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Abstract The global linear stability, where we as-

sume no homogeneity in either of the spatial direc-

tions, of two-dimensional laminar base flow through

a spatially periodic converging-diverging channel is

studied at low Reynolds numbers. A large converging-

diverging angle is used, to achieve critical Reynolds

numbers of the first instability of below 10. These val-

ues are significantly lower than those reported earlier

at smaller amplitudes of wall waviness. The leading

disturbance mode is seen to be a stationary mode. The

eigenspectrum has a branched structure, with modes

on the upper branch displaying a variety of structures.

Our global stability study suggests that such modes

can be tailored to give enhanced mixing in micro chan-

nels at low Reynolds numbers.

1 Introduction

The study of flow through spatially varying geome-

tries has received considerable attention in the recent
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past, both numerically and experimentally (see e.g [1–

3]) due to its relevance in various microfluidic appli-

cations. Many researchers, e.g. [4] have conducted di-

rect numerical simulations and experiments in order

to understand the phenomenon of mixing, which has

been an issue in microfluidic devices ranging from mi-

croscale reactor to the biological flows [5]. If the steady

laminar flow were to be unstable to linear perturba-

tions, it might help one to enhance mixing levels. In

general, however, flow in these small scale geometries,

with the associated very low flow rates, tends to be

stable to perturbations. One of the ways of achiev-

ing low Reynolds number instabilities is to introduce

convergences and divergences [6–14] in the flow chan-

nel. A global linear stability analysis of such geome-

tries will help determine how small the Reynolds num-

ber can be where a first instability arises. In this pa-

per, we investigate the flow instability in a periodic

converging-diverging channel by conducting a global

stability analysis, and also by obtaining two-dimensional

nonlinear periodic solutions. Our work is conducted at

Reynolds numbers significantly lower than is usual for

such global stability studies.

Laminar flow through straight pipes and channels

exhibits subcritical algebraic growth of disturbances,

and transition to turbulence takes place at a Reynolds

number where the flow is predicted by a modal anal-

ysis to be linearly stable. On the other hand, if the

pipe or channel is not straight but contains regions of

wall divergence, one can have exponential growth of

small disturbances at low Reynolds numbers. Lami-

nar flow through a two-dimensional straight channel

is linearly unstable at Reynolds number higher than

5772.2 (based on channel half-width and centerline ve-

locity), but a wall-divergence of less than a degree

brings down the critical Reynolds number, Recr (be-
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low which the flow is linearly stable) by an order of

magnitude. This was shown by Eagles [15] a long time

ago. In a circular pipe the effect of the angle of diver-

gence is even greater, as the critical Reynolds number

decreases all the way from infinity, for a straight pipe,

to the order of 100, for a diverging pipe having an an-

gle of divergence of 3◦ [16]. Conversely, a contraction

or convergence stabilizes the flow very strongly, see

e.g. Alpine et al. [1]. All these early studies assumed

that the basic flow is either fully-developed or self-

similar, and analysed the behaviour of a infinitesimally

small disturbance. However, this assumption does not

hold good in the geometries of our concern, particu-

larly at low Reynolds number. Recently Swaminathan

et al. [2] studied the stability characteristics of flow

through a diverging channel by conducting a global

stability analysis.

Consider now a wavy-walled channel of constant av-

erage width, with alternating diverging and converg-

ing sections. The first question that would arise here

is whether the destabilising effect of divergence is can-

celled by the subsequent convergence. The answer is

no: the stability of flow through such a geometry has

been studied well and the conclusion that emerges

is that this flow is linearly unstable at a far lower

Reynolds number than in a straight channel [17]. Due

to this fortunate circumstance, a converging-diverging

geometry becomes a good configuration for achieving

mixing at low Reynolds numbers and finds application

in small scale flows.

A typical periodic unit of a sinusoidal channel (sym-

metric about the axis shown as vertical in the figure)

studied in this work is shown in figure 1. The ampli-

tude of wall waviness is measured by a parameter ε,

defined here as the ratio of the maximum difference

in widths to the minimum width. We define our ‘stan-

dard’ geometry as the one with ε = 2.3 and domain

length L = 10. The parameter ε is varied to study the

effect of wall-waviness of the flow stability.

Many converging-diverging geometries have been

studied before, and available values for the critical

Reynolds number Recr, below which flow is linearly

stable in the modal sense to all small perturbations,

are compiled in figure 2 as a function of the wall wavi-

ness amplitude ε. A consistent trend is visible, where

the Recr decreases with increase in the waviness am-

plitude, although the geometries included differ quite

significantly. The aspect ratio, i.e. the length of a given

periodic unit as compared to the average width of the

channel, ranges from about 0.6 to 600 in the results

shown. Wall shapes also differ, some are sinusoidal, tri-

angular grooved, arc-shaped etc. Also the experiments

of Stephanoff et al. [7] on various types of periodic

0 2 4 6 8 10
−4

−2

0

2

4

1

ε

(a)

Fig. 1 Schematic of a symmetric sinusoidal channel under
study. Ratio of the amplitude of the wall waviness and to the
minimum width of the channel, ε = 2.3 and domain length
is fixed at L = 10. Note that in a typical microchannel,
several geometries like this one will be connected in series.
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Fig. 2 Variation of the critical Reynolds number Recr with
the wall waviness amplitude ε in selected previous studies.
Although different studies have used different aspect ratios,
different domain length and different wall shapes, a trend is
observed. Note that the result of Nishimura et al.[8] shown
here does not correspond to the critical Reynolds number.
The study of Blancher et al [9] is on a different geometry.
Please see text for further details.

grooved channels such as the sinusoidal, arc-shaped

and triangular grooved channels show that the criti-

cal Reynolds number depends only on the amplitude

rather than the shape of the grooves. It is evident that

ε is the most important parameter governing the crit-

ical Reynolds.

While we have not yet described our approach, we

wish to kindle the reader’s interest by presenting the

results for critical Reynolds number at three different

divergence ratios in the same figure (figure 2). It is

seen that the trend observed at low ε by others is con-

tinued to high ε, with the appealing consequence that

we are able to achieve flows which are unstable at a

critical Reynolds number which is an order of magni-

tude lower than in earlier studies. Two data points of
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earlier work at high ε seem at first sight to be outliers

on this graph. However, the geometry of [9] is very

different from the present one, in that it is not a vari-

cose (top-down symmetric) channel. Given that the

entire qualitative nature of the mean flow is different,

a large difference in the critical Reynolds number is

not surprising. We find that the primary bifurcation

in this range is always caused by a standing wave. On

the other hand, Blancher et al.’s geometry exhibits an

onset of instability in the form of a travelling wave.

Nishimura et al. [8] do not conduct a stability analy-

sis. They conduct an experiment where they notice full

blown turbulence at a Reynolds number of 350. Un-

steady laminar flow could exist below this Reynolds

number.

In general a channel will consist of several diverging-

converging units connected in series. We assume here

a flow that is repeating itself from one unit to the

next, i.e. periodicity is imposed at the inlet and the

outlet. Future studies without thisx assumption are

warranted. Note that the assumption leads to com-

pletely valid disturbance eigenmodes, but these are

only a subset of all possible linear modes. So releas-

ing this assumption will only bring down the critical

Reynolds number further. We will find that even when

the separation between maxima in disturbance ampli-

tudes is small compared to the length of a periodic

unit, disturbance eigenfunctions are usually not wave-

like, in that downstream behavior may vary from one

normal location to another.

In our discussion of earlier work, we do not dwell

on the huge body of work on extremely small ε corre-

sponding to wall roughness. We also restrict our atten-

tion to periodic geometries with top-down symmetry,

i.e., to varicose channels. Stone and Vanka [13] stud-

ied the flow numerically through 14 geometric units

by imposing convective type of boundary condition at

the outlet; whereas Blancher et al. [18] demonstrated

self-sustained oscillations without asumming period-

icity within a geometric unit. The results of the lat-

ter were consistent with the experiments conducted

by Kim [19] and Rush et al. [11]. Guzman et al.[20],

in numerical simulations, found supercritical Hopf bi-

furcations before a chaotic flow regime was reached. A

large reduction in Recr with wall waviness was demon-

strated [8,10]. In the limit of ε tending to zero, trav-

eling Tollmien-Schlichting waves are the most unsta-

ble. Beyond a critical waviness amplitude of ε ∼ 0.1,

instability is dominated by three-dimensional oscilla-

tory modes, especially streamwise vortices, which are

driven by centrifugal effects induced by the concav-

ity of the wall [21,10,14]. As ε is increased further,

beyond ε ∼ 0.3, two-dimensional traveling waves are

the most dominant again. The appealing and compu-

tationally efficient approach of Floryan [14] and Flo-

ryan [22] comes closest to a global stability study.

Critical conditions in three dimensions, or the occur-

rence of both traveling wave instability and vortex

instability have been obtained, and detailed studies

on the shape, spacing etc. of roughness elements have

been carried out [23–25]. Szumbarski and Floryan[26]

studied the transient growth associated with channels

with wall corrugations and calculated the maximum

growth and optimal perturbations for different corru-

gations. Laval et al.[27] have carried out direct numer-

ical simulations for adverse-pressure gradient flows in

the converging-diverging channels. Some experimental

analyses on microchannels with complex geometries

include Akbari et al.[28] and Duryodhan et al.[4]. The

latter experiments analysed the effect of diverging mi-

crochannels on flow behavior in order to design effec-

tive diffusers. Jose and Cubaud[29] studied immiscible

fluids forming drops and its coalescence in a channel

with a converging-diverging type of geometry. Peix-

inho et al. [30,?] carried out experiments confirming

the linear stability results of [16] in a slowly diverg-

ing pipe. It was also observed that at low Reynolds

number a separated flow appears which increases with

increasing Re and further becomes unsteady, leading

ultimately to turbulent flow.

These exciting solutions indicate interesting possi-

bilities in the nonlinear regime for the present geom-

etry. Some interesting work in the transition to chaos

in such converging-diverging channels include Guman

et al. [20], Amon et al. [31].

In a parallel flow, two-dimensional perturbations

would be the most unstable, in accordance with Squire’s

theorem [32]. This theorem is not valid for a non-

parallel flow, but going by Cho et al.[10] which shows

that two-dimensional disturbances are dominant be-

yond ε = 0.3, we restrict ourselves to two-dimensional

disturbances. Three-dimensional disturbances may well

prove to be faster growing, both exponentially and al-

gebraically, but the proof of principle is already achieved

with two-dimensional disturbances.

The rest of the paper is organised as follows: Sec-

tion 2 presents the formulation of the problem and

the geometry studied here. The computation of the

two-dimensional steady base flow is discussed in 2.1

and the global linear stability analysis is explained in

2.2. Section 3 shows the results obtained and section

4 consists of a brief discussion and summary.
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2 Problem Formulation

Consider a converging-diverging channel formed by a

simple sine function defined appropriately, such as the

one shown in the figure 1. The flow is from left to

right. The minimum half-width is fixed to 1 while the

parameter, ε, defined as the ratio of the maximum am-

plitude of wall-waviness to the minimum half-width, is

varied from 0.05 to 3.3 in this work. Unless otherwise

specified, the domain length of each repeating unit of

the channel is L = 10, which is 5 times the minimum

width of the channel.

2.1 Base Flow
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Fig. 3 Contours of streamwise, U (top) and transverse, V
(bottom) velocities of the base flow obtained from numerical
simulations, for a symmetric case with ε = 2.3 and L = 10
as shown in the parameter setting explained in the figure 1,
at a Reynolds number of 5.
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Fig. 4 Contours of streamwise velocity component, U for
a symmetric case with ε = 2.3 and L = 10 and the corre-
sponding laminar separation bubble formation for different
Re as shown in the figure. The shaded region shows the sep-
aration bubble formed at the walls, containing recirculating
flow. Notice that the bubbles at Re = 20 at the top and
bottom walls differ slightly.

The steady two-dimensional Navier-Stokes equations

are solved in the streamfunction-vorticity formulation

(obtained after eliminating pressure). This can be-

come very time consuming, so a full multigrid tech-

nique is used to accelerate the convergence. This solver

has been used in a variety of flows, see e.g. [16],[33].

The code has been validated against several analyt-

ical solutions and in several known geometries. The

agreement in each case is very good. The governing

dimensionless equations are,

∂Ω

∂t
+ (U.∇)Ω =

1

Re
∇2Ω, (1)

Ω = −∇2ψ, (2)

(U, V ) =

(
∂ψ

∂y
,−∂ψ

∂x

)
, (3)

where U(U, V ) is the velocity vector, wherein U and

V are the velocity components in the streamwise and

transverse directions, respectively; t is time; Ω and

ψ are the mean vorticity and streamfunction, respec-

tively, and∇2 = ∂2/∂x2+∂2/∂y2. The Reynolds num-

ber Re is based on the minimum half-width of the

channel, and the centerline velocity at the minimum

half-width. In order to handle the curved walls, the

above equations are solved in the computational do-

main (ζ, η), which is obtained by the following coor-

dinate transformation:

ζ = x, η = y/H(x), (4)

subject to the no-slip and impermeability boundary

conditions, U = V = 0, at the walls; and periodic

boundary conditions at the inlet and the exit. In the

transformed coordinate, the channel walls are straight

and located at y = ±1. The resultant solution is then

transformed back to the physical domain (x, y). The

solution procedure is briefly outlined below.

We begin with a guess solution: a parabolic velocity

profile at every axial location, and march in psuedo-

time until a steady-state solution is obtained. The gov-

erning equations are discritized using first-order accu-

rate forward differencing in time and second-order ac-

curate central differencing in space. The vorticity dis-

tribution at the new time step is calculated by solving

the discritized unsteady vorticity equation using the

velocity field in the previous time step. The stream-

function distribution is then calculated by solving the

Poisson equation iteratively using a full-multigrid tech-

nique. It is to be noted here that our full-multigrid

technique gives a speed-up of around 100 times as

compared to the commonly used Jacobi iterative tech-

nique. From the updated values of streamfunction the

velocity and vorticity at the walls are obtained. This

procedure is repeated until the cumulative change in

vorticity reduces to below 10−8, which is consider as

the criteria for the steady state. A grid of 514× 144 is

used in the x and y directions, respectively. Contours

of components of the streamwise and the transverse

velocity are given in figure 3 for Re = 5. As can be



Global linear instability of flow through a converging-diverging channel 5

discerned, the flow in this case is close to separation at

the location where the turn from diverging to converg-

ing occurs. With an increase in the Reynolds number,

a clearly defined separation zone appears, and a fur-

ther increase in Re causes an increase in the length

of the separation zone, as shown in the figure 4. For

Reynolds number equals to 20 it can be seen in figure 4

that the flow becomes slightly asymmetric, resulting

different size of separation bubble near the top and

bottom walls.

The base flow has been obtained on a uniform grid,

whereas for the disturbance (stability analysis discussed

in the next section), the linearized Navier-Stokes equa-

tions are solved on a grid consisting of Chebyshev col-

location points. The has been done as the linear sta-

bility analysis is very sensitive to the number of grids

near the walls, where the viscosity effects are predom-

inant. Thus, the resultant solution of the base flow

is interpolated onto the spectral grid using an arc-

length based cubic spline interpolation. These meth-

ods are specially designed to eliminate any spurious

interpolation-induced oscillations.

2.2 Global Linear Stability Analysis

We conducted a two-dimensional global linear stabil-

ity of the base flow obtained by solving equations (1)-

(3) using a normal mode in time. Following the va-

lidity of the Squire’s theorem in shear flows [32], we

therefore restrict ourselves to two-dimensional pertur-

bations. In the standard approach the flow variables

are split into base state quantities (denoted by upper

case letters) and two-dimensional perturbations (des-

ignated by hat), as

u = U + û; v = V + v̂; p = P + p̂ (5)

Here, û(≡ ∂φ̂/∂y) and v̂(≡ −∂φ̂/∂x) are the distur-

bance velocities in the streamwise and transverse, di-

rections, respectively, and p is the disturbance pres-

sure. φ̂ is the disturbance streamfunction. Express-

ing the time dependence in normal mode form as,

φ̂(x, y, t) = φ(x, y)e−iωt, substituting the above in

the momentum equations, linearising and eliminating

pressure, we obtain{[
U
∂

∂x
+ V

∂

∂y

]
∇2 +

[
∂2V

∂x∂y
− ∂2U

∂y2

]
∂

∂x
(6)

+

[
∂2U

∂x∂y
− ∂2V

∂x2

]
∂

∂y
− 1

Re
∇4

}
φ = iω∇2φ,

which governs the evolution of disturbances in the

flow. Here i =
√
−1, ω is the complex eigenvalue,

whose real and imaginary parts give the frequency and

the temporal growth rate of the disturbance, respec-

tively. Note that a given mode is unstable if ωi > 0,

stable if ωi < 0 and neutrally stable if ωi = 0.

In the present study the Reynolds number is low,

and the geometry is strongly varying in the streamwise

direction. Hence a global stability study, where the

base flow and the amplitude of the perturbations are

functions of both the streamwise (x) and transverse(y)

co-ordinates, is appropriate, as opposed to a parallel

study which considers homogeneity in the streamwise

direction. A detailed report on global stability analysis

is available in Theofilis [34]. This approach has been

used to study various non-parallel flows, including sep-

arated flows [35], boundary layers [36,?,?], ducts [37],

and solid rocket motors [38]. In a rectangular duct [39]

reduced the global stability system to a single equa-

tion for the purpose of numerical simplicity. We fol-

low a similar approach; both the base flow and the

perturbations essentially consider homogeneity in the

spanwise (z) direction.

2.2.1 Numerical Method

X

Y
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Fig. 5 A typical grid used for the global stability study;
grid size is 51 × 31.

For easy satisfaction of the boundary conditions,

the global stability equation (6) is expressed in the

ζ-η (computational) plane. As explained earlier, for a

global stability problem with perturbation amplitude

being a function of both streamwise (x) and trans-

verse (y) directions, the equation is discretized accord-

ing to the Chebyshev spectral collocation technique in

both spatial directions, with n points in the ζ direction

and m points in the η direction. The two-dimensional

discretization matrices are obtained appropriately by

Kronecker product [34] in ζ-η coordinates.

In the transverse direction, it is desirable to have

clustering (more grid points) close to the wall, and

near the inlet and outlet of the channel where the

gradients of velocity are the highest. This comes out

naturally using Chebyshev spectral discretization. A

typical grid on a geometry is shown in figure 5 for
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ε = 2.3 and L = 10. The equation in the discretized

form results in a dense matrix which is solved using the

LAPACK library. The maximum grid size used is 81×
81, which gives the leading dimension of the matrix.

However, as the typical critical Reynolds numbers are

low, a resolution of 51× 51 is sufficient to obtain the

entire eigenspectrum accurately.

2.2.2 Boundary Conditions

The global stability equation 7 is solved using no-slip

and no-penetration boundary conditions at the chan-

nel walls and periodic boundary conditions at the inlet

and outlet of the channel, which are given by:

φi = φo (7)(
∂φ

∂ζ

)
i

=

(
∂φ

∂ζ

)
o

(8)(
∂2φ

∂ζ2

)
i

=

(
∂2φ

∂ζ2

)
o

(9)(
∂3φ

∂ζ3

)
i

=

(
∂3φ

∂ζ3

)
o

(10)

The subscript i and o indicate inlet and outlet of the

channel, respectively for the stability grid.

3 Results

3.1 Validation
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Fig. 6 Eigenspectra for flow through a converging-
diverging channel with ε = 2.3 and L = 10. Grid inde-
pendence is shown using the stability grids (n ×m, n and
m being the resolution in x and y direction respectively) as
shown in the legend for Re = 20 (unstable case).

The numerical approach is first checked on a straight

channel and found to yield the text-book Recr of 5772

for global stability as well. The length of the chan-

nel was prescribed as L = 2π/1.02, the known wave-

length of the neutral mode at this Reynolds number.
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Fig. 7 Eigenspectra for flow through a converging-
diverging channel with ε = 2.3 and L = 10. Grid inde-
pendence is shown using the mean flow grids (n×m, n and
m being the resolution in x and y direction respectively) as
shown in the legend for Re = 20 for a stability grid of size
51× 51. This is an unstable case, where grid insensitivity is
usually harder to obtain.

In the converging-diverging case, the eigenspectrum

obtained for the flow in a channel with ε = 2.3 (high-

est aspect ratio considered) and L = 10 for Re = 20 is

shown in figure 6. The grid size of the base flow used

for this case is 320 × 65. We will discuss the physics

pertaining to this result in the following subsection,

but note here that grid convergence is excellent. It

has been checked that the results are equally insensi-

tive to the grid on which the mean flow is obtained,

and example is given in the figure 7. It can be seen that

51 × 51 is enough to obtain accurately the entire top

half of the eigenspectrum even for Re = 20, which is

the highest Reynolds number considered in the present

stability analysis. The best resolutions shown here are
used in the rest of this study for stability calculations.

3.2 Results: Global Linear Stability

Figure 6 shows that the flow through our standard ge-

ometry is unstable at a Reynolds number of 20. The

instability appears with a single mode seen to go un-

stable, i.e., with a positive growth rate, ωi. It is seen

that this is a stationary mode, i.e., with a circular fre-

quency ωr = 0. We note that at higher Reynolds num-

bers and smaller ε it is usually a traveling mode that

becomes unstable first. We note also that the growth

rate of ωi = 0.1431003 is high, it is enough to double

the amplitude of the disturbance in less than 5 time

units. In a plane channel, even at a Reynolds number

of 6000, the leading eigenmode grows orders of magni-

tude slower. The leading mode (marked by the arrow

in figure 6) is visualized in figure 8, where the top,

middle and bottom panels respectively show the real
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parts of the disturbance streamfunction, and the dis-

turbance velocity components in the streamwise and

transverse directions. All three figures demonstrate

that this is a symmetry-breaking mode, with parcels

of fluid executing anti-clockwise motion relative to the

base flow.
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Fig. 8 The real part of the streamfunction φ (top), stream-
wise velocity, u (middle) and the transverse, v (bottom) of
the leading (unstable and stationary) mode. [The imaginary
parts of the components are equal to 0.]

The eigenspectra obtained from the global stabil-

ity analysis using 51 × 51 for a flow in a converging-

diverging channel with ε = 2.3 for Re = 10 is shown in

figure 9. It can be seen that the mode (marked 1) lies

above the dashed line, ωi = 0, indicating that the flow

is unstable. A comparison with figure 6 reveals that

the growth rate of the most unstable mode for Re = 10

is less than that for Re = 20. Figure 10 shows eigen-

functions of the different typical modes form the least

stable branch of the eigenspectrum shown in figure

9. Modes 1 and 2 with the least stable ωi are station-

ary or purely growing/decaying without any frequency

of oscillation (thus only real part of the disturbance

streamfunctions is shown) while modes 3, 7 and 15 are

travelling modes with a finite frequency of oscillation.

The real and imaginary parts of the streamwise veloc-

ity components are shown in this plot. Close inspec-

tion also revels that the modes are not wave-like and

the amplitude functions themselves depend on both x

and y.

In order to investigate the effects of Reynolds num-

ber the upper branch eigenspectra are plotted for four

different values of Re in figure 11. Figure 12 shows

the real part of the disturbance streamwise velocity of

leading mode for the stable case, Re = 5 (top) and the

unstable case, Re = 20 (bottom). It is seen that with

an increase in the value of Re the least stable branches

start moving upwards thus becoming more unstable.

The structures of the leading modes obtained for the
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Fig. 9 Eigenspectrum for the flow in a converging-diverging
channel with ε = 2.3 and L = 10 for Re = 10 (unstable case)
and resolution shown in the legend. [Periodic boundary con-
dition is imposed at the inlet and outlet]
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Fig. 10 Perturbations (real/imaginary parts of the stream-
wise velocity component, u) marked by the arrows in Figure
9. (a-b) The real parts of u for the stationary modes (c-e).
The real (top) and imaginary (bottom) parts of u for the
travelling modes.

different values of Re are similar to each other, with

a slight elongation at the inlet for Re = 20.

In Figure 13, we plot the maximum growth rate

of the least stable (leading) mode as a function of

Reynolds number for different values of ε. It is seen

that the critical Reynolds number decreases though

not very significantly with an increase in the ampli-

tude of wall-waviness, ε. We found that the critical

Reynolds for ε = 2.3 is around 8. A further increase

in ε does not decrease the critical Reynolds number

significantly. The critical Reynolds numbers were seen

earlier in figure 2, where the decrease of this quantity

with an increase in angle is seen to slow down. Inci-

dentally a Reynolds number of 10 corresponds to the

flow of water at 1 centimeter per second through a 1

millimeter wide channel.
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Fig. 11 The least stable branch of eigenspectra and the
leading eigenmode for the different Re.
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Fig. 12 The real part of the streamwise velocity (u) of the
leading eigenmode for Re = 5 (top) and Re = 20 (bottom).
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Fig. 13 Converging-diverging channel with L = 10 for dif-
ferent ε, maximum amplitude of wall-waviness to minimum
half-width of the channel. The growth rate, ωi of the least
stable eigenmode as a function of the Reynolds number is
shown. The flow is neutrally stable at ωi = 0, which defines
the critical Reynolds number.

4 Conclusion

A global linear stability analysis has been carried out

for sinusoidally varying periodic channels. The crit-

ical Reynolds number is obtained for different wall-

waviness amplitude. It is shown that with an increase

in the amplitude of the wall-waviness the critical Reynolds

number reduces by a large amount. At these low Reynolds

numbers, we find a leading mode that grows expo-

nentially in time while remaining stationary in space,

whereas an oscillatory flow has been observed by oth-

ers at higher Re. The standing mode contains closed

streamlines relative to the mean flow, where flow cir-

culates in an anti-clockwise sense when the flow is

from left to right. The length scale of this leading

mode is the same as that of the channel geometry.

The eigenspectrum is shown to consist of several dis-

tinct branches which lean downwards in complex fre-

quency space. The eigenstructure is similar at differ-

ent Reynolds numbers in this range, with the least

stable eigenmode always being a stationary one of

similar modal structure. Structures of smaller typical

length scales are displayed by the higher modes on the

branches, and these are in the form of traveling waves.

Algebraic growth of instabilities and nonlinear interac-

tions among stationary and traveling modes may lead

to enhanced mixing, and these are suggested as future

avenues to be explored. Releasing the periodic bound-

ary condition in these nonlinear studies may lead to

richer dynamics.
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