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Domain description

Figure: Reference cell (Graph of η) Figure: Oscillating Domain ε = 1
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Domain description

Let ε = 1
m , m ∈ N,

Let η : (0, 1)2 → R is a 1−periodic C 2 function,

γ = {(x ′, η(x ′)) : x ′ ∈ (0, 1)2},

ηε(x ′) = η
(

x′

ε

)
, x ′ ∈ (0, 1)2,

γε(x ′) = {(x ′, ηε(x ′)) : x ′ ∈ (0, 1)2},
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Domain description
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Optimal control problem

For θ ∈ L2
per (γ) define

θε(y ′, η(y ′)) = τε(y
′, η(y ′))θ(y ′, η(y ′)),

where,

τε(y
′, η(y ′)) =

(
χFM0

+ χFM1
+ εα

√
|∇η|
√

1+|∇η|2√
ε2+|∇η|2

χS

)
(y ′, η(y ′)),

for α ≥ 1

θ̂ε(y ′, η(y ′)) = θε
(

y ′

ε , η
(

y ′

ε

))
.

State equation 
−∆uε + uε = f in Ωε,
∂uε
∂νε

= θ̂ε on γε,

uε = 0 on γb,

uε is γs periodic .

(1)
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For θ ∈ L2
per (γ), we consider the following L2−cost functional

Jε(uε, θ) =
1

2

∫
Ωε

|uε − ud |2 +
β

2

∫
γ

|θ|2.

Now consider the following optimal control problem: find
(ūε, θ̄ε) ∈ H1

ε × L2
per (γ), satisfies PDE (1) such that

Jε(ūε, θ̄ε) = inf {Jε(uε, θ)| θ ∈ L2
per (γ)}. (2)

Theorem 1

For each ε > 0, the minimization problem (2) admits a unique solution
(ūε, θ̄ε) ∈ H1

ε × L2
per (γ).
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Characterization

Adjoint state equation
−∆v̄ε + v̄ε = ūε − ud in Ωε,
∂v̄ε
∂νε

= 0 on γε,

v̄ε = 0 on γb,

v̄ε is γs periodic.

(3)

Theorem 2

Given f ∈ L2(Ω), and let (ūε, θ̄ε) be the optimal solution to the optimal
control problem (2) and v̄ε satisfies (3). Then, the optimal control
θ̄ε ∈ L2

per (γ) is given by
θ̄ε
∣∣
S

= −
εα−1

√
| 5y ′ η|(y ′)
β

∫
(0,1)2

T εv̄ε(x
′, η(y ′), y ′)dx ′

θ̄ε
∣∣
FMi

= − 1

β

∫
(0,1)2

T ε
i v̄ε(x

′,Mi , y
′)dx ′, i = 0, 1.

Converse is also true,
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Limit domain

Figure: Limit Domain
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Notations

For x3 ∈ (M0,M1), h(x3) = |Y (x3) = {x ′ ∈ (0, 1)2 : η(x ′) > x3},
and h(Mi ) = |{x ∈ (0, 1)2 : η(x ′) = Mi}| for i = 0, 1.

For each x3 ∈ [M0,M1], we denote dγ(x3) is the surface measure on
the level curve

γx3 (x ′) = {(x ′, x3)
∣∣ x ′ ∈ (0, 1)2, η(x ′) = x3}.

We define ω on (M0,M1) by

ω(x3) =

∫
γx3

√
1 + |Ox′η(x ′)|2dγ(x3).

The Limit solution space

W (Ω) =

{
ψ ∈ L2(Ω)| ∂ψ

∂x3
∈ L2(Ω), ψ ∈ H1(Ω−)

}
with the following inner product

〈u, v〉W (Ω) = 〈hu, v〉L2(Ω+) +

〈
h
∂u

∂x3
,
∂v

∂x3

〉
L2(Ω+)

+ 〈u, v〉H1(Ω−).

Note that W (Ω) is a Hilbert space with respect to the given inner
product.
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Limit optimal control problem α = 1

For f ∈ L2(Ω), %1, %2 ∈ R, θ ∈ L2(M0,M1), consider the following
optimal control problem: find
(ū, θ̄, %̄1, %̄2) ∈W (Ω)× L2(M0,M1)× R× R such that

J(ū, θ̄, %̄1, %̄2) = inf
{
J(u, θ, %1, %2)| %1, %2 ∈ R, θ ∈ L2(M0,M1)

}
(4)

where J is an L2-cost functional defined as

J(u, θ, %1, %2) =
1

2

∫
Ω+

(h(x3)χΩ+ + χΩ−)|u − ud |2

+
β

2

∫ M1

M0

1

|ω(x3)|
|θ(x3)|2 +

βh(M1)

2|YM1 |
%2

2 +
β

2|YM0 |
%2

1.
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For the controls θ ∈ L2(M0,M1), %1, %2 ∈ R, u solves the following PDE



− ∂

∂x3

(
h(x3)

∂u+

∂x3

)
+ h(x3)u+ = h(x3)f + + θ in Ω+,

−∆u− + u− = f − in Ω−

∂u+

∂x3
= %2,

u+ = u−,
∂u−

∂x3
− h(M0)

∂u+

∂x3
= %1 on γc ,

u− = 0 on γb, and u is γs periodic.

(5)

Theorem 3

The optimal control problem (4) admits a unique solution.
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Convergence

Theorem 4

Let (ūε, θ̄ε) and (ū, θ̄, %̄1, %̄2) be the solution of the problem (2) and (4)
respectively, then,

˜̄u+
ε ⇀ h(x3)ū+ weakly in L2((0, 1)2;H1(M0,M1)),˜̄v+
ε ⇀ h(x3)v̄+ weakly in L2((0, 1)2;H1(M0,M1)),

ū−ε ⇀ ū−in weakly H1(Ω−),

v̄−ε ⇀ v̄− weakly in H1(Ω−),

〈 ˆ̄θε, φ〉L2(γε) → 〈Θ, φ〉 for all φ ∈ H1(Ω+),

(6)

where,

〈Θ, φ〉 =

∫
(0,1)2

%̄1φ(x ′,M0)dx ′+

∫
(0,1)2

%̄2φ(x ′,M1)dx ′+

∫
Ω+

θ̄(x3)φ(x)dx .
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Limit optimal control problem α > 1

Given f ∈ L2(Ω), %1, %2 ∈ R, consider the following optimal control
problem: find (ū, %̄1, %̄2) such that

J(ū, %̄1, %̄2) = inf{J(u, %1, %2, )
∣∣ %1, %2 ∈ R} (7)

where J is an L2-cost functional defined as

J(u, %1, %2) =

∫
Ω+

(h(x3)χΩ+ + χΩ−)|u − ud |2 +
βh(M1)

2|YM1 |
%2

2 +
β

2|YM0 |
%2

1.

u satisfies the following PDE

− ∂

∂x3

(
h(x3)

∂u+

∂x3

)
+ h(x3)u+ = h(x3)f + in Ω+,

−∆u− + u− = f − in Ω−

∂u+

∂x3
= %2 on γu, u+ = u− on γc ,

∂u−

∂x3
− h(M0)

∂u+

∂x3
= %1 on γc

u− = 0, on γb and u γs periodic.

(8)
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Convergence

Theorem 5
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where,

〈Θ, φ〉 =

∫
(0,1)2

%̄1φ(x ′,M0)dx ′ +

∫
(0,1)2

%̄2φ(x ′,M1)dx ′.
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Another point of view
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Figure: Reference cell
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Let {Mr | r ∈ {0, 1, · · · , k0 + 1}} be the set of all local extremal
values of η with M0 < M1 < · · · < Mk0 < Mk0+1 .

Let Λr has nr number of connected components and are denoted as

Λk,r for k ∈ {1, 2, · · · , nr}, one can write Λr =
nr⋃

k=1

Λk,r .

Sr = {(x ′, η(x ′))| x ′ ∈ (0, 1)2, Mr < η(x ′) < Mr+1},
Sr ,k = ∂Λr ,k ∩ Sr ,

Yr ,k(z) = {x ′ ∈ (0, 1)2| (x ′, z) ∈ Λr ,k},
hr ,k(z) = |Yr ,k(z)|.
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Characterization

Adjoint state equation
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Theorem 6

Given f ∈ L2(Ω), and let (ūε, θ̄ε) be the optimal solution to the optimal
control problem (2) and v̄ε satisfies (10). Then, the optimal control
θ̄ε ∈ L2

per (γ) is given by

θ̄ε
∣∣
Sr,k

= −
√
| 5y ′ η|(y ′)

β

∫
(0,1)2

T ε
r ,k v̄ε(x

′, η(y ′), y ′)dx ′

for 0 ≤ r ≤ k0 and 1 ≤ k ≤ nr ,

θ̄ε
∣∣
F0

= − 1

β

∫
(0,1)2

T ε
0 v̄ε(x

′,M0, y
′)dx ′,

θ̄ε
∣∣
Fk0+1,k

= − 1

β

∫
(0,1)2

T ε
k0,k v̄ε(x

′,Mk0+1, y
′)dx .

The converse is also true.

Abu Sufian Asymptotic analysis of a Boundary Optimal Control Problem



• Our aim is to analyze the asymptotic behavior of (ūε, θ̄ε, v̄ε) as ε→ 0.
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Limit optimal control problem
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Figure: Limit domain
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f ∈ L2(Ω), for r ∈ {0, 1, · · · , k0}, k ∈ {1, 2, · · · , nr},
θr ,k ∈ L2(Mr ,Mr+1), %k0+1,k , %0 ∈ R



− ∂

∂x3

(
hr ,k(x3)

∂ur ,k
∂x3

)
+ ur ,k = f + θr ,k in Ωr

−∆u− + u− = f in Ω−

−
nk0∑
k=1

hr ,k(x3)
∂uk0,k

∂x3
(x ′,Mk0+1) =

nk0∑
k=1

%k0+1,k on γk0+1

nr∑
k=1

hr ,k(x3)
∂ur ,k
∂x3

−
nr+1∑
k=1

hr ,k(x3)
∂ur+1,k

∂x3
= 0 on γr+1

n0∑
k=1

h0,k(x3)
∂u0,k

∂x3
− ∂u−

∂x3
= %0 on γ0

u− = u0,k on γ0 and ur ,k′ = ur+1,k′′ on γr if Λr ,k′ and Λr+1,k′′

shared interface boundary, where r ∈ {0, 1, 2, · · · , k0 − 1},
k ′ ∈ {1, 2, · · · , nr}, k ′′ ∈ {1, 2, · · · , nr+1}.
u = 0 on γb and 1− periodic in x ′.

(11)
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Consider the following optimal control problem: find
(ū, θ̄r ,k , %̄k0+1,k , %̄0) ∈ H × L2(Mr ,Mr+1)× R× R such that

J(ū, θ̄r ,k , %̄k0+1,k , %̄0) = inf{J(u, θr ,k , %k0+1,k , %0)} (12)

where J is an L2−cost functional given by

J(u, θ)

=

∫
Ω−
|u− − ud |2 +

k0∑
r=0

nr∑
k=1

∫
Ωr

|hr ,k(x3)ur ,k − ud |2+

k0∑
r=0

nr∑
k=1

∫
Ωr

β

2ωr ,k(x3)
|θr ,k |2 +

nk0∑
k=1

β

2|Yk0+1, k|
%2
k0+1,k +

β

2|YM0 |
%2

0.
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β

2ωr ,k(x3)
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β
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%2
k0+1,k +

β

2|YM0 |
%2

0.

Abu Sufian Asymptotic analysis of a Boundary Optimal Control Problem



Main Result

Theorem 7

Let ūε, v̄ε defined as earlier, then the following convergence result holds.
For r ∈ {0, 1, 2, · · · , k0} and corresponding k ∈ {1, 2, · · · , nr},

˜̄uε|Ωε
r,k
⇀ hr ,k(x3)ūr ,k in L2((0, 1)2,H1(Mr ,Mr+1)),

ū−ε ⇀ ū− in H1(Ω−),

˜̄vε|Ωε
r,k
⇀ hr ,k(x3)v̄r ,k in L2((0, 1)2,H1(Mr ,Mr+1)),

v̄−ε ⇀ v̄− in H1(Ω−).
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