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@ Introduction: lattice gas models, large deviations

o Integrable exclusion process: definition, known results (dynamical
phase transition)

@ Non-integrable exclusion process: analytical methods for extreme
deviations, examples, illustrations

@ Conclusion
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Statistical physics: from micro to macro
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Statistical physics: from micro to macro
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Extreme fluctuations of generalised exclusion processes



Large deviations

Large deviation functions :

@ Example : NV coin tosses, heads p, tails 1 — p

P (% heads = 1) ~ 6(r — p)
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Large deviations

Large deviation functions :
@ Example : IV coin tosses, heads p, tails 1 — p

(r—p)?

Py (% heads = r') ~ e Nana—m
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Large deviations

Large deviation functions :

@ Example : NV coin tosses, heads p, tails 1 — p

PN(% heads = 7') ~ ¢~ Na(r)

with g(r) = rlog(%) + (1 —7)log(1=%)
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Large deviations

Large deviation functions :

@ Example : NV coin tosses, heads p, tails 1 — p

PN(% heads = 7') ~ ¢~ Na(r)

with g(r) = rlog(2) + (1 - ) log(1=2)
@ Markov process :
]\l'u k“/, Pt (% a = /"a) = eit!]l (T“)
]"ur k//u

@ ke @ P, (#[a — b=t jab) = o~ t92(jav)

/“[u'
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Large deviations

Large deviation functions :

@ Example : NV coin tosses, heads p, tails 1 — p

PN(% heads = 7') ~ ¢~ Na(r)

with g(r) = rlog(2) + (1 - ) log(1=2)
@ Markov process :
]\l'u k“/, Pt (% a = /"a) = eit!]l (T“)
]"ur k//u

@ ke @ P, (#[a — b=t jab) = o~ t92(jav)
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@ In practice : kqp — kap €
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Large deviations

Large deviation functions :

@ Example : NV coin tosses, heads p, tails 1 — p

PN(% heads = 7') ~ ¢~ Na(r)

with g(r) = rlog(2) + (1 - ) log(1=2)
@ Markov process :
]\l'u k“/, Pt (% a = /"a) = eit!]l (T“)
]"ur k//u

@ ke @ P, (#[a — b=t jab) = o~ t92(jav)

/“[u'

@ In practice : kup — kqp €¥
M — M, with a largest e.v. E(yu) such that

d
"rz h) — .(1, h — E ; —F = .(1, h
92(Jab) = ptjap — E () m (1) = Jat
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TASEP - definition

Totally asymmetric simple exclusion process (TASEP)

Po p=1 DL
Ny ) R R N
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@ Simple but deep: Ising model of non-equilibrium stat. phys.
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@ Simple but deep: Ising model of non-equilibrium stat. phys.
@ Grounded in reality: ribosomes on mRNA.
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Totally asymmetric simple exclusion process (TASEP)
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Simple but deep: Ising model of non-equilibrium stat. phys.
Grounded in reality: ribosomes on mRNA.
Ubiquitous in physics: XXZ spin chain, KPZ surface growth, etc.

Exactly solvable.
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TASEP - definition

Totally asymmetric simple exclusion process (TASEP)
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Simple but deep: Ising model of non-equilibrium stat. phys.
Grounded in reality: ribosomes on mRNA.
Ubiquitous in physics: XXZ spin chain, KPZ surface growth, etc.

Exactly solvable.
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TASEP - definition

Totally asymmetric simple exclusion process (TASEP)

Po p=1 DL
Ny ) R R N

® 06 L 6 00 9
1 Fi > L

Simple but deep: Ising model of non-equilibrium stat. phys.
Grounded in reality: ribosomes on mRNA.
Ubiquitous in physics: XXZ spin chain, KPZ surface growth, etc.

Exactly solvable.

My, = B() ~ ()
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TASEP - Moderate deviations [A. L., J. Phys. A review, 2015]

From exact calculations, we get ¢(j) for L > 1 and j close to (j).
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TASEP - Moderate deviations [A. L., J. Phys. A review, 2015]

From exact calculations, we get ¢(j) for L > 1 and j close to (j).

For instance, for py and py, > % we have (j) = i and:
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From exact calculations, we get ¢(j) for L > 1 and j close to (j).

For instance, for py and py, > % we have (j) = i and:

olfj <k ()~ (7-3
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TASEP - Moderate deviations [A. L., J. Phys. A review, 2015]

From exact calculations, we get ¢(j) for L > 1 and j close to (j).

For instance, for py and py, > % we have (j) = i and:

olfj <k ()~ (7-3

Gp=-Vj

. 1—
j=p(1=p) = £ Vp+ /22
[Bodineau, Derrida ; 2008]

Compatible with {
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TASEP - Moderate deviations [A. L., J. Phys. A review, 2015]

From exact calculations, we get ¢(j) for L > 1 and j close to (j).

For instance, for py and py, > % we have (j) = i and:

o If j <1 90) ~ (7 -4

Gp=-Vj

. 1—
j=p(1=p) = £ Vp+ /22
[Bodineau, Derrida ; 2008]

Compatible with {

o lIf j> 1 sy ~r(i-1)"
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TASEP - Moderate deviations [A. L., J. Phys. A review, 2015]

From exact calculations, we get ¢(j) for L > 1 and j close to (j).

For instance, for py and py, > % we have (j) = i and:

o If j <1 90) ~ (7 -4

Gp=-Vj

. 1—
j=p(1=p) = £ Vp+ /22
[Bodineau, Derrida ; 2008]

Compatible with {

o lIf j> 1 o) ~r(i-1)"

Periodic: [Derrida, Lebowitz ; 1998], [Popkov, Schutz, Simon ; 2007]

Requires long-range correlations: (ngn;). ~ —(k —1)~2 for j > i.
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Non-integrable generalisations: where to start

M, = =M 4+ M*(u)

e M?: diagonal, escape rates (sum of rates from each configuration)
® M™(u): off-diagonal, weighted jump rates, of the form

el A(i,C',C) S7 S,
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Non-integrable generalisations: where to start

M, = =M 4+ M*(u)

e M?: diagonal, escape rates (sum of rates from each configuration)
® M™(u): off-diagonal, weighted jump rates, of the form

el A(i,C',C) S7 S,

We choose:

A(i,C",C)=pi e ©)=-Vv(c)

Hi = T
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Non-integrable generalisations: where to start

M, = =M 4+ M*(u)

e M?: diagonal, escape rates (sum of rates from each configuration)
® M™(u): off-diagonal, weighted jump rates, of the form
et A(i,C',C) S; S

i+1
We choose:
A3,C,C) = pi €@~V

R
:ul_L+1

M, = -M?*4em T M*
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High current: free fermions

M, ~ eTT MY with o — o0
E(p) ~ eT Tcst

9(j) ~ L j(log(jL/cst) — 1)
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High current: free fermions

M, ~ eTT MY with o — o0
E(p) ~ eT Tcst

9(j) ~ L j(log(jL/cst) — 1)

L1
Mt =e (poSf' + > p,;Si_S;rl —l—pLSE)e
i=1
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High current: free fermions

M, ~ eTT MY with o — o0
E(p) ~ eT Tcst

9(j) ~ L j(log(jL/cst) — 1)

L—1
M* = (2[]p) 7 (;isr + T S8 jﬁsz>
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High current: free fermions

M, ~ eTT MY with o — o0
E(p) ~ eT Tcst

9(j) ~ L j(log(jL/cst) — 1)

L—-1
M+ ~ (2] p:) Tt (bsr + ; S;Sh+ és;)

cst ~ L
T

9(j) ~ L j(log(jm) — 1)
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Low current: resolvent method

M, =—-M%+eM*t  with 5:eL‘7il,,u,—>—oo

= perturbations in highest eigenspace of —1/?, order > L + 1
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= perturbations in highest eigenspace of —1/?, order > L + 1

o e = > EilP)(P
E;eC
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Low current: resolvent method

M, =—-M%+eM*t  with 5:e%ﬂ,u%foo

= perturbations in highest eigenspace of —M/?, order > L + 1

Ci%jrz—zM = > Ei|P)(P
E;eC

— dz z
Meff = fo 27w z—zg—Me—eMT
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Low current: resolvent method

M, =—-M%+eM*t  with 5:eL‘7il,,u,—>—oo

= perturbations in highest eigenspace of —1/?, order > L + 1

o e = > EilP)(P
E;eC

k
1 k
Mesy = fc ior 2o z—(z\JZd-s-zo) (M+ z—(Md-s-zo)) €
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Low current: resolvent method

M, =—-M%+eM*t  with 5:eL‘7il,,u,—>—oo

= perturbations in highest eigenspace of —1/?, order > L + 1

o e = > EilP)(P
E;eC

k
1 k
Mesy = fc ior 2o z—(z\JZd-s-zo) (M+ z—(Md-s-zo)) €

Mg~ 0 A€ (Gl

Ci,C;€S

Alexandre LAZARESCU Extreme fluctuations of generalised exclusion processes



Low current: resolvent method

M, =—-M%+eM*t  with 5:eL‘7il,,u,—>—oo

= perturbations in highest eigenspace of —1/?, order > L + 1

o e = > EilP)(P
E;eC

o] k
_ d 1 k
Meff = fC é kzo Z_(j\,jzti+2()) (]\[ﬁL Z_(J\'fd-ﬁ-zo)) 9

Megp~ D7 Aye™ |G|
CVL,CJ'ES

3 steps: e describe S o analyse cycles e estimate minors of M.
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Low current: result
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Width K bounded independently of L.
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Low current: result

o0 o0 [
1 1 1
1 a3 a
...... . R
o0 [ o0 [
_a2_ 1 1 _az_
a ag
-------- ' Smmmeomoy
o0 [ o0 o0
a3 EN g _ap
103 as 103 101
........ | R
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ez a4y a3 L e
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Width K bounded independently of L.

E(p) + 20 ~eTh o2 " m

96) ~ 20+ cst jlog(j) |

with cst of order at most L°.
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Low current: example

K=2
ee . O
. [ ] [ ] . ki V
L1900 |, 9, i
L1919 | 9,0, | ik
.19 ©®® , Gk
K=4
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Low current: example

K=2
ee . O
. [ ] [ ] . ki V
L1900 |, 9, i
L1919 | 9,0, | ik
.19 ©®® , Gk
K=4

9(j) ~1+4 jlog(j)

Alexandre LAZARESCU Extreme fluctuations of generalised exclusion processes



Low current: locality is important

L
Vo({ni}) = — [T (1 —ny)

i=1
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Low current: locality is important

L
Vo({ni}) = — [T (1 —ny)

i=1

With Vy:
L=10, 8, 6, 4

Without Vj:
L=10, 8, 6, 4

log(E+20)
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TASEP - Numerics

TASEP with interactions:

Re(Ei)/(1+exp(u/
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TASEP - Numerics

TASEP with interactions:

25 -15
0 -3
=-25 -4.5
T
=
2
z
E
3
2 -2 -3
_4 -6
-6 -9

-0.3 0 0.3 -0.06 0 0.06
Im(Ei)/(1+exp(p/(L+1)))
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Dynamical phase transition: two scales

Proposed hydrodynamic equation: j = o(p) — %Vﬂ + %p)f
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Dynamical phase transition: two scales

Proposed hydrodynamic equation: j = o(p) — %Vﬂ + %p)f

Jmax
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Dynamical phase transition: two scales

Proposed hydrodynamic equation: j = o(p) — %Vﬂ + %p)f

Jmax

KMP, where o(p) = p?, has no transition [Baek, Kafri, Lecomte ; 2017].



Teaser: Large deviations of the activity

ASEP with low activity:

M,=-M'4e(M"+M") with e=eTT, u— —0c0
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Teaser: Large deviations of the activity

ASEP with low activity:

M,=-M'4e(M"+M") with e=eTT, u— —0c0

L, q, boundary rates:

10, 1074, 1
8, 10741
6, 10741
8 1076, 1

log(E+20)

6, 1072, 1/2
6, 1074, 1/2
10, 1076, 1/2

-25 -20 -15 -10 -5
8%
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Conclusion

Ref: Generic Dynamical Phase Transition in One-Dimensional Bulk-Driven
Lattice Gases with Exclusion, A.L.,
J. Phys. A: Math. Theor. 50 254004 (2017)
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Ref: Generic Dynamical Phase Transition in One-Dimensional Bulk-Driven
Lattice Gases with Exclusion, A.L.,
J. Phys. A: Math. Theor. 50 254004 (2017)

@ Asymptotics OK, but what happens at the transition?
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@ Asymptotics OK, but what happens at the transition?

@ Method for low current specific to TASEP, but we expect the results
to hold for ASEP as well.
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J. Phys. A: Math. Theor. 50 254004 (2017)

@ Asymptotics OK, but what happens at the transition?

@ Method for low current specific to TASEP, but we expect the results
to hold for ASEP as well.

@ Results should extend to different geometries (2D, tree, etc.) and

more varied models (partial exclusion process, kinetically constrained
models): there is much to explore!
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Conclusion

Ref: Generic Dynamical Phase Transition in One-Dimensional Bulk-Driven
Lattice Gases with Exclusion, A.L.,
J. Phys. A: Math. Theor. 50 254004 (2017)

@ Asymptotics OK, but what happens at the transition?

@ Method for low current specific to TASEP, but we expect the results
to hold for ASEP as well.

@ Results should extend to different geometries (2D, tree, etc.) and
more varied models (partial exclusion process, kinetically constrained

models): there is much to explore!

@ What of active matter (e.g. bacteria), where the non-equilibrium
driving is internal to the particles?
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Conclusion

Ref: Generic Dynamical Phase Transition in One-Dimensional Bulk-Driven
Lattice Gases with Exclusion, A.L.,
J. Phys. A: Math. Theor. 50 254004 (2017)

@ Asymptotics OK, but what happens at the transition?

@ Method for low current specific to TASEP, but we expect the results
to hold for ASEP as well.

@ Results should extend to different geometries (2D, tree, etc.) and
more varied models (partial exclusion process, kinetically constrained

models): there is much to explore!

@ What of active matter (e.g. bacteria), where the non-equilibrium
driving is internal to the particles?

Thank you!
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