx

2, (9)

where we have taken x as the dynamical variable4. Obviously, this model exhibits the butterfly
effect with the Lyapunov exponent ±λL, (λL > 0) as we have discussed in Sec. 2. We will first
consider the classical motion. Then, we will see that the quantum corrections to the classical
motion imitate thermal fluctuations and cause emergent thermal excitations5.

Let us start from classical mechanics. Suppose free particles come from the left side of the
potential (x < 0). See FIG. 2. The fate of these particles are very simple. If their energy E

4Classical particle motion in the inverse harmonic potential (9) is solvable. Hence, it is not chaotic, although
it shows the butterfly effect. Therefore, butterfly effect is not a sufficient condition of chaos. As we show, the
inverse harmonic potential is essential in our proposal for the emergent thermodynamics, and other chaotic
properties are not relevant.

5Emergence of thermal natures in inverse harmonic potentials through quantum effects have been discussed
in several contexts. See for example Ref. [6, 17–20].
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Figure 3: The sketch of the relation between the two trajectories (classical and quantum) and
the probability ratio. The ratio of the probability of taking the classical trajectory to that of
the quantum one is 1 to exp (−βL|E|), where E is the energy of the particle. It is identical to
the thermal probability of a two level system, and taking the quantum trajectory corresponds
to the excited state.

are positive (E > 0), they go through the potential to the right side, and, if the energies are
negative (E < 0), they are reflected by the potential and go back to the left side.

Next, we consider the quantum corrections to these motions. In the case of the negative
energy particles E < 0, due to the quantum tunneling, the particles can penetrate the potential
to the right side. Similarly, even in the case of the positive energy particles E > 0, the incoming
particles may be reflected by the potential quantum mechanically. Therefore, new particle
trajectories arise in quantum mechanics, which were forbidden in classical mechanics. These
trajectories are sketched by the red arrows in FIG. 2.

We can exactly compute the probabilities for the occurrences of these new trajectories
[4,21,22]. The tunneling probability PT (E) for the negative energy particle and the probability
of the reflection of the positive energy particle are given by

PT (E) =
1

exp
!

− 2π
h̄λL

E
"

+ 1
, (E < 0), PR(E) =

1

exp
!

2π
h̄λL

E
"

+ 1
, (E > 0), (10)

respectively. Thus, we can combine these two formulas to

P (E) :=
1

exp (βL|E|) + 1
, βL :=

2π

h̄λL

. (11)

This result means that the ratio of the probability of taking the classical trajectory to that
of the quantum one is 1 to exp (−βL|E|). This ratio may be interpreted as the Boltzmann
factor of the two level system at temperature,

TL :=
1

βL
=

h̄

2π
λL, (12)

where the ground state (zero energy) and the excited state (energy = |E| ) correspond to the
classical trajectory and quantum one, respectively. See FIG. 3. Remarkably, the temperature
TL saturates the bound of chaos (3) proposed by Maldacena, Shenker and Stanford [8]. Hence,
our relation might be related to this bound.

So far, we have obtained the probability exp (−βL|E|), which looks like a Boltzmann
factor, but the connection to thermodynamics is unclear. We will see a clear interpretation
by considering the energy transportation in the above processes.

In the case of E < 0, if the tunneling occurs, the negative energy particle is removed from
the left side (x < 0), and thus the energy in this side increases by −E(> 0) comparing with
the classical process. In the case of E > 0, if the quantum reflection occurs, the particle
carrying the positive energy coming into the left side, and again the energy in the left region
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Analogous Hawking radiation 
temperature

Thermal equilibrium    ⇒ 𝑇 ≥ 𝑇+ ⇒ 𝜆+ ≤ 2𝜋𝑘W𝑇/ℏ


