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Some preliminary considerations

Why studying compact stars?

1. Because they are there.
2. They can help us to understand the properties of hadronic matter

The unavoidable problem

Compact stars are far away. We basically see their atmosphere and 
can measure few of their properties.

How to make progress
1) Careful and stoical observations 
2) GW merging: since our childhood we know that smashing stuff 
and looking at the debris helps to understand how things work   
3) Reasonable theoretical modeling



Matter in extreme
conditions
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The QCD phase diagram
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MM, Particles 2 (2019) no.3, 411 

Alford et al.
Review of Modern Physics   80, 1455 (2008) 

MM et al.  
Review of Modern Physics  86, 509 (2014) 



Increasing baryonic density
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Quark modeling

7

Building blocks of 
hadrons are quarks
and gluons

Q Quarks (mass in MeV)
+2/3 u (3) c (1300) t (170000)

�1/3 d (5) s (130) b (4000)

Internal degree of freedom called color. Quarks can be: Red, Green or Blue. 
Gluons are the vector gauge bosons of the associated gauge group  SU(3)c

neutronproton

u
d

u d
d

u
....

BARYONS MESONS

....
u d

pions

HADRONS

mn ⇠ 1GeV � mu,d

rn ⇠ 1fm = 10�15m

mn ⇠ 1GeV � mu,d

rn ⇠ 1fm = 10�15m

m⇡ ⇠ 135 MeV � mu,d

r⇡ ⇠ 0.7fm



Quantum chromodynamics

↵,� = 1, 2, 3 color indices

i, j = 1, 2, 3 flavor indices

 ↵,iquark fields: gluon gauge fields: Aa

a = 1, . . . , 8 adjoint color index

LQCD =  ̄(i�µDµ + µ�0 �M) � 1

4
Fµ⌫
a F a

µ⌫

QCD non-Abelian gauge theory, 
non-perturbative at energy scales below 

Kaczmarek and Zantow
Physical Review D 71(11):114510

⇤QCD ⇠ 300MeVthe QCD energy scale 

confinement

asymptotic freedom

https://www.researchgate.net/profile/Olaf_Kaczmarek
https://www.researchgate.net/profile/Olaf_Kaczmarek
https://www.researchgate.net/journal/1550-7998_Physical_Review_D
https://www.researchgate.net/journal/1550-7998_Physical_Review_D
https://www.researchgate.net/journal/1550-7998_Physical_Review_D
https://www.researchgate.net/journal/1550-7998_Physical_Review_D


Symmetries of QCD

For three flavor massless quark matter

gauge group
global chiral 
symmetry

global baryonic 
number

SU(3)c ⇥ SU(3)L ⇥ SU(3)R| {z }
� [U(1)e.m.]

⇥U(1)B

If we do not use QCD we want theories that  preserve (part of) its symmetries

Lattice QCD

Discretization on a lattice. 
Does not work at large densities

Effective field theories

Preserve global symmetries of QCD
Lack the gauge field dynamics 



pQCD

NJL-like
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Phases of quark matter
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Color superconductors



Taxonomy of compact stars

Neutron star

n,p,e,µ
Δ, Σ, Λ ...
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Hybrid star

n,p,e,µ

u,d,s

Strange star

u,d,s

R ⇠ 10 km M ' 1� 2M� R ⇠ 10 km M ' 1� 2M�

R ⇠ 0� 10 km M . 2M�



And even more options...
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n,p,e,µ

CFL

n,p,e,µ

2SC

n,p,e,µ

CCSC

CFL

CCSC 1. There are several possibilities

2. The transition densities 
     are not strongly constrained



Some mass-radius comparisons
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Hard to distinguish unless
1. Precise radius measurement, see Jim’s and Cole’s talks
2. Identification of an object with small mass and radius
3. Identification of an object with large compactness, see MM and Tonelli, Phys.Rev.D 97 (2018)  



Basics of color superconductors 
quark

point-like

baryon

~1 fm

diquark

~few fm

Liquid of deconfined quarks 
with correlated diquarks

} . 1fm

Very high density “low density” 

Gas of nucleons

High density 

Liquid of overlapping
nucleons



Asymptotic density

Attractive perturbative  interaction 

attractive channel

3⇥ 3 = 3̄A + 6S

�p

p
p�

�p�

p, p0 ' pF

AND

Provides a channel to form
correlated pairs. 
We assume it works at any 
density

Confining  bag
Provides a mechanism to make
quark matter self-bound. 
No need of gravity to make quark 
matter stable.

The two main aspects of the gluon interaction



General color superconducting condensate:

General expression of the condensate

↵,� = 1, 2, 3 color indices

i, j = 1, 2, 3 flavor indices
“gap parameters” for quarks whose
flavor and color is not I 
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h ↵iC�5 �ji /
3X

I=1

�I"
↵�I✏ijI

The condensate  has a color charge, has a “flavor” charge and a baryonic charge 
The corresponding symmetries can be broken or mixed. 
A zoo of color superconducting phases.

�I ⇠ 10� 100MeV



2 Flavor color superconductor (2SC)

�3 > 0 , �2 = �1 = 0

Suppose the strange quark mass is “large”: 
Strange quarks decouple 

• Higgs mechanism, 5 gauge bosons acquire a mass: COLOR SUPERCONDUCTOR
• No chiral symmetry breaking
• No global symmetry is broken: NOT A SUPERFLUID
• The photon is rotated  (mixed with gauge and global symmetries)

The system is an “electrical” conductor
18

s u

s

s

u

u d

d

d

ms > µu,d

Symmetry 

SU(3)c ⇥ SU(2)L ⇥ SU(2)R ⇥ U(1)B ⇥ U(1)S ! SU(2)c ⇥ SU(2)L ⇥ SU(2)R ⇥ U(1)B̃ ⇥ U(1)S{
� U(1)Q̃

{
� U(1)Q



Color Flavor Locked phase

• Higgs mechanism, 8 gauge bosons acquire a mass: COLOR SUPERCONDUCTOR 

• χSB:   8 (pseudo) Nambu-Goldstone bosons (NGBs)

• U(1)B  breaking, 1 NGB: SUPERFLUID

•  “Rotated” electromagnetism, mixing angle                                   (analog of the Weinberg angle)                                       
cos ✓ =

gp
g

2 + 4e2/3

Pairing of quarks of all flavors and colors
Alford, Rajagopal, Wilczek Nucl.Phys. B537 (1999) 443

Symmetry breaking

SU(3)c ⇥ SU(3)L ⇥ SU(3)R ⇥ U(1)B ! SU(3)c+L+R ⇥ Z2

� U(1)Q

{ { {

� U(1)Q̃

s u

s

s

u

u d

d

d



Quantitative analysis

quark

gluon=

Suppose we use QCD

unscreened  gluon

p p

k

pp

We want to measure the strength of the correlation using the Gap equation

LQCD =  ̄(i�µDµ + µ�0 �M) � 1

4
Fµ⌫
a F a

µ⌫

� / g2
Z

d✓ d⇠
�p

⇠2 +�2

µ2

✓µ2 + �2

Barrois, B. C., 1979, Ph.D. thesis,
Son, D. T., 1999, Phys. Rev. D59, 094019.

� is the scale of Landau damping

collinear divergency

�QCD / exp(�const/g)



Gap equation in NJL-like models 
Contact interaction

Free Lagrangian Contact interaction

LNJL =  ̄(i�µ@µ + µ�0 �M) � g( ̄�µ )( ̄�µ )

� / g2
Z

d✓ d⇠
�p

⇠2 +�2

=

quark

gluon
p

k

p p p

Gap equation

�NJL / exp(�const/g

2
)�NJL / exp(�const/g

2
)

“Wrong” parametric dependence on the coupling



CRYSTALLINE 
COLOR 

SUPERCONDUCTORS



Fixed mismatch, increasing coupling

d
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UNPAIRED

PF
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u

s

red green blue

2SC

d

u

s

PF

red green blue

CFL

Whenever there is BCS pairing, the Fermi surfaces have to match.

quasiparticles with mixed color and flavor 

no color interaction “strong” color interaction
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Quark matter in compact stars

For simplicity, no strong interaction

electric neutrality

weak interactions

2

3
Nu � 1

3
Nd �

1

3
Ns �Ne = 0

µu = µd � µe

µd = µs
u+ d $ u+ s
u ! s+ ē+ ⌫e
u ! d+ ē+ ⌫e

Fermi momenta kFu = µu kFd = µd kFs =
p

µ2
s �m2

s

u
d

s

Fermi spheres

kFs

kFu

kFd

sizable strange quark mass 
+

weak equilibrium
+ 

electric neutrality 

mismatch of Fermi 
momenta 

If the mismatch is too large, pairing cannot occur. The largest chemical potential mismatch which allows 
paring is named the Chandrasekhar-Clogston limit 



Crystalline quark matter

u

d

6/

P

e P d

u
2q

2bµ

2q

6

2eq

q

q

Non-isotropic LOFF phase: quark pairing only along certain directions 

Beyond the Chandrasekhar-Clogston limit, the homogeneous BCS pairing
is not possible



Crystalline structures: CCSC phase

•  Complicated structures can be obtained 
combining more plane waves

•  “no-overlap” condition between ribbons

Rajagopal and Sharma Phys.Rev. D74 (2006) 094019

X

Y

Z

X

Y

Z

CX 2cube45z

• Three flavors

<  ↵iC�5 �j >⇠
X

I=2,3

�I

X

qm
I 2{qm

I }

e2iq
m
I ·r✏I↵�✏Iij

qm
I = q nm

I

simplifications
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Free energy estimate

Rajagopal and Sharma Phys.Rev. D74 (2006) 094019

NJL + GL expansion!!



Fermionic dispersion laws
Quark quasiparticles have an anisotropic gapless dispersion law:

Velocity of fermions in two different structures

E = c(✓,�) ⇠

BCC FCC

direction dependent velocity

MM et al. Review of Modern Physics  86, 509 (2014)



Displacement of the crystal structure

myy

myx

myzx
y

z

stress tensor

deformation tensor

�ij = Kukk�ij + 2⌫

✓
uij �

1

3
ukk�ij

◆

ui = x

0
i � xidisplacement vector

uij =
ui,j + uj,i

2

shear moduluscompressibility

Elastic deformation of a stressed crystal (Landau Lifsits, vol. 7)

• Crystalline structure given by the spatial modulation of the gap parameter

• It is this pattern of modulation that is rigid (and can oscillate)

MM, Rajagopal and Sharma Phys.Rev. D76 (2007) 074026

20 to 1000 times more rigid than the crust of neutron stars⌫CCSC ⇠ 2.47MeV/fm3



ASTROPHYSICAL 
OBSERVABLES



Rotating and/or oscillating strange/hybrid stars with a CCSC crust/core, which are 
somehow deformed to nonaxisymmetric configurations, can efficiently emit gravitational 
waves

Lin, Phys.Rev. D76 (2007) 081502, 
Phys.Rev. D88 (2013)

Haskell et al. Phys.Rev. Lett.99. 231101 (2007)

Knippel et al. Phys.Rev. D79 (2009) 083007

Rupak and Jaikumar Phys.Rev. C88 (2013)  065801

........

Gravitational waves 

http://dx.doi.org/10.1103/PhysRevLett.99.231101
http://dx.doi.org/10.1103/PhysRevLett.99.231101
http://inspirehep.net/author/profile/Knippel%2C%20Bettina?recid=812007&ln=it
http://inspirehep.net/author/profile/Knippel%2C%20Bettina?recid=812007&ln=it


Gravitational waves from “mountains”

If the star has a non-axial symmetric deformation 
(mountain) it can emit gravitational waves

ellipticity

z

x

y

• The deformation can arise in the crust or in the core 

• Deformation depends on the breaking strain and the shear stress 

GW amplitude

✏ =
I
xx

� I
yy

I
zz

h =
16⇡2G

c4
✏Izz⌫2

r

• Large shear modulus

• Large breaking strain 
To have a “large” GW amplitude 



Gravitational waves from mountains
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FIG. 1: The areas above the solid lines are excluded by
the direct upper limit for the Crab pulsar obtained from the
S3/S4 runs for the cases σmax = 10−3 and 10−2. The dotted
(dashed) line is the constraint set by the spin-down limit for
σmax = 10−3 (10−2). The rectangular box is the theoretically
allowed region of µ and ∆.

Based on the extrapolation of terrestrial materials, val-
ues as high as 10−2 has been suggested for neutron star
crusts [36, 37], which may also be favored by the enor-
mous energy (∼ 1046 erg) liberated in the 2004 December
27 giant flare of SGR 1806-20 according to the magnetar
model [38, 39]. In this work, we consider the effects of
σmax in the range 10−3 to 10−2, values that have been
used in the study of compact stars by other authors (e.g.,
[18, 19, 27, 38]).

Using the shear modulus given in Eq. (5), the max-
imum quadrupole moment for a solid quark star in the
crystalline color superconducting phase can be estimated
by Eq. (4). However, the moment of inertia Izz is needed
to calculate the corresponding maximum equatorial ellip-
ticity. Using the empirical formula for strange stars given
by Bejger and Haensel (see Eq. (10) of [40]), Eq. (2) gives
the maximum equatorial ellipticity as

ϵmax = 2.6 × 10−4

(

ν

MeV/fm3

)

(σmax

10−3

)

(

1.4M⊙

M

)2

×

(

R

10 km

)4 [

1 + 0.14

(

M

1.4M⊙

) (

10 km

R

)]−1

. (6)

We use the values M = 1.4M⊙, R = 10 km, and
σmax = 10−2 in order to compare with [19], in which
Owen obtained ϵmax ∼ 2 × 10−4 for solid strange stars
(with the quarks clustered in groups of about 18). For
the estimated range of the shear modulus given above,
we find that ϵmax could be as large as ∼ 5 × 10−2 for
solid quark stars in a crystalline color superconducting
phase. This relatively large value of ϵmax is about four
orders of magnitude larger than the tightest upper limit
obtained by the combined S3/S4 result for the pulsar
PSR J2124-3358 [30].

Constraints set by the Crab pulsar. Eq. (1) suggests
that the observational upper limits on h0 obtained from
known isolated pulsars can be used to set a limit on ϵ

assuming a value of Izz. However, the moment of inertia
is very sensitive to the poorly known dense matter equa-
tion of state (EOS). It can change by a factor of seven
depending on the stiffness of the EOS [40]. Alternatively,
with Eq. (2), one can use Eq. (1) to set a limit on the
pulsar’s quadrupole moment without assuming a value
of Izz [41]. The limit can in turn set a constraint on the
shear modulus of crystalline color superconducting quark
matter by Eq. (4). In particular, with the expression (5)
for ν, we can define an exclusion region in the ∆−µ plane
by the the following constraint:

∆µ <
∼ 7.3 × 104 MeV2

(

10 km

R

)3 (

1 Hz

f

)

×

[(

h̃0

10−24

)

(

M

1.4M⊙

) (

10−3

σmax

) (

r

1 kpc

)

]1/2

,(7)

where h̃0 is the observational upper limit on h0 for a
given pulsar.

Under the assumption that the pulsar is an isolated
rigid body and that the observed spin-down of the pulsar
is due to the loss of rotational kinetic energy as gravita-
tional radiation, one can also obtain the so-called spin-
down limit on the gravitational-wave amplitude hsd =
(5GIzz |ḟ |/2c3r2f)1/2, where ḟ is the time derivative of
the pulsar’s spin frequency [30]. As it is expected that
the strain amplitude satisfies h0

<
∼ hsd in general, we

can derive a constraint on the product ∆µ based on the
spin-down limit:

(∆µ)
sd

<
∼ 2.1 × 105 MeV2

(

10−3

σmax

)1/2 (

M

1.4M⊙

)3/4

×

(

10 km

R

)5/2
(

|ḟ |

10−10 Hz s−1

)1/4
(

f

1 Hz

)−5/4

×

[

1 + 0.14

(

M

1.4M⊙

) (

10 km

R

)]1/4

, (8)

where we have used Eq. (10) of [40] for the moment of
inertia for strange stars.

In [30] it is reported that the gravitational-wave strain
upper limit for the Crab pulsar (h̃0 = 3.1× 10−24) is the
closest to the spin-down limit (at a ratio of 2.2). For the
other pulsars, the direct observational upper limits are
typically at least one hundred times larger than the spin-
down limits. For pulsars in globular clusters, in which
cases the spin-down measurement is obscured by the clus-
ter’s dynamics, the gravitational-wave observations pro-
vide the only direct upper limits. In the following, we
shall focus on the constraints set by the observational
data for the Crab pulsar.

The S3/S4 results for the Crab pulsar are plotted in
Fig. 1. In the figure, the solid lines represent Eq. (7) when
the equality holds for the breaking strain σmax = 10−3

and 10−2, assuming that M = 1.4M⊙ and R = 10 km.
The pulsar’s spin frequency is f = 29.8 Hz and the dis-
tance is r = 2 kpc. For comparison, the dotted and

Lap-Ming Lin, Phys.Rev. D76 
(2007) 081502
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FIG. 2: In the left panel, the ellipticities obtained from our analysis are shown as a function of the core transition
density ρc/ρn, where ρn is the nuclear saturation density. We consider two breaking strains, a maximum value
σ̄br = 10−2 and a minimum of σ̄br = 10−5. For each of these values we examine the region between the maximum
and the minimum shear modulus µ, obtained for the range of parameters in [10], cf. (2). The shaded region
indicates the region permitted by LIGO observations and the horizontal line is the current LIGO upper limit of
ϵ = 7.1×10−7 for PSR J2124-3358 [5]. If the breaking strain is close to the maximum the observations are already
constraining the theory. If it is close to the minimum, however, there are no significant constraints yet. In the
right panel we compare the ellipticity obtained by considering the full star, only the core of the full star and just
the naked core, with no fluid around it. We take the breaking strain to be σ̄br = 10−5. As one can see the results
for the two cores do not differ significantly, while the ellipticity of the core plus fluid star is smaller, more so as
the core size decreases at higher transition densities.

der to make real improvements, one would (again) want
to use a realistic equation of state. This would require
the calculation to be carried out within General Relativ-
ity. Then the determination of the background solution
is straightforward, but the calculation of the mountain
size would require implementing the General Relativistic
theory of elasticity, see for example [15]. To date, there
have been no such calculations. Work in this direction
should clearly be encouraged.

Finally, we need to improve our understanding of the
breaking strain. The range of values that we have used,
10−5 ≤ σ̄br ≤ 10−2, is relevant for a crust consisting of
normal matter. The upper limit represents the limit on
Coulomb force dominated micro crystals while the lower
limit is a pessimistic estimate of large scale breaking.
However, the physics of the core is very different from
that of the crust. There is no reason to believe that the
estimates on the breaking strain for the crust should be
applicable to the core. We used these estimates simply
because no data relevant for our study is available. The
response of the crystalline quark matter to large stresses
is also uncertain. Normal matter will be predominantly
brittle and break into pieces when the temperature is suf-
ficiently far below the melting temperature and will re-
spond by plastic flow (up to some limit) otherwise. How
an elastic quark core will respond is completely unknown.
Yet, for our purposes it may not matter which scenario
is realised as long as the timescale for plastic flow at a
given strain is longer than the observation time.

We thank Krishna Rajagopal for useful discussions.
This work was supported by PPARC/STFC via grant

numbers PP/E001025/1 and PP/C505791/1.
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Unfortunately the results depend on 

1. The breaking strain, which is not known
2. Whether the magnetic field (or any other agent)
    can maximally deform the star
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Cooling
Since the crystalline phase has gapless modes it can quickly cool by direct Urca processes 

Toy model calculations using uncompressible star models

M = 1.4M�

R = 12km

Hybrid stars 

Core R1 = 5km

Anglani, MM, Nardulli, Ruggieri Phys.Rev.D 74 (2006) 074005



Meson condensation
and compact stars
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The Bose-Einstein condensate (BEC) is a coherent state of matter. 
A “thermodynamically” large number of particles occupy the same quantum state

1. Particles must be bosons or boson-like, e.g. Cooper pairs in BCS 
2. Cold system: A fight between thermal disorder and quantum coherence
3. Particles must be stable   

Requirements:

BOSONS@ low temperature in an harmonic potential

T < TcT ' TcT > Tc

Bose-Einstein condensation



M. Matthews JILA

T < TcT ' Tc

T > Tc

Tc ' 200 nK
Velocity distribution of

87
Rb atoms

Ultracold atoms in an optical trap

1.

87
Rb is bosonic

2. can be cooled

3. has a lifetime of about 10

10
years (the experiment lasts ⇠ 10

3
s)
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⇡± W±

`±

⌫`

Pion decay

It seems hard to have degenerate pions... 

1. Pions are bosons

2. Can be produced at low temperature

in compact stars

3. ⇡±
has a lifetime of about 10

�8
s

Similar problem arises with neutrons
in vacuum lifetime of about 800 s

In medium neutrons  can be 
“statistically” stabilized by 
Pauli blocking + charge neutrality 

n p

W� `�

⌫̄`
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Increasing asymmetry in cold matter 

Isotope Z/A ⇢t(g/cm3
) µe (MeV)

56
Fe 0.464 7.96⇥ 10

6
0.95

62
Ni 0.452 2.71⇥ 10

8
2.61

64
Ni 0.437 1.3⇥ 10

9
4.31

66
Ni 0.424 1.48⇥ 10

9
4.45

86
Kr 0.419 3.12⇥ 10

9
5.66

84
Se 0.405 1.10⇥ 10

10
8.49

82
Ge 0.390 2.80⇥ 10

10
11.4

80
Zn 0.375 5.44⇥ 10

10
14.1

78
Ni 0.359 9.64⇥ 10

10
16.8

126
Ru 0.350 1.29⇥ 10

11
18.3

124
Mo 0.339 1.88⇥ 10

11
20.6

122
Zr 0.328 2.67⇥ 10

11
22.9

120
Sr 0.317 3.79⇥ 10

11
25.4

118
Kr 0.305 4.31⇥ 10

11
26.2

Favored isotopes in the NS crust

Neutron rich 
matterinside 
a NS

neutron drip

When there are many unbound neutrons Z/A ⇠ 0.1

many electrons

Haensel and Pichon 
Astron.Astrophys. 283 (1994) 313
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The decay is Pauli blocked if                     and the pion becomes stable 

In medium pions
µe > m⇡

A similar effect can stabilize kaons if  the kaon effective mass
is below the kinematic threshold for decay.

m⇡

µe

m⇡

µe = me

Increasing electron density

µe = m⇡
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Caveats

• Need to take into account  electromagnetic interactions
• Larger effective pion mass from strong interaction with baryons 
• Fight between hyperons and pions 



Some general
considerations on meson 

condensation

42



Effect of the isospin

43

Mesons

Energy spectrum splitting
Stark-like effect 

me↵
⇡+ = m⇡ � µI

unstable

⇡+

V

stable vacuum

µI > m⇡

V

⇡+

stable vacuum

µI < m⇡

A vanishing  “effective mass” may imply the onset of an instability because (me↵
⇡ )2 ⇠ @2V

@⇡2

What happens for µI > m⇡?

E⇡0 =
p

m2
⇡ + p2

E⇡� = +µI +
p
m2

⇡ + p2

E⇡+ = �µI +
p
m2

⇡ + p2



Effect of the isospin and strangeness
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Charged pions splitting
m⇡0 = m⇡ ,

m⇡± = m⇡ ⌥ µI ,

m⌘ =

r
4m2

K �m2
⇡

3
,

mK± = mK ⌥ 1

2
µI ⌥ µS ,

mK0/K̄0 = mK ± 1

2
µI ⌥ µS ,

Both strangeness and isospin  effectively split the energy spectrum 

Charged kaons splitting

Neutral kaons splitting

A vanishing  “effective mass” implies  the onset of an instability



Kogut and Toublan PhysRevD.64.034007

Phase diagram

solid lines: second order

dotted lines: first order
(competition between 
different condensates)
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< �+>< �->

< �+>< ��>

< �-> < ��>

-� -� � �
��/��

-���

-���

���

���

��/��

Plotting the lines of vanishing mass and considering the mode that becomes
massless, we find... 



Chiral perturbation theory
(𝟀PT)
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“Low momentum” EFT
QCD is a confining and strongly interacting theory. 
𝟀PT is a realisation of hadronic matter at soft energy scales 
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We do not include baryons and vector mesons

|µB | . 940 MeV |µI | . 770 MeV

Qualitative recipe
Variationally derive the nonperturbative vacuum and  expand around that 
vacuum for small momenta.

Since you are expanding, you have control parameters

p ⌧ ⇤� ⇠ 1GeV



Leading order pion Lagrangian 
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 The                Lorentz invariant Lagrangian density for pseudoscalar mesonsO(p2)

low energy constants 
(LECs)

L =
f2
⇡

4
Tr(@⌫⌃@

⌫⌃†) + Tr(M⌃† +M†⌃)

Radial field

Pauli matrices“Angular” field

Meson field

⌃ = cos ⇢+ i'̂ · � sin ⇢For SU(2)
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A general                static and homogeneous vev

Static Lagrangian

¯

⌃ = ei↵·�
= cos↵+ in · � sin↵

L0(↵, µI , n3) = F 2
0m

2
⇡ cos↵+

F 2
0

2

µ2
I sin

2 ↵(1� n2
3)

cos↵ = 1

cos↵⇡ = m2
⇡/µ

2
I

for µI < m⇡

for µI > m⇡

L0 independent of n

n3 = 0 residual O(2) symmetry

Maximising the Lagrangian

The vacuum has been tilt in some direction in isospin space 

SU(2)

variational parameters



Results for the energy density

µI/mπ

ϵ/
ϵ S

B
2 + 1 flavors pQCD

L = 16
L = 20
L = 24

χPT

Lattice QCD simulations  

pQCD
T. Graf, et al. 
Phys. Rev. D 93, 085030 (2016)

✏SB =
NcNf

4⇡2
µ4
I

𝟀PT
S. Carignano, A. Mammarella, MM  
Phys.Rev. D93 (2016) no.5, 051503

W. Detmold, K. Orginos, and Z. Shi, 
Phys. Rev. D86, 054507 (2012) 

factor ⇠ 1

16

missing

𝟀PT gives an ANALYTIC expression for the peak

µpeak
I,LQCD = {1.20, 1.25, 1.275}m⇡ µpeak

I,�PT = (
p
13� 2 )1/2m⇡ ' 1.276m⇡
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Pion stars
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Since the pion condensed phase is stable, it is possible to form a star 
entirely made of pions

MM et al. Eur.Phys.J.A 53 (2017) 2, 35 

Pion stars

B. Brandt et al. 
Phys.Rev.D 98 (2018) 9, 094510

https://inspirehep.net/authors/1049587
https://inspirehep.net/authors/1049587


Summary and outlook

•Compact stars are excellent  matter squeezers  

•Exotic phases are intriguing, if quark matter is deconfined some 
nontrivial phase could appear 

•We have to be patient, not easy to rule in/out models 

•Try to make predictions and compare with observations


