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Statistical physics: from micro to macro

d
dtP(X,Y ) =

a P(X − 1, Y ) + b P(X + 1, Y )
+ c P(X,Y − 1) + d P(X,Y + 1)

− (a+ b+ c+ d)P(X,Y )

d
dt

[
x
y

]
= ~F +

√
D~ξ

d
dtP(C) =

∑
kC,C′P(C

′)− kC′,CP(C)

d
dtP =M P

d
dtρ(x, y) =

−∇ · [ ~Fρ−D~∇ρ+
√
2Dρ/N ~ξ︸ ︷︷ ︸

~j

]
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Large deviations

Large deviation functions :

Example : N coin tosses, heads p, tails 1− p

PN
(
% heads = r

)
∼ δ(r − p)

with g(r) = r log
(
r
p

)
+ (1− r) log

(
1−r
1−p
)

Markov process :

a

bc

kabkca

kbc

kbakac
kcb


Pt
(
% a = ra

)
� e−tg1(ra)

Pt
(
#[a→ b] = t jab

)
� e−tg2(jab)

In practice : kab → kab e
µ

M → Mµ with a largest e.v. E(µ) such that

g2(jab) = µjab − E(µ) ;
d

dµ
E(µ) = jab
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TASEP - definition

Totally asymmetric simple exclusion process (TASEP)

p0 pLp = 1

1 L

Simple but deep: Ising model of non-equilibrium stat. phys.

Grounded in reality: ribosomes on mRNA.

Ubiquitous in physics: XXZ spin chain, KPZ surface growth, etc.

Exactly solvable.

Mµ → E(µ)→ g(j)
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TASEP - Moderate deviations [A. L., J. Phys. A review, 2015]

From exact calculations, we get g(j) for L� 1 and j close to 〈j〉.

For instance, for p0 and pL >
1
2 , we have 〈j〉 = 1

4 and:

If j ≤ 1
4 : g(j) ∼

(1
4
− j
)3/2

Compatible with

{
d
dtρ = −∇j

j = ρ(1− ρ)− 1
2L∇ρ+

√
ρ(1−ρ)
L ξ

[Bodineau, Derrida ; 2008]

If j ≥ 1
4 : g(j) ∼ L

(
j − 1

4

)5/2
Periodic: [Derrida, Lebowitz ; 1998], [Popkov, Schutz, Simon ; 2007]

Requires long-range correlations: 〈nknl〉c ∼ −(k − l)−2 for j � 1
4 .
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Non-integrable generalisations: where to start

Mµ = −Md +M+(µ)

Md: diagonal, escape rates (sum of rates from each configuration)

M+(µ): off-diagonal, weighted jump rates, of the form

eµi A(i, C′, C) S−i S
+
i+1

We choose:

A(i, C′, C) = pi e
V (C)−V (C′)

µi =
µ

L+1

Mµ = −Md + e
µ
L+1M+
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High current: free fermions

Mµ ∼ e
µ
L+1M+ with µ→∞

E(µ) ∼ e
µ
L+1 cst

g(j) ∼ L j(log(jL/cst)− 1)

M+ ' (2
∏
pi)

1
L+1

(
1√
2
S+
1 +

L−1∑
i=1

S−i S
+
i+1 +

1√
2
S−L

)

cst ∼ L
π

g(j) ∼ L j(log(jπ)− 1)
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Low current: resolvent method

Mµ = −Md + εM+ with ε = e
µ
L+1 , µ→ −∞

⇒ perturbations in highest eigenspace of −Md, order > L+ 1

∮
C

dz
i2π

z
z−M =

∑
Ei∈C

Ei|Pi〉〈Pi|

Meff =
∮
C

dz
i2π

∞∑
k=0

z
z−(Md+z0)

(
M+ 1

z−(Md+z0)

)k
εk

Meff ∼
∑
Ci,Cj∈S

Aijε
dij |Ci〉〈Cj |

3 steps: • describe S • analyse cycles • estimate minors of Meff
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Low current: result

1
a1

1
a2

1
a2

a2
a1a3

1
a3

1
a3

a2
a1a3

a3
a1a4

1
a4

a3
a1a4

1
a4

a2
a1a4

a2
a1a4

a3
a2a4

a1
a22

a3
a2a4

Width K bounded independently of L.

E(µ) + z0 ∼ eCµ � e2
−K−1µ

g(j) ∼ z0 + cst j log(j)

with cst of order at most L0.
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Low current: example

K = 2

k0

k1

k0

k1

k2

k3

k0

k1

k0

k1

k2

k3

K = 4

g(j) ∼ 1 + 4 j log(j)
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Low current: locality is important

V0({ni}) = −
L∏
i=1

(1− ni)
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TASEP - Numerics

TASEP with interactions:
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TASEP with interactions:
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Dynamical phase transition: two scales

Proposed hydrodynamic equation: j = σ(ρ)− D(ρ)
2L ∇ρ+

√
χ(ρ)
L ξ

0
ρ

1

j

σ(ρ)

µ = 0

µ < 0

µ > 0

jmax

KMP, where σ(ρ) = ρ2, has no transition [Baek, Kafri, Lecomte ; 2017].
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Teaser: Large deviations of the activity

ASEP with low activity:

Mµ = −Md + ε (M+ +M−) with ε = e
µ
L+1 , µ→ −∞
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Conclusion

Ref: Generic Dynamical Phase Transition in One-Dimensional Bulk-Driven
Lattice Gases with Exclusion, A.L.,

J. Phys. A: Math. Theor. 50 254004 (2017)

Asymptotics OK, but what happens at the transition?

Method for low current specific to TASEP, but we expect the results
to hold for ASEP as well.

Results should extend to different geometries (2D, tree, etc.) and
more varied models (partial exclusion process, kinetically constrained
models): there is much to explore!

What of active matter (e.g. bacteria), where the non-equilibrium
driving is internal to the particles?

Thank you!
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