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Ultra-cold atoms in confining potentials

 Recent progress in the experimental manipulation of cold atoms

 to investigate the interplay between quantum and thermal
 behaviors in many-body systems at low temperature 

 A common feature of these experiments: presence of a confining potential
  that traps the atoms within a limited spatial region

V (x)

x



Quantum Fermi gas microscope

 M. Greiner et al., PRL 2015

 Direct imaging of spatial fluctuations of the positions of fermions



Tuning the interactions

 Reaching the non-interacting limit to probe purely 
quantum effects



Tuning the interactions

 Reaching the non-interacting limit to probe purely 
quantum effects

 Interesting quantum many-body effects even in the absence of interactions 

Bosons: Bose-Einstein condensation

Fermions: Pauli exclusion principle         rich quantum many-body physics
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V (x)

bulkedge edge

 bulk: traditional many-body physics (translationally invariant system)

x

«The uniform electron gas, the traditional starting point 
for density-based many-body theories of inhomogeneous 
systems, is inappropriate near electronic edges.» 

W. Kohn, A. E. Mattsson, PRL 1998
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Ultra-cold atoms in confining potentials
V (x)

bulkedge edge

 bulk: traditional many-body physics (translationally invariant system)

 edge: new physics induced by confinement      universal edge properties
Our work: random matrix theory is the ideal tool to study 

these edge properties
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Hermite polynomial
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Ground state energy
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 Probability density function (PDF) of the positions x′
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 Squared many-body wave function (T=0 quantum probability) for fermions

|Ψ0(x1, · · · , xN )|2 =
1

zN (α)

∏
i<j

(xi − xj)
2e−α2 ∑N

i=1 x2
i

 Let       be a              random Hermitian matrix with Gaussian (complex)  
   entries. The PDF of the (real) eigenvalues       is given by

N ×N
λ′
is

Pjoint(λ1, · · · , λN ) =
1

ZN

∏
i<j

(λi − λj)
2e−

∑N
i=1 λ2

i

 The positions of the free fermions behave statistically like the 
eigenvalues of GUE random matrices

α =
√

mω/�where

J

The spatial properties of free fermions in a harmonic trap at T=0 
can directly be obtained from the known results in RMT

Eisler ’13/Marino, Majumdar, G. S., Vivo ’14/Calabrese, Le Doussal, Majumdar ’15
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V (x)

x
+R−R

V (x) =

{
0 , |x| ≤ R

+∞ , |x| > R

|Ψ0(x1, x2, · · · , xN )|2 =
1

zN (R)

N∏
i=1

(1− v2i )

N∏
j<k

|vj − vk|2 , vj = sin
πxj

2R

 Squared many-body wave function (T=0 quantum probability) for fermions

identical to the Jacobi Unitary Ensemble in Random Matrix Theory

B. Lacroix-A-Chez-Toine, P. Le Doussal, S. N. Majumdar, G. S. ’17
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Φ−(x) = ln

(
2

1 + sin
(
π
2x
)
)

, −1 ≤ x ≤ 1

B. Lacroix-A-Chez-Toine, P. Le Doussal, S. N. Majumdar, G. S. ’17
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Fermions in a d-dimensional spherical hard box

 N-body quantum Hamiltonian

HN =

N∑
j=1

Hj , Hj = − �
2

2m
∆xj + V (xj)where

spherical hard box V (x) =

{
0 , |x| ≤ R

+∞ , |x| > R

 In the large N limit, the fermion density is uniform (except close 
to the boundary at          )|x| = R

 Typical scale of correlations is wN = 1/kF ∼ N−1/d

Fermi wave vector
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xi

rmax

x

y

redge

N fermions in a
trap (here d=2)

Radial distance of the farthest fermion in d>1

 Cumulative distribution function (CDF): 

rmax = max(r1, r2, . . . , rN ) where r2i = xi · xi

Qd(M,N) = Pr(rmax ≤ M)



Radial distance of the farthest fermion in d>1

xi

rmax

x

y

redge

 Typical regime:

Pr(rmax ≤ M) = Qd(M,N) ∼ e−[αdN
d+2
3 d (1−M)]3

R = 1
box size:

(1−M) = O(N− d+2
3d )

B. Lacroix-A-Chez-Toine, P. Le Doussal, S. N. Majumdar, G. S. ’17



Radial distance of the farthest fermion in d>1
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can be computed exactly
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Radial distance of the farthest fermion in d>1

A smooth matching between the three regimes 
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∗
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∫
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free fermions in d-dimensions form a 
d-dimensional determinantal process

 n-point correlations                   is given by n x n determinant
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 Eigenstates in spherical coordinates

ψn,L(r,θ) = r−
d−1
2 χn,l(r)YL(θ)

d-dimensional 
spherical 
harmonics

 Effective radial Schrödinger equation for χn,l(r)
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(
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− ∆̂θ
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]
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d2χn,l(r)

dr2
+

[
V (r) +

(l + d−3
2 )(l + d−1

2 )

2 r2

]
χn,l(r) = εn,l χn,l(r) , r ≥ 0

with degeneracy gd(l)
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with
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[
ql(M,ml)
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ql(M,ml) = det
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[
δi,j −
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CDF of the position of the rightmost fermion (among      ) in 
an effective hard box 1d potential                                             
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maximum of independent but non 
identically distributed random 

variables

cf B. Lacroix-A-Chez-Toine ’s talk
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