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Ultra-cold atoms in confining potentials

= Recent progress in the experimental manipulation of cold atoms

# to investigate the interplay between quantum and thermal
behaviors in many-body systems at low temperature

®= A common feature of these experiments: presence of a confining potential
that traps the atoms within a limited spatial region

V(:L’)f




Quantum Fermi gas microscope

= Direct imaging of spatial fluctuations of the positions of fermions

1.0

0.5

M. Greiner et al.,, PRL 2015



Tuning the interactions

= Reaching the non-interacting limit to probe purely
quantum effects ~




Tuning the interactions

= Reaching the non-interacting limit to probe purely
quantum effects

® [nteresting quantum many-body effects even in the absence of interactions

Bosons: Bose-Einstein condensation

Fermions: Pauli exclusion principle =) rich quantum many-body physics
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Ultra-cold atoms in confining potentials
V(z)4

edge bulk edge

= bulk: traditional many-body physics (translationally invariant system)

«The uniform electron gas, the traditional starting point
for density-based many-body theories of inhomogeneous
systems, is inappropriate near electronic edges.»

W. Kohn, A. E. Mattsson, PRL 1998
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Ultra-cold atoms in confining potentials
V(z)4

edge bulk edge

= bulk: traditional many-body physics (translationally invariant system)

= edge: new physics induced by confinement==) universal edge properties

Our work: random matrix theory is the ideal tool to study
- these edge properties
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Connection between free fermions at T=0 and RMT

= A single quantum particle in a harmonic potential
Vi(z)4 1

. h? 9% 1
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2m Ox? —|—2mw o

Hermite polynomial

>
= Single particle eigenfunctions 1/2 \
: o _a?a?
with QOE(QZ—>:|:OQ):O Gk:hw(k—l—l/z) , X — \/mw/h
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N spinless free fermions in a 1d harmonic trap at T=0

V(z)4

\Ifo($1,aj‘27... ,ZCN):ﬁdet:gOi(iEj)] 0<:<N-1
12 1<j<N
@ _a2x2
N-1 A2
Ground state energy Ey= ) ¢, = -

k=0



Connection between free fermions at T=0 and RMT

= Ground-state wave function

1
Wo(w1, 22, -+ ,oN) = i

|
Q.
@
—+

pi(z;)] 0<i<N-1
11/2 1<j3 <N

e” 2 Hp(ax)
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Connection between free fermions at T=0 and RMT

= Ground-state wave function

1

Wo(w1, 22, ,2N) = —= det[p;(z;)] 0<i<N-1
N!Oé 11/2 S, 1<j<N
Spk(x) — ﬁQkk' e 2 Hk(ax)

=P To(r1,02, - an) oce” R det [H (ag;)]

Hermite polynomial of
degree ;

a2 /2 2
_> Uo (w1, 20, ,on) o e 2 TN H (z; — xg)

1<j<k<N



Connection between free fermions at T=0 and RMT

= Ground-state wave function

1

Uo(r1, 22, ,oNn) = —= det|p;(z;)] 0<i<N-1
N!a 11/2 - 1<j<N
gpk(CL‘) - ﬁQkk' e 2 Hk(ax)

# \110(51317 L2y 737]\7) X 6_%(33%4_”._'_:6?\]) det [HZ(OZZU])]

Hermite polynomial of
degree j

# \110(371, CUQ, .o ’ajN) X 6-%(:13%%—%—33%;) H (xj _ CUk:)
1<j<k<N
= Probability density function (PDF) of the positions s

1 —042 N 332
‘\IJO(xla Co 737N)|2 — ZN(CV) H(ZEZ — mj)Qe D ie1 T
1<J



Fermions in a harmonic well at T=0 and RMT
® Squared many-body wave function (T=0 quantum probability) for fermions
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® Squared many-body wave function (T=0 quantum probability) for fermions
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Fermions in a harmonic well at T=0 and RMT

® Squared many-body wave function (T=0 quantum probability) for fermions
]- 2 N 2
‘\PO(xla"' 737]\7)’2 — H(SIZ‘Z —$j)2e_a D i1 T

1<J
where o = +/mw/h

mlet J bea N X N random Hermitian matrix with Gaussian (complex)
entries. The PDF of the (real) eigenvalues )\’s is given by

1 N 2
Pjoint()\la"’ 7>\N) ZN ()\ — A\ ) =2 im1 A

1<J

# The positions of the free fermions behave statistically like the
eigenvalues of GUE random matrices

# The spatial properties of free fermions in a harmonic trap at T=0
can directly be obtained from the known results in RMT
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Position of the rightmost fermion at T=0

Vi(z)g

largest eigenvalue
of random matrices
in the GUE ensemble

O OO >

V2N V2N
_T 87 ¢
)\maX
from the connection with RMT: Tmax < -

—} typical fluctuations of z,,.x(7"= 0) are governed by the
Tracy-Widom distribution for GUE

# large deviations away from 2N are also know in GUE

8%



Large deviations of the position of the rightmost fermion

pN ()
Tracy-Widom

Pr(zmax < M) ~ <

N\ T
Wigner wy =N
semi-circle
) —N
o~ N
V2N V2N '
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Fo(wn (M —+?2)) , for M —+2N =0O(wy)  Tracy Widom
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Large deviations of the position of the rightmost fermion

(N MIVE) for 0< (VAN - M) =0(WN)  left

Pr(Zmax < M)~ <  Fo(wy (M —+2)) , for w— 2N =O(wy) Tracy Widom

1 — e~ N®+(M/VN) , for 0 < (M —+/2N) =O(v/N), right

\

® Smooth matching between the three regimes

= Universal scenario for smooth one-dimensional potential,e.g. V(x) ~ z”

== central part is universal (Tracy-Widom)

== the rate functions ®_(z), . (x) are non-universal, i.e. depend on

v
What about other universality classes ? (@)
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® Squared many-body wave function (T=0 quantum probability) for fermions

N N
1 T ;
2 ] I 2 | I o 2 C— aqin —J
‘\110(33173327"' 7$N)| — ZN(R) i:1(1 _vi)j<k|v] ,U]f’ , Uj = s 'R




Fermions in a hard box at T=0 and RMT

® Squared many-body wave function (T=0 quantum probability) for fermions

N N
1 T ;
2 ] I 2 | I o 2 C— aqin —J
‘\110(33173327"' 7$N)| — ZN(R) i:1(1 _vi)j<k|v] ,U]f’ , Uj = s 'R

== identical to the Jacobi Unitary Ensemble in Random Matrix Theory



Position of the rightmost fermion at T=0
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B. Lacroix-A-Chez-Toine, P. Le Doussal, S. N. Majumdar, G. S. ‘17
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Position of the rightmost fermion at T=0

V(z)4
R ! R
N-"TTAN YT N
_ N2 ]
e f, xmax
i P . , O\ _5‘
-R +rR
( °
D_(ZM) R~ M = O(wy) typical
Pr(wmax < M) ~ <
| e NE-(MR) TR M =0(1) left tail

D _(s) :Fredholm determinant (that also appears in RMT)

2
¢_(x) =1In . , —1<z<1
1 + sin (%az‘)

B. Lacroix-A-Chez-Toine, P. Le Doussal, S. N. Majumdar, G. S. ‘17
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Fermions in a d-dimensional spherical hard box

= N-body quantum Hamiltonian

N
h2
Hy = ;Hj . where H, = o™ Ay, +V(x;)

<
spherical hard box V(x) = { 0, [x[<R

+o00, |x| > R



Fermions in a d-dimensional spherical hard box

= N-body quantum Hamiltonian
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= In the large N limit, the fermion density is uniform (except close
to the boundary at x| = R)



Fermions in a d-dimensional spherical hard box

= N-body quantum Hamiltonian

N
h2
Hy = ZHj , Where H; = ~ o Ay +V(x5)

0, x|=R
+o00, |x| > R

g=1

spherical hard box V(x) = {

= In the large N limit, the fermion density is uniform (except close
to the boundary at x| = R)

= Typical scale of correlations is wy = 1/kp ~ N~/
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Radial distance of the farthest fermion in d»>1

Yy N fermions in a
trap (here d=2)

T'max — max(frl, T2, ... ,’I”N) Where Tz'2 — Xj - Xj

= Cumulative distribution function (CDF): Qu(M,N) = Pr(rpax < M)
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Radial distance of the farthest fermion in d>l1
B. Lacroix-A-Chez-Toine, P. Le Doussal, S. N. Majumdar, G. S. ‘17 box size:

d+2 i R=1
3d

= Typical regime: (1 - M) = O(N~3a)

- —[adN%u—M)]?’
Pr(rmax < M) =Qq(M,N) ~ ¢

# special case of a Weibull distribution

® [ntermediate regime:

-1
Pr(rmax < M) = Qq(M,N) ~e & ¢ Ga(NY4(1-11)) L (1—M) = N—1/d
—} (“4(s) can be computed exactly
® | arge deviation regime:
d+1
d

Pr(rmax < M) = Qa(M, N) ~ e~ * ®alD) (1 — ) = O(1)

# exact computation of ® (/) remains an open problem



Radial distance of the farthest fermion in d»>1

A smooth matching between the three regimes

large
deviations
(1-M)=0(1)

R S 2 1

d—1
e—N d Gd(S)”/’

intfermediate
deviations
(1-M)=sN"1

Qd(Ma N) — Pr(’rmax S M)

A
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Sketch of the derivation

D. S. Dean, P. Le Doussal, S. N. Majumdar, G. S., PRA 94, 063622 (2016)

D. S. Dean, P. Le Doussal, S. N. Majumdar, G. S., J. Stat. Mech., 063301 (2017)

B. Lacroix-A-Chez-Toine, P. Le Doussal, S. N. Majumdar, G. S., arXiv:1706.03598
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Free fermions in a spherically symmetric potential (T=0)

= Single particle Hamiltonian

h2
H=—— A +V
o A+ V([x])

= Single particle eigenstates

ﬁwkz (X) — Ekiwki (X) where €k, S €ko S €k, < ..

K; : set of quantum numbers

® N-particle ground state wave function

1
Wo (X1, ,XN) = i 1<§§13<N Yk, (%))



Free fermions in a d-dimensional trap (T=0)
= Quantum probability (i.e., modulus squared wave function)
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Free fermions in a d-dimensional trap (T=0)
= Quantum probability (i.e., modulus squared wave function)

1
2 T * ‘ '
Wo(x1,--xw)|” = 1§%§%N[wki(xj)] 1§€}§15§N[¢ki(xg)]
1
NI 1§2?2NK“(Xi’Xj)

where the kernel is given by K, (x,y) = » 0(u— ex)vy(x)tu(y)
k

® The kernel is reproducible /KM(X,Z)KM(z,y) dz = K, (x,y)



Free fermions in a d-dimensional trap (T=0)
= Quantum probability (i.e., modulus squared wave function)

5 1

‘\IJO(Xla T 7XN)‘ — ﬁ 1;}5%]\[[1?1(7; (Xj)] 1§?’7?%N[¢ki (Xj)]

1
= N 1§€}§t§NKu(Xz‘an)

where the kernel is given by K, (x,y) = Y 0(u— ety (x) i (y)
k

® The kernel is reproducible /KN(X,Z)KM(z,y) dz = K, (x,y)
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Free fermions in a d-dimensional trap (T=0)
= Quantum probability (i.e., modulus squared wave function)

5 1

‘\IJO(Xla T 7XN)‘ — ﬁ 1;}5%]\[[1?1(7; (Xj)] 1§(},?%N[wki (Xj)]

1
= N 1§§1§13§NKM(X%X9‘)

where the kernel is given by K, (x,y) = Y 0(u— ety (x) i (y)
k

® The kernel is reproducible /KM(X,Z)KM(z,y) dz = K, (x,y)

= n-point correlations R, (x1, - ,X,)is given by n x n determinant
Rn(X17 Coe 7Xn) — 1§C}7ejt§nK,U«(Xi7Xj)
- free fermions in d-dimensions form a
d-dimensional determinantal process



A determinantal expression for the CDF of rnax

® Ground state wave function
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A determinantal expression for the CDF of rnax

® Ground state wave function

1
Wolxr, - xn) = | det [t ()]

= Cumulative distribution function (CDF):

Qi(M,N) =Pr(rpax < M) =Prlry < M,ro < M,...,ry < M|
N
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1=1

x> M ot average in the
X indicator
_ ) = ground state
Ln(x) { 0, |x| <M function



A determinantal expression for the CDF of rnax

® Ground state wave function

1
Wolxr, - xn) = | det [t ()]

= Cumulative distribution function (CDF):

Qi(M,N) =Pr(rpax < M) =Prlry < M,ro < M,...,ry < M|

N
= (T —tu(x)) ).
1=1
x> M ot average in the
_ X = \ndicator round state
Tn(x) = { 0, |x| <M function J

= Starting point N
1
Qi(M,N) = N /dx1 : ../de det [wﬁ(xj)} det |9y, (x;) H (1 —Ip(x4))
. 1=1

1<i,j<N 1<i,j<N
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A determinantal expression for the CDF of rmax

JOIN) = [ [ det [0, G)] | det i G)) [T (1 D)

1<¢,9<N 1<4,9<N -
1=

= Using Cauchy-Binet formula

1<4,9<N 1<4,9<N 1<4,9<N

/ dx; .. / deHhxz det [fi(x;)]_det [g:(x;)] = N!_det [ / s h(x) fi(x) g, (x)

one finds

QuM, ) = det | [ 1= 160 0, (0) v <x>]

1<i,)<N

= et {0 =[x Tan ()07, (), (0

1<i,5<N

L, |x|>M

where [y/(x) = { 0. x| < M

mml>- use spherical coordinates (r, )
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. 1 0 r <R
H=--Vi+V where  V(r)= b
2 = (r) (r) { +oo, r>R

= Hamiltonian in spherical coordinates

1 0/ ,,0 Ao
[‘zrm ar ( a) “op2 TV

Ag : Laplacian on the unit sphere
(Hermitian angular operator)

¢ki (T7 9) = €k, 7vbkq; (Ta 0)

= Spherical harmonics AgY1(0) = A YL (0)
A=—-l(l+d—-2) , leN

with degeneracy ga(l)
= Note also that

/dO YL(H)YL/(B) = 5L,L’
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Single particle eigenstates in spherical coordinates

1 0 d—1 0 AQ
[zrm or ( a) T V)

= Eigenstates in spherical coordinates

d-dimensional

Caa « spherical
UnL(r,0) =177 X5 1(r) YL(O) harmonics

s Effective radial Schrodinger equation for Xn,(7)

_1 d2Xn,l(T)
2 dr?

with degeneracy ga(l)
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Back to the CDF of ™max using spherical coordinates

Qi(M,N) =Pr(rmax < M) =Pr[ri < M,ro < M,...,rn < M]

where Qi (M, N) det / dx [1 — Ipn(x)] Yy, (X (x )¢k (x)

1<z SN

{: det _5z'j—/dXIM(X)¢k( )@Dk( )T

1<,9<N
‘g — o .,

1,|X|2M

s Using i, (x) = U, 1, (1 0) =7 X, 1, (r) Y1, (6)

/ dx w;kzi,Li (X)¢nj,Lj (X) — 5Li7Lj / dr Xni,li(r)xnj,li(/r)
r>w w

the determinant has a block structure
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SQn
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o
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5 10 15
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= Taking into account the degeneracy ¢,(!)

5e T
{ l}kVA gd(l)

Qa(M,N) = H [(ﬂ( 7ml)}
! 120 |
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= Taking into account the degeneracy ¢,(!)

SQn.
e L 4 e N
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CDF of Tmax using spherical coordinates

= Taking into account the degeneracy ¢,(!)

591 cf B. Lacroix-A-Chez-Toine s talk
. . b r . | B
' al ga(l)
Lot Qu(M,N) =T |a(d,mp)| "
w (=20 J
'S RERE I maximum of independent but non
6 6 6 b 6.6 0 o .... . == identically distributed random
e variables
5 150 1.5
with @ (M, m;) =  det [57;,3' —/ Xni,z("“)an,z(T‘) d"“]
1§7’7.7 Sml M
S— _

—~—

CDF of the position of the rightmost fermion (among m;) in

an effective hard

box 1d potential



Radial distance of the farthest fermion in d»>1

A smooth matching between the three regimes

large
deviations
(1-M)=0(1)

R S 2 1

d—1
e—N d Gd(S)”/’

intfermediate
deviations
(1-M)=sN"1

Qd(Ma N) — Pr(’rmax S M)

A




Radial distance of the farthest fermion in d>1
B. Lacroix-A-Chez-Toine, P. Le Doussal, S. N. Majumdar, G. S. ‘17

A smooth matching between the three regimes

large
deviations

(1— M) =0(1)

Qd(Ma N) — Pr(’rmax S M)

A

5 d—1 A
5 e_N d Gd(s)/,; e~ XaT

\

1

intfermediate
deviations
(1-M)=sNd
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Conclusion

= Very rich and universal edge physics for trapped free fermions
unveiled by RMT methods/determinantal processes

= Non-interacting fermions in 1d harmonic potential:

= Non-interacting fermions in 1d hard wall potential:

= Trapped fermions in higher dimensions d>1 (determinantal processes)

® In d>1: unusual large deviations for extreme statistics

® |inear statistics at T>0

® Can one observe these properties in cold atoms experiments ?
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Free fermions in a d-dimensional harmonic trap (T=0):
limiting correlation kernels

Kn(x,y) =) 0(Er — a)thi(x)vx(y)

= In the bulk
1

Kn(x.y) ~ 5K ('X . Y') with € = [Np (x)7] -1/

| | Jd/ 2 2£U
(’Cb“”‘(”;) = oy 2)}

= At the edge

1 X —Tedoe Y — T
- ge edge
KN (X, Y) ~ d Kedge 9
W WN WN

| : - dd., e . | 2., an+bn
with (’Cedge(aab)_/(Qﬂgde ol b)Azl (23q2+ 21/3 )}

\.

| o0
Ap = a - I'edge/redge and bn =b- I'edge/'redge A/Ll (Z) — / Az(u)du
z



Qutline

® Free fermions in d=1 and T=0 and Random Matrix Theory (RMT)

® Free fermions in d=1 and T>0 and KPZ equation: main resulfs

= Extension to higher dimensions, d>1

® Conclusion
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Average density of free fermions at T > O

1 2
. . — . —B(€ry ++ery)
B]Olnt(x17 IN) N'ZN(B) k1<Z:<kN LS(},?JCSN(QOI% (x]))] €
1 N
= Exact expression for the av. density pn(2,7) = < D 5z — )

ﬂN(ZUaT) :/ dan/ d$N Pjoint(aj7x27'“ 737]\7)

infroduce the occupation numbers

_— 0, if state £ is empty
"7 |1, if state  is occupied

k>0

mk(@k(ﬂf))2) e~ 2nz0 Mrek § (Z m, N)
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Average density of free fermions at T > O

pn(z) = ]?[ZNN(% with  Ny(z)= > Kzfmk (on(z >662k>0mk6k5 (kav N)]

k>0

= Generating function: grand-canonical ensemble, with z = /¥

Z ZNNN Z ka gpk 52k>0 M€k Ek>0 mp

N>0 {my.} k>0 - _
= S prlmze e I | 32 etmieszms
k>0 j#k | m;=0 |
> —pBek
o _563 2 Z €
= | 1+ ze }Z(sﬁk( ) T
7=0 k>0

similarly Z NN (B) = H(l +ze P%)  grand-canonical partition function
N>0 =0
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Average density of free fermions at T > O

= An exact formula (using Cauchy formula)

> — oo —Be; ze_’Be
1§22z VDT ((14ze 79) 3, 50 (0r(2))? .

o 142 e_Bek

pn(z) = N § Lz~ (NED [T (14ze”7)
(2) 1 (o ))2 Zre” P via saddle-point
N\ZT ~ k
P N—oo IN P v 1 + z*e—Pex calculation
z¥ePek
where [N = Z [ L roPe
k>0
: . B 2*eBex 1

Setting :* =¢”"  one has = (my)

1 + Z*Q_Bek - eﬁ(ek_/i) -+ 1

Fermi factor
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® Final result for the density for large NV

(@) ~ 5 S (or)

Bler—
= eBler—n) 41

=4-point correlation functions for large N (by similar computations)

Rn(ajla o 7wn) ~ 1<(3ejt<nKN(x’M$])

where the correlation kernel is given by

KN(,CC,Qj/): — @k(ﬂ?)gpk(w/)

1
and N_—E
Bler— B(er—
k:oe(k M) 4+ 1 k:oe(k 1) 41
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® Two natural dimensionless variables
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Y T T T and 2= X
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Dean, Le Doussal, Majumdar, G.S.’ 1 4
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Average density of free fermions at T > O

(2, T) = - (3w — 1)

® Two natural dimensionless variables

 Er Nhw d B mw?
=7 =7 a =\

Y

® High temperature scaling limit: N — oo, T'~ N | & ~ VT
Dean, Le Doussal, Majumdar, G.S.’ 14

Q N hw mw?
pN(w,T)N\/NR< T =Y%T\ o z),

R(y7 Z) -

1 2 x Lk
T 12 | — (€ ) e in(2) ; i

See also Local Density (or Thomas-Fermi) Approx. in the literature on fermions



