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The framework
Let p be an integer such that 1 < p < n—1 and w; be a bounded domain
of RP, verifying

w1 is star-shaped with respect to an open ball of RP centered at 0.

Note that in particular, any bounded open convex set containing 0 satisfies
the previous property.
Let wy be a bounded Lipschitz domain of R"7P. We set

Qg:&ulxwz, QOOZRPX(,U2.

We note X1 = (x1,- -+ ,Xp) € bwy and X = (Xp41, -+ ,Xn) € wo.
For 8 € R, we define

V() = {f € L,OC( ) | 3Co > 0 such that
Ifll2(0,) < Coe™ V&> 0},

W;s(Q )—{fEH,OC( ) | 3Gy > 0 such that
1fllh-1q,) < Coe®™ V> 0}.
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The problem in €

—div(AVu) =1f in Q
u=g on 0
We consider a matrix field A = (aj)1<ij<n € L%(Qoc; Mp(R)), i.e.
ajj € L*(Qx) for all i, j € {1,..., n}, satisfying the following properties:
MEP <AX)E-€ VE €R" ae x€ Q,
[A(x)E| < AEl VEER", ae x € Q,

for some constants A > 0 and A > 0.

We take f € H,;i(QOO) and g € H} (Qw0), so that f € H71(£2,) and
g € HY(Qy) for any £ > 0.
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Thanks to the Lax-Milgram theorem, there exists a unique weak solution
to the previous problem, i.e. there exists a unique solution u; € H(€y) to
the variational problem:

/ AVug-Vvdx = (f,v) forall v H3(Q),
Q,
u =g on d%y.

Notice that the last equality is to be taken is the sense of the trace theory
in HY(€y), i.e. uy satisfies y(uy) = g on 9.
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The type of result are interested in

Does u; converges as ¢ goes to infinity, and if this is the case, what is its
limit 7
[V (ue — teo)ll12(0,) — 0 as £ — +oo,

if possible with a good rate of convergence. Then, if we want 2, = Qy, we
can add a corrector. Hence we look for a wy such that

[V (ur — too — we)ll12(0,) — 0 as £ — +oc.
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Chipot, M. and Rougirel, A. (2002)

@ On the asymptotic behaviour of the solution of elliptic problems in
cylindrical domains becoming unbounded

The authors consider the case where A = A(X3), f = f(X2). Then, for all

fixed £y > 0 and all v > 0, there exist a constant C not depending on /¢
such that

||V(Uk — UQO)HL2(QAO) < C/ 7 for all £ > lo.
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Chipot, M. and Yeressian, K. (2008)

@ Exponential rates of convergence by an iteration technique

IV (ue — uso)lli2(0,) < Ce=®* forall £ >0,
2

where o > 0 is a constant independant of /.

With the following assumptions: f = f(Xz), f € H71(w,) and
A11(X1, X2) A12(X2)> , :
A(x) = where Aj1isa p X p and Ay is a
(*) <A21(X1,X2) Ana(X>) nsapxp 22
(n—p) x (n— p) matrix.

Adrien Ceccaldi, Université de Rouen Normandie Elliptic problems in long cylinders



Chipot, M. and Mardare, S. (2008)

o Asymptotic behaviour of the Stokes problem in cylinders becoming
unbounded in one direction
The introduction of an important technique : proving that uy is a " Cauchy

sequence”. This allows to consider more general hypotheses on the data
(the matrix field A and f) and to construct the limit vy, as a solution in

the infinite cylinder.
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Chipot, M. (2014, 2016)

This general result is proved by Chipot in his book Asymptotic Issues for
Some Partial Differential Equations of 2016:

Under the general assumptions from the first part and for 5 small enough,
we have

IV (ur — uso)ll 20,y < Ce=®* for all £ > 0.
2

The proof uses the two techniques introduced in the previously mentioned
works.

Adrien Ceccaldi, Université de Rouen Normandie Elliptic problems in long cylinders



Remark

Iflfl|-1(q,) = O(£7) (v > O constant), then using the same iteration
technique we obtain

IV (ue = uso)ll 20, ) 0ey) P

for some constant n > 0 large enough.
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A Poincaré inequality to start with

Let v € HY(y) such that v = 0 on fw; x Qwy and & C fwi a measurable
set. Then there exists a constant c,,, depending only on wy such that:

VIl 2@y xwn) < ool Ve VI i2(6; xan) -
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Let f € W5(Qs0) and g € H} (Qe0) such that Vg € (V3(Q20))" for some
small enough B > 0 and let u, € H*(Q;) be the solution of the variational
problem in Qy. Then for all £y > 0,

Uy — Uso strongly in H*(Qy,)

as { — 0o, where us € Hi_(Qs) is the weak solution to the following
non-homogenous Dirichlet problem in the cylinder Q. :

—div (AVus) = f in Qo
Uso = & 0n 09
IVusolli2(,) < Coe®P* ¥V £>0,

with Co, > 0 not depending on /.
Furthermore, we have the estimate

[V (ue — uso)lli2(0,) < Ce= forall £>0.
2
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Remarks

@ The variational formulation corresponding to the first equation of the
previous problem is

/ AVis, - Vvdx = (f,v) forall v e | ] Hj()
oo >0

@ If the boundary condition in the problem verified by wuy is replaced by
= gy on 98 (with gy € H%((?Qg) satisfying gy = g on
0 N 0f), the condition Vg € (V5(€2))" should be replaced by

Be
lgrll 3 o,y < Coe™ forall £>0,

where the norm on Hi(an) is given by

|w|| = inf{[|hl[p(q,) : heE HY(Q) and y(h) = w on 9Q}.

@ The growth condition is mandatory in order to have the uniqueness of
the solution.

H3 (09
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Proof, Step |

There exists a constant a € (0, 1) only depending on wy, wp, A and A
such that

|1V )P ox<a [ (V- )P o
le

Qoy 41
for all ¢ > 1, for all ¥1 < ¢ —1 and for all r > 0.

o We define a function p € WH*°(RP x w,) only depending on X such
that 0 < p <1, p=1o0nQy, p=0on (RP X wy)\ Q,41, and
|Vx,pl < coin Qy, with ¢y a constant depending only on wy, and
therefore independent of ¢ or /.

@ The function v = p(uy — ups,) is in H3() and therefore can be used
as test function is the variationnal equation verified by uy, — upy,.
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Proof, Step | (2)
@ Observing that Vx,p =0in Qg U (Q \ Q4,41), we have

A A PV (up — upyr)|?dx < /Q AV (ug — upyr) - pV(up — upyr) dx
£ £

< / |AV (ug — ugy )|V xy pl|ue — gy r| dx
Qo;+1\Q2ey

IN

Co/\/ |V(u€ - Ug_,_,,)HUg - uz+,| dx
Qo +1\ 2y

IN

IV (e = upir)llz(e,, o\ (e = terr)ll 2, \00)

< ohe, / V(e — ugsr)? o
Qo +1\ Q¢
which is

C
/QZ1 ‘V(Ug - u€+,)’2 dx < ]_—|—7C IV(U@ - Ug+r)‘2 dx.

QZ1+1
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Proof, Step I

There exists constants C > 0 and o > 0, depending only on w1, wa, A, A,
Co, Gy and (3, such that

IV (ue = ugir)ll20,) < Ce " forall >0 and all r € [0,1].
2

o We start by iterating the inequality of Step | [%] times, which leads to

/ IV (up — upy,))? dx < ag_l/ IV (up — upy,)|? dx
Qﬁ QZ
2

and therefore

IV (e = )2,y < o™ IV (e — uesr) i) -

£
2
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Proof, Step Il (2)

@ The function zp = uy — g is in H(} and can be used as test function,
leading (after a good use of the properties verified by 7, g and A) to

IV 2| 2,y < Ce™.
@ Since uy — upy, = zp — Zg1, on €y, we have
¢
19 (e = i)l 2@y = 1920 = 2612y < Ce™.
@ Combining our inequalities gives

IV (ue = e r) 2@,y < Ce (a=P)t,

1
2

Adrien Ceccaldi, Université de Rouen Normandie Elliptic problems in long cylinders



Proof, Step Il

There exists two constants C > 0 and « > 0 depending only on w1, wa, A,
N, Co, Co and B such that

IV (ue — Uert)HLZ(Q%) < Ce ™,

for all positive ¢ and all non-negative t.

[t]—1
N U€+t)||L2(Q%) < IV uggi — U£+i+1)||L2(Q%)
i=0
+ IV (ueyrg — UE-H)”B(Q%)
1 —af
- Cl —e @
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Proof, Step IV

There exists Uy, € H _(Qoo) such that for all £ > 0, up — Uso in

loc
HY(Qy,), and uy — u verifies

1V (ue = uso)ll 120,y < Ce™®* forall £>0,
2

for some constants C > 0 and o > 0, depending only on w1, w2, A, A\, Co,
Co and 8.

@ By Poincaré inequality,
lue = vesellmay,) < CIV(ue = uere)lli2g@,,) < Ce™.

o It implies that (up)s>o is a Cauchy “sequence” for the norm of in the
Banach space H(Sy,).

o We finally set

ul in Q
Uso =
uc’)‘o in Qk \ Qk,1 for all k > 2.
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Proof, Step V

The limit us, from the previous step is a solution to the variationnal
problem given in the theorem.

e Fixing £y and taking v in H}, we have

J

e Since Vuy — Vuy strongly in (L2(Qy,))", letting ¢ go to infinity
leads to

AVUg-Vvdx:/ AVug-Vvdx = (f,v).

£ Q

/ AVUOO-VvdX:/ AVius - Vvdx = (f,v).
Qoo

Qg,

@ We then have that v satisfies the variational equation given in the
remarks, since {g is taken arbitrarily.
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Proof, Step V (2)

@ Keeping in mind that vy — Uy in Hl(ng) and using the continuity of
the trace operator,y(uy) — Y(Uso) in L2(0S,) and particularly in
L2(£0w1 X 8(,02). Thus, ’)/(UOO) = g on Eowl X 8&)2.

@ Since / is arbitrarily taken, we derive y(us) = g on

3900 = RP x aLUQ = U (EOWI X 8w2).
£o>0

@ Finally, the last inequality given in the problem from the theorem
comes this way:

IVuso|li2(0,) < V(oo — w20)l12(0,) + I Vu2ell12(y)
< [V (uso — w20)ll12(02,) + IV u2ell 12(02,0)
< C(efzaé + e2ﬁe)

Cooe®P’.

IN
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Proof, Step VI

There exists a unique solution to the variationnal problem given in the
theorem.

o Let uy, s be two solutions of the problem. Using the computations
made for uy an ugq,, we have

/ IV (oo — fin)]? dx < a/ |V (Uoo — ino)|? dx.
Qg

Qi1

o It follows that

~ 1 ~
IV (too = liso) [ 12(0,,) < @2 [V (oo — Tico) | 2(0,,1)-

@ lterating this inequality k times gives

IN

k ~
a2 | V(oo — o)l 120, 1)

— & 25|V (e — ) 2

IV (too — LN’OO)HLQ(le)
Qll+k) :
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Proof, Step VI (2)

@ Combining the previous inequality with the one verified by the
gradients of Uy, and i, we have

oo T NOO — (o) ! —24
|V (u o)l 12(0,) < 2€ e?Allitk) g=2dk

= 2C,e?Phe2a=0)k,

e Fixing #1 and making k go to infinity, we have that
IV (oo — ﬁoo)HLZ(QZI) =0, since 5 < @.

@ On the boundary, Us = o = g 0N 9N, iMplying s — oo = 0 on
0o

@ It follows that us, — lio = 0 a.e. in €y, and since ¢; was arbitrarily
chosen, this leads to Uy, — o = 0 a.e. in Q.

d
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Remark

If we consider that A is divided into four blocks
A1 A12>
A—
<A21 Ax )’
where Aj; is a p X p matrix and Az a (n— p) x (n — p) matrix,
then if the data of the problem satisfy the conditions
A = Aa(X2), Axx=Axn(X2), f=1f(X2), g=g(X),

with f € H™(wy) and g € H(w,), we retrieve the result by M. Chipot
and K. Yeressian.
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Some previous results

e Chipot, M. and Mardare, S. (2008)

On correctors for the Stokes problem in cylinders
e Chipot, M. and Guesmia, S. (2010)

Correctors for some asymptotic problems

In the second work, the authors are constructing correctors for the case of
the laplacian (i.e. A=1,) with f = f(X3). Then, one can construct a
convinient corrector wy € H(,) such that

IV (up — too — WK)HLQ(QZ) < Ce .
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The framework

For this work, we only consider cylinders €, of the form
Qg = (—5,6) X W, ie. wi = (—1, 1) and wr = w € R”_l

where w is a bounded Lipschitz domain of R™!, and f € H_}(Qw)

satisfying
Ifllh-1q,) < Ce¥  Vi>o0.
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A first remark

Observe first that for a given ¢, the perfect corrector would be
Wy = Uy — Uso, Verifying

Wy € Hl(Qg)
/ AVw, - Vv dx = 0 for all v € H3 ()
Q

Wy = —Us on {—¢} x w and on {{} x w
wy =0 on (—¢{) x dw.
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The construction

We build our corrector separately on QJr

(0,¢) x w and on
Q, =(—4,0) xw

. Thus, wy will be deflned as
" { w, on Q,
L= + +
w,"” on €,
where WZ_ is the solution to the problem

w, € HY((—00,0) x w)

/ AVw, - Vvdx=0 Y ve Hj((—o0,f) x w)
(—00,)Xw

W; = —Uxo(l,-) on {{} X w

w,” =0 on (—00,/) X dw.
The function w,

€ ((—¢,+0) x w) is contructed in a similar way.
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As one could notice, this corrector w; belongs to H'(,\({0} x w)) but
does not necessarily belong to H(£).

To get a HY(Sy)-corrector, it is enough to consider the corrector

Wy = 1(x1)wp , with ¢ : R — R a Lipschitz-continuous function such that

1 if pal > 1
Y(x1) = 1
Ca)=1, f bl < 5.
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First step

To start with, we have the following result:

Theorem

There exists a unique solution WZL to the problem
(w;" € H'((—00,£) x w)
/ AVw, - Vvdx =0 VveHj((—o0,f) x w)
(—o0,f)xXw

w,” = —ux(,-) on {{} x w

(w,” =0 on (—00,0) x dw,
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Some intermediate results

Lemma

We have
IV W | i2((— 00,y xw) < C*Y,

where C > 0 is a constant depending only on A\, \,w and Cy.

v

For the functions uy, us, and WZ_ , there exists a constant C such that

IV (e = uso = w20y < CUIV (e = too) 2ty + IV W l12(ay))

v
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Some intermediate results (2)

Let k € (—oo, ¢ — 1] be fixed. Then there exist C > 0 depending only on
N, A\, k and w, and o > 0 depending only on A\, A\ and w such that

IV W [ 2((—o0 k) < Ce VWl 2((—00,)x0)-

Adrien Ceccaldi, Université de Rouen Normandie Elliptic problems in long cylinders



Proof

Let us first denote by h = h(xy) the function defined by

1 for x; < k
h(x;) =10 forxy > k+1
—-x1+k+1 for k < x1 < k+ 1.
Then, for k+1 < ¥,

hw," € Hg((—o0, £) x w)
so that we have

/ AVw, V(hw,") dx = 0.
(—00,0)Xw

This implies

)\/( o IV, P dx < ACII VW 12kt 1))
—00,K ) Xw

using the Cauchy-Schwarz and the Poincaré inequalities.
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Proof (2)

Consequently

A
/ |Vw,"|? dx < ACy IVw,"|? dx
(—o00,k)xw A k1) xw

AC,

Y ¢
(—o0,k+1)xw

NGy
ACy IVw,"|? dx

A J(Coo k) xw
which, for C = W, reads

/ IVw, |2 dx < (C> / IVw,"|? dx.
(—o00,k) xw C+1 (—00,k+1)xw
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Some intermediate results (3)

Theorem

Assuming that the constant (3 is small enough, there exists C depending
only on \, \, Co and w and « depending only on A\, A\, w and [ two
positive constants such that

19t — oo — ;) 2y < Ce*

for all ¢ > 0.

Adrien Ceccaldi, Université de Rouen Normandie Elliptic problems in long cylinders



Proof.
We know that

IV (e = uso = w20y < CUIV (e — o)l 2ty + VWl 2(r))-

Combining this inequality with some previous ones, we directly have, since
Qf C(~00,1) x w,

9 (e =t — w2ty < C(Ce™ + Ce™ [T 2wty
< C(Ce @ + Ce e < Ce

where the constant « is positive. O
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The result we were looking for

There exists some positive constants C and « such that

IV (ue — oo — we)ll 120 < Ce**

for all ¢ > 0, where wy is our corrector.

Here, V is taken in the D’(Q \ {0} x w)-sense, since wy ¢ H ().
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In this part of the talk, we take as hypotheses that A = A(X>) and

f = f(X2). Note that in this case, ||f||y-1(q,) = O(K%).

The functions WZ_ and w, are solutions of the variational problems

(w," € HY((—00,€) x w)

/ AVWT - Vvdx =0 VY ve H((—00,f) x w)
(—00,0)Xw

w' = —Us on {f} xw

(w,” =0 on (—00,0) x dw

and

w, € H'((—¢,+00) x w)

/ AVwW™ -Vvdx =0 Vv e H(0,4+00) X w)
(—4,4+00)xXw

W, = —Usx on{—l}xw

(w, =0 on (£, +00) x dw.
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In this setting, the functions Wj and w, can be obtained by translation
from a fixed function:

W;(Xl,Xz) =wt(x —£,X),
where wT is defined by
wh € HY((—o0,0) x w)
/ AVWTVvdx =0 Vv e Hi((—o0,0) x w)
(—0,0)xw

wh = —uyx on {0} xw
wt =0 on (—00,0) x dw

and
w, =w (x1+74,X2)

with w™ defined in a similar way as w™.
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The optimality result

We remind that with the iteration method introduced in Chipot-Yeressian
(2008), one can prove that

IV (ue = uso)ll 20, ) 0ey) o0
for some constant n > 0 large enough.
The result above is almost optimal in the following sense: we are looking
for the largest domain that can be considered in the L2-norm appearing in
the previous slide such that the convergence of up to Uy, described remains
valid.
Using the properties of w™ and w™, we can justify that in general the
following negative result takes place:
For a constant in a > 0, we have that in general

1V (ue — uoo)ll2(0, ) 7+ 0
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Justification

Let us suppose that, on the contrary,

IV (ue = too)ll 20, ) = O-

Then, since

IVwell 2, ) < 1V (ue = too = wi) |l 2, ) + IV (1 = too) |2, )

and both [|V(uy — too — wy)ll2(q, ,) — 0 and
[V (ue — uso)l12(q,_,) — 0 as £ goes to +oo, we have

IVwel 2q,_,) — 0.
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Obviously HVWJHB(Q; ) = VWl 2((¢—2)xw)- Since the function
€ [VwH || 2((—¢,—2)xw) is Positive and increasing, it follows that

VW] 2((— 00, a)xw) = 0
Using the Poincaré inequality, we deduce that

wt =0in (00, —a) X w.

Let us now give an example where this is impossible:

o If the coefficients of A are analytic, then it follows from its definition
that w™ is analytic on (—oo, 0) x w. Using the previous equality we
therefore derive wt = 0 in (=00, 0) X w, which contradicts
wT = —us on {0} x w in the case where uy, # 0, i.e. if f #0.
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The end

Thank you very much for having paid
attention !
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