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EXISTENCE AND UNIQUENESS RESULTS
FOR A CLASS OF SINGULAR ELLIPTIC PROBLEMS
IN PERFORATED DOMAINS

[4 P. Donato, S. Monsurrd and F. R., Existence and uniqueness
results for a class of singular elliptic problems in perforated
domains, Ric. Mat., 66, pp. 333-360, 2017.
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The perforated domain

Figure: The perforated domain O

@ Oy a connected bounded open set in RV, N > 2, and [y its
boundary,

@ O; a bounded open set such that O; C Qg and its boundary
Iy is Lipschitz continuous,

@ O := g\ O1 the perforated domain,
e 00 =TyUTl;.
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The singular elliptic problem

—div(B(x,u)Vu) + Au= f((u) inO,
u=20 on I,
(B(x,u)Vu)v + ph(u) = g on Iy,

where v denotes the unit external normal vector to O.

Figure: The perforated domain O
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Assumptions on the data

Hi) The real N x N matrix field B : (x,t) € O x R+ B(x,t) =
(bij(x;t)); j=1..n € RV satisfies the following conditions:

i) B is a Carathéodory function,

i.e. B(x,-) is continuous for a.e. x € O

and B(-, t) is measurable for every t € R;

i) B(-,t) € M(«, 8,0), for every t € R.

\

where M(a, 3, 0) is the set of matrix fields B € (L>=°(0))N*N such
that (B(x)\, \) > a|A|? and |B(x)A| < B|A], VA € RN and almost
everywhere on O.

Ha) A>0.
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Assumptions on the data

Hs) (i) ¢ :[0,400[— [0,+00] is a function such that

1
Ce (o, +ool), 0<C(s) <
for every s €]0, +o0[, with 0 < k <1,

i) f > 0a.e. inO, with f € L'(0), for | > 142rk(2 1).

Hi)  The functions g and p are such that

2(N—-1) .
No<gels(f), with{ = N N> 2,
s>1 if N=2;

i) 0 < pe =)
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Assumptions on the data

Hs)  Either
fF£0

or
OHn-1(T1) >0 and g #0,

where OHy_1 is the (N — 1)-Hausdorff measure in RV.

He)  The function his an increasing and continuously differentiable
function such that for some positive constant C and an exponent g
one has

h(0) =0,
H(s)] < C(L+]s]971),Vs € R,

withl <g<ooif N=2, and1<¢g< if N> 2.

N—2
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Difficulties

@ Quasilinear matrix field
@ Singular datum

@ Nonlinear Robin boundary condition

F. Raimondi MATH2019



Physical meaning of the problem

@ Quasilinear matrix field: heat diffusion depends on the
temperature.

@ Singular datum: electrical conductivity.

@ Nonlinear Robin boundary condition: chemical reactions at the
boundaries of the perforations.
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The functional framework

V ={veH(O):v=0o0nTy}
Due to the Poincaré inequality, there exists a positive constant Cp

such that
[Vliz(0) < CollVvli2(0y, Vv € V.

Consequently, V can be equipped by the norm
Ivilv = [IVvl2), Vv eV

which is equivalent to the H'-norm.
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The variational formulation

Find u € V such that u >0 a.e. in O,

/ f((u)pdx < 400 and
]

/B(X, u)VuV«pdx+/ ph(u)gpda+/ Aupdx
@] M @]

:/ fC(u)godx+/ gedo, Ype V.
o M
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A priori estimates

Under assumptions Hy )-Hs), let u € V' be a solution of the
problem. The following a priori estimate holds:

lullv < e,

where c depends on N, «, s, Co, |[fllpo) and [|gllLs(ry)-

Proposition

Under assumptions Hi )-Hs ), let u € V' be a solution of the
problem. Then

1f¢(u)ello) < ¢,
for every positive o € V with ¢ depending on N, «, 3, s, q, Co, A,
lellv. flloy: llolle(ry) and |lgllis(ry)-

.
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A third bound

Under assumptions Hy )-Hg ), let u € V be a solution of the problem
and § a fixed positive real number. Then,

/ f((u)godxg/ B(x, u)VuVypZs(u)dx
{0<u<6} o

+ h(20)lpll oo (ryy 1l L2 (ry) + 2612l 120,

for every p € V, p >0, ...
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...where Zs is defined by

1, if0<s<s,
Zs(s) = —§+2, if 5 <'s <25,
0, if s > 20.

0

5 25
Figure: The auxiliary function
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The approximate problem

As usual in the literature, in order to prove the existence of a solution
for our problem, we approximate it with a sequence of nonsingular
problems with a bounded nonlinearity in the equation:

—div(B(x, um)Vum) + Aum = Tim(f¢(Jum|)) in O,
um =20 on Iy,

(B(x, um)Vum)v + ph(um) = g on Iy,

where, for every m € N, the function T,, is the usual truncation
function at level m.

> Thanks to this approximation, we avoid the singularity at zero!
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The existence result for the approximate problem

Fix w € V and consider the following problem

(

Find u € V such that Vv € V,

/B(X, W)VqudX—i—/ ph(u)vd0+/ Auvdx
(@ M @]

:/Orm(fg(|w))vdx+/r1gvdm

that admits a unique solution.

[4 D. Cioranescu, P. Donato and R. Zaki, Asymptotic behaviour
of elliptic problems in perforated domains with nonlinear
boundary conditions, Asymptotic Analysis, 53 (2007), 209-235.
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> T:weVe—T(w)=ueV

Theorem (Schauder fixed-point theorem)

Let K be a convex closed set of a Banach space B. Let
T : K C B — B be a continuous map such that T(K) C K and
T(K) is relatively compact in K. Then T has a fixed point in K.

|

Under assumptions Hi )-He ), for every fixed m € N, the
approximate problem admits at least a solution.
Moreover, un, > 0 almost everywhere in O.

F. Raimondi MATH2019



How to find our solution

Fix m e N, let up, € V be a solution of the approximate problem.

> The three a priori estimates apply to u.,, uniformly with respect
to m.

> There exists u € V such that, up to a subsequence,

i) um — u weakly in V,
il) um — u strongly in L2(O),

i) um — u a.e. in O.

> By passing to the limit in the approximate problem as m — +o0,
one has that the limit function v is a solution of our problem.
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The uniqueness result

Hqi/)  There exists a real function w : R — R satisfying the following
conditions:

i) w is continuous and non decreasing, with w(t) >0Vt > 0;

i) |B(x, t1) — B(x, t2)| < w(|t1 — to]) forae. x € O,V # ty;

Y Yy s 0. i Yodt
i) Yy > , lim, : @——i-oo.

Hs/)  The function ¢ is non increasing in [0, 4+o0].

Under assumptions Hi )-Hg ) and the additional ones Hy/) and Hs:),
the problem admits a unique solution.
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HOMOGENIZATION AND CORRECTOR RESULTS
FOR SINGULAR ELLIPTIC PROBLEMS
IN PERIODICALLY PERFORATED DOMAINS

[4 P. Donato, S. Monsurro and F. R., Homogenization of a class
of singular elliptic problems in perforated domains, Nonlinear
Analysis, 173, pp. 180-208 (2018).
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Figure: The periodically perforated domain Q7

@ Q a connected bounded open set in RV, N > 2, and 9Q its
Lipschitz-continuous boundary.
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The perforated cell

Y*

).

Figure: The perforated cell Y*

@ Y the reference cell,

@ T a nonempty open subset such that T C Y and its boundary
OT is Lipschitz-continuous with a finite number of connected

components,
@ Y*:= Y\ T the perforated cell,
= [
@ 0= v -
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o

Figure: The periodically perforated domain Q7 and the perforated cell Y*

@ {c}.>0 a positive parameter taking values in a sequence
converging to zero,

@ T, the union of the disjoint traslated sets of T rescaled by ¢,
e Qf :=Q\ T. the periodically perforated domain,
° 00 =TjUTlg.
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To study the asymptotic behavior, as ¢ goes to zero, of
—div(A®(x, uz:)Vue) = f¢(u:) in Q7
u. =0 on I,
(A*(x, us)Vue)v + €7 pe(x)h(u:) = g on T4,

where v denotes the unit external normal vector to the domain.

Figure: The perforated domain Q;
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Assumptions on the data

A, f, ¢, p, h and g as before.
A(-, t) is Y-periodic for every t.
p and g are Y-periodic.

e dd

7= 1
For almost every x € Q2 and every t € R, we set
X
A(x,t) = A (—, t).
€
For almost every x € I'§, we set

g (x) =eg (X) and  p7(x) =¢ep <f>

€
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The functional framework

V.={ve HY(Q):v=0o0nT§}

£

The Poincaré inequality in V. holds with a constant ¢, independent
on ¢, that is

IVlli2(@r) < cplVViiizaz), Vv € Ve
Consequently, V. can be equipped by the norm
[vilv. = [Vv]li2@qz), Vv € Ve
which is equivalent to the H'-norm via a constant independent on «.

[4 D. Cioranescu and J. Saint Jean Paulin, Homogenization in
open sets with holes, J. Math. Anal. Appl., 71, pp. 590-607
(1979).
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\

Find u. € V. such that u. >0 a.e. in Q,

/ f(ue)pdx < +o0 and
Q

*
£

/ A% (x, ue)Vu5V<pdx+57/ peh(uz)pdo

£

).

fC(ug)gpdx—l—/ g-pdo, Yo € V..
r{

*
€

* This problem admits a unique solution, for every fixed ¢.
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Uniform a priori estimates

Under our assumptions, let u. € V. be the solution of the problem.
The following a priori estimates hold:
* luellv. < e,

where ¢ depends on «, cp, |f| (@) and MaT(g).
Also, up to a subsequence,

* 1f¢(ue)ellrar <,

for every nonnegative ¢ € H} () U L°°(Q) with ¢ depending on «,
B, cp, Y] IVelizizy Iflleay o=@y and MaT(g).
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A third bound

Under our assumptions, let u. € V. be the solution of the problem
and 0 a fixed positive real number. Then,

* / f¢(uz)pdx §/ A®(x, us)VuVpZs(u:)dx
{0<u:<6} Q

*
€

_1
+ c e 2h(20)||pll oy llellve s

for every o € V,, ¢ > 0 and c independent on ¢.
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The periodic unfolding operators

For any Lebesgue-measurable function ¢ on €,
. . Jo(e|2]y +ey) ae for(x,y €Q x Y*,
T @)ny) = § 0Ly 79) e e
0 a.e. for (x,y) € A x Y*.
For any Lebesgue-measurable function ¢ on aﬁ;mara, the boundary

unfolding operator 7° is defined as follows:

b L Je(e[2]y+ey) ae for (x,y) € Q. x 0T,
T(@)xy) = {0 a.e. for (x,y) € A\ x OT.
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Some properties

For all ¢ € L1(2?), the following integration formula holds:

o= [ ot [ Ty

QF ‘Y’ QxY*

Unfolding criterion for integrals

Let ¢- be in L1(Q). If
/ |p<ldx — 0 ase — 0,
N2

then

. .1 "
lim o P=dx = lim VT Sy 72" (¢)dxdy.
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The homogenization process

Proposition

Let u. € V. be the unique solution of the problem.
Then, there exist a subsequence and two functions uy € H3(Q) and
ue L2(Q HL., (Y*)) with My-(d) = 0, such that

1) T2 (ue) = uo strongly in L2(Q; HY(Y*))
and a.e. in Q x Y*,
i) T2 (¢ (ue)) — ¢(uo) a.e. in Qx Y*,
(%) iif) Uz — Bug weakly in L?(S),

iv) T2 (Vue) = Vug + V, 0  weakly in L2(Q x Y*),

V) T2(h(uz)) = h(uo) strongly in LE(Q; W~ +£(OT)

v
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where
€(1;2) if N=2and g > 1,

t= 2N

m otherwise.

Moreover,

ug > 0 almost everywhere in Q and

/ f¢(up)pdx < 400, V€ H&(Q) N L>(Q).
Q

[ D. Cioranescu, A. Damlamian, P. Donato, G. Griso and R.
Zaki, The periodic unfolding method in domains with holes,
SIAM J. Math. Anal., 44, No. 2, pp. 718-760 (2012).
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|dentification of i

Let (ug, U) be given by the previous proposition. Then

N
Z y70

where {ey, ..., ey} is the canonical basis of RV and X, (v, t)is
solution of the following cell problem:

—div(A(, t)VyX, (- t)) = —div(A(-, )A)  in Y7,
A=V, 5, )y =0 on 0T,
X, (+; t) Y-periodic,

1 ~
\ W/Y*XA(y,t)dy:O,

for every t € R and A € RV,
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The homogenized matrix

For every fixed t € R, the homogenized matrix A%(t) is defined by
(see Artola-Duvaut)

1

AV ()N = —
A= 1v1 /,.

Aly, t)Vy@x(y, t)dy YA eR",

where, for every t € R and A € RN,
Ay, t) =Xy =X,(v:t)

and X, (y, t) previously given.
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Moreover, it verifies the following properties:

> A(up)Vuy = Ay, up)(Vup + V, u)dy;

1
Y]y~
/82
> AYis continuous and A%(t) € M (a, ,Q) for every t € R;
o
> there exists a positive constant C, depending on «, 3, Y and T,
sit. |[A%(t1) — A%t)| < Cw(|ty — 1)
for every t1,t, € R, with t; # 1,

where w is the function given for the uniqueness of the solution.

[4 B. Cabarrubias and P. Donato, Homogenization of a quasilinear
elliptic problem with nonlinear Robin boundary comditions,
Appl. Anal. (6), 91, No. 6, 1111-1127 (2012).
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The homogenization theorem

Let u. € V. be the unique solution of the problem and (up, u) be
given by the previous propositions.

Then (ug, ) is the unique solution of the unfolded limit equation
Vo € HE(Q) N L®(Q) and Vip € L2(Q; HE(Y?))

per

/ Ay, uo)(Vug + V,u) (Ve + V1)) dxdy
QxY*

HYle, [ hao)pds = V'] [ fe(un)odx
Q Q

HOT I Mor(g) /Q pdx,

|0T]| e
where ¢, = Y| Ty Morlp) =1,
0 if v > 1.
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Furthermore, up > 0 almost everywhere in Q and ug is the unique
solution of the following singular limit problem:

—div(A®(ug)Vup) + ¢ h(ug) = 0FC(up) + ‘f\;r“/\/la-r(g) in Q,

ug =20 on 09Q.

This implies the uniqueness of u under the condition My« (1) = 0,
in view of the expression of U in terms of wg.

Consequently, convergences (&) hold for the whole sequence.
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How to pass to the limit in
)
),

A% (x, uE)VUEVgpdx—Hﬂ/ peh(us)pdo
ri

f((us)godx—i—/r g-pdo, pe V..
1

.
£
> Two main tools

F. Raimondi MATH2019



Proposition

There exists a linear operator L. : H71(Q) — V! satisfying the
following condition:

If {o.} is a sequence such that
lellv. <c  and gz — Opo  weakly in L*(),

then

lim (£:(Z), pe)ve,v. = (Z,90) H-1(2), Hy()-

[d I. Chourabi and P. Donato, Homogenization of elliptic problems
with quadratic growth and nonhomogenous Robin conditions in
perforated domains, Chin. Ann. Math. Ser. B, 37, No. 6, pp.
833-852 (2016).
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Let up be a weak cluster point of the sequence {u.}.
Let us introduce the following linear problem associated with wup:

[ —div(A®(x, uz)Vv.) in QF,
a0 |OT|
= L(—div(A°(up)Vug) + ¢y h(up) — W/\/lar(g)),
ve =0 on g,
(A%(x, u)Vve)v + €7 pe(x)h(u:) = g- on If§,

whose homogenization has been studied in

[4 1. Chourabi and P. Donato, Homogenization and correctors of a
class of elliptic problems in perforated domains, Asymptot.
Anal., 92, No. 1-2, pp. 1-43 (2015).

~ [vellv. <c  and Vi — Qug  weakly in L2(Q).
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Tool 1: A crucial auxiliary result

Theorem

Under our assumptions, let u. and v. be solutions of the problems.
Then, for the subsequence verifying (&),

|V ue — VVEHLz(Q;) =0.

lim
e—0

@ A. Bensoussan, L. Boccardo and F. Murat, H-convergence for
quasi-linear elliptic equations with quadratic growth, Appl.
Math. Optim., 26, No. 3, pp. 253-272 (1992).

[4 P. Donato and D. Giachetti, Existence and homogenization for
a singular problem through rough surfaces, SIAM J. Math.
Anal., 48, pp. 4047-4086 (2016).
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If we take as test function
X
belx) = p(x) + 206 () € Ve,
€
with ¢ € Hj(Q2) N L>(Q), ¢ € D(Q) and £ € Ch,(Y*), then

> / A (x, uz)Vu:Vip-dx
Q

*
£

-k

—

A (x, uz)V (uz — ve)Vipedx +/ A (x, uz)VveVihodx
Q

* *
€ €

1

— A(y, uo)(Vug + Vyu)(Ve + ¢V, €)dxdy.
|Y| QAxY*
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Tool 2: Decomposition of the singular term

> Split the integral of the singular term into two terms:

J

FC () = /

{0<u <5}

fC(ue)pedx + / fC(u:)edx.

{U5>(5}

*
€
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> We assume that v, is nonnegative without loss of generality.

/ f¢(u:)edx g/ A (x, uz)VuVpZs(uz)dx
{0<u. <8} Q

_1
+ce?"2h(26) | pll L= (o) 10 v

— 0

and

/ fQ(ue)pedx — H/fC(uO)QDdX.
{us>6} Q
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The corrector result

Let us introduce the usual corrector matrix field for perforated do-
mains defined by

C(, ) = (G 1),y y E RV, forevery t € R,
where
Ce(x,t)=C (g, t) a.e. in QF,
0w;
dyi
> Thanks to Tool 1, we get

Ci,j(yv t) =

(y,t), i,j=1,...,N a.e on Y*.

Under the above assumptions, one has

lim |Vu: — C°(+, us)Vugl| 1 (qz) = 0.
e—0 :
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Hoping to see you again in two years... in Houston!
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