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Domain description

° Letsz#,meN,
o Let n:(0,1)2 = R is a 1—periodic C? function,
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Domain description

° Letsz#,meN,
o Let n:(0,1)2 = R is a 1—periodic C? function,
o v={(x,n(x)): x" € (0,1)},
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Domain description

° Letsz#,meN,

o Let n:(0,1)2 = R is a 1—periodic C? function,
o v={(x',n(x)): x" € (0,1)%},

o i (x) =n (%), x € (0,12,
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Domain description

Let e = #, meN,

Let 7: (0,1)2 — R is a 1—periodic C? function,
v ={("n(x)): x" € (0,1)?},

() =n (£), % € (0,1)%

7 (X) ={("n°(x)) : ¥ € (0,1)%},
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Optimal control problem

(v) define

0°(y',n(y")) = 7=y, n(y" )0, n(y")),

@ Forf e l?

per

where,

o /Al /TF VAP
=(y' (") = <><FMO +XFu, +€ \/ZQTWP"m) (")),

fora>1
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Optimal control problem

e For 0 € L2, () define

0°(y',n(y")) = 7=y, n(y" )0, n(y")),

where,

o /Al /TF VAP
=(y' (") = <><FMO +XFu, +€ \/ZQTWP"m) (")),

foraa>1

o 0(y'n(y)) = 0 (£.n (%))

@ State equation
—Au. +u. =Ff in Q.
g:,’i _96 on 767
- 0 on Vb,

u. Is s periodic.
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e Forf e 2

2er(7), we consider the following [*—cost functional

1
S(oet) = [ o= ui+ 5 [ 0P
Q. v

e Now consider the following optimal control problem: find
(b.,0.) € H! x [2,,(7), satisfies PDE (1) such that

per

J(8,0.) = inf{Je(uz,0)| 0 € L0, (7)}. (2)

For each ¢ > 0, the minimization problem (2) admits a unique solution
(EEveE) € Hal X Lier(v)'
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Characterization

@ Adjoint state equation
—AV.+ V. =0. —ug in Q.
av,
©=0 on 7,

Ov, (3)
v-. =0 on v,

V. is ~s periodic.
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Characterization

@ Adjoint state equation
—AV.+ V. =0. —ug in Q.
av,
=0 on 7,

v, (3)
v-. =0 on v,

V. is ~s periodic.

Theorem 2

Given f € L2(Q), and let (., 0.) be the optimal solution to the optimal
control problem (2) and V. satisfies (3). Then, the optimal control
0. € L2..(7) is given by

Tev(x',n(y"),y")dx’

W/

T’-VE(X,M,',_)/)C/X, i=0,1.

Converse is also true,
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e For x3 € (Mo, M1), h(x3) = |Y(x3) = {x' € (0,1)*: n(xX') > x3},
and h(M;) = |{x € (0,1)%: n(x') = M;}| for i =0, 1.
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e For x3 € (Mo, M1), h(x3) = |Y(x3) = {x' € (0,1)*: n(xX') > x3},
and h(M;) = |{x € (0,1)%: n(x') = M;}| for i =0, 1.

e For each x3 € [Mp, M;], we denote d~y(x3) is the surface measure on
the level curve

Yo (X') = {(x',x3)| X' € (0,1)%, n(x) = x3}.
We define w on (Mo, My) by

w(xs) / VI [Ven()Pa(xs).
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e For x3 € (Mo, M1), h(x3) = |Y(x3) = {x' € (0,1)*: n(xX') > x3},
and h(M;) = |{x € (0,1)%: n(x') = M;}| for i =0, 1.

e For each x3 € [Mp, M;], we denote d~y(x3) is the surface measure on
the level curve

Yo (X') = {(x',x3)| X' € (0,1)%, n(x) = x3}.
We define w on (Mo, My) by

w(xs) / VI [Ven()Pa(xs).

@ The Limit solution space

W(Q) = {w @ gL e @), ve HI(Q-)}

with the following inner product

ou 0Ov
u,v = (hu,v)2(q+y+ ( h=—, — +{u, V)giiq-)-
(u, VIw) = (hu, v)iz(ar) < 9% 3X3>L2(Q+) (U, V(e

Note that W(Q) is a Hilbert space with respect to the given inner
product.
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Limit optimal control problem a =1

e For f € L%(Q), 01,02 € R, § € L2(My, M), consider the following
optimal control problem: find
(4,0, 01,02) € W(Q) x L2(Mo, M) x R x R such that

J(U70_7 §1a§2) = inf {J(u797 Q1a92)| 01,02 € Ra 0 S LZ(M0> Ml)}
(4)
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Limit optimal control problem a =1

e For f € L%(Q), 01,02 € R, § € L2(My, M), consider the following
optimal control problem: find
(4,0, 01,02) € W(Q) x L2(Mo, M) x R x R such that

J(U70_7 §1a§2) = inf {J(u797 Q1a92)| 01,02 € Ra 0 S LZ(M0> Ml)}
(4)

@ where J is an [2-cost functional defined as

1
Susboon ) =5 [ (hGa)xas + o lu = ol

2
N phMy) o B,
2|YM1‘ 2 2|YM0| g

2y Tl PO
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For the controls § € L2(My, My), 01,02 € R, u solves the following PDE

+
0 (h()@)au) +h(x3)ut = h(x3)fT +60 in QT

" Ox3 Ox3
—Au” +u =f"inQ”
out
T = (5)
X3
ou~ out

+—u, v =
u u -, 8X3 (0)8X3 01 oNn e,

u” =0 on ~p, and uis ~s periodic.

The optimal control problem (4) admits a unique solution.
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Convergence

Let (ii.,0.) and (@,0, 51, 32) be the solution of the problem (2) and (4)
respectively, then,

uJr — h(x3)a* weakly in L?((0,1)% H'(Mo, My)),
h(x3)vt weakly in L2((0,1)?%; H*(Mo, My)),

— i in weakly H*(Q7), (6)
— 7™ weakly in HH(Q7),

(0o, B)12(r.) = (©,0) forall ¢ € H(QY),

v+
Ve =
UE

where,

©.0= [ notd M+ [

(0,1)?

020(x", My)dx' + /Q ) 0(x3)(x)dx
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Limit optimal control problem a > 1

e Given f € L%(Q), 01,02 € R, consider the following optimal control
problem: find (&, g1, @2) such that

J(E7 éla @2) = inf{J(u, 01, Q2a)

01,02 € R} (M)

@ where J is an [%-cost functional defined as

ﬁh(Ml) 2 ﬁ 2
= h + _ — 2 + .
I(u7Q1792) /+( (x3)XQ+ XQ )\u ud| + 2|Yl\/I1| 0> 2“, |

@ u satisfies the following PDE

0 out )

_aix?’ <h(x3) 8X3) + h(X3) h(X3)f+ In Q+,
—Au"+u =" inQ™

+
o _ 02 on vy, ut=u"onn, (8)
ba ou

u

h(M, = ¢
O3 (0)83 01 on 7,

u” =0, on 7 and u s periodic.
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Convergence

Let (ii.,0.) and (@,0, 51, 32) be the solution of the problem (2) and (4)
respectively, then,

uJr — h(x3)a* weakly in L?((0,1)% H'(Mo, My)),
h(x3)vt weakly in L2((0,1)?%; H*(Mo, My)),

— i in weakly H*(Q7), (9)
— 7™ weakly in HH(Q7),

(0o, B)12(r.) = (©,0) forall ¢ € H(QY),

v+
Ve =

ue

where,

(O, ) = / B16(x', o) + / G26(x', My)dx'.
(0,1)2 (0,1)2
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o Let {M,| re{0,1,---,ko+ 1}} be the set of all local extremal
values Of?] with Mo < My < -+ < Mko < Mk0+1'

Abu Sufian Asymptotic analysis of a Boundary Optimal Control Problem



o Let {M,| re{0,1,---,ko+ 1}} be the set of all local extremal
values Of?] with Mo < My < -+ < Mko < Mk0+1'

@ Let A, has n, number of connected components and are denoted as

ne
i for k € {1,2,-+- ,n,}, one can write A, = | J As.
k=1
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o Let {M,| re{0,1,---,ko+ 1}} be the set of all local extremal
values Of?] with Mo < My < -+ < Mko < Mk0+1'

@ Let A, has n, number of connected components and are denoted as

ne
i for k € {1,2,-+- ,n,}, one can write A, = | J As.
k=1

o S, = {(x',n(x))| X' € (0,1)2, M, < 1(x') < Mys1},
Sr,k = 8/\r,k N Srv
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o Let {M,| re{0,1,---,ko+ 1}} be the set of all local extremal
values Of?] with Mo < My < -+ < Mko < Mk0+1'

@ Let A, has n, number of connected components and are denoted as
i for k € {1,2,-+- ,n,}, one can write A, = | J As.
k=1
e S, ={(x',n(x"))| x" € (0, 1)2, M, < n(x") < M,11},
Sr’k = 8/\r,k N Srv
o Y, u(z) ={x €(0,1)? (x,z)€ A x},
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Let {M,| re{0,1,---,ko+ 1}} be the set of all local extremal
values Of?] with Mo < My < -+ < Mko < Mk0+1'

Let A, has n, number of connected components and are denoted as
n

i for k € {1,2,-+- ,n,}, one can write A, = | J As.
k=1

= {(, ()| %" € (0,1)% M, <n(x') < Myrsa},
= ON kﬁS

Y «(z) = {x' € (0,1)?| (xX,z) €A x},
hri(2) = [Yr(2)].

(]
U)U)
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Characterization

@ Adjoint state equation

—AV. 4+ V. =0, —uy in Q,
v-. =0 on v,

Wy o (10)
(9V5 - 757

V. is s periodic.
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Theorem 6

Given f € [%(Q), and let (ii.,0.) be the optimal solution to the optimal
control problem (2) and V. satisfies (10). Then, the optimal control
0. € L2..(7) is given by

JW/

for0<r<koand1§k§n,,

TO \75(X Mo, )d ;

O Sk

k‘7€ x' 77()/) y/)dX/

éE’Fo /B

1)2
/ TkO kVE(X Mk0+17 )d .

Q\'—‘o

€|Fk0+1 K

The converse is also true.
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e Our aim is to analyze the asymptotic behavior of (i, 0., v.) as ¢ — 0.
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Limit optimal control problem
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Figure: Limit domain
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o fel?Q) forre{0,1,-- ,ko}, k€ {1,2,---,n},
0k € L2(My, M,11), 0ky11.4> 00 € R

_8ix3 (hrvk(Xg)aau);:> + Uk = f+ 9,7;( in Q,
—Au” +u" =f inQ”
g kg
—Zhr k(x3) ko’ (X Migi1) = ) Okot1k ON ko1
k=1
Nr+1
Zhrk x3) 8urk Zhrk X3 auar;lk =0 on 1
IR R
U~ = upk on Yo and ur k= U1k ON Ve if Ap o and Apgq
shared interface boundary, where r € {0,1,2,--- , ko — 1},
k'e{1,2,---  n}, K" e€{1,2,---  n.41}.
u=0on v, and 1 — periodic in x'.

(11)
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e Consider the following optimal control problem: find
(a, Or ks Oko+1,k; 0o) € H x L2(/W,7 M, 41) x R x R such that

J(@,0, &, Bkog+1.k5 B0) = InF{J(u, Ok, Oko+1,k5 00) } (12)
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e Consider the following optimal control problem: find
(a, Or ks Oko+1,k; 0o) € H x L2(/W,7 M, 41) x R x R such that

J(@,0, &, Bkog+1.k5 B0) = InF{J(u, Ok, Oko+1,k5 00) } (12)

@ where J is an [?—cost functional given by

J(u,0)
:/ |u~ —Ud|2+ZZ/ [hr k(x3) u,k—ud\-l-
r=0 k=1
r nkO B
2 P
ol + :
;;/ e e zzwkﬁhk'w Ty
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Main Result

Let 0., V. defined as earlier, then the following convergence result holds.
Forre€{0,1,2,---  ko} and corresponding k € {1,2,--- ,n,},

Ee'ﬂfyk - hr7k(X3)Er,k in L2((0; 1)27 Hl(Mn Mr+1))7
- — @ in HY(Q"),
‘75|Qf,k - hr,k(x3)\7r7/< in Lz((07 1)2> Hl(Mra Mr+1))7
Vo — v in HY(Q).
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