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ASEP as a motivating example
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Equilibrium steady-state distribution supports a density

gradient but no average particle current



ASEP as a motivating example
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By coupling to multiple reservoirs, the nonequilibrium

steady-state distribution can support currents



The exclusion process is an
example of a Markov jump process



The exclusion process is an
example of a Markov jump process

a p P
2 e
9 _ 9
S NNy
Tq 9

Three sites for simplicity



The exclusion process is an
example of a Markov jump process



The exclusion process is an

example of a Markov jump process




The reservoirs break detailed balance

Particle transported from left to right:
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Kinetics of the cycles reports on the
thermodynamic cost paid by the reservoirs

Thermodynamic Cycle kinetics

cost (reservoirs) (system)
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Thermodynamic Cycle kinetics
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Thermodynamic Cycle kinetics
cost (reservoirs) (system)
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Cost for one particle
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Steady-state  ~ Thermodynamic force " Flux
Dissipation Rate (cost per particle) (particle current)
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The empirical current fluctuates

Cumulative particle hops to right
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The empirical current fluctuates

Cumulative particle hops to right

Time



Cumulative particle hops to right

The empirical current fluctuates

Time

Probability

Empirical current 4




Under certain conditions, the current
distribution obeys an uncertainty principle

Variance > 2

Mean2 — Dissipation

Probability

Empirical current 4

A.C. Barato, U.Seifert, PRL, 114, 158101, 2015.



Under certain conditions, the current
distribution obeys an uncertainty principle

Variance > 2

Mean2 — Dissipation

Probability

5 >
TR CE rical curret
Empirical current 4

Cost borne by
Uncertainty in reservoirs,

finite-time e.g., ATP or
integrated current  proton baths

A.C. Barato, U.Seifert, PRL, 114, 158101, 2015.



Under certain conditions, the current

distribution obeys an uncertainty principle

Variance > 2

Mean2 — Dissipation
(=)

iG>

Uncertainty in
finite-time
integrated current

Cost borne by
reservoirs,

e.g., ATP or
proton baths

Probability

Empirical current 4

Reliable currents require
more dissipation!

A.C. Barato, U.Seifert, PRL, 114, 158101, 2015.



At long (but finite) times, current fluctuations
are described using large deviation theory

a D B
AN N N AN N |
'Q_Q ______ 20 _o_@ <
% \q/ I VYERY \/5 o
Q.

J\

Time-integrated current .J

Cumulative particle hops to right

Tobs Py
S

Qi‘ A

Time Empirical current 5

10 See e.g., H.Touchette, Physics Reports, 478, 1, 2009.
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At long (but finite) times, current fluctuations
are described using large deviation theory
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At long (but finite) times, current fluctuations

are described using large deviation theory
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At long (but finite) times, current fluctuations

are described using large deviation theory

P(J) ~— e_TobsI(j)
|

Data collapses onto

S a ‘large deviation
J X /\ rate function”
Time-integrated current J -

S A
Q \

)

\ Less

Empirical current 5

—In P(7)/Tops

See e.g., H.Touchette, Physics Reports, 478, 1, 2009.



The rate function, I1(7), describes
the rate of convergence to the mean
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(Law of Large Numbers)
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(Central Limit Theorem)
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The rate function, I1(7), describes
the rate of convergence to the mean

1. Minimum at the steady-
state current
(Law of Large Numbers)

. The locally quadratic
minimum determines long-
time Gaussian current
fluctuations
(Central Limit Theorem)

. 1(J7) measures — on an

exponential scale — the
probability of measuring
empirical current ;*
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How probable is a forward
versus a reversed current?

P \/
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How probable is a forward

versus a reversed current?
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Comparing forward and reversed probabilities has
the flavor of the Crooks Fluctuation Theorem

Probability of forward trajectory Dissipation
€

Probability of time-reversed trajectory
G.E.Crooks, PRE, 60(3), 2721, 1999.
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Comparing forward and reversed probabilities has
the flavor of the Crooks Fluctuation Theorem

Probability of forward trajectory Dissipation

Probability of time-reversed trajectory
G.E.Crooks, PRE, 60(3), 2721, 1999.

Dissipation also plays a prominent role for the currents:

PUG)) _ ot
P(—(J))

I(—(j)) < Dissipation rate



Our result: Dissipation constrains all
current fluctuations — small and large
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Our result: Dissipation constrains all

current fluctuations — small and large

u I(— (7)) < Dissipation rate

Variance measured from

typical (smal

) fluctuations

\

}

Curvature of I1(j)




Sketch of a Derivation



Continuous time jump process

Dynamics:

Master

equation:

Current from y to z: ](y, Z) — p(y)r(y, Z) — p(Z)?“(Za y)

r(y, z) ,
@ _>|() Rate Ma;rlx.( ! -
py) Tz p(2) — (i) r(1,2).
N~ W — ( r(2,1) — D iz 7(i,2)

Probability of occupying
configuration y
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Continuous time jump process

Steady State:

equation:

Current from y to z:

r(y, z) .
@ P E— Rate Matrix:
—
W) Y n(2) ~ (1) r(1,2).
\ — T(Z, 1) —Z 7“(272)
- W 1#£2
Steady-state probability of . .
occupying configuration y ) :

17
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An example network of states
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An example network of states
O=0=—"0=—0 =~
1 y

0.175
/ 4 0.150
! . 5 1 4 3 6 5 0.125
- 0.100
4 - 0.075
6 - 0.050
— @
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/ 4
_ S o 4
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Of course any realization of the process has densities and
currents which differ from the steady-state values



L evel 2.5

Consider a jump trajectory (f)... Empirical density:
=—0=—="0=—"60 oy p(y)=% /O Cat Sott) 4
1 L Empirical flow:

) 1

T
q(y, z) = T/o dt Oy(t-),y0u(t+).2

Empirical current:

j(yv Z) — Q(y7 Z) R Q(Za y)

19



L evel 2.5

Consider a jump trajectory (f)... Empirical density:

3 5
~———— ~—— ~—————
1

Steady-stat 1 !
dens}i/tif.; p(y) — T/O dt 533(t)7y

0.050

F 0.125

Empirical current:

- 0.075

6
6

»
1 L oo Empirical flow:
»

1

T
s gy, 2) = — /O dt 6y(t—),y0z(t+),2
4 + 0.050

F 0.025

0=—=0=—==0—"0 " i(y,2) = aly,2) = a(z,)

CRate functions I(p,q) and I(p,j) are explicit>

C. Maes and K. Netocny, EPL (Europhysics Letters) 82, 30003 (2008)
P(p, q) = e—TI(p,q) L. Bertini, A. Faggionato, and D. Gabrielli, Stochastic Processes and
_TI(p) their Applications 125, 2786 (2015). |
’ L. Bertini, A. Faggionato, and D. Gabrielli, Annales de I'Institut
Henri Poincaré. Section B, Probabilités et Statistiques 51, 867 (2015).
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Handwaving argument for the
explicit level 2.5 form

= 5 1.4 “ Hops from vy to z
S , .
7 »  Poisson process
@ ~ @ I Teors t

2 1.2
= ,
[ ] m B

FO Cus on a sin gl e Py e e P e o e

directed edge of

the graph

Asymptotically like a Poisson clock for each directed
edge, with a Poisson point process rate p(y)r(y, 2).
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Handwaving argument for the
explicit level 2.5 form

(Tp(y)fr(y, z))TQ(yaZ)e—Tp(y)r(y,z)
(Tq(y, 2))!

Pina(p(y),q(y, z)) <

21
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r(y. 2\ T4W,:2) e=Tp(y)r(y,2)
Pina(p(y), q(y, 2)) = TPyrty. ()T)q(y )

Treat the directed edge from y to z as though it is independent

Pna(p(y), q(y, 2)) < e~ Tinalpw)alu:2

q(y, z)

= Tna(p(v) (9. 2)) = PW)r(s, 2) ~ a(v,2) +aly, 2) 0o
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Handwaving argument for the
explicit level 2.5 form

r(v. 2))T2W:2) e =Tr(y)7(y,2)
Pina(P(y),q(y,2)) = Lrly)rty: ()T)q(y o

Treat the directed edge from y to z as though it is independent

Pna(p(y), q(y, 2)) < e~ Tinalpw)alu:2

q(y, z)
p(y)r(y, 2)

. Lina(P(y),q(y,2)), q conserves probability
@qu){zy# A(p(y). a(y, 2))

— Iind(p(y)a Q(ya Z)) — p(y)T(yv Z) o Q(yv Z) + Q(ya Z) In

00, otherwise

21



Handwaving argument for the
explicit level 2.5 form

I(p.q) = {Zy#z Iina(p(y),q(y, 2)), q conserves probability
00, otherwise

Integrate out q(y, z) and q(z,y) subject to the constraint j(y, z) = q(y, 2) — q(z,y)
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Handwaving argument for the
explicit level 2.5 form

I(p.q) = {Zy#z Iina(p(y),q(y, 2)), q conserves probability
00, otherwise

Integrate out q(y, z) and q(z,y) subject to the constraint j(y, z) = q(y, 2) — q(z,y)

|

I(p,]) = Zy<z U(p(y),p(2),7(y,2)), J conservative
| B otherwise

U(p(y),p(2),j(y,2)) = q};{E) Lina(0(y), q(y, 2)) + Lina(p(2),q(y, 2) — §(y, 2))

22
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Handwaving argument for the
explicit level 2.5 form

U(p(y),p(2),7(y,2)) = q%;li) Lina(P(y), q(y, 2)) + LIina(p(2), q(y, 2) — §(y, 2))

= Iina(P(y), 4+ (¥, 2)) + Lina(p(2), ¢ (y, 2) — 5 (y, 2))




Handwaving argument for the
explicit level 2.5 form

U(p(y),p(2),7(y,2)) = qglfz) Lina(P(y), q(y, 2)) + LIina(p(2), q(y, 2) — §(y, 2))

— 1nd(p(y)7 Q*(ya Z)) Iind(p(z)a Q*(ya Z) o J(yv Z))

Minimizer: ¢ (y,z) = % (J(y 2) + iy, 2)? + aP(y, 2)? )

(ap y,2) = 2¢/p(y) ,2)T (z,y))

23



Handwaving argument for the
explicit level 2.5 form

U(p(y),p(2),7(y,2)) = Q%S,fz) Lina(P(y), q(y, 2)) + LIina(p(2), q(y, 2) — §(y, 2))

= Iina(P(y), 4+ (¥, 2)) + Lina(p(2), ¢ (y, 2) — 5 (y, 2))

To. 1) — > e V(p(Y),p(2),7(y,2)), Jj conservative
(P, J) .
0, otherwise

U(j(y, 2), j7(y, 2), a"(y, 2)) = V/i(y, 2)2 + aP(y, 2)% + \/37(y, 2)? + aP(y, 2)?

+j(y, 2) ( arcsinh? (v,2) o 3P 2)
(Y 2) @ (y,2)

(ap(y, 2) = 2v/p)p(2)r(y, 2)r(z,y);  §¥(y,2) = p(y)r(y, 2) — p(2)r(z, y))
24



Re-express in terms of

thermodynamic forces

/‘P(j(y,Z),jp(y,Z),ap(y z)

(U

=\ j(y,2)? + aP(y,2)2 + \/jP(y, 2) +ap(y 2)2
i(y, #)
aP(y, z)

+ j(y, 2) (arcsmh

— arcsmh

7"y,

z)

aP(y,

z)

N

)
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Re-express in terms of
thermodynamic forces

///7‘P(j(y,Z),jp(y,Z),ap(y 2)) = iy, 2)? + aP(y, 2)% + /37(y, 2) -+-ap(y Z)Q\\\

iy, 2) 7"y, 2)
K + j(y, 2) (arcsmhap(%z) _ arcsinh? Py )> /

Py, =) = 2 arcsinhﬁ 1y, z) = Iy, 2)

p(2)r(z,y) ar P 2)
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Re-express in terms of
thermodynamic forces

/ U(j(y, 2), 37 (y, 2), a"(y, 2)) = V/i(y, 2)? + aP(y, 2)% + \/57(y, 2)2 + aP(y, 2)?

N

25

+J(y, 2) (arcsinh cfp(égy, 22) — arcsinhizg;‘i’ 2)
D _
In p(y)r(y, 2) _ 9 aresinh?_ 3y, 2) j(y, )
p( )T(Zay) al ]p(y,z)
p P D _
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Re-express in terms of
thermodynamic forces

/ U(j(y, 2), 37 (y, 2), a"(y, 2)) = V/i(y, 2)? + aP(y, 2)% + \/57(y, 2)2 + aP(y, 2)? \

. N
\ +Jj(y, 2) (arcsinh ;p(é’j) — arcsinhipgz 2) /
D |
FP(y,z) =1In P(y)r(y, 2) = 2 arcsinhj— 1y, 2) = ](y, 2)
p(Z)T(Z, y) aP ]p(y’ Z)
] A p _
U = 5P |coth 1; ﬂ; 7 arcsinh (jsinh %) _ \/jz CSChQ%
For small force...
g p [V @ DA DIEE A DD ey

4 192 7680
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The first term gives a quadratic

bound

For small force...

L, [G=D2FP (P —1(FP) (- 137+ DIP)° T
Y= [ i 192 | 7680 - OUE) )}
— 2 .
U < Wy = (J—1)7j"F”

4

26



The first term gives a quadratic

bound

For small force...

L, | G=DFP (P -1D2(FP)° (P -DEF+DHFEP) T
Y= [ i 192 | 7680 -O(FY) )}

(j—1)%4PF?

1 < \Ijquad — A

26



The first term gives a quadratic

bound

For small force...

o[ (7—1)2FP 7% — 1)%(FP)3 7 — 1)2(37 + 1)(FP)°
1] :]p {(] 4) . (J 12)2( ) 4 (] ) (7é80 )( ) | O((Fp)7)}
7 1)24PFP .
V< g = I o7y, 2) = 7y, 2) F(y, )
i p P p p
Pf. ¥ =7 |coth F? — ﬂ; - 7arcsinh (]sinh %) — \/jz + CSChQ%

LetAE\IJquad—\Ij = A =0 for = =+1

] o ——
—— = 4¥ |arcsinh | 7sinh — /
07 i 2 2

Inspect signs.
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Jump process level 2.5

To. 1) — > e V(p(Y),p(2),7(y,2)), Jj conservative
(P, J) .
0, otherwise

U(j(y, 2), i7(y, 2), a"(y, 2)) = V/i(y, 2)2 + aP(y, 2)% + /57(y, 2)? + aP(y, 2)?

+j(y, 2) ( arcsinh? (v,2) o 3P 2)
(Y, 2) @ (y,2)

(ap(y, 2) = 2v/p(y)p(2)r(y, 2)r(z,9);  37(y, 2) = p(y)r(y, 2) — p(2)r(, y))

27



A quadratic upper bound

(j(yaz)_jp(yaz))Qo-p (y,z)
2 y<- 457 (y,2)? ’

00, otherwise

J conservative

I(p,j) < {

(o7 2) = 2P (. 2 Gl 37 (. 2) = p(0)r(v.2) = p(2)r(zy)

28



A quadratic upper bound

(j(yaz)_jp(yaz>)20p (y,z)
2 y<- 457 (y,2)? ’

00, otherwise

J conservative

I(p,j) < {

(o7 2) = 2P (. 2 Gl 37 (. 2) = p(0)r(v.2) = p(2)r(zy)

What if we are only interested in the  Jd = Zd(ywz)j(y’*")
y<z

I(jg) = inf I(p,j)
P,jli-d=jq

statistics of some scalar current...

28
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Scalar current upper bound

What if we are only interested in the  Jd = Zd(y,z)j(y,z)
Yy<z

I(jq) = _inf I(p,J)
p7j|jd:]d

statistics of some scalar current...



Scalar current upper bound

What if we are only interested in the  Jd = Zd(y,z)](y “
y<z

I(ja) = inf I(p,])
p7j|jd:]d

statistics of some scalar current...

LDF bound:
' ] 1 ' 2 T 2277
[(ja) < T (7" j—iﬂﬁ) <7 (J—i - 1) Y 0" (y,2) = (Jd4(?7‘f)

29



Scalar current upper bound

What if we are only interested in the  Jd = Zd(y"z)](y ?)

o <z

statistics Of some Sca|ar current... , 7 . .
I(ja) = _inf I(p,j)

pP,jli-d=ja

LDF bound:

. Jd . - (Jd — JT)2RT

<1 (m2257) < 1 (2 1) Yo = e

Jda Z 4(]d)2

y<z

Small deviations corollary (thermodynamic uncertainty):
Var(Jd) B 1 N 2
(Jg)?  JiTI'(jF) T TET

29



What about diffusions?

T F | —¥

,‘ \ Wup(xla xZ)} \Wdown X1, X2 +
right\ X1 — 71, X2 right\ X1, X2

=i

-~

30

Construct a jump process
which limits to the desired

diffusion.

Wiignt () = & lef(f) : 52
Wiete () = —- g;z(m) | }l;
Wap(a) = £222) 4 D

Waown (@) = —- 52@) | ;?2



Jump process quadratic bound

(j(y,z)—jp(y,z))20'p (y7z)
Zy<z 457 (y,2)? ’

00, otherwise

\U/ Latice spacing TP(x) = Dp(z)F*(x)

to zero limit

J conservative

I(p,j) < {

Diffusion process quadratic bound becomes an equality

7ip,.7) = [ da L) F(2) - T(@))?

4T" (x)?
(again conservative currents)

1 N
- [ o 5 (T@) - T (@),

31



And now, something different
(well not too different)



First passage time fluctuations

J.P. Garrahan, PRE, 95, 032134, 2017; K. Saito and A. Dhar, EPL, 115, 50004, 2016.
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Integrated Current

33 T.R. Gingrich and J.M. Horowitz, arXiv:1706.09027, 2017.



First passage time fluctuations

J.P. Garrahan, PRE, 95, 032134, 2017; K. Saito and A. Dhar, EPL, 115, 50004, 2016.
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F ) 5 {ejthrqb(T/Jthr) O (t) B t](::l/t)

33 T.R. Gingrich and J.M. Horowitz, arXiv:1706.09027, 2017.
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