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reaction-diffusion system: setting and objective

♣ Take a solvent filling a spatial domain Ω

♣ The domain Ω is a bounded open set in Rd

♣ In it are dissolved some ` chemical species: A1, . . . ,A`
corresponding concentrations: u1, . . . , u`

♣ The unknowns are ui for i = 1, . . . , `

♣ Each of these ui are functions of
I time variable t > 0
I spatial variable x ∈ Ω

♣ We need to write ` equations for the ` unknowns

ui(t, x)

♣ These equations should model chemical species reacting with each
other and diffusing in the spatial domain
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setting and objective

∂tui

ε − div
(

di(x)D
(x
ε

)

∇ui

ε

)

=

1

ε2

Ri(u

ε

)

♣ Species are involved in a reversible chemical reaction
with rate function Ri(u) – net production/consumption of Ai

♣ Species are diffusing in the spatial domain

♣ Interested in long-term large scale behaviour (diffusive scaling)
positive scaling parameter ε� 1

♣ Diffusive environments are highly heterogeneous and periodic

D(y)ξ · ξ ≥ Λ |ξ|2 , di(x) ≥ Λ and di 6= dj whenever i 6= j.

♣ Supplemented by initial and boundary data
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reversible chemistry

α1A1 + · · · + α`A`
κf

κb
β1A1 + · · · + β`A`

♣ Stoichiometric coefficients αi, βi ∈ N ∪ {0}
♣ Forward and Backward reaction rates κf , κb > 0

♣ Rate function Ri(u) is given by mass action kinetics

Ri(u) = (βi − αi)

κf

∏̀
j=1

u
αj
j − κb

∏̀
j=1

u
βj
j


three species system

♣ Take (α1, α2, α3) = (1, 1, 0) and (β1, β2, β3) = (0, 0, 1)

A1 + A2
κ
κγ A3

R1(u) = R2(u) = −κ
(
u1u2 − γu3

)
; R3(u) = κ

(
u1u2 − γu3

)
♣ Observe that R1 +R3 = R2 +R3 = 0
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reversible chemistry (contd.)

two species system

♣ Take (α1, α2) = (λ1, 0) and (β1, β2) = (0, λ2)

λ1A1
κ
κγ λ2A2

R1(u) = −λ1κ
(
uλ1

1 − γu
λ2
2

)
; R2(u) = λ2κ

(
uλ1

1 − γu
λ2
2

)
♣ Observe that 1

λ1
R1 + 1

λ2
R2 = 0

four species system

♣ Take (α1, α2, α3, α4) = (1, 0, 1, 0) and (β1, β2, β3, β4) = (0, 1, 0, 1)

A1 + A3
1
1 A2 + A4

R1(u) = R3(u) = −
(
u1u3 − u2u4

)
; R2(u) = R4(u) =

(
u1u3 − u2u4

)
♣ Observe that R1 +R2 = R3 +R4 = R3 +R2 = R1 +R4 = 0
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we present computations for three species system

A1 + A2
κ
κγ A3

∂tu
ε
1 − div

(
d1(x)D

(x
ε

)
∇uε1

)
= − κ

ε2

(
uε1u

ε
2 − γuε3

)
∂tu

ε
2 − div

(
d2(x)D

(x
ε

)
∇uε2

)
= − κ

ε2

(
uε1u

ε
2 − γuε3

)
∂tu

ε
3 − div

(
d3(x)D

(x
ε

)
∇uε3

)
=

κ

ε2

(
uε1u

ε
2 − γuε3

)
♣ Supplement with

I initial data
I zero Neumann boundary condition
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entropy dissipation structure

♣ Multiply rate functions by logarithms: for i = 1, 2,

Ri(u) = −κ
(
u1u2 − γu3

)
× log(ui)

and R3(u) = κ
(
u1u2 − γu3

)
× log(γu3)

♣ Summing the expressions

R1(u) log(u1) +R2(u) log(u2) +R3(u) log(γu3)

= −κ
(
u1u2 − γu3

)(
log(u1u2)− log(γu3)

)
≤ 0.

♣ Take the ordinary differential equations: u̇i = Ri(u)

♣ Using logarithmic multipliers, the entropy dissipation inequality:

d

dt

3∑
i=1

(
ui log(ui)− ui + c

)
≤ 0
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R1(u) log(u1) +R2(u) log(u2) +R3(u) log(γu3)

= −κ
(
u1u2 − γu3

)(
log(u1u2)− log(γu3)

)
≤ 0.

♣ Take the ordinary differential equations: u̇i = Ri(u)

♣ Using logarithmic multipliers, the entropy dissipation inequality:

d

dt

3∑
i=1

(
ui log(ui)− ui + c

)
≤ 0
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strategy for homogenization

♣ The evolution equation:

∂tu
ε
i − div

(
di(x)D

(x
ε

)
∇uεi

)
=

1

ε2
Ri(uε) in ΩT := (0, T )×Ω.

♣ A typical homogenization result: for ε� 1,

uεi (t, x) ≈ u∗i (t, x) + ε ũi

(
t, x,

x

ε

)
♣ Characterize limit u∗i (t, x) as a solution to a differential equation.

linear setting nonlinear setting

Find uniform bounds on uεi (t, x) in uεi (t, x) relatively compact in

Lp
(
(0, T ); W1,p(Ω)

)
for some p > 1 Lp(ΩT ) for some p > 1

uεi ⇀ u∗i in Lp
(
(0, T ); W1,p(Ω)

)
i.e. ‖uεi − u∗i ‖Lp(ΩT ) → 0
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battle plan i

Step 1 Non-negativity of solutions

Step 2 Entropy inequality

=⇒
∥∥∇√uεi∥∥L2(ΩT )

≤ C

Step 3 Energy estimate

=⇒ ‖uεi‖L2(ΩT ) ≤ C

Step 4 Entropy inequality + Energy estimate

=⇒ uεi ∈ L
4
3

(
(0, T ); W1, 4

3 (Ω)
)
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battle plan ii

Step 1 uε1 + uε3 and uε2 + uε3 are

relatively compact in L
4
3 (ΩT )

Step 2 Sums relatively compact + Entropy inequality

=⇒ uεi relatively compact in L
4
3 (ΩT )

Step 3 Parabolic duality estimate

=⇒ ‖uεi‖L4+δ(ΩT ) ≤ C for some δ > 0

Step 4 uεi relatively compact in L
4
3 (ΩT ) + ‖uεi‖L4+δ(ΩT ) ≤ C

=⇒ uεi relatively compact in L4(ΩT )

Thanks to Interpolation inequality, ‖wε − w∗‖Lp → 0 and

for q > p, ‖wε‖Lq ≤ C =⇒ ‖wε − w∗‖Lr → 0 for all r ∈ [p, q)
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main result

Theorem (Homogenization result)

The solution to the scaled reaction diffusion system satisfies

uεi −−−−→ u∗i strongly in L4(ΩT )

for i = 1, 2, 3 and the limit points satisfy
∂t (u∗1 + u∗3)− div (B1∇u∗1)− div (B3∇u∗3) = 0

∂t (u∗2 + u∗3)− div (B2∇u∗2)− div (B3∇u∗3) = 0

γ u∗3 = u∗1u
∗
2

where Bi are homogenized coefficients
given in terms of solutions to coupled cell-problems posed on [0, 1)d.

♣ Limit problem couples parabolic problems with algebraic equation.

♣ Substitute algebraic relation to yield cross-diffusion interpretation.
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battle plan I – step 1

♣ The concentrations should be non-negative.

Lemma (Non-negativity)

Suppose the initial data uin
i ≥ 0.

Then the solution uεi (t, x) ≥ 0 in ΩT

♣ Multiply the equation for uεi (t, x) by [uεi ]
− := min{uεi , 0}{

∂tu
ε
i − div

(
di(x)D

(x
ε

)
∇uεi

)
=

1

ε2
Ri(uε)

}
× [uεi ]

−

♣ Integrate over Ωt
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battle plan I – step 2

Proposition (Entropy inequality)

The solution uεi (t, x) satisfies

x

ΩT

∣∣∇√uεi ∣∣2 dxdt ≤ C

x

ΩT

(
uε1u

ε
2 − γuε3

)(
log(uε1u

ε
2)− log(γuε3)

)
dx dt ≤ C ε2

♣ Use logarithmic multipliers; integrate over Ω and sum:

d

dt

3∑
i=1

∫
Ω

(
uεi log(uεi )− uεi + c

)
dx+

3∑
i=1

∫
Ω

∣∣∇√uεi ∣∣2 dx

= − κ
ε2

∫
Ω

(
uε1u

ε
2 − γuε3

)(
log(uε1u

ε
2)− log(γuε3)

)
dx ≤ 0

♣ Integrating above expression over (0, T ) yields the result.
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battle plan I – step 3

Proposition (Energy estimate)

The solution uεi (t, x) satisfies

‖uεi‖L2(ΩT ) ≤ C.

♣ Recall that R1 +R3 = R2 +R3 = 0.

♣ Summing the equations for uε1 and uε3 and integrating in time(
uε1(t, x) + uε3(t, x)

)
−div

(
D

∫ t

0

(
d1∇uε1(s, x) + d3∇uε3(s, x)

)
ds

)
=
(
uin

1 (x) + uin
3 (x)

)

♣ Multiply by
(
d1u

ε
1 + d3u

ε
3

)
and some algebra yields result.
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battle plan I – step 4

Proposition (Weak compactness)

The solution uεi (t, x) satisfies

‖uεi‖L 4
3

(
(0,T );W1, 43 (Ω)

) ≤ C.
♣ Using Hölder inequality, one can deduce∥∥∇√uεi∥∥L2(ΩT )

≤ C

‖uεi‖L2(ΩT ) ≤ C

}
=⇒ ‖∇uεi‖L 4

3 (ΩT )
≤ C.

♣ Using 3
2 and 3 as Hölder conjugates, we have

x

ΩT

|∇uεi |
4
3 =

x

ΩT

|∇uεi |
4
3

|uεi |
2
3

|uεi |
2
3 ≤

x

ΩT

(
|∇uεi |

4
3

|uεi |
2
3

) 3
2


2
3
x

ΩT

(
|uεi |

2
3

)3

 1
3
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battle plan II – step 1

Aubin-Lions compactness criterion

Let B1, B2, B3 be Banach spaces such that B1 ⊆ B2 ⊆ B3.
Suppose wε ∈ Lp((0, T );B1) and ∂tw

ε ∈ Lq((0, T );B3) with 1
p + 1

q = 1.
Then wε is relatively compact in Lp((0, T );B2).

Proposition (Relative compactness of sums)

The families uε1 + uε3 and uε2 + uε3 are relatively compact in L
4
3 (ΩT ).

♣ We have
uε1 + uε3 ∈ L

4
3 ((0, T ); W1, 4

3 (Ω))

R1 +R3 = 0 =⇒ ∂t
(
uε1 + uε3

)
− div

(
D (d1∇uε1 + d2∇uε3)

)
= 0.

=⇒ ∂t (uε1 + uε3) ∈ L4((0, T ); W−1,4(Ω))

♣ Result follows by Aubin-Lions (take p = 4
3 and q = 4).
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battle plan II – step 2

Proposition (Relative compactness)

The solution families uεi (t, x) are relatively compact in L
4
3 (ΩT ).

♣ Recall that for a subsequence

uε1 + uε3 → S13 strongly in L
4
3 (ΩT ) and a.e. in ΩT

uε2 + uε3 → S23 strongly in L
4
3 (ΩT ) and a.e. in ΩT

(uε1u
ε
2 − γuε3) (log(uε1u

ε
2)− log(γuε3))→ 0 strongly in L1(ΩT ), a.e. ΩT

♣ We can show that uε1(t, x)→ u∗1(t, x) a.e. in ΩT (nontrivial)

♣ Furthermore we have

0 ≤ uε1 ≤ uε1 + uε3 → S13 strongly in L
4
3 (ΩT ).

♣ Lebesgue’s dominated convergence theorem then yields the result.
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battle plan II – step 3

♣ In the proof of the homgenization result, we have to determine

lim
ε→0

x

ΩT

uε1(t, x)∇uε2(t, x) dxdt

Best information on ∇uε2 is that it converges weakly in L
4
3 (ΩT ).

So, we should prove that uε1(t, x) strongly converges in L4(ΩT ).

Proposition (Higher integrability)

The solution uεi (t, x) satisfies

‖uεi‖L4+δ(ΩT ) ≤ C for some δ > 0.
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battle plan II – step 3

♣ Consider the forward and backward heat equations
∂tw −∆(µw) = 0 in ΩT

w(0, x) = win in Ω

∇w · n(x) = 0 on ∂ΩT


∂tv + µ∆v = Θ in ΩT

v(T, x) = 0 in Ω

∇v · n(x) = 0 on ∂ΩT

where 0 < a ≤ µ(t, x) ≤ b <∞.

Proposition (Parabolic duality estimates)

Given Θ ∈ Lq(ΩT ) for some q ∈ (1, 2], we have

sup
t∈[0,T ]

‖v(t, ·)‖Lq(Ω) ≤ C ‖Θ‖Lq(ΩT )

Given win ∈ Lp(ΩT ) for some p ∈ [2,∞), we have

‖w‖Lp(ΩT ) ≤ C
∥∥win

∥∥
Lp(Ω)
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battle plan II – step 3

Proposition (Higher integrability)

The solution uεi (t, x) satisfies

‖uεi‖L4+δ(ΩT ) ≤ C for some δ > 0.

♣ Consider the equation for uε1 + uε3 (by taking constant diffusivities)

∂t (uε1 + uε3)− d1∆uε1 − d3∆uε3 = 0

♣ We rewrite it as

∂t (uε1 + uε3)−∆

(
d1u

ε
1 + d3u

ε
3

uε1 + uε3
(uε1 + uε3)

)
= 0.

♣ Take

w(t, x) := uε1 + uε3, µ(t, x) :=
d1u

ε
1 + d3u

ε
3

uε1 + uε3
♣ Parabolic duality estimates will yield the result.
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battle plan II – step 4

Proposition (Relative compactness)

The solution families uεi (t, x) are relatively compact in L4(ΩT ).

♣ Using interpolation in Lp-spaces yields

lim
ε→0
‖uεi − u∗i ‖L 4

3 (ΩT )
= 0

‖uεi‖L4+δ(ΩT ) ≤ C

 =⇒ lim
ε→0
‖uεi − u∗i ‖L4(ΩT ) = 0.

Harsha Hutridurga (IIT Bombay) Homogenization of RD systems 05/09 ICTS Bengaluru 21 / 22



battle plan II – step 4

Proposition (Relative compactness)

The solution families uεi (t, x) are relatively compact in L4(ΩT ).

♣ Using interpolation in Lp-spaces yields

lim
ε→0
‖uεi − u∗i ‖L 4

3 (ΩT )
= 0

‖uεi‖L4+δ(ΩT ) ≤ C

 =⇒ lim
ε→0
‖uεi − u∗i ‖L4(ΩT ) = 0.

Harsha Hutridurga (IIT Bombay) Homogenization of RD systems 05/09 ICTS Bengaluru 21 / 22



battle plan II – step 4

Proposition (Relative compactness)

The solution families uεi (t, x) are relatively compact in L4(ΩT ).

♣ Using interpolation in Lp-spaces yields

lim
ε→0
‖uεi − u∗i ‖L 4

3 (ΩT )
= 0

‖uεi‖L4+δ(ΩT ) ≤ C

 =⇒ lim
ε→0
‖uεi − u∗i ‖L4(ΩT ) = 0.

Harsha Hutridurga (IIT Bombay) Homogenization of RD systems 05/09 ICTS Bengaluru 21 / 22



references to consult and thank you

♣ Global existence and uniqueness:
[Ref.] m.pierre, Milan J. Math., (2010).

[Ref.] j.fischer, Arch. Rational Mech. Anal., (2015).

[Ref.] ph.souplet, J. Evol. Eq., (2018).

♣ L2(ΩT )-estimates:
[Ref.] m.pierre, d.schmitt, SIAM Rev., (2000).

♣ Parabolic duality estimates:
[Ref.] r.h.martin, m.pierre, Nonlinear Equations in Applied Sciences, (1992).

[Ref.] j.canizo, l.desvillettes, k.fellner, Communications in PDE, (2014).

♣ Bootstrap arguments:
[Ref.] n.d.alikakos, Communications in PDE, (1979).

♣ de Giorgi’s approach:
[Ref.] t.goudon, a.vasseur, Ann. Sci. Éc. Norm. Supér., (2010).
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