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Canonical example → (classical) glasses

Dynamics is more than statics

Do this for open quantum systems via QLDs
JPG-Lesanovsky, Thermodynamics of Quantum Jump Trajectories,  Phys. Rev. Lett. 16, 160601 (2010)

Requires “statistical mechanics of trajectories” via LDs
{Merolle-JPG-Chandler PNAS 2005, JPG-Jack-Lecomte-Pitard-van Wijland, PRL 2007 

Hedges-Jack-JPG-Chandler, Science 2009}















s = 0:  typical trajectories 

s ≠ 0: rare trajectories 
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Example: dissipative TF Ising model: 
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FIG. 2. (Color online) Mean-field phase diagram. Colored
regions have a unique steady state solution. In the grey re-
gion, delimited by the two spinodal lines v1 and v2 (see text),
two steady state solutions with di⇥erent magnetization exist.
These solutions merge at (��;V �) = (2⇥; (3

p
3/z)⇥). The

small panels show the behavior of the free-energy �(s) (solid)
and its first derivative hki(s) (dotted) in the vicinity of s = 0.
While in the region with unique steady state both functions
are smooth, the dynamical order parameter hki(s) has a jump
at s = 0 for parameter values taken in the grey region. This
indicates the existence of a first order dynamical phase tran-
sition.

[32]. The partial traces are taken over the degrees of free-
dom of all spins but one. Parameterizing the single parti-

cle matrices r(�) as r(�) = /2+�S(�)
x +⇥S(�)

y +mS(�)
z this

procedure leads to the following self-consistency equation
for the magnetization m:

0 = 8z2V 2m3 + 4z2V 2m2 + 2(⌅2 + 2�2)m+ ⌅2,

where z denotes the coordination number of the lattice.
The analysis of this third order polynomial shows that
below a critical interaction strength V � = (3

 
3/z)⌅ the

self-consistency equation (8) has only one stable real so-
lution. Above V � one finds, depending on the value of
�, either one or two stable real solutions. The two spin-
odal lines [33] separating the regions of unique and mul-
tiple real solutions for m are given by v1 ⇥ zV1/(2⌅) ⌅
(�/⌅+

⌅
(�/⌅)2 + 2)2/8 and v2 ⇥ zV2/(2⌅) ⌅

 
2(�/⌅+⌅

(�/⌅)2 � 1)/2, valid for V/⌅,�/⌅⇧ 1.
The corresponding phase diagram is shown in Fig. 2.

In the colored regions there is a unique steady state. In
the grey domain two solutions exist, one with small mag-
netization mA ⇤ 0 and one with large negative magneti-
zation mI ⇤ �1/2. By virtue of Eq. (7) we can now con-
clude that the activity ⌥k� is small(large) in the blue(red)
regions. To understand the dynamical behavior of the
Ising system in the grey region we have to explore the
behavior of ⇤(s) in the vicinity of s = 0.

For this, we expand ⇤(s) given in Eq. (3) to first or-
der in s and find that ⇤(s) ⌅ �s

⇤
� TrJ

†
�J�R(0) =

�s⌥k� = �s⌅N (m+ 1/2). Taking the magnetization ob-
tained from the s = 0 mean-field calculation we see that
n the colored regions of Fig. 2 we obtain a ⇤(s) whose
first derivative is smooth (see top left and bottom right
panel). In the grey region one has to compare the values
of ⇤(s) that one obtains for the two solutions mA and mI,
choosing the one that maximizes ⇤(s), hence
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Since mA ⌃= mI, the slope of ⇤(s) changes at s = 0,
causing a non-analyticity of ⇤(s) and a jump of its first
derivative, the activity (see top right panel of Fig. 2). The
grey area in the phase diagram can thus be regarded as
a coexistence region of two dynamical phases: an active
and an inactive one. Trajectories in the active phase
are dense in quantum jumps and are characterized by a
large ⌥k�; quantum jumps are scarce in trajectories in the
inactive phase, which is characterized by a small ⌥k�. The
discontinuity of ⌥k� at s = 0 indicates that the transition
between active and inactive phases is of first order.
To illuminate the implications of these results on the

emission dynamics of the system let us consider a thermo-
dynamic analogy: a fluid system at the transition point
between a high density liquid phase and a low density
vapor phase. Here, a small change in pressure will either
select the liquid or the vapor, which are distinguished by
their average specific volumes, confirming that the sys-
tem is at a point of phase coexistence. Therefore the
ability to vary the pressure yields important information
about the nature of the phase transition. As a further
consequence of the first-order coexistence one expects
sharp interfaces between the phases. These interfaces
are not a property of either phase, but of the fact that
there exists a “surface tension” between the phases.
In our dynamical case the field s works in exactly the

same way as the pressure in our liquid-vapor analogy -
it selects (depending on its sign) an active (bight) or in-
active (dark) phase. This allows us to uncover a first
order dynamical phase transition and again shows the
necessity of studying the system away from s = 0. Fur-
thermore, we expect to observe sharp interfaces between
the dynamical phases. Since quantum jump trajectories
of many-body systems live in space and time, the inter-
faces between distinct dynamical phases can be tempo-
ral. The mean-field results, therefore, indicate an inter-
mittent emission pattern, for system parameters chosen
from the grey region of the phase diagram shown in Fig.
2. This region of phase coexistence ends at the point
(��;V �) = (2⌅; (3

 
3/z)⌅), reminiscent of the static crit-

ical point beyond which liquid-vapor coexistence is pos-
sible [33].
The mean-field approximation above disregards the fi-

nite range of the spin-spin interactions. For a fully con-
nected problem (i.e., every spin interacts with all other
spins with the same strength), as studied in [12], one

static: ferro → para
(## · · · #) �! (!! · · ·!)

dynamics intermittent

{Ates-Olmos-JPG-Lesanovsky PRA 2012,  
Lesanovsky-van Horssen-Guta-JPG PRL 2013, 
Rose-Macieszczak-Lesanovsky-JPG, PRE 2016}
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Large deviations and prediction/retrodiction
{Kiukas-Guta-Lesanovsky-JPG, to be published}

cf. Gammelmark-Julsgaard-

Mølmer 2013 
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Large deviations and prediction/retrodiction
{Kiukas-Guta-Lesanovsky-JPG, to be published}

classical = Chetrite-Touchette 
open quantum = Kiukas-Guta-Lesanovsky-JPG, PRE 2015



Large deviations and prediction/retrodiction
{Kiukas-Guta-Lesanovsky-JPG, to be published}



{cf. Cirac-Verstraete-Osborne-Eisert, Lesanovsky-van Horssen-Guta-JPG PRL 2013}  

Ensembles of trajectories as Matrix Product States

e��(t�tK )He� · · · Jk2 e��(t2�t1)He� Jk1 e
��t1He� |�0i ⌦ |tK · · · t2, t1i|cMPS(t)i =
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{Jack-Sollich 

Chetrite-Touchette}

{JPG, JSM 2016}
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K. Macieszczak

- Provides ensemble method for quantum jump trajectories  
→ think of quantum dynamics using thermodynamic concepts 

- Conditioned & biased ensembles in prediction-retrodiction  

- Trajectory ensembles as Matrix Product States

SUMMARY: 

Dynamical LDs applied to open quantum dynamics

£:              H2020


