HOMOGENIZATION
OF
REACTION-DIFFUSION SYSTEMS

Harsha Hutridurga

Joint work with Grégoire Allaire & Laurent Desvillettes
IIT Bombay

05 September 2019 - Multi-scale Analysis and Theory of Homogenization

(IIT Bombay) Homogenization of RD systems 05/09 ICTS Bengaluru 1/22



REACTION-DIFFUSION SYSTEM: SETTING AND OBJECTIVE

Harsha HUTRIC (IIT Bombay) Homogenization of RD s



REACTION-DIFFUSION SYSTEM: SETTING AND OBJECTIVE

& Take a solvent filling a spatial domain §2

Harsha HUTRIC (IIT Bombay) Homogenization of RD systems



REACTION-DIFFUSION SYSTEM: SETTING AND OBJECTIVE

& Take a solvent filling a spatial domain 2

& The domain € is a bounded open set in R4

Harsha HuT (IIT Bombay) Homogenization of RD systems 05/09 ICTS Bengaluru 2 /22



REACTION-DIFFUSION SYSTEM: SETTING AND OBJECTIVE

& Take a solvent filling a spatial domain 2
& The domain € is a bounded open set in R4

& In it are dissolved some ¢ chemical species: Aj, ..., Ay
corresponding concentrations: uq, ..., uy

Harsha HUTRIDURGA (IIT Bombay) Homogenization of RD systems 05/09 ICTS Bengaluru 2 /22



REACTION-DIFFUSION SYSTEM: SETTING AND OBJECTIVE

& Take a solvent filling a spatial domain 2
& The domain € is a bounded open set in R4

& In it are dissolved some ¢ chemical species: Aj, ..., Ay
corresponding concentrations: uq, ..., uy
& The unknowns are u; for i =1,...,¢

Harsha HUTRIDURGA (IIT Bombay) Homogenization of RD systems 05/09 ICTS Bengaluru 2 /22



REACTION-DIFFUSION SYSTEM: SETTING AND OBJECTIVE

& Take a solvent filling a spatial domain 2
& The domain € is a bounded open set in R4

& In it are dissolved some ¢ chemical species: Aj, ..., Ay
corresponding concentrations: uq, ..., uy
& The unknowns are u; for i =1,...,¢

& Each of these u; are functions of

> time variable ¢ > 0
» spatial variable x € Q

Harsha HUTRIDURGA (IIT Bombay) Homogenization of RD systems 05/09 ICTS Bengaluru 2 /22



REACTION-DIFFUSION SYSTEM: SETTING AND OBJECTIVE

Take a solvent filling a spatial domain 2
The domain € is a bounded open set in R¢

In it are dissolved some ¢ chemical species: Ajq, ..., Ay
corresponding concentrations: uq, ..., uy

The unknowns are u; fori =1,...,¢

oo Jo Po P

Each of these u; are functions of

> time variable ¢ > 0
» spatial variable x € Q

3o

We need to write ¢ equations for the ¢ unknowns

u;(t, x)
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REACTION-DIFFUSION SYSTEM: SETTING AND OBJECTIVE

& Take a solvent filling a spatial domain 2
& The domain € is a bounded open set in R?
& In it are dissolved some ¢ chemical species: Aj, ..., Ay
corresponding concentrations: wuq,...,uy
& The unknowns are u; for i =1,...,¢
& Each of these u; are functions of
> time variable ¢ > 0
» spatial variable x € Q
& We need to write £ equations for the £ unknowns

u;(t, x)

& These equations should model chemical species reacting with each
other and diffusing in the spatial domain
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& Species are diffusing in the spatial domain

& Interested in long-term large scale behaviour (diffusive scaling)
positive scaling parameter ¢ < 1
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L Riwd)

B — div <dz~(m)D <§> vuf) =5

& Species are involved in a reversible chemical reaction
with rate function R;(u) — net production/consumption of A4;

& Species are diffusing in the spatial domain

& Interested in long-term large scale behaviour (diffusive scaling)
positive scaling parameter ¢ < 1

& Diffusive environments are highly heterogeneous and periodic

D(y)¢ - € > AJ¢)?, di(z) > A and d; # d; whenever i # j.
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SETTING AND OBJECTIVE
Oy — di <d (z)D (5”) Vu ) L Ri(u)
i —div (d; - i) = 3R
¢ £ g2

& Species are involved in a reversible chemical reaction
with rate function R;(u) — net production/consumption of A4;

& Species are diffusing in the spatial domain

& Interested in long-term large scale behaviour (diffusive scaling)
positive scaling parameter ¢ < 1

& Diffusive environments are highly heterogeneous and periodic

D(y)¢ - € > AJ¢)?, di(z) > A and d; # d; whenever i # j.

& Supplemented by initial and boundary data
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Kf
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REVERSIBLE CHEMISTRY

Kf

atAr + - + A == BrAL + - + BlA

& Stoichiometric coefficients a;, 5; € NU {0}
& Forward and Backward reaction rates k¢, kp > 0
& Rate function R;(u) is given by mass action kinetics

¢ ¢
Ri(u) = (B — i) | Kt H u?j — Kb H “gﬁ'j
1 i=1
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REVERSIBLE CHEMISTRY

a1 Ar + o+ A === B+ + A

& Stoichiometric coefficients a;, 5; € NU {0}
& Forward and Backward reaction rates k¢, kp > 0
& Rate function R;(u) is given by mass action kinetics

Rz(u): ( —041 anu —Iﬁ?bHuﬁ]
THREE SPECIES SYSTEM

* Take (011,012,0[3) = (17 170) and (6175%63) = (0707 1)
A1 + Ay ==— ’W A3

Ri(u) = Ra(u) = —/-i(uluz — '7U3); Ra(u) = m(u1u2 — '7U3)
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REVERSIBLE CHEMISTRY

a1 Ar + o+ A === B+ + A

& Stoichiometric coefficients a;, 5; € NU {0}
& Forward and Backward reaction rates k¢, kp > 0
& Rate function R;(u) is given by mass action kinetics

Rz(u): ( —041 IifHu —Iﬁ?bHuﬁ]
THREE SPECIES SYSTEM

* Take (011,012,0[3) = (17 170) and (61752a63) = (0707 1)
A1 + Ay ==— ’W A3

Ri(u) = Ra(u) = —r(uruz —yuz);  Ra(u) = r(uug — yus)
& Observe that R; + R3 =Ra+R3 =0
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REVERSIBLE CHEMISTRY (CONTD.)

TWO SPECIES SYSTEM

& Take (a1, ) = (A1,0) and (B1, B2) = (0, A2)
MA = ,ify Ao Ao

Ri(u) = —/\1/1( Mo 'yu2 ), Ro(u) = /\QH( Mo 'yu2 )
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REVERSIBLE CHEMISTRY (CONTD.)

TWO SPECIES SYSTEM

& Take (041,042) = ()\1,0) and (51,,32) = (0, )\2)
MAL == AaAs

Ri(u) = —/\1/€(ui\1 - 'yu%q); Ra(u) = /\Q/f(ui‘l - 'yu%q)
1 1 —
& Observe that /\—17'\’,1 + )\_ZRQ =0

FOUR SPECIES SYSTEM
& Take (a17 a2, 3, a4) = (1707 170) and (/817/825 ﬁ37/84) = (05 ]-a 07 ]-)

Al + Ay == Ay + Ay

Rl (u) = Rg(u) = —(U1U3 - 'LL2U4); Rg(u) = R4(u) = (U1U3 - U2U4)
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REVERSIBLE CHEMISTRY (CONTD.)

TWO SPECIES SYSTEM

& Take (041,042) = ()\1,0) and (61,,32) = (0, )\2)
MAL == AaAs

Ri(u) = —/\1/€(ui\1 - 'yu%q); Ra(u) = /\gm(ui‘l - ’yug‘Z)
1 1 _
& Observe that /\—17'\’,1 + )\_ZRQ =0
FOUR SPECIES SYSTEM
& Take (ala a2, 3, a4) = (17 07 17 0) and (/817 /825 637 /84) = (05 ]-a 07 ]-)

Al + Ay == Ay + Ay

Rl (u) = Rg(u) = —(U1U3 - U2U4); Rg(u) = R4(U) = (U1U3 - U2U4)
& Observe that R1 + Ro=R3+Rs=R3+Ro=R1+Ry4=0
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WE PRESENT COMPUTATIONS FOR THREE SPECIES SYSTEM

Al + ./42 "CI?Y A3

i~ (4D (2) 1) =i
i (14D (2) 75) =0k~ 0
i~ (1D (2) 46) = s~

& Supplement with

> initial data
» zero Neumann boundary condition
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ENTROPY DISSIPATION STRUCTURE

& Multiply rate functions by logarithms: for i = 1,2,

Ri(u) = —r(urug — yugz) x log(u;)
and  Rs3(u) = r(urug — yuz) x log(yus)
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ENTROPY DISSIPATION STRUCTURE

& Multiply rate functions by logarithms: for i = 1,2,

Ri(u) = —k(urug — yuz) x log(u;)
and  Rs3(u) = r(urug — yuz) x log(yus)

& Summing the expressions
Ri(u)log(ur) + Ra(u) log(uz) + R (u)log(vus)

= —ﬁ(uluz — ’yu;>,) (log(u1u2) — log(’yug)) <0.
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ENTROPY DISSIPATION STRUCTURE

& Multiply rate functions by logarithms: for i = 1,2,

Ri(u) = —k(urug — yuz) x log(u;)
and  Rs3(u) = r(urug — yuz) x log(yus)

& Summing the expressions
Ri(u)log(ur) + Ra(u) log(uz) + R (u)log(vus)

= —n(u1u2 — ’yu;»,) (log(u1u2) — log(’yug)) <0.

& Take the ordinary differential equations: u; = R;(u)
& Using logarithmic multipliers, the entropy dissipation inequality:
3

% Z (uZ log(u;) — u; + c) <0

=1
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STRATEGY FOR HOMOGENIZATION

& The evolution equation:

Bt — div (di(x)D (g) Vu;?) - éRi(ua) in Qp = (0,T) x Q.
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STRATEGY FOR HOMOGENIZATION

& The evolution equation:

Bt — div (di(x)D (g) Vu;?) - &%Ri(ua) in Qp = (0,T) x Q.

& A typical homogenization result: for ¢ < 1,

WE(t, )~k (t,2) + e 10 (t,m, f)
g
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STRATEGY FOR HOMOGENIZATION
& The evolution equation:

1
—Ri(u) in Qp :=(0,7) x Q.

Bt — div (di(x)D (f) Wf) =

& A typical homogenization result: for ¢ < 1,

ui (ko) ~ i (@) + 2 (tr, 2 )
9

& Characterize limit u (¢, x) as a solution to a differential equation.
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& The evolution equation:

Bt — div (di(x)D (g) Vu;?) - &%Ri(ua) in Qp = (0,T) x Q.

& A typical homogenization result: for ¢ < 1,

ui (ko) ~ i (@) + 2 (tr, 2 )
9

& Characterize limit u (¢, x) as a solution to a differential equation.

LINEAR SETTING
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STRATEGY FOR HOMOGENIZATION
& The evolution equation:

1
—Ri(u) in Qp :=(0,7) x Q.

Bt — div (di(x)D (f) Wf) =

& A typical homogenization result: for ¢ < 1,

WE(t,x) ~ ul(t, @) + e 10 (m §)
g

& Characterize limit u (¢, x) as a solution to a differential equation.

LINEAR SETTING
Find uniform bounds on u$ (¢, z) in

L7 ((0,T); W'P(Q)) for some p > 1
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& A typical homogenization result: for ¢ < 1,

WE(t,x) ~ ul(t, @) + e 10 (m §)
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& Characterize limit u (¢, x) as a solution to a differential equation.

LINEAR SETTING NONLINEAR SETTING
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STRATEGY FOR HOMOGENIZATION
& The evolution equation:

1
—Ri(wf)  in Qp = (0,T) x Q.

Bt — div (di(x)D (f) Wf) =

& A typical homogenization result: for ¢ < 1,

WE(t,x) ~ ul(t, @) + e 10 (m g)
g

& Characterize limit u (¢, x) as a solution to a differential equation.

LINEAR SETTING NONLINEAR SETTING
Find uniform bounds on u$ (¢, z) in | u$(t, z) relatively compact in

L7 ((0,T); W'P(Q)) for some p > 1 LP(Qy) for some p > 1
uf — uf in L? ((0,7); WhP(2))
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STRATEGY FOR HOMOGENIZATION
& The evolution equation:

1
—Ri(wf)  in Qp = (0,T) x Q.

Bt — div (di(x)D (f) V“5> =

& A typical homogenization result: for ¢ < 1,

WE(t,x) ~ ul(t, @) + e 10 (m g)
g

& Characterize limit u (¢, x) as a solution to a differential equation.

LINEAR SETTING NONLINEAR SETTING
Find uniform bounds on u$ (¢, z) in | u$(t, z) relatively compact in

L7 ((0,T); W'P(Q)) for some p > 1 LP(Qr) for some p > 1
uf — uf in L? ((0,7); WhP(2)) te. [luf —ufllpp,) — 0
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Entropy inequality
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BATTLE PLAN I

Step 1 | Non-negativity of solutions

Step 2 | Entropy inequality
I HV\/u_fHLz(QT) <C

Step 3 | Energy estimate

= uill2n) <C
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BATTLE PLAN I

Step 1 | Non-negativity of solutions

Step 2 | Entropy inequality
I HV\/u_me(QT) <C

Step 3 | Energy estimate

= uill2n) <C

Step 4 | Entropy inequality + Energy estimate

— uwel} ((o,T);Wl»%(Q))
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BATTLE PLAN II

Step 1 | uf + u3 and u5 + u3 are
relatively compact in L3 (Qr)
Step 2 | Sums relatively compact + Entropy inequality

= u; relatively compact in Ls (Qr)
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BATTLE PLAN II

Step 1 | uf + u3 and u5 + u3 are
relatively compact in L3 (Qr)

Step 2 | Sums relatively compact + Entropy inequality

= u; relatively compact in Ls (Qr)

Step 3 | Parabolic duality estimate

= Huﬂ|L4+5(QT) < (C for some § >0
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Step 1 | uf + u3 and u5 + u3 are
relatively compact in L3 (Qr)

Step 2 | Sums relatively compact + Entropy inequality

= u; relatively compact in L%(QT)

Step 3 | Parabolic duality estimate

= Huﬂ|L4+5(QT) < (C for some § >0

Step 4 | u5 relatively compact in Lg(QT) + l[ufll vy <€

= uf relatively compact in L*(Q7)
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BATTLE PLAN II

Step 1

uf + u3 and u5 + u§ are
relatively compact in L3 (Qr)

Step 2

Sums relatively compact + Entropy inequality

= u; relatively compact in L%(QT)

Step 3

Parabolic duality estimate

= Huﬂ|L4+5(QT) < (C for some § >0

Step 4

u relatively compact in Lg(QT) + l[ufll vy <€

= uf relatively compact in L*(Q7)

Thanks to Interpolation inequality,
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BATTLE PLAN II

Step 1

uf + u3 and u5 + u§ are
relatively compact in L3 (Qr)

Step 2

Sums relatively compact + Entropy inequality

= u; relatively compact in L%(QT)

Step 3

Parabolic duality estimate

= Huﬂ|L4+5(QT) < (C for some § >0

Step 4

u relatively compact in Lg(QT) + l[ufll vy <€
= uf relatively compact in L*(Q7)
Thanks to Interpolation inequality, ||w® —w*||;, — 0 and

for ¢ > p, [[w®|| s < C = [Jw® —w*||» = 0 for all v € [p, q)
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MAIN RESULT

Theorem (Homogenization result)

The solution to the scaled reaction diffusion system satisfies

u; ——— u; strongly in L4(Qr)

fori=1,2,3
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MAIN RESULT

Theorem (Homogenization result)

The solution to the scaled reaction diffusion system satisfies

u; ——— u; strongly in L4(Qr)

fori=1,2,3 and the limit points satisfy

O (u] +u3) — div (B1Vuy) — div (BsVu3) =0
O (uy + u3) — div (B2Vuy) — div (BsVu3) =0

* ok ok
Uy = Wil
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MAIN RESULT

Theorem (Homogenization result)

The solution to the scaled reaction diffusion system satisfies

u; ——— u; strongly in L4(Qr)

fori=1,2,3 and the limit points satisfy
O (u] +u3) — div (B1Vuy) — div (BsVu3) =0
O (uy + u3) — div (B2Vuy) — div (BsVu3) =0
yuh = ufu
where B; are homogenized coefficients

given in terms of solutions to coupled cell-problems posed on [0,1)%.

v
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Theorem (Homogenization result)

The solution to the scaled reaction diffusion system satisfies

u; ——— u; strongly in L4(Qr)

fori=1,2,3 and the limit points satisfy
O (u] +u3) — div (B1Vuy) — div (BsVu3) =0
O (uy + u3) — div (B2Vuy) — div (BsVu3) =0
yuh = ufu
where B; are homogenized coefficients

given in terms of solutions to coupled cell-problems posed on [0,1)%.

v

& Limit problem couples parabolic problems with algebraic equation.
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MAIN RESULT

Theorem (Homogenization result)

The solution to the scaled reaction diffusion system satisfies

u; ——— u; strongly in L4(Qr)

fori=1,2,3 and the limit points satisfy
O (u] +u3) — div (B1Vuy) — div (BsVu3) =0
O (uy + u3) — div (B2Vuy) — div (BsVu3) =0
yuh = ufu
where B; are homogenized coefficients

given in terms of solutions to coupled cell-problems posed on [0,1)%.

v

& Limit problem couples parabolic problems with algebraic equation.
& Substitute algebraic relation to yield cross-diffusion interpretation.
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& The concentrations should be non-negative.
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& The concentrations should be non-negative.
Lemma (Non-negativity)

Suppose the initial data ul® > 0.

Then the solution u5(t,xz) > 0 in Qp
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BATTLE PLAN I — STEP 1

& The concentrations should be non-negative.

Lemma (Non-negativity)

Suppose the initial data ul® > 0.
Then the solution u5(t,xz) > 0 in Qp

& Multiply the equation for «(t,z) by [u$]™ := min{uZ, 0}

{atu;:f ~ div (@)D (¥) vus) = 6—12Ri(u5)} « [u]”
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& The concentrations should be non-negative.

Lemma (Non-negativity)

Suppose the initial data ul® > 0.
Then the solution u5(t,xz) > 0 in Qp

& Multiply the equation for «(t,z) by [u$]™ := min{uZ, 0}

{atu;:f ~ div (@)D (¥) vus) = 6—12Ri(u5)} « [u]”

& Integrate over )
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Proposition (Entropy inequality)

The solution u$(t,x) satisfies

{[Ivv/ug]” azat < ¢
Qr
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Proposition (Entropy inequality)

The solution u$(t,x) satisfies
{[Ivv/ug]” azat < ¢
Qr

ff <u§u§ — 'yu§> <log(u‘§u§) - log(7u§)> dz dt < C¢?
Qr
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Proposition (Entropy inequality)

The solution u$(t,x) satisfies
{[Ivv/ug]” azat < ¢
Qr

fj (u‘iug — 'yu‘g) <log(u‘§u§) - log(’yué)) dz dt < C¢?
Qr

& Use logarithmic multipliers; integrate over 2 and sum:

3 3
%Z/(uflog(uf)—u?+c)dx+2/ }v\/u—ﬂz de
i=1 79 =179

K
-5 /Q (usus — 75 ) (log(uus) — log(yu5) ) da < 0
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Proposition (Entropy inequality)

The solution u$(t,x) satisfies
{[Ivv/ug]” azat < ¢
Qr

ff (u‘iug — 'yu‘g) <log(u‘§u§) - log(’yué)) dz dt < C¢?
Qr

& Use logarithmic multipliers; integrate over 2 and sum:

3 3
%Z/(uflog(uf)—u?+c)dx+2/ }V\/u_ff de
=178 — Ja
K

-5 /Q (usus — 75 ) (log(uus) — log(yu5) ) da < 0

& Integrating above expression over (0,7) yields the result.
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Proposition (Energy estimate)
The solution uZ(t,x) satisfies

145 lle20r) < C-
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Proposition (Energy estimate)

The solution u$(t,x) satisfies

145 lle20r) < C-

& Recall that Ry + Rz = Ro + Rz = 0.
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Proposition (Energy estimate)

The solution u$(t,x) satisfies

145 lle20r) < C-

& Recall that Ry +R3 = Ro + Rz = 0.

& Summing the equations for ] and u5 and integrating in time

ui(t,x) + uz(t,z) |—div { D t (d1Vui(s, z) + dsVus(s, x))ds
0

— (@) + u(@))
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Proposition (Energy estimate)

The solution u$(t,x) satisfies

145 lle20r) < C-

& Recall that Ry +R3 = Ro + Rz = 0.

& Summing the equations for ] and u5 and integrating in time

(u‘i (t,z) + u§(t, x)) —div (D /Ot (d1Vui(s,z) + dsVus(s, x))ds)

— (@) + u(@))

& Multiply by (dluf + d3u§> and some algebra yields result.
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Proposition (Weak compactness)

The solution u(t,x) satisfies
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Proposition (Weak compactness)

The solution u$(t,x) satisfies

el 4 ((O,T);Wl’%(ﬂ)) =C

& Using Holder inequality, one can deduce

IV Vi |2y < €
[uillp2op) < €
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Proposition (Weak compactness)

The solution u$(t,x) satisfies

el 4 ((O,T);WL%(Q)) =C

& Using Holder inequality, one can deduce

Vvl < C}

145 l[r20p) < €

& Using 2 and 3 as Holder conjugates, we have
2

3

i IVus|s | 2 MHEA
JJrouit = [ il < | ) {0
Qr (T E Qr HE
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Proposition (Relative compactness of sums)

The families u] + u5 and u5 + u3 are relatively compact in L3 (Qr).
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Aubin-Lions compactness criterion

Let B1, Bs, B3 be Banach spaces such that By C By C Bs.

Suppose w® € LP((0,7); By) and dyw® € LI((0,T); B3) with % + % = 1L.
Then w*® is relatively compact in LP((0,7T); Ba).

Proposition (Relative compactness of sums)

The families u] + u5 and u5 + u3 are relatively compact in L3 (Qr).
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Aubin-Lions compactness criterion

Let B1, Bs, B3 be Banach spaces such that By C By C Bs.

Suppose w® € LP((0,7); By) and dyw® € LI((0,T); B3) with % + % = 1L.
Then w*® is relatively compact in LP((0,7T); Ba).

Proposition (Relative compactness of sums)

The families u] + u5 and u5 + u3 are relatively compact in L3 (Qr).

& We have \ \
ui + u§ € L3((0,T); Wh3(Q))
Ri+R3=0 = 0(u] +u5) — div(D (1 Vui + d2Vu3) ) = 0.

— 9, (uf +uS) € LA(0,T); W4(02))
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Aubin-Lions compactness criterion

Let B1, Bs, B3 be Banach spaces such that By C By C Bs.

Suppose w® € LP((0,7); By) and dyw® € LI((0,T); B3) with % + % = 1L.
Then w*® is relatively compact in LP((0,7T); Ba).

Proposition (Relative compactness of sums)

The families u] + u5 and u5 + u3 are relatively compact in L3 (Qr).

& We have \ \
ui + u§ € L3((0,T); Wh3(Q))
Ri+Rs3=0 = 0, (ui + ug) — diV(D (d1Vui + d2vu§)) =0.

— 9, (uf +uS) € LA(0,T); W4(02))

& Result follows by Aubin-Lions (take p = % and g = 4).
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Proposition (Relative compactness)

The solution families u5(t, z) are relatively compact in L%(QT).
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Proposition (Relative compactness) J

The solution families u5(t, z) are relatively compact in L%(QT).

& Recall that for a subsequence

ui + u5 — Si3 strongly in L5 Qr) and a.e. in Qp

—~~

u$ + u5 — Sa3 strongly in L5 Qr) and a.e. in Qp

(u§us — yug) (log(u§us) — log(yug)) — 0 strongly in L' (Q7), a.e. Qr
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Proposition (Relative compactness) J

The solution families u5(t, z) are relatively compact in L%(QT).

& Recall that for a subsequence

ui + u5 — Si3 strongly in L5 Qr) and a.e. in Qp

—~~

u$ + u5 — Sa3 strongly in L5 Qr) and a.e. in Qp

(u§us — yug) (log(u§us) — log(yug)) — 0 strongly in L' (Q7), a.e. Qr

& We can show that u5(t,z) — uj(t,z) a.e. in Qp (nontrivial)

Harsha HUTRIDURGA (IIT Bombay) Homogenization of RD systems 05/09 ICTS Bengaluru 17 / 22



BATTLE PLAN II — STEP 2

Proposition (Relative compactness)

The solution families us(t,x) are relatively compact in L%(QT).

& Recall that for a subsequence

ui + u5 — Si3 strongly in L5 Qr) and a.e. in Qp

—~~

u$ + u5 — Sa3 strongly in L5 Qr) and a.e. in Qp

(u§us — yug) (log(u§us) — log(yug)) — 0 strongly in L' (Q7), a.e. Qr

& We can show that u5(t,z) — uj(t,z) a.e. in Qp (nontrivial)
& Furthermore we have

0 <uf <uj+u§— Si3 strongly in L%(QT).

& Lebesgue’s dominated convergence theorem then yields the result.
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& In the proof of the homgenization result, we have to determine

li
e—0

m ff ui(t, z)Vus(t, z) da dt
Qr
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& In the proof of the homgenization result, we have to determine
m ff ui(t, z)Vus(t, z) da dt
Qr

li
e—0

Best information on Vuj is that it converges weakly in L%(QT).
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& In the proof of the homgenization result, we have to determine

m ff ui(t, z)Vus(t, z) da dt
Qr

li
e—0

Best information on Vuj is that it converges weakly in L%(QT).
So, we should prove that u5(t, ) strongly converges in L*(Qr).
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BATTLE PLAN II — STEP 3

& In the proof of the homgenization result, we have to determine

m ff ui(t, z)Vus(t, z) da dt
Qr

li
e—0

Best information on Vuj is that it converges weakly in L%(QT).
So, we should prove that u5(t, ) strongly converges in L*(Qr).

Proposition (Higher integrability)

The solution u$(t,x) satisfies

|45 I a+s0py < C for some & > 0.
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& Consider the forward and backward heat equations
Ow — A(pw) =0 in Qp
w(0,z) =w™ in Q
Vw-n(z) =0 on dQr
where 0 < a < p(t,z) < b < 0.
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& Consider the forward and backward heat equations

Ow — A(pw) =0 in Qp v+ pAv =0 in Qp
w(0,z) =w™ in Q v(T,z) =0 inQ
Vw-n(x) =0 on dQp Vuv-n(zx)=0 on dQp

where 0 < a < p(t,z) < b < 0.

Harsha HUTRIDURGA (IIT Bombay) Homogenization of RD systems 05/09 ICTS Bengaluru 19 / 22



BATTLE PLAN II — STEP 3

& Consider the forward and backward heat equations

Ow — A(pw) =0 in Qp O+ pAv =0 in Qp
w(0,z) =w™ in Q v(T,z) =0 inQ
Vw-n(x) =0 on dQp Vuv-n(zx)=0 on dQp

where 0 < a < p(t,z) < b < 0.

Proposition (Parabolic duality estimates)

4
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& Consider the forward and backward heat equations

Ow — A(pw) =0 in Qp O+ pAv =0 in Qp
w(0,z) =w™ in Q v(T,z) =0 inQ
Vw-n(x) =0 on dQp Vuv-n(zx)=0 on dQp

where 0 < a < p(t,z) < b < 0.

Proposition (Parabolic duality estimates)
Given © € L1(Qy) for some q € (1,2], we have

sup [|v(t,)llLaq) < Cl1OllLaqy)
te[0,T]
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& Consider the forward and backward heat equations

Ow — A(pw) =0 in Qp o + pAv =0
w(0,z) =w™ in Q v(T,z) =0
Vw-n(x) =0 on dQp Vov-n(z)=0

where 0 < a < p(t,z) < b < 0.

Proposition (Parabolic duality estimates)
Given © € L1(Qy) for some q € (1,2], we have

sup [|v(t,)llLaq) < Cl1OllLaqy)
te[0,T]

Given w™ € LP(Qr) for some p € [2,00), we have

lwllee @y < € llw™]|pq)

in QT
in Q
on OO

4
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Proposition (Higher integrability)

The solution uZ(t,z) satisfies

(|45 la+s () < C for some § > 0.
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Proposition (Higher integrability)

The solution uZ(t,z) satisfies

|45 lpa+s(0py < C for some § > 0.

& Consider the equation for uj + u§ (by taking constant diffusivities)
8,5 (Ui + u§) — dlAui — d3A’U,§ =0
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Proposition (Higher integrability)

The solution uZ(t,z) satisfies

||Uf||L4+6(QT) <C for some § > 0.

& Consider the equation for uj + u§ (by taking constant diffusivities)
at (Ui + Ug) — dlAui — d3Au§ =0

& We rewrite it as

o5 +03) - & (

dlu’i + d3u§
u + ug

(W + u§)> = 0.
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Proposition (Higher integrability)

The solution uZ(t,z) satisfies

||u§:”L4+5(QT) <C for some § > 0.

& Consider the equation for uj + u§ (by taking constant diffusivities)

8,5 (Ui + Ug) — dlAuﬁ — d3Au§ =0

& We rewrite it as
diu§ + dsus
o € S A 1 3
k (uf + u3) <—u§ s

(W + u§)> = 0.

& Take -y
dyug + dsu§

t,x) = uj 3 tr) = —— <3

w( 737) Uq -|-U3, H( 733) Ui +U§

& Parabolic duality estimates will yield the result:
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Proposition (Relative compactness)

The solution families u5(t,x) are relatively compact in L*(Qr).
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Proposition (Relative compactness)

The solution families u(t,x) are relatively compact in L(Qr).

& Using interpolation in LP-spaces yields

im [[uf — u -
lim flus =il 4 e
= 21_1)% i = uillpaapy =0

[ l[avs oy < €
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